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Motivations

Increasing experimental efforts to develop the 
technologies necessary to study the elastic 
proton scattering in inverse kinematics 
Attempts to use such experiments to determine 
the matter distribution of nuclear systems at 
intermediate energies 

Measurements are not free from sizeable uncertainties 
The Glauber model is used to analyse the data 
An essential step in the data analysis is the subtraction 
of contributions from the inelastic scattering

Develop a microscopic approach to make reliable 
predictions for elastic and inelastic scattering

[Sakaguchi, Zenihiro, PPNP 97 (2017) 1–52]

A.V. Dobrovolsky, G.A. Korolev, S. Tang et al. Nuclear Physics A 1008 (2021) 122154

Fig. 4. Total and core matter distributions ρ(r) of the nuclear density in 14C (a), 15C (b), 16C (c) and 17C (d) deduced 
in the analysis by using model density parameterizations SF (Symmetrized Fermi), GH (Gaussian-Halo), GG (Gaussian-
Gaussian), and GO (Gaussian-Oscillator), for details see the text. The shaded areas represent the envelopes of the density 
variation within the model parameterizations applied, superimposed by the statistical errors. All density distributions are 
normalized to the number of nucleons.

isotope all density parameterizations also fit the experimental data well. The weighted mean rms 
matter radius of 16C, deduced from the GH, SF, GG, and GO parameterizations is

Rm = (2.70 ± 0.06) fm.

For the core radius and the radius of the valence neutrons distribution, the following mean values 
were determined: Rc = 2.41(5) fm and Rv = 4.20(26) fm.

The deduced nuclear matter density distributions obtained using different parameterizations of 
the nuclear matter distributions are plotted in Fig. 4. The shaded areas represent the envelopes of 
the density variation within the model parameterizations applied, superimposed by the statistical 
errors. Fig. 4 also shows the obtained core matter distributions. All density distributions refer to 
point-nucleon distributions.

Using the matter radii Rm deduced in the present work and the radii Rp of proton distributions 
obtained in Refs. [49] and [9], the radii Rn of neutron distributions and thicknesses of the neutron 
skins δnp = Rn − Rp for the nuclei of the studied carbon isotopes were determined (see Table 2) 
with the help of expression (3):

Rn = [(AR2
m − ZR2

p)/N ]1/2. (3)
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[Dobrovolsky et al., NPA 1008 (2021) 122154]

Y. MATSUDA et al. PHYSICAL REVIEW C 87, 034614 (2013)

FIG. 4. Excitation-energy spectrum of 9C for recoil angles of less
than 79◦. The solid line corresponds to the elastic events tagged with
SF5. The dotted line corresponds to all the events not tagged. The
small gray area is the background events normalized by the number
of 9C beams. The dashed lines indicate the gate of ±7.5 MeV for the
elastic events.

The matrix elements of the instrumental response function
were calculated using the Monte Carlo simulation code
GEANT3 [20]. After solving Eq. (2), we obtained the cross
sections in the center-of-mass frame by dividing the cor-
responding solid angle in the center-of-mass frame into
σi . Lastly, we removed data points around the end of the
measured angular region since we do not know the influx
of recoil protons from the outside region. The obtained cross
sections are plotted in Fig. 5 and are listed in Table V in
the Appendix. The experimental error includes statistical and
systematic uncertainties in the number of beams, the number
of target protons, the number of recoil protons, and the detector
efficiencies. Of these, the statistical error of the recoil protons
accounted for most of the experimental error. Nuclear reaction
loss in the NaI(Tl) [21] was not considered in this analysis
because the reduction was much less than the statistical error.
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FIG. 5. Angular distribution of the differential cross sections for
the H(9C,p) reaction at 277–300 MeV/nucleon (closed circles). The
data for 12C are also plotted as a reference (open circles). The best-fit
calculation with the modified MH model and the two-parameter Fermi
distributions is shown by the solid line.

III. RESULTS AND DISCUSSION

The matter radius of 9C was deduced by fitting the present
angular distribution, which shows a smoother diffraction
pattern than that of 12C [22] as shown in Fig. 5 (open circles).
Section III A describes the reaction model, and the result is
given in Sec. III B.

A. Reaction model

We used and modified a model formulated by Murdock
and Horowitz (the MH model) [23]. The characteristics of
the MH model are that the effective NN scattering amplitude
is described by the simple direct plus exchange terms in the
framework of the RIA; the pseudovector coupling for the pseu-
doscalar meson instead of the pseudoscalar coupling restores
disagreement with phenomenological optical potentials at low
energies. In addition, the MH model can include medium
modification from Pauli blocking. However, we applied the
medium modification proposed in our previous work [3] to
take into account various nuclear many-body effects in terms
of the nuclear density. The modification of the effective NN
scattering amplitude from the original MH model, which arises
in the σ - and ω-meson exchange diagrams, is written as

g2
i , g

2
i → g2

i

1 + aiρB(r)/ρ0
,

g2
i

1 + aiρB(r)/ρ0
, (3a)

mi,mi → mi

(
1 + bi

ρB(r)
ρ0

)
, mi

(
1 + bi

ρB(r)
ρ0

)
,

i = σ,ω, (3b)

where g2
i are the coupling constants of the nucleon-meson

vertexes, mi are the masses of the propagators, and ρB(r)/ρ0 is
the baryon density divided by the normal density 0.1934 fm−3.
An overline indicates an imaginary part.

We determined the phenomenological coefficients
ai, ai, bi , and bi by the same procedure for the medium-heavy
stable nuclei [4,5]: the number of coefficients was reduced
to four (aσ = aσ , bσ = bσ , aω = aω, bω = bω), and they were
searched by means of the minimum chi-square method. The
chi-square is

χ2 =
N∑

j=1

[yj − y(θj ; ai, bi)]2

&y2
j

, (4)

where N is the number of data points, yj and &yj are the
j th experimental data and error, and y(θj ) is the calculated
cross section at an angle θj . In this analysis, we adopted the
scattering observables of the 12C(−→p ,p) reaction at 300 MeV to
be fitted because 12C is the nearby stable N = Z nucleus and
the charge density distribution was inferred by the electron
scattering precisely. Figure 6(a) shows the employed proton
vector and scalar density distributions, which are equal to the
employed neutron density distributions. The vector density
distribution ρV(r) was extracted by unfolding the sum-of-
Gaussians (SOG) charge density distribution [24] with the
intrinsic charge distributions of the proton and the neutron [25].
The SOG charge density distribution itself was used for the
Coulomb potential. On the other hand, we calculated the scalar

034614-4

[Matsuda et al., PRC 87, 034614 (2013)]



Optical potential

Phenomenological Microscopic

Unfortunately, current used 
optical potentials for low-energy 
reactions are phenomenological 
and primarily constrained by 
elastic scattering data. 

Unreliable when extrapolated 
beyond their fitted range in 
energy and nuclei

Existing microscopic optical 
potentials can be developed in 
a low- (Feshbach theory) or 
high-energy regime (Watson 
multiple scattering theory). 
Calculations are more difficult. 

No fit to experimental data



Road map to the optical potential
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Theoretical framework

Lippmann-Schwinger equation for the nucleon-nucleus transition amplitude

Many-body propagatorProjectile-target interaction
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h0

Target Hamiltonian

= kinetic term of the projectile

Full 3N interaction 
is still missing!



Theoretical framework

Lippmann-Schwinger equation for the nucleon-nucleus transition amplitude

Let’s introduce the optical potential U Projection operators

P space (elastic)

Q Space



Transition amplitude for elastic scattering


The spectator expansion

Theoretical framework

[Chinn, Elster, Thaler, Weppner, PRC 52, 1992 (1995)]
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Theoretical framework

Transition amplitude for elastic scattering


The spectator expansion
[Chinn, Elster, Thaler, Weppner, PRC 52, 1992 (1995)]
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(A+1)-body propagator
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The spectator expansion
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Two-body propagatorImpulse approximation



The first-order optical potential



The first-order optical potential

Free two-body scattering matrix

•Simple one-body equation 
•Can be solved easily 
•Only NN interaction



The first-order optical potential

Free two-body scattering matrix Nonlocal one-body density

•Simple one-body equation 
•Can be solved easily 
•Only NN interaction

• Computationally expensive 
• Obtained from the No-Core Shell Model 
 or the Self-Consistent Green’s Function 
• Calculation performed with NN and 
 3N interaction

Spectral Function of 56Ni

neutron)
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addition

scattering
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[CB,&M.HjorthJJensen,&Pys.&Rev.&C79,&064313&(2009)
CB,&Phys.&Rev.&Lett.&103,&202502&(2009)]
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The first-order optical potential

Free two-body scattering matrix Nonlocal one-body density

•Simple one-body equation 
•Can be solved easily 
•Only NN interaction

Møller factor

It imposes the Lorentz invariance of flux when we pass from 
the NA to the NN frame where the t matrices are evaluated

• Computationally expensive 
• Obtained from the No-Core Shell Model 
 or the Self-Consistent Green’s Function 
• Calculation performed with NN and 
 3N interaction
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Chiral interactions
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Figure 1. Hierarchy of nuclear forces in chiral perturbation theory (ChPT). Solid lines represent
nucleons and dashed lines pions. Small dots, large solid dots, solid squares, triangles, diamonds, and
stars denote vertices of index D = 0, 1, 2, 3, 4, and 6, respectively. Further explanations are given in
the text.

The reason why we talk of a hierarchy of nuclear forces is that two- and many-nucleon forces are
created on an equal footing and emerge in increasing number as we go to higher and higher orders.
At NNLO, the first set of nonvanishing three-nucleon forces (3NF) occur [28,29], cf. column “3N Force”
of Figure 1. In fact, at the previous order, NLO, irreducible 3N graphs appear already, however, it has
been shown by Weinberg [14] that these diagrams all cancel. Since nonvanishing 3NF contributions
happen first at order (Q/Lc)3, they are very weak as compared to the 2NF which starts at (Q/Lc)0.

More 2PE is produced at n = 4, next-to-next-to-next-to-leading order (N3LO), of which we show
only a few symbolic diagrams in Figure 1. There is a large attractive one-loop 2PE contribution (the
bubble diagram with two large solid dots ⇠ c2

i ), which is slightly over-doing the intermediate-range
attraction of the 2NF. Two-loop 2PE graphs show up for the first time and so does three-pion exchange
(3PE) which necessarily involves two loops. 3PE was found to be negligible at this order [30,31]. Most
importantly, 15 new contact terms ⇠ Q4 arise and are represented by the four-nucleon-leg graph with
a solid diamond. They include a quadratic spin-orbit term and contribute up to D-waves. Mainly due
to the increased number of contact terms, a quantitative description of the two-nucleon interaction up
to about 300 MeV lab. energy is possible, at N3LO [15,32]. Besides further 3NF, four-nucleon forces
(4NF) start at this order. Since the leading 4NF come into existence one order higher than the leading

Advantages 
•QCD symmetries are consistently respected 
•Systematic expansion (order by order we know 
exactly the terms to be included) 

•Theoretical errors 
•Two- and three-nucleon forces belong to the same 
framework

We use these interactions as the only input 
to calculate the effective interaction between 

projectile and target and the target density
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The reason why we talk of a hierarchy of nuclear forces is that two- and many-nucleon forces are
created on an equal footing and emerge in increasing number as we go to higher and higher orders.
At NNLO, the first set of nonvanishing three-nucleon forces (3NF) occur [28,29], cf. column “3N Force”
of Figure 1. In fact, at the previous order, NLO, irreducible 3N graphs appear already, however, it has
been shown by Weinberg [14] that these diagrams all cancel. Since nonvanishing 3NF contributions
happen first at order (Q/Lc)3, they are very weak as compared to the 2NF which starts at (Q/Lc)0.

More 2PE is produced at n = 4, next-to-next-to-next-to-leading order (N3LO), of which we show
only a few symbolic diagrams in Figure 1. There is a large attractive one-loop 2PE contribution (the
bubble diagram with two large solid dots ⇠ c2

i ), which is slightly over-doing the intermediate-range
attraction of the 2NF. Two-loop 2PE graphs show up for the first time and so does three-pion exchange
(3PE) which necessarily involves two loops. 3PE was found to be negligible at this order [30,31]. Most
importantly, 15 new contact terms ⇠ Q4 arise and are represented by the four-nucleon-leg graph with
a solid diamond. They include a quadratic spin-orbit term and contribute up to D-waves. Mainly due
to the increased number of contact terms, a quantitative description of the two-nucleon interaction up
to about 300 MeV lab. energy is possible, at N3LO [15,32]. Besides further 3NF, four-nucleon forces
(4NF) start at this order. Since the leading 4NF come into existence one order higher than the leading
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�E = Nmax~⌦

NCSM

No-Core Shell Model

In collaboration with P. Navrátil and M. Gennari (TRIUMF)

• NN-N4LO + 3Nlnl  (12C, 16O) 
- N4LO:   Entem et al., Phys. Rev. C 96, 024004 (2017) 
- 3Nlnl:   Navrátil, Few-Body Syst. 41, 117 (2007) 
- cD & cE: Kravvaris et al., Phys. Rev. C 102, 024616 (2020) 

• NN-N3LO + 3Nlnl  (9,13C, 6,7Li, 10B) 
- N3LO:   E&M, Phys. Rev. C 68, 041001(R) (2003) 
- 3Nlnl:    Navrátil, Few-Body Syst. 41, 117 (2007) 
- cD & cE: Somà et al., Phys. Rev. C 101, 014318 (2020)



Assessing the impact of the 
3N interaction

General equation for the optical potential

Treatment of the 3N force

Modification of the t matrix

Density 
dependent

[Holt et al., Phys. Rev. C 81, 024002 (2010)]



Assessing the impact of the 3N interaction

• For all nuclei we found very small contributions to the 
differential cross section 

• The contributions to the spin observable are larger and 
they seem to improve the agreement with the data

Vorabbi et al., PRC 103, 024604 (2021)



Extension to non-zero spin targets

[Vorabbi et al., Phys. Rev. C 105, 014621 (2022)]



Convergence in the chiral expansion

• Density computed with NN+3N interaction 

-NN interactions at all orders taken from 
Entem et al., PRC 96, 024004 (2017) 

-3N only at N2LO with cD and cE refitted 
at each order 
Kravvaris et al., PRC 102, 024616 (2020) 

• Bands are obtained starting from N2LO 
when the matter density 𝛒 is allowed to 
vary between 0.08 and 0.13 fm-3 

• At N3LO the results seem to achieve a 
good degree of convergence

Vorabbi et al., PRC 103, 024604 (2021)
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Extension to heavier nuclei

Symmetry 2016, 8, 26 10 of 43
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Figure 1. Hierarchy of nuclear forces in chiral perturbation theory (ChPT). Solid lines represent
nucleons and dashed lines pions. Small dots, large solid dots, solid squares, triangles, diamonds, and
stars denote vertices of index D = 0, 1, 2, 3, 4, and 6, respectively. Further explanations are given in
the text.

The reason why we talk of a hierarchy of nuclear forces is that two- and many-nucleon forces are
created on an equal footing and emerge in increasing number as we go to higher and higher orders.
At NNLO, the first set of nonvanishing three-nucleon forces (3NF) occur [28,29], cf. column “3N Force”
of Figure 1. In fact, at the previous order, NLO, irreducible 3N graphs appear already, however, it has
been shown by Weinberg [14] that these diagrams all cancel. Since nonvanishing 3NF contributions
happen first at order (Q/Lc)3, they are very weak as compared to the 2NF which starts at (Q/Lc)0.

More 2PE is produced at n = 4, next-to-next-to-next-to-leading order (N3LO), of which we show
only a few symbolic diagrams in Figure 1. There is a large attractive one-loop 2PE contribution (the
bubble diagram with two large solid dots ⇠ c2

i ), which is slightly over-doing the intermediate-range
attraction of the 2NF. Two-loop 2PE graphs show up for the first time and so does three-pion exchange
(3PE) which necessarily involves two loops. 3PE was found to be negligible at this order [30,31]. Most
importantly, 15 new contact terms ⇠ Q4 arise and are represented by the four-nucleon-leg graph with
a solid diamond. They include a quadratic spin-orbit term and contribute up to D-waves. Mainly due
to the increased number of contact terms, a quantitative description of the two-nucleon interaction up
to about 300 MeV lab. energy is possible, at N3LO [15,32]. Besides further 3NF, four-nucleon forces
(4NF) start at this order. Since the leading 4NF come into existence one order higher than the leading

Spectral Function of 56Ni

neutron)
removal

neutron)
addition

scattering

56Ni

[CB,&M.HjorthJJensen,&Pys.&Rev.&C79,&064313&(2009)
CB,&Phys.&Rev.&Lett.&103,&202502&(2009)]

FaddeevJRPA (FRPA)&calculations

00

Self Consistent Green’s Function (SCGF)

In collaboration with C. Barbieri (Milan) and V. Somà (Paris)
Somà, SCGF Theory for Atomic Nuclei, Frontiers 8 (2020) 340   

NNLOsat

Ekström et al, PRC 91, 051301(R) (2015)
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NN amplitudes from NNLOsat
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The NNLOsat does not reproduce the NN scattering amplitudes at the energies considered, 
however the disagreement does not seem to get worse with the increasing energy 



Results for proton scattering off 40,48Ca
[Vorabbi et al., PRC 109, 034613 (2024)]

• First microscopic optical potential for calcium and nickel from ab initio densities 
• For this comparison the densities are always computed with the NNLOsat



Results for proton scattering off 58,60Ni

The data for the analysing power is remarkably well described! 
(but remember that the NN potential does not reproduce the NN amplitudes)

[Vorabbi et al., PRC 109, 034613 (2024)]



Results for Calcium isotopic chain
[Vorabbi et al., PRC 109, 034613 (2024)]



Total cross sections

• At high energies, 180-250 MeV, 
is able to describe the data 

• The adopted impulse approximation 
gradually worsens as the energy 
decreases, without any abrupt 
divergence 

• In the range 70-180 MeV, data 
are overestimated 

• Below 70 MeV, the impulse 
approximation is no longer valid 

[Vorabbi et al., PRC 109, 034613 (2024)]



The inelastic transition amplitude 

Required potentials

Distorted wave theory of inelastic scattering

<latexit sha1_base64="FkAkCbNLHfUW1TjSahpzYtVwQso="></latexit>

Tinel(k⇤,k0) =

Z
dr0

Z
dr  †(k⇤, r

0)Utr(r
0, r) (k0, r)
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X

N=p,n

Z
dP ⌘(q,K,P ) tpN (q,K,P ) ⇢(ex)N (q,P )

Utr(q,K) =
X

N=p,n

Z
dP ⌘(q,K,P ) tpN (q,K,P ) ⇢(tr)N (q,P )

Ugs(q,K) =
X

N=p,n

Z
dP ⌘(q,K,P ) tpN (q,K,P ) ⇢(gs)N (q,P )

[Picklesimer, Tandy, Thaler, Phys. Rev. C 25, 1215 (1982)]
[Picklesimer, Tandy, Thaler, Phys. Rev. C 25, 1233 (1982)]



The inelastic transition amplitude 

Distorted wave theory of inelastic scattering

<latexit sha1_base64="FkAkCbNLHfUW1TjSahpzYtVwQso="></latexit>

Tinel(k⇤,k0) =

Z
dr0

Z
dr  †(k⇤, r

0)Utr(r
0, r) (k0, r)

[Picklesimer, Tandy, Thaler, Phys. Rev. C 25, 1215 (1982)]
[Picklesimer, Tandy, Thaler, Phys. Rev. C 25, 1233 (1982)]

Prel
im

ina
ry• The NN t matrix adopted for the calculation 

of the 3 potentials only contains two terms 

• The peak of the curve is slightly shifted 
and the data are a bit underestimated but 
the overall agreement is good
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First-order term of the spectator expansion 

Inclusion of medium effects 
• Work has been done to include these effects at a 

mean-field level 
• We can use the SCGF to calculate the many-body 

propagator and the excitation spectrum
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⌧0i = v0i + v0iG0(E)⌧0i

Inclusion of medium effects

(A+1)-body propagator 
The simplest approximation is 

but there is not an intermediate one

[Chinn et al., PRC 52, 1992 (1995)]

The first-order term is a 3-body problem
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Inclusion of double scattering

● Inclusion of the second-order term of the spectator 
expansion 

● Requires: 
1. Two-body density matrix (from NCSM) 

2. Solution of the three-body scattering equation for 

+

+

+
.
.
.

Single
Scattering
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Scattering

Triple
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[Crespo et al., PRC 46, 279 (1992)]



Optical potential for nucleus-nucleus elastic scattering

Transition amplitude for elastic scattering 

The spectator expansion 

(A+B)-body propagator 
More complicated than 

the NA case

[Chinn, Elster, Thaler, Weppner, PRC 52, 1992 (1995)]
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Optical potential for nucleus-nucleus elastic scattering

Transition amplitude for elastic scattering 

The spectator expansion 
[Chinn, Elster, Thaler, Weppner, PRC 52, 1992 (1995)]

<latexit sha1_base64="9YfPZ3IRzOULQWzD11G05Zg9UAo=">AAACHXicbVDLSgMxFM34rPVVdekmWAShUGakPjaFtm5cVrAPaMchk6Zt2mRmTDJCGeZH3Pgrblwo4sKN+Dem01lo64GQk3PP5eYeN2BUKtP8NpaWV1bX1jMb2c2t7Z3d3N5+U/qhwKSBfeaLtoskYdQjDUUVI+1AEMRdRlru+Gpabz0QIanv3apJQGyOBh7tU4yUlpxcqQG7knJyr6+QOxEtW/FdVI3T56hcLSRCoaYlhULtGMVOLm8WzQRwkVgpyYMUdSf32e35OOTEU5ghKTuWGSg7QkJRzEic7YaSBAiP0YB0NPUQJ9KOku1ieKyVHuz7Qh9PwUT93REhLuWEu9rJkRrK+dpU/K/WCVX/0o6oF4SKeHg2qB8yqHw4jQr2qCBYsYkmCAuq/wrxEAmElQ40q0Ow5ldeJM3TonVePLsp5Su1NI4MOARH4ARY4AJUwDWogwbA4BE8g1fwZjwZL8a78TGzLhlpzwH4A+PrB5daoaM=</latexit>

U '
AX

i=1

A+BX

j=A+1

⌧ij

Two-body propagatorNot the best approximation, 
but the simplest!
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⌧ij ⇡ tij = vij + vij g0(E) tij



The first-order optical potential

Free two-body scattering matrix Nonlocal one-body density

•Simple one-body equation 
•Can be solved easily 
•Only NN interaction

•Computationally expensive 
•Obtained from the No-Core 
Shell Model 
•Calculation performed with 
NN and 3N interaction

Møller factor

It imposes the Lorentz invariance of flux when we pass from 
the AB to the NN frame where the t matrices are evaluated
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Projectile density
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Results for elastic ⍺-12C scattering

• Interesting results despite the approximations! 
• The potential seems to be too absorptive

Preliminary



Potential for elastic ⍺-12C scattering at 173 MeV

Very extended!



How to reduce the absorption

A simple rescaling of the imaginary part 
seems to confirm that! 

How can we decrease the absorption? 

• Inclusion of medium effects 

• Introducing the energy dependence 
of the t matrix in the double-folding 
integral 

• Adding the double scattering term
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tNN (q,K,P ,Q, E)

Preliminary

[Crespo et al., PRC 46, 279 (1992)]



Summary & outlook

 The choice of the NN interaction is crucial to define the energy limits of 
   applicability of the optical potential 

 The combination of MST and SCGF looks promising for future calculations 
    heavy systems 

 Achieved a first step in the derivation of a nucleus-nucleus optical potential 

Extend the high- and low-energy limits of applicability of the optical potential 
Inclusion of the second-order term of the spectator expansion 
Consistent treatment of the full 3N interaction 
Reducing the absorption in the nucleus-nucleus optical potential


