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The Op2cal Poten2al is a projec2on of the many-body 
Hamiltonian on the elas2c channel
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• The “optical reduction” transforms a many-body operator into a one-body operator
• It is a well-defined, in principle exact, mathematical operation 
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The Green’s Function Transfer (GFT) formalism
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The Green’s Func2on Transfer (GFT) formalism

V(rxA, r
′

xA;E)

x
A

elastic scattering between 2 nuclei x and A

free wave

ψ0(rxA, E) = F (rxA) +G(E)V(E)F (rxA)

Lippmann-Schwinger equation
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The Green’s Func2on Transfer (GFT) formalism
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elastic scattering between 2 nuclei x and A

ψ0(rxA, E) = F (rxA) +G(E)V(E)F (rxA)

optical potential
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The Green’s Func2on Transfer (GFT) formalism

V(rxA, r
′

xA;E)

x
A

elastic scattering between 2 nuclei x and A

ψ0(rxA, E) = F (rxA) +G(E)V(E)F (rxA)

G(E) = (E − Tx − V(E))−1

Green’s function
σR =

2µ

h̄kx
⟨ψ0|ImV|ψ0⟩

reaction cross section
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The Green’s Func2on Transfer (GFT) formalism
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The Green’s Function Transfer (GFT) formalism
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The Green’s Function Transfer (GFT) formalism
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The Green’s Func2on Transfer (GFT) formalism

V(rxA, r
′
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A

b

Ψ0(rxA, rb) = F (ra)φa(rxb) +G(E − Eb)P(rb)
[

V(E − Eb) + Ub(rb)
]

F (ra)φa(rxb)

a(=b+x)+A b+B(=A+x)

Green’s function 

a
φa(rxb)

U(rb)

|χb(rb;kb)⟩

G(E) = (E − Tx − V(E))−1

Same as for x-A scattering! 
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The Green’s Function Transfer (GFT) formalism
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The Green’s Function Transfer (GFT) formalism
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The Green’s Func2on Transfer (GFT) formalism
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Background: Deuteron-induced reactions serve as surrogates for neutron capture into compound states. Although
these reactions are of great applicability, no theoretical efforts have been invested in this direction over the last
decade.
Purpose: The goal of this work is to establish on firm grounds a theory for deuteron-induced neutron-capture
reactions. This includes formulating elastic and inelastic breakup in a consistent manner.
Method: We describe this process both in post- and prior-form distorted wave Born approximation following
previous works and discuss the differences in the formulation. While the convergence issues arising in the post
formulation can be overcome in the prior formulation, in this case one still needs to take into account additional
terms due to nonorthogonality.
Results: We apply our method to the 93Nb(d,p)X at Ed = 15 and 25 MeV and are able to obtain a good
description of the data. We look at the various partial wave contributions, as well as elastic versus inelastic
contributions. We also connect our formulation with transfer to neutron bound states.
Conclusions: Our calculations demonstrate that the nonorthogonality term arising in the prior formulation is
significant and is at the heart of the long-standing controversy between the post and the prior formulations
of the theory. We also show that the cross sections for these reactions are angular-momentum dependent and
therefore the commonly used Weisskopf limit is inadequate. Finally, we make important predictions for the
relative contributions of elastic breakup and nonelastic breakup and call for elastic-breakup measurements to
further constrain our model.

DOI: 10.1103/PhysRevC.92.034611 PACS number(s): 21.10.Pc, 24.10.Eq, 24.10.Ht, 25.45.Hi

I. INTRODUCTION

Neutron-capture reactions A(n,γ )B are very important in
astrophysics for the production of heavy elements but are
equally relevant in stewardship science, since it is through
neutron capture that fission is induced and chain reactions
begin. Most often, for low-energy neutrons, the capture
proceeds through continuum states, forming a compound
nucleus (A + n → B∗) that then decays, either through γ
emission to the ground state, or through other particle channels.
The direct measurement of neutron capture is challenging,
particularly because most of the targets of interest have short
half-lives and neutrons cannot be made into targets. A proposed
alternative it to use deuterons as surrogates [1]. In this indirect
method, the proton inside the deuteron behaves mostly as
a spectator, the neutron inside the deuteron is delivered to
the target surface and gets absorbed by the target A(d,p)B∗.
Since this is a compound-nucleus reaction, the final compound
nucleus decays in the same way as after A + n → B∗. An
example of a recent measurement applying the surrogate
method is the 171,173Yb(d,pγ ) experiment performed at LBNL
[2]. The measurement was performed on a nucleus for which
neutron-capture cross sections were already available. The
neutron-capture cross sections extracted in the deuteron-
induced reactions were in fair agreement with those measured
directly.

While the exclusive process A(d,pn)A (with A left in its
ground state) is clearly identified as elastic breakup, the rest of
the cross section arising from the inclusive process A(d,p)X,

where only the proton is measured in the final state, is harder
to name because it encompasses many different processes.
Some refer to this component of the cross section as inelastic
breakup, breakup fusion, or partial fusion. In this work, we
will always use the term “nonelastic breakup.”

Although there are important applications of the surrogate
method for neutron capture, no theoretical development has
taken place in the last two decades to establish the method
on firm grounds. In terms of direct-reaction mechanisms, this
process can be seen as inelastic breakup followed by fusion,
or neutron transfer to the continuum. Significant theoretical
effort took place in the eighties with the main idea being
first introduced by Kerman and McVoy [3], with the works
of Udagawa and Tamura [4] and Austern and Vincent [5]
appearing shortly after. In Ref. [4] the authors assume the
process A(d,p)B∗ is a two-step process: first breakup of the
deuteron followed by fusion of the neutron. They describe
this in distorted-wave Born approximation in prior form and
make a number of additional approximations (we will denote
this theory as “UT”). In Ref. [5], the starting point is the
post-form distorted-wave Born approximation, and the authors
assume that the target gets excited only by the neutron-target
interaction (we will denote this theory as “AV”). One difficulty
in this method is the convergence of the matrix element. In
both Refs. [5] and [4], all (d,p) transfer cross sections to
the excited states are summed without explicitly introducing
the properties of these states. This is of course a key aspect
in describing inclusive processes. As it turned out, cross
sections obtained with the post (AV) theory did not agree
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DWBA vs GFT
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Fig. 4. Elastic breakup (EB) and non-elastic breakup (NEB) proton spectra for the reactions 40Ca(d, p), 48Ca(d, p), and
60Ca(d, p), for beam energies Ed = 20 MeV and Ed = 40MeV. The proton singles cross sections are measured in mb/MeV, as
a function of the transferred neutron energy En. For comparison, we show with a long-dashed line the contribution from the
fusion-evaporation mechanism to the proton spectra, as calculated with a Hauser-Feshbach code.

For the two cases shown, the ℓ = 2 partial wave shows
a diffractive structure that reflects absorption from the
internal region, while the more superficial ℓ = 4 partial
wave angular distribution displays a smoother decrease
with angle.

Zero-range calculations were also performed by the
University of Seville group, using the same method used
to perform the finite-range calculations, and show much
better agreement with the finite-range ones than those of
the ITA group [32]. Further testing will be necessary to
pinpoint the differences in the two methods used that give
rise to the differences in the results. In general, we obtain a
good agreement of the calculations despite the differences
of implementation.

3.2 Application to the Ca isotopic chain

The methods benchmarked in the previous section are now
applied to (d, p) reactions on Ca isotopes. To illustrate
the systematics as one moves away from stability we take
the double magic stable 40Ca isotope, and counterpose
it to results with 48Ca and with 60Ca. Recent coupled-
cluster calculations using chiral interactions are inconclu-
sive with respect to the latter being bound against neutron
emission [58]. The beam energy ranges from Ed = 10 to

40MeV since we expect these energies will be available ex-
perimentally at the new Facility for Rare Isotope Beams
and offer the optimum window for large cross sections in
transfer. Unless otherwise stated, results are obtained with
the DOM potential discussed in sect. 2.4. The deuteron
state is identical to the one described in the previous sec-
tion. We use Lmax = 15 and Rmax = 60 fm, for which
good convergence of the results has been verified.

In fig. 4 we show the neutron energy distributions for
(d, p) reactions at Ed = 20MeV and 40MeV. We com-
pare the elastic breakup component (red dashed line) to
the non-elastic component (blue dotted line) and the total
cross section (solid line). Panels (a) and (d) refer to 40Ca,
panels (b) and (e) refer to 48Ca and panels (c) and (f)
refer to 60Ca. We note that for all cases studied both EB
and NEB have significant contributions. As was seen for
93Nb, the EB component for 40Ca is about one third of
the total strength, with NEB contributing with roughly
2/3. This is also the case for 48Ca. Whereas for the stable
isotopes the non-elastic component is always dominant, as
one reaches the limits of stability the elastic breakup be-
comes more important, particularly close to threshold. It
has to be noted that a contribution of low energy protons
evaporated after fusion of the deuteron with the target
may be present in the high energy part of the spectrum.
This mechanism can be estimated independently within

σGFT
R (E) ∼ ⟨G(E) (V(E) + Ub)ψ

HM |ImV(E)|G(E) (V(E) + Ub)ψ
HM ⟩
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60Ca(d, p), for beam energies Ed = 20 MeV and Ed = 40MeV. The proton singles cross sections are measured in mb/MeV, as
a function of the transferred neutron energy En. For comparison, we show with a long-dashed line the contribution from the
fusion-evaporation mechanism to the proton spectra, as calculated with a Hauser-Feshbach code.

For the two cases shown, the ℓ = 2 partial wave shows
a diffractive structure that reflects absorption from the
internal region, while the more superficial ℓ = 4 partial
wave angular distribution displays a smoother decrease
with angle.

Zero-range calculations were also performed by the
University of Seville group, using the same method used
to perform the finite-range calculations, and show much
better agreement with the finite-range ones than those of
the ITA group [32]. Further testing will be necessary to
pinpoint the differences in the two methods used that give
rise to the differences in the results. In general, we obtain a
good agreement of the calculations despite the differences
of implementation.

3.2 Application to the Ca isotopic chain

The methods benchmarked in the previous section are now
applied to (d, p) reactions on Ca isotopes. To illustrate
the systematics as one moves away from stability we take
the double magic stable 40Ca isotope, and counterpose
it to results with 48Ca and with 60Ca. Recent coupled-
cluster calculations using chiral interactions are inconclu-
sive with respect to the latter being bound against neutron
emission [58]. The beam energy ranges from Ed = 10 to

40MeV since we expect these energies will be available ex-
perimentally at the new Facility for Rare Isotope Beams
and offer the optimum window for large cross sections in
transfer. Unless otherwise stated, results are obtained with
the DOM potential discussed in sect. 2.4. The deuteron
state is identical to the one described in the previous sec-
tion. We use Lmax = 15 and Rmax = 60 fm, for which
good convergence of the results has been verified.

In fig. 4 we show the neutron energy distributions for
(d, p) reactions at Ed = 20MeV and 40MeV. We com-
pare the elastic breakup component (red dashed line) to
the non-elastic component (blue dotted line) and the total
cross section (solid line). Panels (a) and (d) refer to 40Ca,
panels (b) and (e) refer to 48Ca and panels (c) and (f)
refer to 60Ca. We note that for all cases studied both EB
and NEB have significant contributions. As was seen for
93Nb, the EB component for 40Ca is about one third of
the total strength, with NEB contributing with roughly
2/3. This is also the case for 48Ca. Whereas for the stable
isotopes the non-elastic component is always dominant, as
one reaches the limits of stability the elastic breakup be-
comes more important, particularly close to threshold. It
has to be noted that a contribution of low energy protons
evaporated after fusion of the deuteron with the target
may be present in the high energy part of the spectrum.
This mechanism can be estimated independently within

discrete final states continuous function of E
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Fig. 4. Elastic breakup (EB) and non-elastic breakup (NEB) proton spectra for the reactions 40Ca(d, p), 48Ca(d, p), and
60Ca(d, p), for beam energies Ed = 20 MeV and Ed = 40MeV. The proton singles cross sections are measured in mb/MeV, as
a function of the transferred neutron energy En. For comparison, we show with a long-dashed line the contribution from the
fusion-evaporation mechanism to the proton spectra, as calculated with a Hauser-Feshbach code.

For the two cases shown, the ℓ = 2 partial wave shows
a diffractive structure that reflects absorption from the
internal region, while the more superficial ℓ = 4 partial
wave angular distribution displays a smoother decrease
with angle.

Zero-range calculations were also performed by the
University of Seville group, using the same method used
to perform the finite-range calculations, and show much
better agreement with the finite-range ones than those of
the ITA group [32]. Further testing will be necessary to
pinpoint the differences in the two methods used that give
rise to the differences in the results. In general, we obtain a
good agreement of the calculations despite the differences
of implementation.

3.2 Application to the Ca isotopic chain

The methods benchmarked in the previous section are now
applied to (d, p) reactions on Ca isotopes. To illustrate
the systematics as one moves away from stability we take
the double magic stable 40Ca isotope, and counterpose
it to results with 48Ca and with 60Ca. Recent coupled-
cluster calculations using chiral interactions are inconclu-
sive with respect to the latter being bound against neutron
emission [58]. The beam energy ranges from Ed = 10 to

40MeV since we expect these energies will be available ex-
perimentally at the new Facility for Rare Isotope Beams
and offer the optimum window for large cross sections in
transfer. Unless otherwise stated, results are obtained with
the DOM potential discussed in sect. 2.4. The deuteron
state is identical to the one described in the previous sec-
tion. We use Lmax = 15 and Rmax = 60 fm, for which
good convergence of the results has been verified.

In fig. 4 we show the neutron energy distributions for
(d, p) reactions at Ed = 20MeV and 40MeV. We com-
pare the elastic breakup component (red dashed line) to
the non-elastic component (blue dotted line) and the total
cross section (solid line). Panels (a) and (d) refer to 40Ca,
panels (b) and (e) refer to 48Ca and panels (c) and (f)
refer to 60Ca. We note that for all cases studied both EB
and NEB have significant contributions. As was seen for
93Nb, the EB component for 40Ca is about one third of
the total strength, with NEB contributing with roughly
2/3. This is also the case for 48Ca. Whereas for the stable
isotopes the non-elastic component is always dominant, as
one reaches the limits of stability the elastic breakup be-
comes more important, particularly close to threshold. It
has to be noted that a contribution of low energy protons
evaporated after fusion of the deuteron with the target
may be present in the high energy part of the spectrum.
This mechanism can be estimated independently within

extracted S=sexp/sth

consistent normaliza<on



22
LLNL-PRES-xxxxxx

DWBA vs GFT

σDWBA
i0 ∼ |⟨ψi|V |ψ0⟩|

2 σGFT
R (E) ∼ ⟨G(E) (V(E) + Ub)ψ

HM |ImV(E)|G(E) (V(E) + Ub)ψ
HM ⟩

?

Eur. Phys. J. A (2017) 53: 178 Page 9 of 16

− 10 − 5 0 5 10
0

20

40

60

80

100

dσ
/d
E

(m
b/

M
eV

) fusion-evaporation

40 Ca ( d, p)
Ed = 20 MeV

(a)

− 5 0 5 10
0

20

40

60

80

100
48 Ca ( d, p)
Ed = 20 MeV

(b)

1 3 5 7 9 11 13
0

20

40

60

80

100
60 Ca ( d, p)
Ed = 20 MeV

(c)
NEB
EB
total

− 10 − 5 0 5 10 15 20 25 30
0

10

20

30

40

dσ
/d
E

(m
b/

M
eV

)

40 Ca ( d, p)
Ed = 40 MeV

(d)

− 7 − 2 3 8 13 18 23 28
En (MeV)

0

10

20

30

40
48 Ca ( d, p)
Ed = 40 MeV

(e)

4 9 14 19 24 29
0

10

20

30

40
60 Ca ( d, p)
Ed = 40 MeV

(f)

Fig. 4. Elastic breakup (EB) and non-elastic breakup (NEB) proton spectra for the reactions 40Ca(d, p), 48Ca(d, p), and
60Ca(d, p), for beam energies Ed = 20 MeV and Ed = 40MeV. The proton singles cross sections are measured in mb/MeV, as
a function of the transferred neutron energy En. For comparison, we show with a long-dashed line the contribution from the
fusion-evaporation mechanism to the proton spectra, as calculated with a Hauser-Feshbach code.

For the two cases shown, the ℓ = 2 partial wave shows
a diffractive structure that reflects absorption from the
internal region, while the more superficial ℓ = 4 partial
wave angular distribution displays a smoother decrease
with angle.

Zero-range calculations were also performed by the
University of Seville group, using the same method used
to perform the finite-range calculations, and show much
better agreement with the finite-range ones than those of
the ITA group [32]. Further testing will be necessary to
pinpoint the differences in the two methods used that give
rise to the differences in the results. In general, we obtain a
good agreement of the calculations despite the differences
of implementation.

3.2 Application to the Ca isotopic chain

The methods benchmarked in the previous section are now
applied to (d, p) reactions on Ca isotopes. To illustrate
the systematics as one moves away from stability we take
the double magic stable 40Ca isotope, and counterpose
it to results with 48Ca and with 60Ca. Recent coupled-
cluster calculations using chiral interactions are inconclu-
sive with respect to the latter being bound against neutron
emission [58]. The beam energy ranges from Ed = 10 to

40MeV since we expect these energies will be available ex-
perimentally at the new Facility for Rare Isotope Beams
and offer the optimum window for large cross sections in
transfer. Unless otherwise stated, results are obtained with
the DOM potential discussed in sect. 2.4. The deuteron
state is identical to the one described in the previous sec-
tion. We use Lmax = 15 and Rmax = 60 fm, for which
good convergence of the results has been verified.

In fig. 4 we show the neutron energy distributions for
(d, p) reactions at Ed = 20MeV and 40MeV. We com-
pare the elastic breakup component (red dashed line) to
the non-elastic component (blue dotted line) and the total
cross section (solid line). Panels (a) and (d) refer to 40Ca,
panels (b) and (e) refer to 48Ca and panels (c) and (f)
refer to 60Ca. We note that for all cases studied both EB
and NEB have significant contributions. As was seen for
93Nb, the EB component for 40Ca is about one third of
the total strength, with NEB contributing with roughly
2/3. This is also the case for 48Ca. Whereas for the stable
isotopes the non-elastic component is always dominant, as
one reaches the limits of stability the elastic breakup be-
comes more important, particularly close to threshold. It
has to be noted that a contribution of low energy protons
evaporated after fusion of the deuteron with the target
may be present in the high energy part of the spectrum.
This mechanism can be estimated independently within

continuum hard 
continuum
 easy



23
LLNL-PRES-xxxxxx

DWBA vs GFT

σDWBA
i0 ∼ |⟨ψi|V |ψ0⟩|

2 σGFT
R (E) ∼ ⟨G(E) (V(E) + Ub)ψ

HM |ImV(E)|G(E) (V(E) + Ub)ψ
HM ⟩

?
G(E) = (E − T − V(E))−1

• Consistency between structure and reac<ons
• Same ingredients as x-A scaKering
• Need for tools for inver<ng Hamiltonians with 

non-local poten<als



24
LLNL-PRES-xxxxxx

Applications Koning-Delaroche: 95Mo(d,pg) for (n,g)

σαχðEnÞ ¼
X

J;π

σCNα ðEex; J; πÞGCN
χ ðEex; J; πÞ: ð1Þ

Here, σCNα ðEex; J; πÞ is the cross section for forming a CN
with some excitation energy Eex and spin-parity Jπ

through the entrance channel α ¼ nþ AZ. The individual
σCNðEex; J; πÞ can be calculated with an appropriate
neutron-nucleus optical potential, such as that described
in Ref. [32]. However, the branching ratios GCN

χ ðEex; J; πÞ
for the decay of the CN through the exit channel χ (here
γ-ray emission), depend on uncertain structural properties
of the nucleus, in particular upon the NLD and γSF, and
thus need to be constrained. This is done with the aid of
surrogate reaction data. The probability of forming the CN
(Aþ1Z) through a surrogate reaction through the entrance
channel δ ¼ dþ AZ and subsequently decaying through
the exit channel of interest, χ ¼ pþ Aþ1Z, is given by:

PδχðEex; θpÞ ¼
X

J;π

FCN
δ ðEex; J; π; θpÞGCN

χ ðEex; J; πÞ: ð2Þ

θp represents the angle between the outgoing proton and
the beam axis. FCN

δ ðEex; J; π; θpÞ is the probability of
forming the CN in the surrogate reaction and is deter-
mined by treating the deuteron-induced reaction as a two-
step process [13,14]: in the first step the deuteron breaks
up, releasing the neutron. The second step describes the
interaction of the neutron with the target nucleus. The
reaction cross section can then be decomposed into
components due to EB and NEB (which includes neutron
capture). The fusion of the dþ A system and subsequent
evaporation of a proton is not included in these calcu-
lations. In the energy region of interest (near SN), con-
tributions from this process are expected to be very small,

based on the analysis in Ref. [14]. The NEB component is
then further decomposed by the transfer of angular
momentum (see Fig. 1), which gives the CN entry
spin-parity distribution FCN

δ ðEex; J; πÞ. The single-particle
structure of the CN strongly affects its spin-parity dis-
tribution, as shown in Ref. [33]. This dependence is
included in the description of the neutron-target inter-
action. For the 95Moðd; pγÞ reaction the FCN

δ ðEex; J; πÞ are
shown in Fig. 2 as a function of the excitation energy in
the 96Mo CN.
In the case of a ðd; pγÞ reaction, the coincidence

probability (Eq. (2) can be measured as:

PpγðEexÞ ¼ NpγðEexÞ=½NpðEexÞϵγ&: ð3Þ

Here, Np is the number of detected ðd; pÞ protons, ϵγ is the
γ-ray photopeak detection efficiency, andNpγ is the number
of coincidences between a proton and a γ ray from the
decay of the CN (Fig. 3). Escher’s approach uses Bayesian
fits to the experimentally extracted PpγðEexÞ [Eq. (3)] to

FIG. 1. Calculations of the 95Moðd; pÞ cross section as a
function of excitation energy decomposed into total elastic
breakup (EB, red line) and nonelastic breakup (NEB, dashed
lines) components. The NEB component is further decomposed
into contributions with different orbital angular momenta of the
captured neutron. The vertical dotted line corresponds to the SN
in the 96Mo CN. These calculations are integrated over the
experimental center-of-mass angular range of 29°–59°.

(a)

(b)

FIG. 2. (A) Calculations of the cumulative probability of
forming the CN through 95Moðd; pÞ [

P
FCN

95Moðd;pÞ]. The shaded

region, from E0 ¼ 8.55 MeV to E1 ¼ 10.65 MeV, indicates the
excitation energies over which the surrogate data are fit. The
states are plotted from largest contribution over the fitting range
(3−) to least (≥ 5þ). The vertical dotted line represents SN .
(B) Histogram of the total contribution to CN formation over the
shaded range in (A) as a function of angular momentum,
decomposed into positive and negative parities, and normalized
to one over the integration region. Negative-parity, low-J states
dominate near SN.
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constrain standard expressions for the NLD and γSF,
which, with FCN, are used to determine GCN

χ ðEex; J; πÞ.
The experimentally constrained parameters are used as
inputs for an HF model which is subsequently used to
calculate the ðn; γÞ cross section [Eq. (1)] (for details, see
Refs. [30,31]). The SRM is thus unique among indirect
techniques for determining ðn; γÞ cross sections in that it
provides an experimentally constrained cross section with-
out relying on auxiliary data such as the average radiative
width (hΓγi) or average s-wave neutron spacing (D0),
which are unavailable for exotic nuclei [30,31].
The ðd; pγÞ reaction was measured in regular kinematics

using enriched (98.6%) 95Mo targets and a 12.4-MeV
deuteron beam produced by the Cyclotron Institute on
the College Station campus of Texas A&M University.
The beam had an average intensity of ∼0.3 nA and
impinged on a 0.96-mg=cm2 95Mo target. The reaction
protons and coincident γ rays were measured with the
Silicon Telescope Array for Reactions with Livermore,
Texas A&M,Richmond (STARLITER) apparatus [25,34].
The energies of the light-ion ejectiles were measured by a
silicon detector telescope located 2.1 cm downstream of
the target. The telescope was composed of a thin detector
(ΔE, 140 μm thick) for measuring energy loss and a thick
detector (E, 1000 μm thick) to stop protons with energies
up to ∼18 MeV. Each detector was electronically seg-
mented; the angular resolution was ∼1°. The target
chamber was surrounded by four Compton-suppressed
high-purity germanium (HPGe) “clover” detectors. The
trigger condition for data acquisition required that both
the ΔE and E detectors detect a signal above a ∼400-keV
threshold. When this trigger condition was satisfied,
particle detectors and any coincident HPGe detectors were
read out. The intrinsic energy resolution of the silicon
detectors was determined to be ∼20 keV through calibra-
tion with an 226Ra source and the in-beam energy resolution
was measured as ∼60 keV.
The probability (Ppγ) that a CN formed in a state with

energy Eex in the 95Moðd; pγÞ reaction subsequently decays
via γ-ray emission was determined via Eq. (3). At
12.4 MeV this reaction populates states above and below
SN ¼ 9.15432ð5Þ MeV [16] (γ rays in 96Mo) and above SN
(γ rays in 96Mo and in 95Mo above the 204-keV threshold).
Emission probabilities for discrete γ rays emitted from the
decay of the CN (96Mo) were extracted as a function of
excitation energy by analyzing particle-γ coincidences in
100-keV increments of Eex. Gamma-ray yields were
obtained from these spectra (Fig. 3) by Gaussian fits to
the photopeaks. Probabilities for several transitions in 96Mo
are shown in Fig. 4 as a function of the Eex of the CN. The
2þ1 → 0þg:s: transition is indeed a strongly collecting tran-
sition representing, almost unit probability. In cases where
there is not a strong collecting transition, more detailed
modeling of the γ cascade would be required. This might

lead to additional uncertainty, which could, however, be
reduced by fitting simultaneously tomultiple γ transitions (as
we have done in this work), measuring the total γ-ray
emission spectrum, or obtaining more structure information.
Several experimentally measured γ-ray emission prob-

abilities (Ppγ) were fit simultaneously to constrain the
decay of the CN. The decay model contained a Gilbert-
Cameron level density and a γ-ray strength function with an
energy- and temperature-dependent Lorentzian for the E1
component and an M1 contribution of the Lorentzian shape
[35]. The parameters in these functions were adjusted via a
Bayesian fit to the data, whose prior encompasses the
literature results for this mass region [35]. The fitting
results are shown in Fig. 4, with the measured surrogate

FIG. 3. Gamma rays in coincidence with protons corresponding
to excitation energies in 100-keV bins below SN (blue, decays in
96Mo) and above SN (red, decays in 95;96Mo). 96Mo transitions
used to determine Ppγ are labeled. The single transition that
significantly bypasses the 2þ1 state is indicated in parentheses.
The persistence of 96Mo transitions at Eex ∼ 1 MeV above SN
highlights the competition between γ-ray and neutron emission
in the CN.

FIG. 4. Gamma-ray emission probabilities as a function of
excitation energy [PpγðEexÞ] for γ rays emitted in the decay of
excited states in 96Mo. The vertical dashed line corresponds to SN .
Data points are experimentally determined Ppγ . Solid lines
represent Bayesian fits to the emission probabilities (same color
as the data for each transition). The agreement between data and
fits extends well beyond the fitting range.
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constrain standard expressions for the NLD and γSF,
which, with FCN, are used to determine GCN

χ ðEex; J; πÞ.
The experimentally constrained parameters are used as
inputs for an HF model which is subsequently used to
calculate the ðn; γÞ cross section [Eq. (1)] (for details, see
Refs. [30,31]). The SRM is thus unique among indirect
techniques for determining ðn; γÞ cross sections in that it
provides an experimentally constrained cross section with-
out relying on auxiliary data such as the average radiative
width (hΓγi) or average s-wave neutron spacing (D0),
which are unavailable for exotic nuclei [30,31].
The ðd; pγÞ reaction was measured in regular kinematics

using enriched (98.6%) 95Mo targets and a 12.4-MeV
deuteron beam produced by the Cyclotron Institute on
the College Station campus of Texas A&M University.
The beam had an average intensity of ∼0.3 nA and
impinged on a 0.96-mg=cm2 95Mo target. The reaction
protons and coincident γ rays were measured with the
Silicon Telescope Array for Reactions with Livermore,
Texas A&M,Richmond (STARLITER) apparatus [25,34].
The energies of the light-ion ejectiles were measured by a
silicon detector telescope located 2.1 cm downstream of
the target. The telescope was composed of a thin detector
(ΔE, 140 μm thick) for measuring energy loss and a thick
detector (E, 1000 μm thick) to stop protons with energies
up to ∼18 MeV. Each detector was electronically seg-
mented; the angular resolution was ∼1°. The target
chamber was surrounded by four Compton-suppressed
high-purity germanium (HPGe) “clover” detectors. The
trigger condition for data acquisition required that both
the ΔE and E detectors detect a signal above a ∼400-keV
threshold. When this trigger condition was satisfied,
particle detectors and any coincident HPGe detectors were
read out. The intrinsic energy resolution of the silicon
detectors was determined to be ∼20 keV through calibra-
tion with an 226Ra source and the in-beam energy resolution
was measured as ∼60 keV.
The probability (Ppγ) that a CN formed in a state with

energy Eex in the 95Moðd; pγÞ reaction subsequently decays
via γ-ray emission was determined via Eq. (3). At
12.4 MeV this reaction populates states above and below
SN ¼ 9.15432ð5Þ MeV [16] (γ rays in 96Mo) and above SN
(γ rays in 96Mo and in 95Mo above the 204-keV threshold).
Emission probabilities for discrete γ rays emitted from the
decay of the CN (96Mo) were extracted as a function of
excitation energy by analyzing particle-γ coincidences in
100-keV increments of Eex. Gamma-ray yields were
obtained from these spectra (Fig. 3) by Gaussian fits to
the photopeaks. Probabilities for several transitions in 96Mo
are shown in Fig. 4 as a function of the Eex of the CN. The
2þ1 → 0þg:s: transition is indeed a strongly collecting tran-
sition representing, almost unit probability. In cases where
there is not a strong collecting transition, more detailed
modeling of the γ cascade would be required. This might

lead to additional uncertainty, which could, however, be
reduced by fitting simultaneously tomultiple γ transitions (as
we have done in this work), measuring the total γ-ray
emission spectrum, or obtaining more structure information.
Several experimentally measured γ-ray emission prob-

abilities (Ppγ) were fit simultaneously to constrain the
decay of the CN. The decay model contained a Gilbert-
Cameron level density and a γ-ray strength function with an
energy- and temperature-dependent Lorentzian for the E1
component and an M1 contribution of the Lorentzian shape
[35]. The parameters in these functions were adjusted via a
Bayesian fit to the data, whose prior encompasses the
literature results for this mass region [35]. The fitting
results are shown in Fig. 4, with the measured surrogate

FIG. 3. Gamma rays in coincidence with protons corresponding
to excitation energies in 100-keV bins below SN (blue, decays in
96Mo) and above SN (red, decays in 95;96Mo). 96Mo transitions
used to determine Ppγ are labeled. The single transition that
significantly bypasses the 2þ1 state is indicated in parentheses.
The persistence of 96Mo transitions at Eex ∼ 1 MeV above SN
highlights the competition between γ-ray and neutron emission
in the CN.

FIG. 4. Gamma-ray emission probabilities as a function of
excitation energy [PpγðEexÞ] for γ rays emitted in the decay of
excited states in 96Mo. The vertical dashed line corresponds to SN .
Data points are experimentally determined Ppγ . Solid lines
represent Bayesian fits to the emission probabilities (same color
as the data for each transition). The agreement between data and
fits extends well beyond the fitting range.
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The neutron-capture reaction plays a critical role in the synthesis of the elements in stars and is important
for societal applications including nuclear power generation and stockpile-stewardship science. However, it
is difficult—if not impossible—to directly measure neutron capture cross sections for the exotic, short-lived
nuclei that participate in these processes. In this Letter we demonstrate a new technique which can be used
to indirectly determine neutron-capture cross sections for exotic systems. This technique makes use of the
ðd; pÞ transfer reaction, which has long been used as a tool to study the structure of nuclei. Recent advances
in reaction theory, together with data collected using this reaction, enable the determination of neutron-
capture cross sections for short-lived nuclei. A benchmark study of the 95Moðd; pÞ reaction is presented,
which illustrates the approach and provides guidance for future applications of the method with short-lived
isotopes produced at rare isotope accelerators.

DOI: 10.1103/PhysRevLett.122.052502

Essentially all of the heavy elements are synthesized in
astrophysical environments by processes that involve
neutron capture. The slow neutron-capture process (the s
process) occurs predominantly in the low neutron flux in
AGB stars, yielding a nucleosynthesis path that typically
deviates only one or two neutrons from β stability. In
contrast, the rapid neutron-capture process (the r process)
involves exotic neutron-rich nuclei and requires explosive
stellar scenarios with high neutron fluences. The r process
is responsible for the creation of roughly half of the
elements between iron and bismuth and synthesizes heavy
nuclei through the rapid production of neutron-rich nuclei
via neutron capture and subsequent β decay.
The recent observation of the gravitational waves

associated with a neutron-star merger [1], and the sub-
sequent kilonova understood to be powered by the decay
of lanthanides [2,3], demonstrated that neutron-star merg-
ers are an important r-process site, especially for the
heaviest elements. However, r-process abundance patterns
are sensitive to astrophysical conditions (cf. [4]). In a
“cold” r process (which could occur in a neutron star

merger or with the highly accelerated neutrino-driven
winds following a core-collapse supernova), neutron
capture ðn; γÞ and photo-dissociation ðγ; nÞ are not in
equilibrium, so the rate at which neutron capture proceeds
will affect the final r-process abundance pattern. The
timescales of the cold r process are such that competition
between neutron capture and β decay occurs during the
bulk of the r-process nucleosynthesis. Neutron-capture
rates on unstable nuclei affect the final observed abun-
dance patterns even in the traditional “hot” r process
(thought to occur in the neutrino-driven winds in a proto-
neutron star resulting from a core-collapse supernova)
during the eventual freeze-out, when ðn; γÞ⇋ðγ; nÞ equi-
librium no longer occurs. Accordingly, neutron capture is
influential in determining the final r-process abundance
pattern, especially beyond the ðn; γÞ⇋ðγ; nÞ equilibrium.
Therefore, measuring ðn; γÞ rates on key neutron-rich
nuclei continues to be an important component in under-
standing r-process abundance patterns and constraining
the astrophysical sites for r-process nucleosynthesis as a
function of mass [5].
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is difficult—if not impossible—to directly measure neutron capture cross sections for the exotic, short-lived
nuclei that participate in these processes. In this Letter we demonstrate a new technique which can be used
to indirectly determine neutron-capture cross sections for exotic systems. This technique makes use of the
ðd; pÞ transfer reaction, which has long been used as a tool to study the structure of nuclei. Recent advances
in reaction theory, together with data collected using this reaction, enable the determination of neutron-
capture cross sections for short-lived nuclei. A benchmark study of the 95Moðd; pÞ reaction is presented,
which illustrates the approach and provides guidance for future applications of the method with short-lived
isotopes produced at rare isotope accelerators.
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of lanthanides [2,3], demonstrated that neutron-star merg-
ers are an important r-process site, especially for the
heaviest elements. However, r-process abundance patterns
are sensitive to astrophysical conditions (cf. [4]). In a
“cold” r process (which could occur in a neutron star

merger or with the highly accelerated neutrino-driven
winds following a core-collapse supernova), neutron
capture ðn; γÞ and photo-dissociation ðγ; nÞ are not in
equilibrium, so the rate at which neutron capture proceeds
will affect the final r-process abundance pattern. The
timescales of the cold r process are such that competition
between neutron capture and β decay occurs during the
bulk of the r-process nucleosynthesis. Neutron-capture
rates on unstable nuclei affect the final observed abun-
dance patterns even in the traditional “hot” r process
(thought to occur in the neutrino-driven winds in a proto-
neutron star resulting from a core-collapse supernova)
during the eventual freeze-out, when ðn; γÞ⇋ðγ; nÞ equi-
librium no longer occurs. Accordingly, neutron capture is
influential in determining the final r-process abundance
pattern, especially beyond the ðn; γÞ⇋ðγ; nÞ equilibrium.
Therefore, measuring ðn; γÞ rates on key neutron-rich
nuclei continues to be an important component in under-
standing r-process abundance patterns and constraining
the astrophysical sites for r-process nucleosynthesis as a
function of mass [5].
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coincidence probabilities Ppγ displayed with statistical
uncertainties. The agreement between the data and the fits
is excellent over the fitting range used, both above and
below SN. These constrained HF-model parameters were
then used with Eq. (1) to deduce the cross section for
95Moðn; γÞ, shown in Fig. 5. The σCN values were calcu-
lated using the neutron-nucleus optical potential parameters
from Ref. [32]. The resulting cross section is shown with an
uncertainty band that arises from the experimental uncer-
tainties and the error in the Bayesian fit. Uncertainties
arising from the choice of the deuteron and neutron optical
potentials are expected to be negligible for this case, as they
have been found to have little impact on the entry spin
distribution. For applications away from stability, where
the optical potentials are less well known, this has to be
revisited. However, the simultaneous measurement of the
angular distributions of reaction protons and elastic scatter-
ing from a ðd; pÞ measurement in inverse kinematics
could constrain the optical potentials. Overall, the present
result is in excellent agreement with previous direct
measurements of the 95Moðn; γÞ cross section [15,36]
and to the cross section reported in the ENDF/B-VIII.0
evaluation [37].
To demonstrate the importance of the proper treatment

of the spin-parity distribution produced in the surrogate
reaction (shown in Fig. 1), we also show (Fig. 5) the cross
section obtained when the WE approximation is employed.
Obviously it is not appropriate to employ the WE approxi-
mation when determining ðn; γÞ cross sections from the
ðd; pÞ data. This overestimation of the ðn; γÞ cross section
was also observed in previous studies employing the
WE approximation [22,26,27]. The current Letter confirms
previous suggestions (cf. Refs. [11,13,22,26–29]) that a
proper treatment of such differences is critical to accu-
rately constrain the ðn; γÞ reaction cross section through
the SRM.

In summary, we have demonstrated that a measurement
of the ðd; pÞ reaction, when combined with the proper
theoretical treatment, can be used to indirectly determine
ðn; γÞ cross sections. The 95Moðd; pγÞ reaction was mea-
sured to validate the ðd; pγÞ reaction as a surrogate for
neutron capture, a reaction important for the synthesis of
almost all of the elements heavier than iron and for
applications in nuclear energy and security. This Letter
shows the power of the SRM developed in Refs. [11,30,31]
with the proper treatment of the spin-parity distribution
[13,14] of the CN created in ðd; pÞ. This approach moves
beyond the WE approximation which has been previously
shown, and here confirmed, to be inadequate for neutron
capture [22,26,27]. We show that a robust model of the
formation of the CN [13,14] and proper treatment of its
decay [30,31] within the framework of the SRM [11,30,31]
is necessary to extract from ðd; pγÞ data a capture cross
section that agrees with the directly measured ðn; γÞ cross
section. We note that the kinematics of the ðd; pÞ reaction
are ideal for measurements with short-lived beams in
inverse kinematics. Therefore, the ðd; pγÞ surrogate reac-
tion is a promising tool to extract ðn; γÞ reaction cross
sections for exotic, r-process nuclei and for nuclei created
in other high-neutron-fluence environments. The bench-
marking of the surrogate reactions method for ðn; γÞ with
measurements of the ðd; pγÞ reaction presented here opens
the door to important measurements in an exciting area of
the nuclear chart, which is becoming increasingly acces-
sible at modern accelerator facilities.
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FIG. 5. Cross sections for the 95Moðn; γÞ reaction. The ðn; γÞ
cross section obtained from the SRM (solid blue curve) is in
excellent agreement with direct measurements of the cross
section [15,36] (red circles and black squares). The uncertainty
due to experimental data and fitting error is indicated by the
shaded band. The result obtained using the WE approximation is
also shown (gold diamonds).

PHYSICAL REVIEW LETTERS 122, 052502 (2019)

052502-5

• The obtained Hauser-Feshbach parameters 
are used  to calculate (n,g)

• We found an excellent agreement with the 
direct measurement.



28
LLNL-PRES-xxxxxx

Applications Koning-Delaroche: 95Mo(d,pg) for (n,g)

 

Towards Neutron Capture on Exotic Nuclei: Demonstrating ðd;pγÞ
as a Surrogate Reaction for ðn;γÞ

A. Ratkiewicz,1,2,* J. A. Cizewski,2 J. E. Escher,1 G. Potel,3,4 J. T. Burke,1 R. J. Casperson,1

M. McCleskey,5 R. A. E. Austin,6 S. Burcher,2 R. O. Hughes,1,7 B. Manning,2 S. D. Pain,8

W. A. Peters,9 S. Rice,2 T. J. Ross,7 N. D. Scielzo,1 C. Shand,2,10 and K. Smith11
1Lawrence Livermore National Laboratory, Livermore, California 94550, USA

2Department of Physics and Astronomy, Rutgers University, New Brunswick, New Jersey 08901, USA
3Michigan State University, East Lansing, Michigan 48824, USA

4Facility for Rare Isotope Beams, East Lansing, Michigan 48824, USA
5Cyclotron Institute, Texas A&M University, College Station, Texas 77843, USA

6Astronomy and Physics Department, Saint Mary’s University, Halifax, NS BH3 3C3, Canada
7Department of Physics, University of Richmond, Virginia 23173, USA

8Physics Division, Oak Ridge National Laboratory, Oak Ridge, Tennessee 37831, USA
9Oak Ridge Associated Universities, Oak Ridge, Tennessee 37831, USA

10Department of Physics, University of Surrey, Guildford, Surrey, GU2 7XH, United Kingdom
11Los Alamos National Laboratory, Los Alamos, New Mexico 87544, USA

(Received 15 June 2018; revised manuscript received 9 November 2018; published 7 February 2019)

The neutron-capture reaction plays a critical role in the synthesis of the elements in stars and is important
for societal applications including nuclear power generation and stockpile-stewardship science. However, it
is difficult—if not impossible—to directly measure neutron capture cross sections for the exotic, short-lived
nuclei that participate in these processes. In this Letter we demonstrate a new technique which can be used
to indirectly determine neutron-capture cross sections for exotic systems. This technique makes use of the
ðd; pÞ transfer reaction, which has long been used as a tool to study the structure of nuclei. Recent advances
in reaction theory, together with data collected using this reaction, enable the determination of neutron-
capture cross sections for short-lived nuclei. A benchmark study of the 95Moðd; pÞ reaction is presented,
which illustrates the approach and provides guidance for future applications of the method with short-lived
isotopes produced at rare isotope accelerators.
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Essentially all of the heavy elements are synthesized in
astrophysical environments by processes that involve
neutron capture. The slow neutron-capture process (the s
process) occurs predominantly in the low neutron flux in
AGB stars, yielding a nucleosynthesis path that typically
deviates only one or two neutrons from β stability. In
contrast, the rapid neutron-capture process (the r process)
involves exotic neutron-rich nuclei and requires explosive
stellar scenarios with high neutron fluences. The r process
is responsible for the creation of roughly half of the
elements between iron and bismuth and synthesizes heavy
nuclei through the rapid production of neutron-rich nuclei
via neutron capture and subsequent β decay.
The recent observation of the gravitational waves

associated with a neutron-star merger [1], and the sub-
sequent kilonova understood to be powered by the decay
of lanthanides [2,3], demonstrated that neutron-star merg-
ers are an important r-process site, especially for the
heaviest elements. However, r-process abundance patterns
are sensitive to astrophysical conditions (cf. [4]). In a
“cold” r process (which could occur in a neutron star

merger or with the highly accelerated neutrino-driven
winds following a core-collapse supernova), neutron
capture ðn; γÞ and photo-dissociation ðγ; nÞ are not in
equilibrium, so the rate at which neutron capture proceeds
will affect the final r-process abundance pattern. The
timescales of the cold r process are such that competition
between neutron capture and β decay occurs during the
bulk of the r-process nucleosynthesis. Neutron-capture
rates on unstable nuclei affect the final observed abun-
dance patterns even in the traditional “hot” r process
(thought to occur in the neutrino-driven winds in a proto-
neutron star resulting from a core-collapse supernova)
during the eventual freeze-out, when ðn; γÞ⇋ðγ; nÞ equi-
librium no longer occurs. Accordingly, neutron capture is
influential in determining the final r-process abundance
pattern, especially beyond the ðn; γÞ⇋ðγ; nÞ equilibrium.
Therefore, measuring ðn; γÞ rates on key neutron-rich
nuclei continues to be an important component in under-
standing r-process abundance patterns and constraining
the astrophysical sites for r-process nucleosynthesis as a
function of mass [5].
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AGB stars, yielding a nucleosynthesis path that typically
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via neutron capture and subsequent β decay.
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associated with a neutron-star merger [1], and the sub-
sequent kilonova understood to be powered by the decay
of lanthanides [2,3], demonstrated that neutron-star merg-
ers are an important r-process site, especially for the
heaviest elements. However, r-process abundance patterns
are sensitive to astrophysical conditions (cf. [4]). In a
“cold” r process (which could occur in a neutron star

merger or with the highly accelerated neutrino-driven
winds following a core-collapse supernova), neutron
capture ðn; γÞ and photo-dissociation ðγ; nÞ are not in
equilibrium, so the rate at which neutron capture proceeds
will affect the final r-process abundance pattern. The
timescales of the cold r process are such that competition
between neutron capture and β decay occurs during the
bulk of the r-process nucleosynthesis. Neutron-capture
rates on unstable nuclei affect the final observed abun-
dance patterns even in the traditional “hot” r process
(thought to occur in the neutrino-driven winds in a proto-
neutron star resulting from a core-collapse supernova)
during the eventual freeze-out, when ðn; γÞ⇋ðγ; nÞ equi-
librium no longer occurs. Accordingly, neutron capture is
influential in determining the final r-process abundance
pattern, especially beyond the ðn; γÞ⇋ðγ; nÞ equilibrium.
Therefore, measuring ðn; γÞ rates on key neutron-rich
nuclei continues to be an important component in under-
standing r-process abundance patterns and constraining
the astrophysical sites for r-process nucleosynthesis as a
function of mass [5].
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coincidence probabilities Ppγ displayed with statistical
uncertainties. The agreement between the data and the fits
is excellent over the fitting range used, both above and
below SN. These constrained HF-model parameters were
then used with Eq. (1) to deduce the cross section for
95Moðn; γÞ, shown in Fig. 5. The σCN values were calcu-
lated using the neutron-nucleus optical potential parameters
from Ref. [32]. The resulting cross section is shown with an
uncertainty band that arises from the experimental uncer-
tainties and the error in the Bayesian fit. Uncertainties
arising from the choice of the deuteron and neutron optical
potentials are expected to be negligible for this case, as they
have been found to have little impact on the entry spin
distribution. For applications away from stability, where
the optical potentials are less well known, this has to be
revisited. However, the simultaneous measurement of the
angular distributions of reaction protons and elastic scatter-
ing from a ðd; pÞ measurement in inverse kinematics
could constrain the optical potentials. Overall, the present
result is in excellent agreement with previous direct
measurements of the 95Moðn; γÞ cross section [15,36]
and to the cross section reported in the ENDF/B-VIII.0
evaluation [37].
To demonstrate the importance of the proper treatment

of the spin-parity distribution produced in the surrogate
reaction (shown in Fig. 1), we also show (Fig. 5) the cross
section obtained when the WE approximation is employed.
Obviously it is not appropriate to employ the WE approxi-
mation when determining ðn; γÞ cross sections from the
ðd; pÞ data. This overestimation of the ðn; γÞ cross section
was also observed in previous studies employing the
WE approximation [22,26,27]. The current Letter confirms
previous suggestions (cf. Refs. [11,13,22,26–29]) that a
proper treatment of such differences is critical to accu-
rately constrain the ðn; γÞ reaction cross section through
the SRM.

In summary, we have demonstrated that a measurement
of the ðd; pÞ reaction, when combined with the proper
theoretical treatment, can be used to indirectly determine
ðn; γÞ cross sections. The 95Moðd; pγÞ reaction was mea-
sured to validate the ðd; pγÞ reaction as a surrogate for
neutron capture, a reaction important for the synthesis of
almost all of the elements heavier than iron and for
applications in nuclear energy and security. This Letter
shows the power of the SRM developed in Refs. [11,30,31]
with the proper treatment of the spin-parity distribution
[13,14] of the CN created in ðd; pÞ. This approach moves
beyond the WE approximation which has been previously
shown, and here confirmed, to be inadequate for neutron
capture [22,26,27]. We show that a robust model of the
formation of the CN [13,14] and proper treatment of its
decay [30,31] within the framework of the SRM [11,30,31]
is necessary to extract from ðd; pγÞ data a capture cross
section that agrees with the directly measured ðn; γÞ cross
section. We note that the kinematics of the ðd; pÞ reaction
are ideal for measurements with short-lived beams in
inverse kinematics. Therefore, the ðd; pγÞ surrogate reac-
tion is a promising tool to extract ðn; γÞ reaction cross
sections for exotic, r-process nuclei and for nuclei created
in other high-neutron-fluence environments. The bench-
marking of the surrogate reactions method for ðn; γÞ with
measurements of the ðd; pγÞ reaction presented here opens
the door to important measurements in an exciting area of
the nuclear chart, which is becoming increasingly acces-
sible at modern accelerator facilities.
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FIG. 5. Cross sections for the 95Moðn; γÞ reaction. The ðn; γÞ
cross section obtained from the SRM (solid blue curve) is in
excellent agreement with direct measurements of the cross
section [15,36] (red circles and black squares). The uncertainty
due to experimental data and fitting error is indicated by the
shaded band. The result obtained using the WE approximation is
also shown (gold diamonds).
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Fig. 5. Population of different final neutron angular momentum states in EB processes for the reactions 40Ca(d, p), 48Ca(d, p),
and 60Ca(d, p). The beam energy is Ed = 40 MeV.
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Fig. 6. Population of different final neutron angular momentum states in NEB processes for the reactions 40Ca(d, p), 48Ca(d, p),
and 60Ca(d, p). The beam energy is Ed = 40 MeV.

the Hauser-Feshbach formalism, and it is shown in the
figure with the long-dashed line. The contribution is size-
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energy region. Examples of the latter are the f5/2 strength
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• Dispersive: reproduction of positive and negative energy cross section
• Controlled extrapolation to exotic nuclei
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Abstract. We present an account of the current status of the theoretical treatment of inclusive (d, p)
reactions in the breakup-fusion formalism, pointing to some applications and making the connection with
current experimental capabilities. Three independent implementations of the reaction formalism have been
recently developed, making use of different numerical strategies. The codes also originally relied on two
different but equivalent representations, namely the prior (Udagawa-Tamura, UT) and the post (Ichimura-
Austern-Vincent, IAV) representations. The different implementations have been benchmarked for the first
time, and then applied to the Ca isotopic chain. The neutron-Ca propagator is described in the Dispersive
Optical Model (DOM) framework, and the interplay between elastic breakup (EB) and non-elastic breakup
(NEB) is studied for three Ca isotopes at two different bombarding energies. The accuracy of the description
of different reaction observables is assessed by comparing with experimental data of (d, p) on 40,48Ca.
We discuss the predictions of the model for the extreme case of an isotope (60Ca) currently unavailable
experimentally, though possibly available in future facilities (nominally within production reach at FRIB).
We explore the use of (d, p) reactions as surrogates for (n, γ) processes, by using the formalism to describe
the compound nucleus formation in a (d, pγ) reaction as a function of excitation energy, spin, and parity.
The subsequent decay is then computed within a Hauser-Feshbach formalism. Comparisons between the
(d, pγ) and (n, γ) induced gamma decay spectra are discussed to inform efforts to infer neutron captures
from (d, pγ) reactions. Finally, we identify areas of opportunity for future developments, and discuss a
possible path toward a predictive reaction theory.

1 Introduction and motivation

Nuclear reactions provide an important source of struc-
ture information. Deuteron-induced reactions d + A in
particular have played a prominent role in our field. From
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the experimental perspective they are attractive because
these reactions can be studied both in direct kinematics
(the deuteron being the beam) and in inverse kinemat-
ics (where the target is deuterated), and thus allow one
to probe a wide spectrum of phenomena. Among the vari-
ous reaction channels of interest, elastic and inelastic scat-
tering, as well as neutron transfer have been extensively
explored since the sixties. A much smaller body of work
can be found in the literature for (d, n) reactions due to
the increased difficulty in measuring the neutron. Given
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FIG. 3. (a) Theoretical prediction (continuous thick solid curve)
of the 10Li strength function for the d ( 9Li, p) 10Li reaction at
100-MeV incident energy and θc.m. = [5.5◦, 16.5◦] in comparison
with the experimental data (solid dots with errors) [62]. The con-
tributions associated with states of different angular momenta are
also shown; (b) corresponding angular distributions associated with
the states in the energy interval 0.2–1 MeV in comparison with the
experimental data; (c) predicted strength function integrated in the
angular range of θc.m. = [50◦, 180◦], compared to the result obtained
neglecting the contributions from the s-wave (1− and 2− states);
(d) predicted angular distributions integrated in the energy interval
of 0–0.2 MeV.

description of the experimental findings (Fig. 4). Summing
up, the results shown in Figs. 3 and 4 dissipate the possible
doubts concerning the presence of a virtual s1/2 state in the
low-energy continuum spectrum of 10Li and confirm the
soundness of the picture at the basis of the description of 11Li
provided in Refs. [55,61] (see also, Ref. [42]). Within this
scenario, Figs. 3(c) and 3(d) constitute the absolute strength
function and differential cross-section predictions with an
estimated error of 10%.

5̃/2+ and 3̃/2− waves. Theory predicts the existence of a
resonant many-body 5̃/2+ state with a centroid at ≈3.5 MeV

FIG. 4. (a) Theoretical prediction (continuous solid curve) of the
10Li strength function for the d ( 9Li, p) 10Li reaction at 21.4-MeV
incident energy and θc.m. = [98◦, 134◦] in comparison with the ex-
perimental data (solid dots with errors) [26]. The data expressed as
counts/MeV in Ref. [26] have been converted into mb/MeV using
the appropriate acceptance function [84]. (b) Corresponding angular
distributions associated with the states in the energy interval 0 to 1
MeV in comparison with the experimental data.

FIG. 5. Theoretical prediction (continuous solid curve) of the
10Li strength function for the d ( 9Li, p) 10Li reaction at 100-MeV
incident energy and θc.m. = [5.5◦, 16.5◦] in comparison with the
experimental data (solid dots with errors) [62] [see also, Fig. 3(a)].

which splits into four states [5̃/2
+ ⊗ 1p3/2(π )]1−−4− spanning

the energy interval of 2–6 MeV. In the measured energy in-
terval, the main contribution originates from the 4− state. The
calculation gives an overall account of the strength function as
shown in Fig. 5. The 5̃/2+ resonance state has a pronounced
many-body character, similar to the virtual 1̃/2+ and resonant
1̃/2− states discussed above. In particular, configurations
including two quadrupole phonons and associated anharmonic
effects play an important role in the renormalization of all
three states but especially in the 5̃/2+ case and have been
calculated as outlined in Ref. [19] (see also the Supplemental
Material [66] and Ref. [83]). These anharmonicities have been
found to be more important in the present case in connection
with the 5̃/2+ and, in turn, for the 1̃/2+ and 1̃/2− states than in
the case of 11Be. This is because the energy of the 5̃/2+ reso-
nance in 10Li lies closer to the 1̃/2+ ⊗ 2+ configuration than
in 11Be. Theory also predicts the presence of a 3/2− com-
ponent, which splits into four states [3̃/2

− ⊗ 1p3/2(π )]0+–3+

with energies within the range of 3–6 MeV. This component,
however, only produces a small and smooth background,
included in Figs. 3 and 5. Another 3/2− contribution, not
included in our calculation, is expected at ≈5.4 MeV, based
on state |(p−1

3/2 ⊗ 0+
a )3/2−⟩ where |0+

a ⟩ = |gs(11Li)⟩ is the pair
addition mode of the core 9Li, that is, the ground state
of 11Li.

We estimate the coupling between the 3/2− resonances
to occur mainly through the (p1/2 ⊗ 2+)3/2− configuration
and to be weak. Within this context, we recall a similar
situation, this time for bound states, concerning the two 3/2+

states found in connection with the study of the septuplet
of states |h9/2 ⊗ 3−(208Pb); I⟩ (I = 3/2+, 5/2+, . . . , 15/2+)
of 209Bi, the second 3/2+ being connected with the
2p − 1h state |d−1

3/2 ⊗ gs(210Po); 3/2+⟩ (see Ref. [85] and
references therein). In this case, the mixing between the two
states is much larger due mainly to the fact that the unper-
turbed energies of the two 3/2+ states are almost degenerate.

031305-4

theoretical description validated by 
experiment

Cavallaro et al., PRL 118, 012701 (2017)
Barranco, GP, Vigezzi, Broglia PRC 101, 031305(R) (2020)

9Li(d,p)
9Li  10Li
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24Mg+n with shell model: connection with the statistical model

excitation energy Ei

angular momentum

parity

spectroscopic 
factor Si

V (r, r′;E) = U0(r) +
∑

i

U0i(r)G(E − Ei, r, r
′)Ui0(r

′)

G(r, r′, E) = (E − T − V (r, r′;E))
−1

• Iterate un6l convergence is achieved
• Consistency between poten6al and Green’s func6on is 

achieved, as expressed by Dyson’s equa6on:

G(r, r′;E) = G0(r, r
′;E) +G0(r, r

′;E)V (r, r′;E)G(r, r′;E)

G0(r, r
′;E) = (E − T − U0(r))

−1

(G. Sargsyan talk yesterday)

Shell model calculations by K. Kravvaris 
with PSDPF interaction M Bouhelal, et 
al., Nucl. Phys. A 864 (2011)

~600 states from Ei=0 to Ei=14.6 MeV
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24Mg+n with shell model: connec2on with the sta2s2cal model
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We can explicitly check the limits of the statistical model (Hauser-
Feshbach approach)
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An equivalent expansion in powers of the couplings can shed 
light on direct, preequilibrium, and compound processes

iV
i

V i

i ij
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ijk
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i

equivalent 
expansion

total 
propagator G

unperturbed 
propagator G0
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An equivalent expansion in powers of the couplings can shed 
light on direct, preequilibrium, and compound processes

V i

i ij
i

j

k

ijk

j

i

shape elastic
direct

preequilibrium + compound

How does this compare with the Hauser-
Feshbach distinction between direct and 
compound, based on energy-averaged S-
matrix 

?
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An equivalent expansion in powers of the couplings can shed 
light on direct, preequilibrium, and compound processes
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An R-matrix parametrization for the indirect cross section

Rep. Prog. Phys. 73 (2010) 036301 P Descouvemont and D Baye

Table 12. R-matrix parameters from a simultaneous fit of 12C + p
scattering data [119] at θ = 89.1◦ and 146.9◦. Resonance energies
ER are expressed in MeV and widths "R in keV.

J π = 1/2+ J π = 3/2− J π = 5/2+

ER "R ER "R ER "R

a = 4 fm 0.427 33.8 1.560 51.4 1.603 48.1
a = 5 fm 0.427 32.9 1.559 51.4 1.604 48.1
a = 6 fm 0.427 30.9 1.558 51.3 1.606 47.8
Exp. [119] 0.424 33 1.558 55 1.604 50
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Figure 15. R-matrix fits of 12C + p experimental excitation
functions at two c.m. angles [119] with the parameters of table 12.

is consistent with the absence of resonance (Rl = 0), but plays
a minor role in the cross sections. Replacing the hard-sphere
phase shifts by zero provides essentially the same fits.

The observed resonance properties are given in table 12
for different channel radii. Clearly the results are almost
independent of a, as expected from physical arguments. The
fitted values are consistent with the literature [119], and the
corresponding cross sections are shown in figure 15 for both
scattering angles. The three channel radii provide fits which
are indistinguishable at the scale of the figure. As expected
[119], the R-matrix parametrization reproduces the data very
well, not only in the vicinity of the resonances, but also
between them, where the process is mostly non-resonant. This
technique is very successful in the analysis of recent data
involving radioactive beams (see, for example, [110–112]).

5.6. Application to the 18Ne(p,p′)18Ne(2+) inelastic
scattering

We present here an application of the phenomeno-
logical R-matrix method to inelastic scattering. The
18Ne(p,p′)18Ne(2+, 1.887 MeV) cross section has been mea-
sured in parallel with elastic cross sections [113]. These data
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Figure 16. R-matrix fits of 18Ne(p,p)18Ne elastic (upper panel) and
18Ne(p,p′)18Ne(2+) inelastic (lower panel) cross sections with the
parameters of table 13. The data are from [121] (full circles)
and [113] (open circles). The fits are done with a = 4.5 fm (dashed
lines), a = 5.0 fm (solid lines) and a = 5.5 fm (dotted lines).

were obtained at various angles and complemented a previous
data set, obtained at lower energies, and aimed at investigating
elastic scattering only [121].

Here our goal is not to repeat the analysis of [113],
where several angles were simultaneously included, but where
previous elastic data were not considered. Instead, we select a
single angle but cover a broader energy range by including data
sets of [113, 121] in a global fit. Both experiments measured
the elastic cross sections in different energy ranges, but also
at slightly different angles. We select the elastic data sets
of [113] at θlab = 6.2◦ and of [121] at θlab = 4.9◦. As the
angular dependence is weak, we combine both these data sets
at a common angle, taken as the average (θlab = 5.6◦). For the
inelastic cross section, the experimental angle [113] θlab = 6.2◦

is used.
The experimental data and the corresponding R-matrix fits

are presented in figure 16. As suggested in [113], the fits are
performed by including three resonances (J π = 1/2+, 5/2+,
3/2+), which are characterized by their energy ER and their
partial widths "1 and "2 corresponding to the p + 18Ne(0+)
and p + 18Ne(2+) channels, respectively. The fitted parameters
are given in table 13 for different channel radii. As expected
we essentially reproduce the results of [113, 121]. The 1/2+

resonance at 1.06 MeV is below the inelastic threshold ("2 =
0), and corresponds to a single-particle state, with a large
reduced width. The higher-lying resonances (5/2+, 3/2+)
correspond to s states in the p + 18Ne(2+) channel. They
present a dominant width in that channel ("2 ≫ "1) and
correspond to a significant fraction of the Wigner limit (5.9).
These resonances are hardly visible in the elastic data, and
could not be properly analysed without the inelastic cross
sections.

Owing to the use of a radioactive beam, the error
bars are rather large in the inelastic cross sections, and the

30

p+12C

Ti0 =
√

Pi(E)P0(E)
∑

pq

γipγ0q
(Ep − E)δpq −

∑

c γicγjc(Sc(E) + iPc(E))

dσ(E)

dσ
∝ |Ti0|

2

T-matrix par<al widths and energy parameters fiKed from data
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An R-matrix parametriza2on for the indirect cross sec2on

T I
i0 =

∫

√

Pi(Ek)P0(Ek)
∑

pq

γipγ0q
(Ep − Ek)δpq −

∑

c γicγjc(Sc(Ek) + iPc(Ek))
g(k) dk.

g(k) =

∫
ψHM (rxA)F

∗(rxA,k) drxA

connection between direct and indirect R-matrix parameters
example:
•  direct: a scattering
•  indirect: (6Li,d)

indirect 
T-matrix

broadening 
factor

Ek =
h̄2k2

2µ
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An R-matrix parametriza2on for the indirect cross sec2on

T I
i0 =

∫

√

Pi(Ek)P0(Ek)
∑

pq

γipγ0q
(Ep − Ek)δpq −

∑

c γicγjc(Sc(Ek) + iPc(Ek))
g(k) dk.

g(k) =

∫
ψHM (rxA)F

∗(rxA,k) drxA

indirect 
T-matrix

ka-kb
k

g(k)

connec<on between direct and indirect R-matrix parameters
example:
•  direct: a scattering
•  indirect: (6Li,d)
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An R-matrix parametriza2on for the indirect cross sec2on

T I
i0 =

∫

√

Pi(Ek)P0(Ek)
∑

pq

γipγ0q
(Ep − Ek)δpq −

∑

c γicγjc(Sc(Ek) + iPc(Ek))
g(k) dk.

T I
i0 ≈

√

Pi(Emax
k )P0(Emax

k )
∑

pq

γipγ0q
(Ep − Emax

k )δpq −
∑

c γicγjc(Sc(Emax
k ) + iPc(Emax

k ))

∫

g(k) dk.

• If the broadening distribution is narrow, the T-matrix can be evaluated at 
the peak

• This is essentially the approximation made by Barker in Aust. J. Phys. 20 
(341) 1967 for isolated resonances 
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An extension to holes: The Green’s function knockout (GFK) and 
the asymmetry plot

(talk by J. Gómez Camacho)
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An extension to holes: The Green’s func2on knockout (GFK) and 
the asymmetry plotPHYSICAL REVIEW C 107, 014607 (2023)

Green’s function knockout formalism

C. Hebborn 1,2,* and G. Potel 2,†

1Facility for Rare Isotope Beams, Michigan State University, East Lansing, Michigan 48824, USA
2Lawrence Livermore National Laboratory, P.O. Box 808, L-414, Livermore, California 94551, USA

(Received 26 June 2022; revised 14 November 2022; accepted 14 December 2022; published 6 January 2023)

Knockout nuclear reactions, in which a nucleon is removed from a nucleus as a result of the collision with
another nucleus, have been widely used as an experimental tool, both to populate isotopes further removed from
stability and to obtain information about the single-particle nature of the nuclear spectrum. In order to fully
exploit the experimental information, theory is needed for the description of both the structure of the nuclei
involved, and the dynamics associated with the nucleon removal mechanisms. The standard approach, using
theoretical shell-model spectroscopic factors for the structure description coupled with an eikonal model of
reaction, has been successful when used in the context of the removal of valence nucleons in nuclei close to
stability. However, it has been argued that the reaction theory might need to be revisited in the case of exotic
nuclei, more specifically for highly asymmetric nuclei in which the deficient species (neutrons or protons)
is being removed. We present here a new formalism for the nucleon-removal and -addition reaction through
knockout and transfer reactions, that treats consistently structure and reaction properties using dispersive optical
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from the projectile, which might explain the long standing puzzle of the quenching of spectroscopic factors in
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I. INTRODUCTION

Radioactive ion beams (RIBs) facilities are transforming
the field of low-energy nuclear physics by setting short-lived,
exotic isotopes within experimental reach. The availability of
new experimental data has been matched by theoretical efforts
towards the description of nuclear systems away from the
stability valley, and, more generally, towards an understanding
of nuclear structure in an exotic context [1]. The correspond-
ing paradigm shift in the theory of nuclear structure has to
be complemented by a revision of nuclear reaction theory,
needed for the description of the experiments in which ra-
dioactive ions are involved. Within this context, a considerable
effort has been devoted recently to the description of reactions
with weakly-bound nuclei (see, e.g., [2–5], see also [6] and
references therein).

However, the study of neutron-rich (respectively, proton-
rich) raises a complementary question about the behavior of
the deeply-bound protons (respectively, neutrons) belonging
to the same nucleus. This question has been highlighted in
publications by Gade and collaborators [7–9], in which they
present a review of results of one-neutron (respectively, one-
proton) knockout experiments expressed as a function of the
difference !S = Sn − Sp between the neutron Sn and proton
separation Sp energies (respectively, !S = Sp − Sn). In this
work, they arrive at the puzzling conclusion that theory is
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unable to account for as much as 80% of the quenching of
single-particle strength when the knocked out particle belongs
to the deficient species in systems with a large value of !S.
Several authors have suggested that nuclear structure calcula-
tions might fail to fully account for short-range correlations
between neutrons and protons in highly asymmetric systems,
leading to an overestimation of the single-particle content of
the states populated in knockout reactions [10,11].

On the other hand, the fact that the strong dependence on
!S of the spectroscopic factor quenching is not observed in
transfer and quasifree scattering experiments has led some
authors to suggest that the issue might be in the theory asso-
ciated with the description of the reaction process in the case
of knockout experiments [12–16] (see Ref. [17] for a recent
review). Knockout experiments are often described within the
eikonal model [18,19], assumed to be valid for high beam
energies. The sudden and the core spectator approximations,
in which the nuclear degrees of freedom are frozen during
the collision process, are used to describe the one-nucleon
removal from the projectile. The core spectator approximation
is based on the assumption that the characteristic decay times
of the core states populated in the nucleon removal process are
large compared to the collision time. This seems reasonable
when the nucleon is removed from a state not too far away
from the Fermi energy on a stable nucleus, since the narrow
associated energy width is small, the corresponding damping
(decay) time being therefore rather large.

However, it has been well known since knockout exper-
iments were performed in the early 1960s (see, e.g., [20])
that hole states associated with the removal of deeply-bound
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By also defining the transition amplitudes

T ( fNT )(RNT , RcT )

=
∫

F (RcT , RNT , ξT )φ(0)
T (ξT )

× ψ
( fNT )∗
NT (RNT , ξT )V̂prior (RNT , RcT , ξT )dξT , (21)

and the source term

ρ
( fNT )
h (r) =

∫
χ

( fcT )∗
cT (RcT ) T ( fNT )(RNT , RcT ) dRcT , (22)

Eq. (14) becomes

dσ

dE fcT d&
= − 2µPT

h̄2kPT
ρ(E fcT )

×
∑

fNT

〈
ρ

( fNT )
h

∣∣Im Ĝopt
h (Eh)

∣∣ρ ( fNT )
h

〉
, (23)

where the argument of the Green’s function reflects energy
conservation, i.e.,

E fc = E − E fcT − E fNT , (24)

complemented with [see Eq. (19)]

Eh = E fcT + E fNT − E − S(P)
N . (25)

Equation (23) can be interpreted in terms of the source term
(22) expressing the probability of the production of a hole in
the projectile P at a position r, while the Green’s function
describes the dynamical evolution of the core-hole system.
Dissipative effects associated with core excitations are con-
nected with the imaginary part of the optical potential, and
are fully accounted for. When these excitations take place at
energies above the nucleon emission threshold they can result
in particle evaporation, and thus reduce the knockout cross
section of deeply-bound nucleons [21].

In order to highlight the effect of the absorption of the core
by the hole, we will express Eq. (23) in terms of Ûh by first
defining the free hole propagator Ĝopt,0

h as

Ĝopt,0
h (Eh) = lim

η→0
(Eh − T̂h + iη)−1, (26)

so that we can write
(
Ĝopt,0

h

)−1 −
(
Ĝopt

h

)−1 = Ûh. (27)

By manipulating this expression, we obtain

Ĝopt,0
h

[(
Ĝopt,0

h

)−1 −
(
Ĝopt

h

)−1]
Ĝopt

h = Ĝopt
h − Ĝopt,0

h

= Ĝopt,0
h ÛhĜopt

h , (28)

which leads to the Dyson equation

Ĝopt
h = Ĝopt,0

h + Ĝopt,0
h ÛhĜopt

h . (29)

We can now rewrite this propagator as

Ĝopt
h =

(
1 + Ĝopt†

h Û †
h

)
Ĝopt,0

h

(
1 + ÛhĜopt

h

)
− Ĝopt†

h Û †
h Ĝopt

h .

(30)

The first term of Eq. (30) corresponds to scattering states of
the core-hole system. Since the hole Hamiltonian describes

the removal of a bound nucleon from the projectile ground
state, it does not have any scattering solutions and this first
term vanishes. We therefore obtain

Im Ĝopt
h = Ĝopt†

h Im ÛhĜopt
h . (31)

By defining the hole wave function

φ
( fNT )
h (r) = Ĝopt

h (Eh) ρ
( fNT )
h (r), (32)

we can then write the cross section (23) as

dσ

dE fcT d&
= − 2µPT

h̄2kPT
ρ(E fcT )

∑

fNT

〈
φ

( fNT )
h

∣∣Im Ûh(Eh)
∣∣φ( fNT )

h

〉
.

(33)

If we assume that for excitation energies above the first parti-
cle emission threshold S(c)

x the core will evaporate particles,
the experimental cross section for observing the core c is
restricted to 0 < E fc < S(c)

x and therefore the hole energy
is restricted to −S(c)

x − S(P)
N < Eh < −S(P)

N . The cross sec-
tion therefore reads

dσ

dE fcT d&
= − 2µPT

h̄2kPT
ρ(E fcT )

×
−S(P)

N∑

Eh=−S(c)
x −S(P)

N

〈
φ

( fNT )
h

∣∣Im Ûh(Eh)
∣∣φ( fNT )

h

〉
. (34)

Let us stress that the above expression is inclusive in both
the N-T and the final states of the core. The sum over all
energy-accessible final states of the core is implied in the
imaginary part of the hole potential Im Ûh, while it is explicit
in the N-T channel, as we sum over the hole states φ

( fNT )
h ,

which contain the N-T transition amplitudes in the source
term (22). The only approximations made in the derivation
of Eq. (34) are the assumption that the prior potential does not
depend explicitly on the core internal coordinates, and the fac-
torization of the many-body wave function (4). In particular,
no sudden or core spectator approximations has been made
concerning the dynamics of the N-T and N-c systems. This
is in contrast with the standard eikonal framework [7,19,27],
where dynamical, nonsudden effects associated with the nu-
cleon extraction from the projectile (or hole creation) are
neglected. It is reasonable to expect that these effects will be
particularly important for the knockout of deeply-bound nu-
cleons, creating deeply-bound holes, which could give rise to
core excitation above particle emission thresholds and there-
fore to particle evaporation. The quenching of spectroscopic
strength is further enhanced in systems with high neutron-
proton asymmetry by the fact that the emission threshold of
the deficient species tends to be low, and the sum in Eq. (34)
is severely restricted.

III. APPLICATION TO A(p, d )B AND B(d, p)A
TRANSFER REACTIONS

Let us now consider a pickup reaction, in which a neutron
is transferred from the projectile A(≡ B + n) to the proton
target p, resulting in the formation of a deuteron d and the core
nucleus B. In these reactions, the deuteron is detected with
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h as
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Ĝopt,0

h

)−1 −
(
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h Û †
h

)
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h (Eh) ρ
( fNT )
h (r), (32)

we can then write the cross section (23) as

dσ

dE fcT d&
= − 2µPT

h̄2kPT
ρ(E fcT )

∑

fNT

〈
φ

( fNT )
h

∣∣Im Ûh(Eh)
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