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reactions and structure

Optical potential <--> nucleon self-energy <—> DOM
– relate dynamic (energy-dependent) real part to imaginary part 

– employ subtracted dispersion relation 

– contributions from the hole (structure) and particle (reaction) domain 

General dispersion relation for self-energy: 

Calculated at the Fermi energy 
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reactions and structure

Propagator in principle generates
• Elastic scattering cross sections for p and n 

• Including all polarization observables 

• Total cross sections for n 

• Reaction cross sections for p and n 

• Overlap functions for adding p or n to bound states in Z+1 or N+1 

• Plus normalization --> spectroscopic factor 

• p and n distorted waves 

• Overlap function for removing p or n with normalization 

• Hole spectral function including high-momentum description 

• One-body density matrix; occupation numbers; natural orbits 

• Charge density 

• Neutron distribution 

• Contribution to the energy of the ground state from VNN



reactions and structure

Causality <—> Dispersive Optical Model
• Claude Mahaux 1980s 

– connect traditional optical potential to bound-state potential 

– crucial idea: use the dispersion relation for the nucleon self-energy 

– employed traditional volume and surface absorption potentials and a local energy-dependent 
Hartree-Fock-like potential 

– Reviewed in Adv. Nucl. Phys. 20, 1 (1991) 

• Radiochemistry group at Washington University in St. Louis: Charity and Sobotka propose to use the 
DOM for a sequence of Ca isotopes —> data-driven extrapolations to the drip line 

- First results PRL 97, 162503 (2006) 

- Subsequently —> include data below the Fermi energy related to ground-state properties 

- Requires fully nonlocal treatment 

- Reviewed in   J. Phys. G: Nucl. Part. Phys. 44 (2017) 033001, Prog. Part. Nucl. Phys. 105 (2019), 252, 
and Prog. Part. Nucl. Phys. 118 (2021) 103847 

- Generates a consistent description of Nikhef data in parallel kinematics

https://doi.org/10.1088/1361-6471/44/3/033001


reactions and structure

Perspective: DOM <—> ab initio

• Volume integrals of imaginary potential 40Ca 

• Dashed FRPA/SCGF 

• Solid DOM

should be incorporated in the DOM. In figure 11, we also include the result of the non-local fit
discussed in section 6.2 as the solid lines which confirms this assessment. Higher ℓ-values are
less relevant below the Fermi energy and this is clearly illustrated by the FRPA results in this
figure. Since the absorption above the Fermi energy is strongly constrained by elastic-scat-
tering data, it is encouraging that the ℓ-dependent FRPA result is reasonably close to the
DOM fit in the domain where the FRPA is expected to be relevant on account of the size of
the chosen configuration space. Note that the calculated JW decreases quickly at energies

e- >E 100F MeV due to the truncation the model space. Instead, the DOM result correctly
shows that it remains sizable even at higher energies. Also at negative energies, the FRPA
results do not adequately describe the admixture of high-momentum components that occur at
large missing energies (see section 6.2).

Improving the DOM analysis of elastic-scattering data above the Fermi energy and
observables related to quantities below the Fermi energy requires sensitively to the treatment
of non-locality in the imaginary part of the self-energy [86]. To gain some insight into the
properties of the FRPA self-energy, a few simple fits were performed to represent the central
part of the imaginary part of the FRPA self-energy in coordinate space at a given energy
assuming the following form of the potential
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We deviate from the standard Perey prescription for non-locality by employing square-root
factors of the function f (r) which is still represented by the conventional Woods–Saxon form
factor. The function H determines the degree of non-locality and is assumed to be a Gaussian
following [67]

Figure 11. Imaginary volume integrals JW
ℓ from equation (103) of the 40Ca self-energy

for neutrons. The dashed curves represent the FRPA results. The results of the non-
local DOM fit discussed in section 6.2 is shown by the solid lines.
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reactions and structure

Energy dependence of typical surface and volume 
imaginary potentials

• Generates compression 
of the single-particle 
spectrum around the 
Fermi energy 

• Strength is moved from 
below to above the Fermi 
energy 

• Strength is moved from 
above to below the Fermi 
energy (high momenta) 

• Valence spectroscopic 
factors < 1

2.3 DOM Formalism
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Figure 2.5: Examples of the energy dependence of the volume (black) and
surface (red) terms of the imaginary part of the DOM potential.

increasingly di�cult for increasing momentum. The imaginary spin-orbit term is

generally quite small and only begins to have an e↵ect at very high energies and very

large negative energies.

2.3.4 Solution of the Dyson Equation

Current implementations of the DOM include scattering data up to 200 MeV, so a

lowest-order relativistic correction is employed in solving the radial wave equation [40]
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reactions and structure

Do elastic scattering data tell us about correlations? 
• Scattering T-matrix (neutrons) 

• Free propagator 

• Propagator 

• Spectral representation 

• Spectral density for E > 0 

• Coordinate space 

• Elastic scattering also explicitly available
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• Inelastically! 

• Zero when there is no absorption!

reactions and structure

Adding an s1/2 neutron to 40Ca

Multiplied by r2



reactions and structure

d3/2

• One node now
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reactions and structure

No nodes
• Asymptotically determined by inelasticity
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reactions and structure

Determine location of bound-state strength
• Fold spectral function with bound state wave function 

• —> Addition probability of bound orbit 

• Also removal probability 

• Overlap function 

• Sum rule
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DOM

Spectral function for bound states from DOM analysis
• [0,200] MeV —> constrained by elastic scattering data
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• Orbit closer to the continuum —> more strength in the continuum 

• Note “particle” orbits 

• Drip-line nuclei have valence orbits very near the continuum

reactions and structure

Quantitatively

Table 1: Occupation and depletion numbers for bound orbits in
40
Ca.

dnlj [0, 200] depletion numbers have been integrated from 0 to 200 MeV. The

fraction of the sum rule that is exhausted, is illustrated by nn`j + dn`j ["F , 200].
Last column dnlj [0, 200] depletion numbers for the CDBonn calculation.

orbit nn`j dn`j [0, 200] nn`j + dn`j ["F , 200] dn`j [0, 200]
DOM DOM DOM CDBonn

0s1/2 0.926 0.032 0.958 0.035

0p3/2 0.914 0.047 0.961 0.036

1p1/2 0.906 0.051 0.957 0.038

0d5/2 0.883 0.081 0.964 0.040

1s1/2 0.871 0.091 0.962 0.038

0d3/2 0.859 0.097 0.966 0.041

0f7/2 0.046 0.202 0.970 0.034

0f5/2 0.036 0.320 0.947 0.036

PRC90,  061603(R) (2014)



• Mahaux & Sartor 1991  

• Washington University group since 2006 now fully nonlocal 

• 208Pb 

• Predict neutron distribution —> skin

DOM

Dispersive Optical Model (St. Louis group)

E<0 —>

M. C. Atkinson, M. H. Mahzoon, M. A. Keim, B. A. Bordelon, 
C. D. Pruitt, R. J. Charity, and W. H. Dickhoff
Phys. Rev. C 101, 044303 (2020), 1-15. [arXiv:1911.09020]

Indirectly:

DISPERSIVE OPTICAL MODEL ANALYSIS OF 208Pb … PHYSICAL REVIEW C 101, 044303 (2020)
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FIG. 7. Results for proton and neutron analyzing power gener-
ated from the DOM self-energy for 208Pb compared with experimen-
tal data ranging from 10 to 200 MeV. References to the data are given
in Ref. [43].

that the proton properties deviate more from the IPM than the
neutrons in 208Pb.

For levels close to εF , the spectroscopic factor can be
calculated using Eq. (9). These spectroscopic factors are listed
in Table I while in Table II occupation and depletion numbers
are presented. Indeed, the fact that the spectroscopic factors
for protons are smaller than those of the neutrons is consistent
with the protons being more correlated than the neutrons. The
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FIG. 8. Experimental and fitted 208Pb charge density. The solid
black line is calculated using Eq. (5) and folding with the pro-
ton charge distribution, while the experimental band represents
the 1% error associated with the extracted charge density from
elastic-electron-scattering experiments using the sum of Gaussians
parametrization [2,54]. Also shown is the deduced weak charge dis-
tribution, ρw (long-dashed red line), and neutron matter distribution,
ρn (short-dashed blue line).

10−40

10−35

10−30

10−25

10−20

0 60 120 180

dσ
/d

Ω
[m

b/
sr

]

θc.m. [deg]

DOM
Experiment
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tions. All available data have been transformed to an electron energy
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present values of the valence spectroscopic factors are consis-
tent with the observations in Ref. [6] and the interpretation
in Ref. [7]. It is important to note that these spectroscopic
factors are indirectly determined by the fit to all the available
data similarly to the case reported in Ref. [17] for 48Ca. The
extraction of spectroscopic factors using the (e, e′ p) reaction
has yielded a value around 0.65 for the valence 2s1/2 orbit
[57] based on the results in Refs. [3,4]. While the use of
nonlocal optical potentials may slightly increase this value as
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DOM

48Ca
• Allows prediction of neutron properties
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reactions and structure

Another look at (e,e’p) data and spectroscopic factors
• Collaboration with Louk Lapikás and Henk Blok from Nikhef 

• Data published at Ep = 100 MeV Kramer thesis Nikhef for 40Ca(e,e’p)39K       Phys. Lett. B227, 199 (1989)    
Results: S(d3/2)=0.65 and S(s1/2)=0.51 

• More data at 70 and 135 MeV (only in a conference paper) 

• What do these spectroscopic factor numbers really represent? 

– Assume DWIA for the reaction description 

– Use kinematics (momentum transfer parallel to initial proton momentum) favoring simplest part of the 
excitation operator (no two-body current) & sufficient energy for the knocked out proton 

– Overlap function:  

– WS with radius adjusted to shape of cross section 

– Depth adjusted to separation energy 

– Distorted proton wave from standard local non-dispersive “global optical potential” 

– Fit normalization of overlap function to data -> spectroscopic factor 

Why go back there? —> transfer information to (p,pN) in inverse kinematics



reactions and structure

Removal probability for 
valence protons 

from 
NIKHEF data 

L. Lapikás, Nucl. Phys. A553,297c (1993)

Weak probe but propagation in the 
nucleus of removed proton 

using standard optical 
potentials to generate 

distorted wave --> associated 
uncertainty ~ 5-15% 

Why: details of the interior 
scattering wave function 

uncertain since non-locality is 
not constrained (so far…..) 

but now available for 40Ca etc!

S ≈ 0.65 for valence protons 
Reduction ⇒ both SRC and LRC

(e,e’p)



reactions and structure

NIKHEF analysis PLB227,199(1989)
• Schwandt et al. (1981) optical potential 

• BSW from adjusted WS



reactions and structure

Two papers 40Ca and 48Ca

Mack Atkinson et al., Phys. Rev. C98, 044627 (2018)

M. C. Atkinson and W. H. Dickhoff,  Phys. Lett. B 798, 135027 (2019)



reactions and structure

NIKHEF data PLB227,199(1989)
• NIKHEF: S(d3/2)=0.65±0.06 

• Only DOM ingredients
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NIKHEF data PLB227,199(1989)
• NIKHEF: S(d3/2)=0.65±0.06 

• Only DOM ingredients



reactions and structure

Thesis G. J. Kramer (1990)
• s1/2 strength fragmented 

• Not yet included in DOM 

• Corrects DOM spectroscopic factor to 0.60 

• Low-energy fragmentation —> shell model description possible



reactions and structure

Includes NIKHEF data published for the first time
• Only DOM ingredients



reactions and structure

Includes NIKHEF data published for the first time
• Only DOM ingredients



reactions and structure

NIKHEF data PLB227,199(1989)
• NIKHEF: S(s1/2)=0.51±0.05 



reactions and structure

NIKHEF data unpublished
• Only DOM ingredients



reactions and structure

Message

• Nonlocal dispersive potentials yield consistent input but are constrained by other 
experimental data 

• Constraints from these other data generate spectroscopic factor —> S(d3/2)=0.71 
in 40Ca for ground state transition 

• Using experimental s1/2 strength distribution: 2.5 MeV state —> S(s1/2)=0.60 

• NIKHEF 0.65±0.06 and 0.51±0.05, respectively (local) 

• DWIA validated for (e,e’p) including the choice of kinematics and energy domain as 
implemented at Nikhef 



reactions and structure

48Ca(e,e’p)
• d3/2 spectroscopic factor reduced to 0.60 from 0.71 in 40Ca 

• after local energy correction —> from 0.60 to S(d3/2)=0.58 

• and from 0.64 —> S(s1/2)  = 0.55 

• No further adjustments! All ingredients provided by DOM 

• Both structure and reaction properties allowed to change when 8 n added



DOM

Compare with Gade plot
Very near the Fermi energy in 40Ca and 48Ca from (e,e’p) —> error band

Quenching sp strength review: Aumann et al, Prog. Part. Nucl. Phys. 118,  103847 (2021)

0.1
�30 �20 �10 0 10 20

DOM

208Pb



Nucleon correlations

(p,2p) stable targets (RCNP)

• Can “emulate” (e,e’p) results for orbits near the Fermi 
energy (Noro et al. RCNP data) 

• But: there is an unresolved Ay puzzle… 
• DOM ingredients + standard DWIA (Ogata & Yoshida) 
• —> Requires NN interactions with pions etc. that can 

carry energy!



reactions and structure

First results identify a problem
• Using the same ingredients as for (e,e’p) standard (p,2p) DWIA 

interaction —> inconsistent for 40Ca(p,2p) at 200 MeV 

• DOM spectroscopic factor 0.71±0.05

FIRST APPLICATION OF THE DISPERSIVE OPTICAL … PHYSICAL REVIEW C 105, 014622 (2022)

Kramer + KD
Kramer + DP
DOM
exp

FIG. 1. TDX with different optical potentials. The solid, dashed,
and dotted lines are TDXs with the Koning-Delaroche optical poten-
tial (KD) and Dirac phenomenology (DP), respectively. The result
with DOM ingredients is also shown as the dot-dashed line. All re-
sults reflect cross sections that are normalized with the spectroscopic
factors shown in Table I. The experimental data taken by the E258
experiment at RCNP [25] are also shown.

self-energies of 40Ca and 48Ca were used in Refs. [8,9,30]
to reproduce 40Ca(e, e′ p) 39K and 48Ca(e, e′ p)47K momentum
distributions, respectively. The corresponding 40Ca spectro-
scopic factor of ZDOM

0d3/2
= 0.71 ± 0.04, which is consistent

with 40Ca(e, e′ p) 39K data, will now be used alongside
the DOM SPWF and distorted waves to analyze the
40Ca(p, 2p) 39K knockout reaction.

III. RESULTS AND DISCUSSION

In this section, we discuss extracted spectroscopic factors
from the 40Ca(p, 2p) 39K reaction in comparison with the
DOM result that is consistent with the 40Ca(e, e′ p) 39K data.
We also address uncertainties arising from the choice of the
optical potential and the effective p-p interaction. The theo-
retical knockout cross section is calculated using the DWIA
framework with the DOM SPWF and distorted waves. Re-
sults using phenomenological inputs are also discussed for
comparison.

The spectroscopic factor of 0d3/2 is extracted from the
ratio of the theoretical cross section and the experimental
data of the 40Ca(p, 2p) 39K reaction at 197 MeV. The reaction
kinematics is in a coplanar kinematics and the opening angles
of the emitted protons are fixed at the same angle: φL

1 = 0◦,
φL

2 = 180◦, and θL
1 = θL

2 = 42.0◦ in the Madison convention
[31]. The kinematics of the three particles is then uniquely
determined once T L

1 is given.
The DOM-DWIA result is compared with those of the

phenomenological SPWF and the optical potential in Fig. 1.
For this comparison, the DOM-DWIA cross section is ad-
justed to the data and the DOM spectroscopic factor was not
utilized. The phenomenological SPWF suggested by Kramer

TABLE I. Setup and resulting spectroscopic factors.

SPWF Optical pot. p-p int. Z0d3/2

Kramer KD FL 0.623 ± 0.006
Kramer Dirac FL 0.672 ± 0.006
DOM DOM FL 0.560 ± 0.005
DOM DOM Mel 0.489 ± 0.005
DOM DOM Mel (free) 0.515 ± 0.005

et al. [7], the Koning-Delaroche optical potential parameter
set (KD) [32], and the Dirac phenomenology (DP) [19–21]
are also considered. Calculated TDXs and the experimental
data are shown in Fig. 1. Spectroscopic factors are therefore
extracted from the ratio of the present calculations and the
experimental data taken by the E258 experiment at RCNP [25]
by minimizing

χ2(Z0d3/2 ) =
∑

i

(
Z0d3/2σ

DWIA
i − σi

)2

δ2
i

. (7)

σ DWIA
i and σi are theoretical and experimental cross sec-

tions at data points, respectively, and δi is associated error
of the experimental data. Obtained spectroscopic factors are
summarized in Table I. Following Ref. [16], only the data
points around the peak, larger than 25 µb/(MeV sr2), are fitted
to reduce the uncertainty.

The spectroscopic factors obtained from the phenomeno-
logical (p, 2p) analysis are consistent with the phenomeno-
logical (e, e′ p) analysis which gave 0.65 ± 0.06 [8]. On the
other hand, the spectroscopic factor obtained using the DOM
wave functions to reproduce the (p, 2p) cross section is in
disagreement with the DOM-calculated [using Eq. (6)] value
of 0.71 ± 0.04. One of the reasons for this inconsistency may
lie in a difference in the peripherality of the reaction probes,
but it is not yet well understood.

The importance of having to deal with three distorted pro-
ton waves in the (p, 2p) reaction as compared to just one in
the (e, e′ p) case remains an issue. There is an uncertainty
associated with the DOM distorted waves due to the experi-
mental data points used in the DOM fit. Considering the strong
correlation between the proton reaction cross section and the
48Ca(e, e′ p)47K cross section demonstrated in Ref. [9], we
look to uncertainties in the experimental proton reaction cross
section data points in energy regions corresponding to those
of the distorted proton waves to get a rough estimate of the
uncertainty associated with the DOM distorted waves. The
proton reaction cross-section data points from Refs. [33,34]
suggest an uncertainty in the corresponding DOM distorted
waves around 3%. Furthermore, due to the kinematics of the
reaction, one of the proton energies is as low as 36 MeV.
In the DOM analysis of 40Ca(e, e′ p) 39K, the description of
the experimental cross section for outgoing proton energies
of 70 MeV, the lowest of the considered proton energies, is
unsatisfactory [8]. This indicates that the impulse approxi-
mation may not be applicable at proton energies of 70 MeV
and below. Since one of the outgoing proton energies in
this 40Ca(p, 2p) 39K reaction is even less than 70 MeV, it is

014622-3
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of the experimental data. Obtained spectroscopic factors are
summarized in Table I. Following Ref. [16], only the data
points around the peak, larger than 25 µb/(MeV sr2), are fitted
to reduce the uncertainty.

The spectroscopic factors obtained from the phenomeno-
logical (p, 2p) analysis are consistent with the phenomeno-
logical (e, e′ p) analysis which gave 0.65 ± 0.06 [8]. On the
other hand, the spectroscopic factor obtained using the DOM
wave functions to reproduce the (p, 2p) cross section is in
disagreement with the DOM-calculated [using Eq. (6)] value
of 0.71 ± 0.04. One of the reasons for this inconsistency may
lie in a difference in the peripherality of the reaction probes,
but it is not yet well understood.

The importance of having to deal with three distorted pro-
ton waves in the (p, 2p) reaction as compared to just one in
the (e, e′ p) case remains an issue. There is an uncertainty
associated with the DOM distorted waves due to the experi-
mental data points used in the DOM fit. Considering the strong
correlation between the proton reaction cross section and the
48Ca(e, e′ p)47K cross section demonstrated in Ref. [9], we
look to uncertainties in the experimental proton reaction cross
section data points in energy regions corresponding to those
of the distorted proton waves to get a rough estimate of the
uncertainty associated with the DOM distorted waves. The
proton reaction cross-section data points from Refs. [33,34]
suggest an uncertainty in the corresponding DOM distorted
waves around 3%. Furthermore, due to the kinematics of the
reaction, one of the proton energies is as low as 36 MeV.
In the DOM analysis of 40Ca(e, e′ p) 39K, the description of
the experimental cross section for outgoing proton energies
of 70 MeV, the lowest of the considered proton energies, is
unsatisfactory [8]. This indicates that the impulse approxi-
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Background: Both (e, e′ p) and (p, 2p) reactions have been performed to study the proton single-particle character of nuclear states
with its related spectroscopic factor. Recently, the dispersive optical model (DOM) was applied to the (e, e′ p) analysis revealing that
the traditional treatment of the single-particle overlap function, distorted waves, and nonlocality must be further improved to achieve
quantitative nuclear spectroscopy.

Purpose: We apply the DOM wave functions to the traditional (p, 2p) analysis and investigate the consistency of the DOM spectroscopic
factor that describes the (e, e′ p) cross section with the result of the (p, 2p) analysis. Additionally, we make a comparison with a
phenomenological single-particle wave function and optical potential. Uncertainty arising from a choice of p-p interaction is also
investigated.

Method: We implement the DOM wave functions to the nonrelativistic distorted-wave impulse approximation (DWIA) framework for
(p, 2p) reactions.

Results: DOM + DWIA analysis on 40Ca(p, 2p) 39K data generates a proton 0d3/2 spectroscopic factor of 0.560, which is meaningfully
smaller than the DOM value of 0.71 shown to be consistent with the (e, e′ p) analysis. Uncertainties arising from choices of single-particle
wave function, optical potential, and p-p interaction do not explain this inconsistency.

Conclusions: The inconsistency in the spectroscopic factor suggests there is urgent need for improving the description of p-p scattering in
a nucleus and the resulting in-medium interaction with corresponding implications for the analysis of this reaction in inverse kinematics.

DOI: 10.1103/PhysRevC.105.014622

I. INTRODUCTION

The independent particle picture provides an excellent first
characterization of the structure of a nucleus. An important
indicator of this picture is the spectroscopic factor for valence
orbitals, which represents the removal probability for each
nucleon orbital to a low-lying state of the system with one
proton less. The nucleon knockout reaction has been one of
the best tools to study this aspect of nuclei. The electron-
induced proton knockout reaction, (e, e′ p) [1–9], has been
considered the cleanest spectroscopic method for decades.
Despite some concerns about the uncertainties associated with
proton-induced proton knockout reactions, (p, 2p) [10–17], a
recent review [16] established (p, 2p) as an complementary
spectroscopic tool to (e, e′ p) with about 15% uncertainty for
incident energy above 200 MeV.

As discussed in Ref. [16], the effect of nonlocality on the
distorted waves and the bound-state wave function is consid-
ered to be a major source of the theoretical uncertainties in

*yoshida.kazuki@jaea.go.jp

the description of the (p, 2p) reactions. Usually, the effect is
phenomenologically taken into account by including the Perey
factor [18]; the Darwin factor is used when an optical poten-
tial based on the Dirac phenomenology [19–21] is adopted.
However, the validity of this phenomenological treatment of
nonlocality has not been estimated quantitatively. Recently, a
fully nonlocal dispersive optical model (DOM) has been de-
veloped [22,23], extending the original work by Mahaux and
Sartor [24]. The DOM describes the nucleon scattering poten-
tial and the binding potential that gives single-particle levels
on the same footing, making use of a subtracted dispersion
relation. The single-particle wave function (SPWF) and its
spectroscopic factor as well as the distorted waves obtained by
the present DOM framework were applied to the nonrelativis-
tic distorted-wave impulse approximation (DWIA) analysis
of 40,48Ca(e, e′ p) 39,47K reactions [8,9] without any further
adjustment. It was concluded that an accurate treatment of the
nonlocality as practised in the DOM is necessary to generate
spectroscopic factors that automatically describe the (e, e′ p)
knockout cross sections after the DOM potential has been
constrained by all available elastic scattering data (up to
200 MeV) and relevant ground-state information.

2469-9985/2022/105(1)/014622(7) 014622-1 ©2022 American Physical Society
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Nucleon Correlations

Ay puzzle in (p,2p) [first QFS-RB 2008]
Noro et al. 
RCNP data 

DWIA 
almost like 
free Ay...



Ep = 392 MeV
Ep� = 268 MeV
Ep�� = 88 MeV
�� = �36 MeV

Nucleon correlations

Typical energies 12C s1/2 removal

⇒ Pion carries 124 MeV or 

304 MeV (exchange term) 

contrast with NN T-matrix 
⇒ Pion carries 0 MeV



Nucleon correlations

Analysis of (p,2p)/(p,pn) and other reactions

• DOM distorted waves and removal amplitude 

• Modified T-matrix with dynamic π-exchange etc.



reactions and structure

Status of “reduction” factors/spectroscopic factors
T. Aumann, C. Barbieri, D. Bazin et al. Progress in Particle and Nuclear Physics 118 (2021) 103847

Fig. 56. The four panels of this plot show the quenching (reduction) factors for (a) electron-induced knockout reactions [87,172,237,376], (b)
transfer reactions with radioactive ion beams [55,57,203], (c) quasifree (p, 2p) proton knockout on stable nuclei (from the compilation in [239]) and
radioactive nuclei [58,59], and (d) the inclusive intermediate-energy knockout data [46]. The measurements are compared to predictions based on
effective-interaction shell-model SFs while, in the case of (e, e0p), the integrated strength is compared to the independent-particle expectation.

a strong asymmetry dependence as observed in Be- or C-induced nucleon removal at intermediate energies. Fig. 56 shows
a summary of various data from the different probes discussed in this review. For modest values of �12 . �S . 12 MeV,
all probes quantitatively agree that there is a quenching of single-particle strength, reduced to around 40%–70% of the total.
This is arguably true for �15  �S  15 MeV, within the moderately-large experimental and analytical uncertainties.

The analyses of neutron-pickup transfer data with neutron-deficient 34Ar (�S= MeV) and neutron-rich 46Ar (�S=
MeV) isotopes [55] using different methods and optical potentials lead to different conclusions regarding the presence
or absence of a strong dependence of the data-to-prediction ratio with �S [55,57]. Transfer studies based on three data
sets of oxygen isotopes [54] and analyzed within the coupled-channel formalism did not observe the strong trend from
Be- and C-induced nucleon-removal reactions. Recent (p, 2p) [58,59], covering essentially the full range in �S, do not
confirm the strong trend from Be- and C-induced nucleon-removal reactions. These data have been meanwhile analyzed
using different reaction models arriving at similar conclusions, although predictions of such reaction models can differ.
Although Be- or C-induced nucleon-removal cross sections have been analyzed with different models, the systematics of
the quenching factor as a function of �S has been investigated with only one model so far.

A recent analysis of the (e, e0p) reaction for both 40Ca (�S = �7.3 MeV) and 48Ca (�S = 5.8 MeV) employing the DOM
predicts a reduction of the spectroscopic strength of 0.71 and 0.58, respectively (see Fig. 56). The results are consistent
with earlier analyses. Two recent DOM analysis for 208Pb give consistent results of 0.69 [172] and 0.64 ± 0.06 [376],
in agreement with the value of Ref. [87], a re-analysis of the initial work of Ref. [237] which led to a now-considered-
too-low value for the quenching. All values are superimposed in the left panel of Fig. 56. The DOM links both structure
and reaction quantities and relies on experimental data to constrain removal probabilities as well as the optical potential
for these isotopes. It therefore simultaneously allows for a change in the structure properties as a function of nucleon
asymmetry but importantly also covers the change in the way continuum nucleons experience nuclei with different
asymmetry. This approach provides a distinct advantage over methods that rely on ingredients that are derived from
free nucleon–nucleon scattering data or uncertain extrapolations of phenomenological optical potentials which are not
constrained by experimental data. A continued exploration of the DOM to generate results from data-driven extrapolations
to the respective drip lines is therefore a promising approach to provide further clarification of the issues discussed in the
review. The DOM can also provide a liaison between ab initio nuclear-structure calculations and experimental results by
providing nonlocal optical potentials or conversely provide overlap functions to combine with ab initio optical potentials
that have become a focus of recent efforts some of which have been reviewed in Ref. [34].

Independently of the origin of the observed trend, we can conclude that there are inconsistencies between the direct-
reaction model conclusions. Reviewing the state-of-the-art reaction studies, we conclude that the problem cannot be
resolved at this stage. It is of utmost importance to further understand the different reaction mechanisms by dedicated
key experiments hand in hand with theory developments in the near future.

So far, most of the investigations on reaction mechanisms with very asymmetric nuclei have been performed using Be-
induced reactions. Some selected nuclei should be investigated with transfer and quasifree scattering at different energies
as well. Fig. 57 shows the �S values for ground-state to ground-state transitions for nuclei across the chart of nuclides,
for nuclei where both Sn and Sp are known. Those with |�S| & 15 MeV are naturally confined to lighter (below A ⇠ 40)

69



DOM

But….
• What about CREX?



DOM

Neutron skins in 48Ca and 208Pb from DOM predictions
• DOM 2017 

• DOM 2020
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FIG. 7. Results for proton and neutron analyzing power gener-
ated from the DOM self-energy for 208Pb compared with experimen-
tal data ranging from 10 to 200 MeV. References to the data are given
in Ref. [43].

that the proton properties deviate more from the IPM than the
neutrons in 208Pb.

For levels close to εF , the spectroscopic factor can be
calculated using Eq. (9). These spectroscopic factors are listed
in Table I while in Table II occupation and depletion numbers
are presented. Indeed, the fact that the spectroscopic factors
for protons are smaller than those of the neutrons is consistent
with the protons being more correlated than the neutrons. The
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present values of the valence spectroscopic factors are consis-
tent with the observations in Ref. [6] and the interpretation
in Ref. [7]. It is important to note that these spectroscopic
factors are indirectly determined by the fit to all the available
data similarly to the case reported in Ref. [17] for 48Ca. The
extraction of spectroscopic factors using the (e, e′ p) reaction
has yielded a value around 0.65 for the valence 2s1/2 orbit
[57] based on the results in Refs. [3,4]. While the use of
nonlocal optical potentials may slightly increase this value as
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rn can be measured through parity-violating electron scattering (weak)

PREX-II at Je↵erson Lab measured 208Pb skin
Preliminary CREX results for 48Ca released at DNP meeting 2021
Very surpising 48Ca skin!
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MCMC and standard DOM prediction of neutron skins

Neutron skins.—The neutron skin

Δrnp ≡ rrmsðnÞ − rrmsðpÞ ð7Þ

was first identified as an important observable by
Wilkinson over fifty years ago [26]. Neutron skins on
neutron-rich nuclei are connected to other nuclear structural
quantities, including the electric dipole polarizability, the
location of the pygmy and giant dipole resonances, the
density dependence of the symmetry energy, and the size of
neutron stars [2,4,27–29].
The neutron skins extracted from the present work are

shown in Fig. 3 and median values and uncertainties in
Table I. We find that the degree of asymmetry,
α≡ ðN − ZÞ=A, correlates strongly (r ¼ 0.89) with the
median skin thicknesses. If a simple linear dependence
in α is assumed, extrapolation from the 58;64Ni skins gives
a 56Ni skin thickness of −0.04$ 0.03 fm. A similar
calculation with 112;124Sn yields a 100Sn skin thickness
of −0.07$0.06 fm. In the symmetric systems 16O and 40Ca,
Coulomb repulsion nudges proton density outward from
the core, resulting in a small negative neutron skin (that
is, a proton skin). Again assuming the linear dependence
of this Coulomb effect, extrapolation from 16O and 40Ca
gives neutron skins of −0.07$ 0.02 fm for 56Ni and
−0.12$ 0.04 fm for 100Sn, slightly more negative than,
but in keeping with, the linear extrapolation from 58;64Ni

and 112;124Sn. Besides Coulomb and asymmetry-dependent
effects, the large 48Ca median skin of 0.22 fm and near-zero
median 64Ni skin of −0.01 fm show the importance of shell
effects for certain systems (cf. with 208Pb results of [15]). To
wit, most of the excess neutrons in 48Ca and 64Ni enter the
neutron f7=2 and neutron p3=2 shells, respectively, as seen in
Fig. 1 for 48Ca. The mean radius of the f7=2 shell is larger
than the deeper shells; thus, when neutron density is added,
the size grows rapidly. In 64Ni, the neutron 1p3=2 rms radius
is closer to the overall rrmsðnÞ of 58Ni, so the additional
neutrons of 64Ni do little to grow the skin thickness.
For 18O, the mirror-nuclei logic of [30] can be applied to

cross-check our skin value. Assuming isospin symmetry,
the difference between the 18Ne and 18O charge radii is a
good proxy for the 18O neutron skin thickness. Per [31],
the charge radius difference between 18Ne and 18O is
0.20$ 0.01 fm. Before comparing this proxy value with
the neutron skin of 18O, Coulomb and deformation cor-
rections must be applied. First, due to the Coulomb force,
the proton density of 18Ne extends further than the neutron
density of 18O. We estimate the magnitude of this proton
density extension in 18Ne as 0.03 fm, or 25% larger than the
difference between the proton and neutron distributions
of 16O, due to the 25% larger proton number of 18Ne.
Subtracting 0.03 fm from the 18Ne-18O radius difference
yields 0.17 fm. Second, because 18Ne is more deformed

FIG. 3. Neutron skin probabilities via MCMC sampling for 16;18O, 40;48Ca, 58;64Ni, 112;124Sn, and 208Pb. Each axis shows a single
element. For elements with two isotopes histogrammed, the lighter isotope is shown using light bars, and the heavier isotope is shown
with dark bars. The heights of each distribution have been arbitrarily rescaled to facilitate comparison.

TABLE I. Neutron skins (Δrnp), in fm, from this work. The 16th, 50th, and 84th percentile values of the skin distribution are
reported as 508416.

16O 18O 40Ca 48Ca 58Ni 64Ni 112Sn 124Sn 208Pb

−0.025−0.023−0.027 0.060.110.02 −0.051−0.048−0.055 0.220.240.19 −0.03−0.02−0.05 −0.010.03−0.04 0.050.080.02 0.170.230.12 0.180.250.12
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Precision Determination of the Neutral Weak Form Factor of 48Ca
(The CREX Collaboration)
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We report a precise measurement of the parity-violating asymmetry APV in the elastic scattering
of longitudinally polarized electrons from 48Ca. We measure APV = 2668±106 (stat)±40 (syst) parts
per billion, leading to an extraction of the neutral weak form factor FW(q = 0.8733 fm�1) = 0.1304±
0.0052 (stat)±0.0020 (syst) and the charge minus the weak form factor Fch�FW = 0.0277±0.0055.
The resulting neutron skin thickness Rn �Rp = 0.121± 0.026 (exp)± 0.024 (model) fm is relatively
thin yet consistent with many model calculations. The combined CREX and PREX results will
have implications for future energy density functional calculations and on the density dependence
of the symmetry energy of nuclear matter.
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FIG. 5. 48Ca neutron minus proton radius versus that for
208Pb. The PREX-2+PREX-1 experimental result is shown
as a blue square, while that for CREX is shown as a red
square with the inner error bars indicating the experimental
error and the outer error bars including the model error. The
gray circles (magenta diamonds) show a variety of relativis-
tic (non-relativistic) density functionals. Coupled cluster [8]
and dispersive optical model (DOM) predictions [47] are also
shown.

from this work, including excellent systematic control
of helicity-correlated fluctuations and demonstration of
high precision electron beam polarimetry, will inform the
design of future projects MOLLER [49] and SoLID [50]
at JLab measuring fundamental electroweak couplings,
as well as P2 and the 208Pb radius experimental propos-
als at Mainz [51].
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the experimental uncertainty. This value overlaps with the
range of values (0.12–0.26 fm) predicted with 48 reason-
able nuclear energy-density functionals in Ref. [30] but is
large compared to the range of 0.12–0.15 fm obtained with
the ab initio coupled-cluster method [31].
To further understand which data in the fits exhibit the

most sensitivity to skin thickness, we have made con-
strained fits where selected values of rn are forced in the

DOM calculations. This is achieved by varying the radius
parameters of the main real potential (rHF

n and rHFasy
n in

Ref. [24]) and refitting the other asymmetry-dependent
parameters. Our weighted χ2 as a function of the calculated
rn is plotted as the data points in Fig. 1(c), and the absolute
minimum at rn ¼ 3.67 fm corresponds to our skin thick-
ness of 0.249 fm. We found some fine-scale jitter in the
variation of χ2 with rn, and, because we want to concentrate
on the larger-scale variation, the data points shown in
Fig. 1(c) are local averages with the error bars giving the
range of the jitter.
The location of the ab initio results is also indicated at

rn ∼ 3.56 fm, where the χ2 is larger. We have subdivided
this χ2 into its contributions from its two most important
components (dashed curves): from the elastic-scattering
angular distributions and from the total neutron cross
sections. The former has a smaller sensitivity to rn, and
its χ2 is slightly lower for the smaller values of rn which are
more consistent with the ab initio result as illustrated in
Fig. 1(a), where a fit with a forced value ofΔrnp ¼ 0.132 is
compared to our best fit and to the data. While this new
calculation improves the reproduction of these data, the
deviations of both curves from the data are typical of what
one sees in global optical-model fits. In addition, these
experimental angular distributions cover only a small range
of bombarding energies (7.97–16.8 MeV) and may not be
typical of other energies.
The total cross section exhibits a larger sensitivity, and

the experimental data cover a large range of neutron
energies (6–200 MeV). Two data sets are available (circles
and diamonds) but are inconsistent by ∼10% at Elab ∼
10 MeV where their ranges overlap. We consider the high-
energy data set [29] (circles) more accurate, as it was
obtained with 48Ca metal, while the low-energy set [28]
(diamonds) employed 48CaCO3 and required a subtraction
of ∼70% of the signal due to neutron absorption from the
CO3 component. Therefore, we have chosen to display the
χ2 contribution only from the high-energy set. This χ2

exhibits a broad minimum from rn ¼ 3.66 to 3.75 fm,
allowing values of Δrnp up to 0.33 fm.

(a)

(b)

(c)

FIG. 1. (a) Comparison of experimental nþ 48Ca elastic-scat-
tering angular distributions [22,27] to the best DOM fit of all data
(solid curves) and to a constrained fit with the skin thickness
forced to Δrnp ¼ 0.132 fm (dashed curves) which is consistent
with the ab initio result. The higher-energy data and calculations
have been offset along the vertical axis for clarity. (b) Comparison
of the experimental total neutron cross sections of 48Ca (diamonds
[28] and circles [29]) to DOM fits with constrained values of rn.
The curve labeled with a triangle is for the rn value of our best fit,
while the curve labeled with a square is for a value consistent with
the ab initio result [see (c)]. (c) The χ2 from fitting all data (solid
curve) and its contribution from fitting the elastic-scattering
angular distributions and total neutron cross section (short-dashed
and long-dashed curves, respectively). Each data point corre-
sponds to an average of fitted values with very similar rn values.

FIG. 2. Comparison of the experimental (ρexp) and fitted (ρch)
charge distribution for 48Ca. The neutron matter distribution is
plotted as ρn, while the weak charge distribution is plotted as ρw.
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Can the DOM describe CREX form factor?
• 2017 result relied on assumed 

accuracy of experimental total 
neutron cross sections…however 

• New fit includes CREX result 
– Form factor OK 

– Skin 0.15 fm 

• One form factor point doesn’t 
make a density and certainly 
doesn’t unambiguously determine 
the radius (q too high) 

• More 48Ca data needed 
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Neutron skins and DOM

Current 48Ca results generate some concerns
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Z 20 20
0d52 -23.19 -19.2
0d32 -17.52 -16.1
1s12 -17.02 -15.8
0f72 -10.97 -9.62
1p32 -5.568 -6.543
0f52 -5.763 -4.92
1p12 -2.754 -3.58

Energy Current Experiment

N 27.97 28
1s12 -15.09 -12.54
0d32 -12.24 -12.54
0f72 -9.155 -9.95
1p32 -5.352 -5.14
1p12 -3.332 -3.11
0f52 -1.414 -1.19
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• Asymmetry dependence 

• Full treatment of short-range and tensor correlations 

• Incorporates/represents np dominance <—> influence of tensor force  

• So more correlations for minority species 

• EOS available as a function of T and asymmetry (and several VNN + VNNN)

Guidance from ab initio: depletion as a function of asymmetry  

Neutron skins and DOM

� =
N � Z

N + Z

A. Rios, A. Polls, and W. H. Dickhoff       
Phys. Rev. C89,  044303 (2014)
Phys. Rev. C79, 064308 (2009)

SCGF: 
self-consistent 
Green’s functions 
for SRC and tensor effects



reactions and structure

Guidance from ab initio: Depletion as a function of asymmetry 
in matter treating short-range and tensor correlations

A. Rios, A. Polls, and W. H. Dickhoff 
Depletion of the nuclear Fermi sea. 
Phys. Rev. C79, 064308 (2009).

http://dx.doi.org/10.1103/PhysRevC.79.064308


Neutron skins and DOM

Conclusions
• Empirical Green’s function method —> DOM 

• Scattering data described by DOM generate positive energy spectral function and complement 
the occupation/depletion sm rule 

• DOM ingredients confirm validity of DWIA for (e,e’p) —> spectroscopic factors but in specific 
kinematics and a definite energy window for the outgoing proton ~ 100 MeV 

• Same DOM ingredients utilized in standard (p,2p) analysis do not yield agreement for 
spectroscopic factors BUT note that substantial energy is transferred in this reaction 

• —> Requires further development 

• DOM describes lots of data and can predict hard to access experimental data —> neutron skin 

• CREX result can be described but more 48Ca data are needed 

• Ab initio guidance in asymmetric matter (2N knockout experiments): Minority species more 
correlated quantitatively determined by tensor force and constrained by NN interaction <—> 
CREX some tension?


