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Université Paris-Saclay, CEA, LMCE, 91680 Bruyères-le-Châtel, France

Hugo F. Arellano

Department of Physics - FCFM, U. Chile

ECT*, Trento, June 16-21, 2024



Content

Introduction

Perey-Buck nonlocal model

Bell-shape nonlocality: microscopically

Concluding remarks

2 / 42



Outline

Introduction

Perey-Buck nonlocal model

Bell-shape nonlocality: microscopically

Concluding remarks

3 / 42



Probes and targets
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Phenomenology: shapes & parameters
• Intuitive
• Simple and fast
• Global
• Suitable for evaluations and
radioactive environments
• Intrinsic limitations by shapes

Theory
• Elaborate and cumbersome
• Challenging to calculate
• Limited success
• Can we unveil form factors?

I Microscopically driven optical potential
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Potential is nonlocal, complex, energy dependent and dispersive

I Antisymmetrization

VHF (r,r’) =
∫

dr1ρ(r1)v(r,r1)−ρ(r,r’)v(r,r’)

I Polarization
Surface term...

∆U(r,r′;E) = ∑
i

V0i (r)Gii (r,r’;E)Vi0(r’),

where Gii is a propagator

Vi0(r) = βi r
dU(r)

dr
Y

µ

λ
(̂r),

transition potential in the Bohr collective model.
A. Lev, W. P. Beres, and M. Divadeenam. PRC 9 :2416–2434, Jun 1974.
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Woods and Saxon

V (r) =−[V0 + iW0]fvol (r)− iWD fsurf (r)− (Uso + iWso)fsurf (r) `̀̀ ·σσσ

2 4 6 8

0.5

1

r
r [ fm ]

f

Volume

Surface

fvol (r)∼ 1

1 + e(r−R0)/a

fsurf (r)∼ 4e(r−R0)/a

[1 + e(r−R0)/a]2
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Integro-différential scattering equation

− h̄2

2µ
∆ψ(r) +

∫
VNL(r,r’)ψ(r’)dr’ = Eψ(r),

When potential is local

VNL(r,r’) = VL(r)δ (r,r’).

Scattering equation reduces to differential,

− h̄2

2µ
∆ψ(r) +VL(r)ψ(r) = Eψ(r).

→ Need for numerical tools
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SIDES: Schrödinger Integro-Differential Equation Solver
G. Blanchon, M. Dupuis, H. F. Arellano, R. N. Bernard, B. Morillon, CPC 254 (2020) 107340

• Method: modified Numerov method

• Extension for potentials with first derivative
(G. Blanchon, M. Dupuis, H. F. Arellano, R. N. Bernard, B. Morillon, P. Romain, EPJA (2021) 57:13)

• Available with pairing (not published yet)

SWANLOP: Scattering WAves off NonLocal Optical Potentials
H. F. Arellano, G. Blanchon, CPC 259 (2021) 107543

• Lippmann-Schwinger equation

• Momentum and coordinate space potentials

H. F. Arellano, G. Blanchon, PLB 789 (2019) 256-261

V (r , r ′,E) → dσ

dΩ , σE ,R,T , Ay , phaseshifts, wave functions
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Potentials included in SWANLOP & SIDES

• Koning-Delaroche global local potential (n/p below 200 MeV)

A. J. Koning and J.-P. Delaroche NPA 713(3-4) 231 - 310, 2003.

• Morillon-Romain global dispersive local potential (n/p below 200 MeV)

B. Morillon and P. Romain. PRC, 70 014601 (2004) and PRC, 76(4) 044601 (2007).

• Perey-Buck global nonlocal potential (n below 30 MeV)

F. Perey and B. Buck. Nucl. Phys., 32 353 – 380, 1962.

• Tian-Pang-Ma global nonlocal potential (below 30 MeV)

Y. Tian, D.-Y. Pang, and Z.-Y. Ma. IJMP E, 24(01) 1550006, 2015.

• Potentials given on a radial mesh

Potential in forthcoming versions

• Morillon global dispersive nonlocal potential (n below 200 MeV)

B. Morillon, G. Blanchon, P. Romain and H. F. Arellano PRC, 109, 044611 (2024)
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|r′ − r|

H

β

Gaussian nonlocality

β ≈ 0.85 fm

Hβ(|r′−r|) =
e−|r′−r|2/β2

π3/2β3

Hβ(|r′−r|) =
β→0

δ(r′−r)
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Perey-Buck’s assumptions:

- Separability

- Gaussian nonlocality

- Low incident energy E < 24 MeV

- Energy-independent

- Local spin-orbit

→ Shape used in most of nowadays phenomenology

→ Is it validated by microscopy? (at least by a given microscopic model)

14 / 42



Perey-Buck’s assumptions:

- Separability

- Gaussian nonlocality

- Low incident energy E < 24 MeV

- Energy-independent

- Local spin-orbit

→ Shape used in most of nowadays phenomenology

→ Is it validated by microscopy? (at least by a given microscopic model)

14 / 42



Perey-Buck’s assumptions:

- Separability

- Gaussian nonlocality

- Low incident energy E < 24 MeV

- Energy-independent

- Local spin-orbit

→ Shape used in most of nowadays phenomenology

→ Is it validated by microscopy? (at least by a given microscopic model)

14 / 42



Outline

Introduction

Perey-Buck nonlocal model

Bell-shape nonlocality: microscopically

Concluding remarks

15 / 42



Microscopic optical model

δL(E) →
{

Ecm ≲ mπc
2 ∼ 140 MeV

Ecm ≳ mπc
2 non-Hermitian

NN scattering data + deuteron properties

v
NN

+
NNN
+
· · ·

A+ 1

finite nuclei

∞+ 1

infinite nuclear matter

E > 0

scattering Elastic •
Quasi-elastic
Inelastic

Watson multi-scattering
Kerman-McManus-Thaler
Folding model
JLM local dens. approx.

Ground state
s.p. excitations
collective excitations

D1,D1S,DG,...
M3Y
Skyrme

SCGF
BBG
BHF •

Effective interaction g[ρ;E]: •
Nonlocal, ρ- and E-dependent

Mass operator: Σ[ρ;E] (JLM)

Equation of State
g
NN

as it comes •
g
NN

localized (approx.)

Melbourne •
von Geramb

Brieva-Rook

E < 0

structure

g
NN

= g
C
+LLL ·SSS g

LS
+ Ŝ12 gT

•
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Effective interaction

I veff is, in general, non local: 〈r2|v |r1〉= v(r2, r1)→ f (r1)δ (r2− r1)

I veff is complex... → absorption.

I veff is obtained from the bare nucleon-nucleon interaction

I veff depends on the energy and density. In general, veff is target
dependent.

I At high energies v ∼ t, the scattering matrix.
I veff can be represented as:

I Local functions
I Sums of ’Yukawas’: ∼ ∑k gk e−µk r/r
I Zero-range (Skyrme) interactions: ∼ gk δ(~r)
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Microscopic optical model

Bare NN → N+A connection

NN →





(
dσ

dΩ

)
NN

↓↑
δL(E)





︸ ︷︷ ︸
2-Body


 vNN
↗
↘

GNN

tNN





︸ ︷︷ ︸
Effective interaction

→ Uopt (k′,k;E)︸ ︷︷ ︸
↑ |Ψg .s.〉

→




|ψ〉
dσ

dΩ
σ

︸ ︷︷ ︸
N+A

U(k′,k;E) =
∫

dpdp′ ρ(p′ ,p)︸ ︷︷ ︸
∼∑φα (p′)φ

†
α (p)

〈
k′p′ |G(E ,ρ)|kp

〉
︸ ︷︷ ︸

VNN
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Scattering applications

I In-medium folding potentials based on
density-dependent BHF g matrix.

I Bare NN potentials: N3LO (Entem
and Machleidt PRC (2003)) and
Argonne v18 (Wiringa, Stoks and
Schiavilla PRC (1995)).

I Folding potentials evaluated in
momentum space.

I Scattering observables obtained from
SIDES and SWaNLOP packages
[Comput. Phys. Commun. 254,
107340 (2020); Comput. Phys.
Commun. 259, 107543 (2021).]

I Perey-Buck parametrizations from Tian
et al [Int. J. Mod. Phys. E 24(01),
1550006 (2015)].

I Reasonable results over 10-300 MeV
energy span.
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s-wave potential for p+40Ca scattering at 65 MeV
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Representations
〈post|Û|prior〉

Fourier →

Fourier→U (rrr ′,rrr)

r ′, r , r̂ ···r̂ ′

Ũ (kkk ′,kkk)

k ′, k, k̂ ···k̂ ′

RRR =
1

2
(rrr ′+rrr)

sss = rrr ′−rrr

qqq = kkk ′−kkk

KKK =
1

2
(kkk ′+kkk)

K , q, K̂ ···q̂s, R, R̂ ···ŝ

Ũ (k ′k ′k ′,kkk)� Ũ(KKK ,qqq) = Ũ(K ,q;w)

relative coordinates relative momenta

momentum transfer

‘current’‘nonlocality’
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Ũ (k ′,k) =
∞

∑
l=0

(2l + 1)Ũl (k,k
′)Pl (k̂ · k̂ ′)

Ũ(K ,q) =
∞

∑
n=0

(2n+ 1)Ũn(K ,q)Pn(K̂ · q̂)

Ũ(K ,q) in the Kq plane

 0
 1

 2
 3  0

 1
 2

-120

-60

 0

 60
U
~

c(K,q;w=0)
[ MeV fm3 ]

Ca(p,p)
 40 MeV

K [fm-1] q [fm-1]

Weak angular dependence (w = K̂ ·q̂)→ n=0

Ũ(K ,q) =
Ũ(K ,q)

Ũ(K ,0)
× Ũ(K ,0)

Ũ(0,0)
×Ũ(0,0)≡ Ṽ (K ,q)×H̃(K)×W

Weak K-dependence !

Nonlocality

Strength
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Ṽc(K ,q)= Ũ(K ,q)/Ũ(K ,0)∼ ṽ(q) in the range 10–300 MeV
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Nonlocality vs. Perey-Buck
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Nonlocalities for n+A & p+A
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Nonlocalities for n+A & p+A

26 / 42



Ũ(0,0) & Volume integral
In coordinate space, the nonlocal optical potential U(~r ,~r ′) is related to the

momentum-space potential U(~k,~k ′) through a Fourier transform:

U(~r ,~r ′) =
x

U(~k,~k ′)e i(~k·~r−~k ′·~r ′) d3k d3k ′

Volume Integral in Momentum Space
The volume integral of the potential in momentum space is:

J(U) =
x

U(~k,~k ′)d3k d3k ′

Connection to U(0,0)

U(~k,~k ′) =
1

(2π)3

x
U(~r ,~r ′)e−i(~k·~r−~k ′·~r ′) d3r d3r ′

At the origin ~k =~0 and ~k ′ =~0:

U(0,0) =
1

(2π)3

x
U(~r ,~r ′)d3r d3r ′

Therefore, U(0,0) is proportional to the volume integral of the potential in
coordinate space:

U(0,0) =
J(U)

(2π)3
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JvH factorization

U(K ,q)≈ J

(2π)3
v(q) H(K)

(H. F. Arellano, G. Blanchon EPJA (2022) 58 :119)

29 / 42



Microscopic potential vs. JvH

p+40Ca
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p + 40Ca @ 200 MeV & n-expansion

Potential is separable

(G. Blanchon, H. F. Arellano, EPJ Web of Conferences 292, (2024))

31 / 42



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

100

100

103

106

109

1012

1015

1018
40Ca

90Zr

208Pb

2 30.2

dσ
 / 

dΩ
   

[ m
b/

sr
 ]

q   [ fm-1 ]

N3LO
AV18

40

80

200
300
400

40
80

400

40

80

200

300

400

Figure 1: Differential cross section for proton-nucleus elastic scattering as function of
the momentum transfer based on AV18 (black curves) and N3LO (red curves) bare
potentials.
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JvH factorization (second try)

U(K ,q)≈ J

(2π)3
v(k0,q) H(K)

with k0 the on-shell momentum in the c.m. reference frame.
(H. F. Arellano, G. Blanchon PRC 109, 064609 (2024))
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Nonlocality form factor - 200 MeV
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Unveiling radial shapes (I)

O

r′
r

V (r) =

∫∫∫
ρ(r′)d3r′v(r − r′)

Ṽ (q) = ρ̃(q)ṽ(q)

35 / 42



Unveiling radial shapes (II)
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Re [ṽc,so(q)] = ρ̃SL(qRx )e−a2
x q2 1

1 +b2
xq

2
, (1a)

Im [ṽc,so(q)] = cy q
2
ρ̃SL(qRy )e−a2

y q2 1

1 +b2
yq

2
. (1b)
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Figure 2: Differential cross sections as functions of the momentum transfer based on
the microscopic folding model (black curves) and global fit for ṽ(q) (red curves).
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Concluding remarks

1. Unveiled the nonlocal structure of the optical potential, providing
quantitative account for phenomenological bell-shape Perey-Buck
nonlocality.

2. Findings based on microscopic approach for NA scattering, folding
density-dependent g matrices from realistic NN potentials.

3. The spin-orbit coupling is also nonlocal. We find βso ∼ 0.45−0.58 fm−1.

4. Approach allows for selective exploration of scalar/isoscalar components of
the potential.

5. JvH factorization constitutes an interesting framework for refined
phenomenological parametrizations.
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What about going higher in energy?
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Building the potential

Ũ(k′,k;E) = Ũc(k′,k;E) + iσ · n̂ Ũso(k′,k;E)

Ũν(k′,k;E) = 4π
∑

α=p,n

∫ ∞

0

z2dz ρα(z) j0(qz)

∫
dPSz(P )

〈
k′−P

2 |gνα
K̄

(ρz, E + ε̄)|k−P2

〉
A

Sz(P ) =
3

4πk3
z

Θ(kz−P )

kz =

[
3π2ρ(z)

2

]1/3
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UpA = UpN +UpP

UnA = UnN +UnP
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