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(𝑵 = 𝒁) (𝑵 ≫ 𝒁)

M. Thiel, et al, JPG 46, 093003 (2019).

Study on neutron skin thickness

C. J. Horowitz, et al., JPG 41, 093001 (2014).

⚫ 𝑹𝒏 : parity-violating

⚫ 𝑹𝒑 : elastic electron scattering

⚫ coherent pion-photo production

⚫ measurements of electric dipole polarizabilities

Moreover :

C. M. Tarbert, et al. PRL. 112, 242502 (2014).

J. Piekarewicz, et al., PRC 85, 041302 (2012).

A.Tamii, et al., PRL. 107, 062502 (2011).

…...

Measurement:
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Based on elastic proton-nucleus scattering experiments：

Study on nuclear density and neutron skin thickness

Terashima, Sakaguchi, Takeda, et al., PRC 77, 024317 (2008).

Zenihiro, Sakaguchi, Murakami, et al., PRC 82, 044611 (2010).

Matsuda, Sakaguchi, Takeda, et al., PRC 87, 034614 (2013).

Zenihiro, Sakaguchi, Terashima, et al., arXiv (2018 )

……

⚫Glauber multiple scattering theory 

Li, Kuang, Huang, Tu, Li, et al., PRC 107, 064310 (2023).

Zhang, Ma, Huang, Tu, et al., PRC 108, 014614 (2023)

......

⚫Brueckner theory  +  g-matrix folding model

S. Karataglidis, et al., PRC 65, 044306 (2002).

S. Tagami, et al., Results in Physics 33, 105155 (2022).

……

⚫ Relativistic Impulse Approximation (RIA) theory 

+  two-parameter Fermi (2pF) model

B. C. Clark, S. Hama, et al.,PRL. 50, 1644 (1983).

D. P. Murdock and C. J. Horowitz, PRC 35, 1442 (1987)

Two-parameter Fermi model is too simple.



⚫Deep neural network is a very effective method to represent complex function.
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Deep neural network

Training samples

Calculate Obtain output results.
Comparing the achieved 

outcomes to the expected 

results for satisfaction.

Yes Test and 

application

No

Adjust (weight)
Gradient descent, multiple iterations

Weight

Loss function

Combining deep neural network with RIA theory could help overcome limitations in

previous studies.

Nuclear charge radius, Nuclear mass, Nuclear half-life, fission yields……
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nucleon-nucleon

interaction

Target nucleus density

Scattering observations 

(differential cross 

section, analytical power)

Theoretical computation

Back-propagation neural networks

To combine RIA and deep neural network to infer the density distribution

and extract neutron skin thickness.

RIA

This work

Proton
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⚫ Direct term

⚫ Exchange term

nucleon-nucleon interaction

 The RIA forward process

Optical potentialTarget nucleus density

folding

Relativistic Impulse Approximation (RIA) theory
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𝑑𝜎

𝑑Ω
= 𝐴 𝜃 2 + 𝐵 𝜃 2 

𝐴𝑦 =
2Re 𝐴∗ 𝜃 𝐵 𝜃

𝑑𝜎/𝑑Ω
 

Differential 

cross section 

Analysis 

power

 The RIA forward process

Vector potential

Scattering amplitude

𝐴 𝜃 = 𝑓𝑐 𝜃 +
1

𝑘
σ𝑙 𝑒2𝑖𝜎𝑙 𝑙 + 1 𝒞𝑙,𝑙+1/2

 + 𝑙𝒞𝑙,𝑙−1/2
 𝑃𝑙(cos𝜃) 

𝐵 𝜃 =
𝑖

𝑘
σ𝑙 𝑒2𝑖𝜎𝑙 𝒞𝑙,𝑙+1/2

 − 𝒞𝑙,𝑙−1/2
 𝑃𝑙

1(cos𝜃) 

Scalar potential

Relativistic Impulse Approximation (RIA) theory



 The RIA forward process

nucleon-nucleon interaction

Interaction involving the medium effects

Relativistic Love-Franey model 

⚫ Direct term

⚫ Exchange term

⚫ Momentum space

⚫ Coordinate space
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 The RIA forward process

nucleon-nucleon interaction

Interaction involving the medium effects

𝑎𝑖 and ഥ𝑎𝑖 are free parameters to be determined. 11

H. Sakaguchi et al., Phys. Rev. C 57, 1749 (1998).

S. Terashima, et al., Phys. Rev. C 77, 024317 (2008).



 The RIA forward process

Interaction involving the medium effects

For 40Ca :

12

Proton vector density 𝜌𝑝 : 

Neutron vector density 𝜌𝑛 :

Proton scalar density 𝜌𝑝,𝑠 :

Neutron scalar density 𝜌𝑛,𝑠 ∶

√

×

×

×

(From experiment) 



 The RIA forward process

Interaction involving the medium effects

13

 Assuming the neutron density distribution

S. Terashima, et al., Phys. Rev. C 77, 024317 (2008).

𝜌𝑛 = 𝜌𝑝



 The RIA forward process

Interaction involving the medium effects

14

 The ratio of scalar to vector density is 0.975

S. Terashima, et al., Phys. Rev. C 77, 024317 (2008).

𝜌𝑝,𝑠 = 0.975 𝜌𝑝

𝜌𝑛,𝑠 = 0.975 𝜌𝑛



 The RIA forward process

Interaction involving the medium effects

15

folding



 The RIA forward process

Interaction involving the medium effects

*
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Relativistic Hartree-Bogoliubov : DD-ME2,PC-PK1,DD-PK1

Relativistic mean field : PK1

Skyrme-Hartree-Fock : 24 Sets parameters

 Density composition of the 48Ca training dataset

17

Back-propagation neural network

 Contour plot of the training set observations for 𝜒2.

where 𝑥𝑒𝑥𝑝., ∆𝑥𝑒𝑥𝑝., and 𝑥𝑡ℎ𝑒𝑜. are the experimental 

data, the errors in the data, and the calculation results, 

respectively.

 The training dataset covers a wide range of 

neutron and proton radii.
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Back-propagation neural network

 Loss function (Normalized flow of Pearson 

χ2 divergence (NPD) ) 

 𝝁 is the normalization factor.

 observable-to-density network (OTDN)
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Bayesian model averaging (BMA)
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RIA*

Constructing the training set density

Theoretical scattering observations

OTDN Capture associations.



 Eliminate the error caused by initializing weights

BMA model weights：

Bayesian model averaging (BMA)

21

OTDN

𝑑𝜎/𝑑𝜎𝑅𝑢𝑡ℎ , 𝐴𝑦

ρ𝑝(derived from 𝜌𝑐ℎ)

ρ𝑛

 Different initial weight settings lead to 

different  results.

Bayesian Model Averaging (BMA) is a technique 

that combines models using Bayesian statistical 

theory. It improves prediction accuracy by 

averaging multiple models with weights.

How to eliminate errors from 

different initial weight settings?

Number of initial weight settings



Predicted neutron density of 48Ca

22

0 < 𝑟 < 3 fm : The predicted neutron 

density is larger than PC-PK1.

3 < 𝑟 < 6 fm : The predicted neutron 

density is smaller than PC-PK1.

6 < 𝑟 < 14 fm : The predicted neutron 

density is larger than PC-PK1.



Examine the predicted neutron density of 48Ca

 Predicted neutron density improves the description at large scattering angles.
23



Prediction results of neutron skin thickness in 48Ca

24

 ab initio coupled-cluster (CC)

Hagen, Ekström, Forssén, et al., Nature Physics 12, 186 (2016).

▲ CREX collaboration

Adhikari, et al. (CREX Collaboration), PRL 129, 042501 (2022).

▼ E1 polarizability experiment (E1pE)

Birkhan, Miorelli, Bacca, et al., PRL 118, 252501 (2017).

◆ Proton elastic scattering at 295 MeV (PES-295)

Zenihiro, Sakaguchi, Terashima, et al., arXiv (2018 )

◄ Kyushu (chiral) g-matrix folding model (KFM)

Tagami, Wakasa, et al, Results in Physics 33, 105155 (2022).

► Dispersion optical model (DOM)

Mahzoon, Atkinson, Charity, et al, PRL 119, 222503 (2017).

◼ 48 reasonable energy density functionals (EDFs)

Mahzoon, Atkinson, Charity, et al, PRL 119, 222503 (2017).

 The neutron skin thickness is larger than other studies, except DOM.

0.219(37) fm
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Summary

 Considering density-dependent coupling constants in the NN interaction gives the RIA theory

with medium effects.

 A back-propagation neural network (OTDN) based on RIA theory with medium effects is

developed

✓ The neutron density distribution of 48Ca is extracted, showing larger values for 𝑟＜3 fm

and 𝑟＞6 fm compared to PC-PK1, and improving the description of observables at large

scattering angles.

✓ The neutron skin thickness is predicted to be 𝑅skin
48Ca = 0.219(37) fm.
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DOI: https://doi.org/10.48550/arXiv.2311.11676



Appendix 1
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Neural network parameters.
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NN interaction parameters.Appendix 2
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SHF Parameter SettingsAppendix 3
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