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Stochastic quantization, symmetry breaking and gravity

Symmetries breakdown out-of-equilibrium, effective RG-noise and relaxation toward equilibrium
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Canonical Quantization - Dynamic Perspective 
Considering a mechanical system…

Quantization Methods
All methods start from a classical description

Poisson Brackets provide 
a “metric” (symplectic) 

structure in phase space

invert conjugate 
momenta

minimize the action 

Replace PB with 
commutators

“Any dynamical theory must first be put in the Hamiltonian form before one can quantize it.”  

P.A.M. Dirac, The theory of gravitation in Hamiltonian form, Proc. Roy. Soc. A, 246, 1246 (1958)



1. Canonical Quantization - Dynamic Perspective 
2. Path-Integral Quantization - Ensemble Average Perspective 

Considering fields in four dimensions - Connection with Statistical Field Theory

Quantization Methods
All methods start from a classical description

Generating 
Functional, or 

Partition Function 
(Wick rotation)

GF of Connected 
Feynman diagrams, 

Free Energy (WR)



1. Canonical Quantization - Dynamic Perspective 
2. Path-Integral Quantization - Ensemble Average Perspective

Quantization Methods
All methods start from a classical description

Difficulties in handling Symmetries

Dynamics limited to a hypersurface in phase-space — Constraints Hypersurface

•1. Dirac Prescription 
define physical states 
as

•2. Gribov copies - Faddeev Popov determinant

[1] Henneaux, Teitelboim, Quantization of gauge systems, Princeton U. Press



•Generators of gauge symmetries found from the Hamiltonian [1]
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Super-Hamiltonian Super-Momentum

Secondary constraints: eq. of motion
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Symmetries in GR

[1] Henneaux, Teitelboim, Quantization of gauge systems, Princeton U. Press



•Generators of gauge symmetries found from the Hamiltonian [1]
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Super-Hamiltonian Super-Momentum

Generators of gauge transformation: 
time, space diffeomorphisms
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Hi = 0, The Hamiltonian vanishes

Symmetries in GR

[1] Henneaux, Teitelboim, Quantization of gauge systems, Princeton U. Press



Path-integral Quantization [1]: 

[1] Henneaux, Teitelboim, Quantization of gauge systems, Princeton U. Press

Delta on the constraints

We are asking the path integral not to fluctuate around the constraints 
In GR constraints generate external symmetries

Symmetries are imposed in the quantization of GR rather than being allowed to emerge

Symmetries in GR



1. Canonical Quantization - Dynamic Perspective 
2. Path-Integral Quantization - Ensemble Average Perspective 
3. Stochastic Quantization

Quantization Methods - Continued

Stochastic Dynamic Relaxation of the Ensemble Average
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Quantization Methods - Continued

1. Canonical Quantization - Dynamic Perspective 
2. Path-Integral Quantization - Ensemble Average Perspective 
3. Stochastic Quantization 

A. Introduce a “stochastic time” variable      and noise - Langevin dynamics

The noise is additive and Gaussian: higher-order (even) correlations are functions of
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Quantization Methods - Continued

1. Canonical Quantization - Dynamic Perspective 
2. Path-Integral Quantization - Ensemble Average Perspective 
3. Stochastic Quantization 

A. Introduce a “stochastic time” variable      and noise - Langevin dynamics 

B. Expectation values: (i) with respect to the noise, (ii) with respect to

Average over 
histories

Average over 
dynamic 
measure

The Fokker-Planck Eq., associated to the Langevin, dictates the dynamics of
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Quantization Methods - Continued

1. Canonical Quantization - Dynamic Perspective 
2. Path-Integral Quantization - Ensemble Average Perspective 
3. Stochastic Quantization 

A. Introduce a “stochastic time” variable      and noise - Langevin dynamics 

B. Expectation values: (i) with respect to the noise, (ii) with respect to 

C. The associated Fokker-Planck ensures the correct “equilibrium” limit of 

Stochastic Calculus

Fokker-Planck

The Euclidean Path-Integral measure is recovered at equilibrium
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Quantization Methods - Continued

1. Canonical Quantization - Dynamic Perspective 
2. Path-Integral Quantization - Ensemble Average Perspective 
3. Stochastic Quantization 

A. Introduce a “stochastic time” variable      and noise - Langevin dynamics 

B. Expectation values: (i) with respect to the noise, (ii) with respect to 

C. The associated Fokker-Planck ensures the correct “equilibrium” limit of  

D. Gauge theories: the propagator splits in a gauge-invariant part (finite) and a  
gauge-dependent part (divergent) 
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h�A (x, s)�B (x0, s)ip(s) = h�A (x, s)�B (x0, s)igauge-inv + h�A (x, s)�B (x0, s)inot-gauge-inv,

Convergent to  
gauge-invariant propagator

Divergent in eq. limit 
and gauge-dependent

No need to use Faddeev-Popov approach when applied to gauge theories
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h⌘̃ (x, s) ⌘̃ (x0, s0)i = � (s� s0) �(4) (x� x0)

•Let’s consider the presence of matter

We propose the Langevin equation [1] 
with scalar multiplicative noise

• Starting point: seminal Rumpf work [2] 
with additive tensorial noise

•DeWitt Supermetric: special choice [2] 
•Strong link to Horava-Lifshitz gravity 

Stochastic Quantization of General Relativity à la Ricci Flow

[2] H. Rumpf, Phys. Rev. D, 33, 4, 1986

[1] A. M. Lulli, A. Marciano, X. Shan, arXiv:2112.01490 (2021)
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h⌘̃ (x, s) ⌘̃ (x0, s0)i = � (s� s0) �(4) (x� x0)

•Let’s consider the presence of matter

[2] H. Rumpf, Phys. Rev. D, 33, 4, 1986

We propose the Langevin equation [1] 
with scalar multiplicative noise

•Zero-noise limit: looks like a Ricci-flow with a target fixed point 

•Noise amplitude to be determined at the saddle-point of the equilibrium

Stochastic Quantization of General Relativity à la Ricci Flow

[1] A. M. Lulli, A. Marciano, X. Shan, arXiv:2112.01490 (2021)
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[1] H. Rumpf, Phys. Rev. D, 33, 4, 1986

•We need to “interpret” the Langevin equation: Itô calculus [1] 

•Different variables coupled to the same noise 

•Need to compute Itô rules for this case: for a generic
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•The associated Fokker-Planck reads
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Emergent Cosmological Constant



•We can look for the steady state solution of the Fokker-Planck
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•After setting                 one obtains
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•The saddle-point                   condition reads
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Emergent Cosmological Constant



Let us go from the metric tensor to the ADM variables 

We need to follow the Itô transformation rule

The final set of equations reads
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Stochastic Quantization à la Ricci-Flow in ADM



Thermal time and conformal transformation 

The norm of the normal is not constant

From having introduced a projective term in the connection 
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Projective connection 

Cosmological term induced in the action



Breakdown of the conformal symmetry

Einstein-Hilbert expanded on dS or AdS backgrounds

Residual gauge transformation: conformal Killing vector and disappearance of the ghost



Hamiltonian analysis of the Ricci flow

Multiplicative choice of the noise source entails additivity in the Hamiltonian ADM picture
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Shift-vector and Navier-Stokes
•Let’s consider the shift-vector equation

•The noise term cancels out 

•The fixed point solution automatically implements super-Momentum constraint

•In the non-relativistic limit the super-momentum reduces to Navier-Stokes [1]
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[1] I. Bredberg, C. Keeler, V. Lysov, A. Strominger, JHEP, 2012, 146 (2012)



Shift-vector and Navier-Stokes

•It reduces to a forced incompressible Navier-Stokes equation (for Euclidean signature)
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•The noise term cancels out 

•The fields can enter a turbulent regime 

•Turbulent fluctuations are intermittent 

•Possibility to investigate the 
multi-fractal hypothesis [1] in GR

The only equation that loses noise  
responds with intermittency!

[1] U. Frisch, G. Parisi; R Benzi, G Paladin, G Parisi, A Vulpiani Journal of Physics A: Mathematical and General 17 (18), 3521

Possible role of turbulence in cosmological first-order 
phase transitions (!)



Black Holes and KPZ
•Let us consider a “static” spherical symmetric metric
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•Let’s normalise the equation to

Kardar-Parisi-Zhang Eq. [1] 
for a spherical surface

[1] M. Kardar, G. Parisi, Y.C. Zhang, PRL 56, 9, 889–892 (1986)



Black Holes and KPZ

•KPZ defines its own dynamic universality class 
•It models surface growth by deposition: surface height 
•It is related to Burgers’ equation via a change of variable

Kardar-Parisi-Zhang Eq. [1] 
for a spherical surface

•Both models exhibit intermittency for small dissipation 
•The small dissipation limit is obtained near the horizon

[1] M. Kardar, G. Parisi, Y.C. Zhang, PRL 56, 9, 889–892 (1986)



Black Holes and KPZ

[1] M. Kardar, G. Parisi, Y.C. Zhang, PRL 56, 9, 889–892 (1986)

Kardar-Parisi-Zhang Eq. [1] 
for a spherical surface

[3] M. Lulli, A. Marcianò and N. Yunes, work in progress   

•Gravitational waves good probe for near-horizon physics: no screening 
•Black holes mergers: possibly use GW right before merger and final part of “ringdown” [2] 
•Proper-time intermittency: include BH spin

•Low dissipation: far-from-horizon (linear) but need no large  
•Possible accumulated effects during gravitational waves propagations [3]

[2] V. Cardoso, E. Franzin, P. Pani, PRL, 116, 171101 (2016)



Stochastic Ricci RG flow of Λ 

FLRW background

Ricci flow equations



Hubble tension: a macroscopic QG effect?

Thermal time oriented as the proper time implies mild increase of Λ 

Cosmological measurements 

Astronomical measurements 

67.4± 1.4 (km/s)/Mpc
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[1] M. Lulli, A. Marciano, X. Shan, arXiv:2112.01490 (2021)

[2] M. Lulli, A. Marciano, L. Visinelli, in preparation



DP model from SRF: main message

Running of the lapse function in a stochastic thermal time

DP quantum collapse master equation as a  
the non-relativistic limit of a QG model based on  

stochastic quantisation and the Ricci flow

Strategy: describe a discrete system of masses undergoing  
gravitational interaction  

First principle discussion and RG flow induced by a stochastic gradient Ricci flow 

M. Lulli,  A. Marciano & X. Shan, arXiv:2112.01490v2 

Derivation of the DP quantum collapse master equation from the stochastic Ricci 
flow and discussion of the parameter space

M. Lulli, A. Marciano & K. Piscicchia, arXiv:2307.10136



Stochastic Ricci flow & quantum collapse I
Consider a discrete system of gravitationally interacting bodies

Ideal gas approximation for the energy-momentum tensor
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Use the non-relativistic semi-classical limit of 

M. Lulli, A. Marciano & K. Piscicchia, arXiv:2307.10136



Stochastic Ricci flow & quantum collapse II

DP quantum collapse master equation as out-of-equilibrium relaxation  

described through the stochastic Ricci flow 

Similarity: both realizations have multiplicative noise

New task: explain the role of the lapse, recalling that N=1+V+… 

Tools: use the Ito calculus to account for the variation of the lapse

M. Lulli, A. Marciano & K. Piscicchia, arXiv:2307.10136



Stochastic Ricci flow & quantum collapse III

Langevin equation for the shift

with matter Ricci target
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Stochastic Ricci flow & quantum collapse IV
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Stochastic Ricci flow & quantum collapse V

Stationary Fokker-Planck
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Stochastic Ricci flow & quantum collapse VI

Stochastic Ricci-flow equation for a wave functional depending on N
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Stochastic Ricci flow & quantum collapse VII

Non-relativistic weak-gravity limit
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Stochastic Ricci flow & quantum collapse VIII
Non-relativistic weak-gravity limit
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Stochastic Ricci flow & quantum collapse IX

Generalization of GKLS Equation
M. Lulli, A. Marciano & K. Piscicchia, arXiv:2307.10136

Non-unitary but  trace-preserving and positive



Stochastic Ricci Flow & quantum collapse X

The DP master equation is recovered, modulo a judicious choice of the regulator functions/kernels 

Same terms of the DP master equation recovered, but propagation of the gravitationally interacting bodies 
in the stochastic quantum gravitational foam now induces an extra cosmological energy density term

Address phenomenological relevance of the new parameters, the temperature of the system and the 
cosmological constant, related to the amplitude of the stochastic noise in quantum gravity



Developing a geometric intuition on the RG flow

The case of the non-linear sigma models

Hamilton



Stochastic Ricci Flow and geometric phase

Changes of topologies through defects are induced by singularities in the Ricci flow 



Topological features of vacua

The Ricci flow allows for topology changes from equilibrium

Topological charges label ground-states structures and are related 
to the characterization of the matter content —e.g. Atiyah-Singer 

Index theorem  

Geometrical interpretation of ground-states



Stochastic dynamics and the Ricci RG flow
Holography in 4+1D and dynamics in the stochastic time 

parameter 

The Ricci flow amounts to a conformal 
transformation of the 3D-hypersurfaces

The Langevin equation and the probability distributions for 
manifolds with Lorentzian signature and complex structure 

Manifolds with Lorentzian signature enable to fully take into 
account dynamics of out-of-equilibrium systems and 

relaxations features 

Vortices and turbulences (both for fluids and gauge fields) 
can be addressed as a by-product of the Ricci flow driven 

relaxation processes



Out-of-equilibrium TQNNs 

[1] M. Lulli, A. Marciano and E. Zappala, in preparation



Ricci solitons and topology changes in nanotubes

[1] A. Addazi, F. Boi and A. Marciano, in preparation

Twisting and quantum groups in TQFT

Diffusion Fick’s equation for  
dopant distribution 

Topology changes and Ricci solitons as  
dS/ adS phases



Outlook and conclusions

Stochastic quantisation and out-of-equilibrium breakdown of symmetries 

Geometric RG flow complemented with stochastic (multiplicative) noise

Consequences of the SRF: astrophysics, cosmology, particle physics and foundational aspects 

Analog gravity applications to out-of-equilibrium systems: symmetry braking & topology changes 

DP model from the Stochastic Ricci flow in non-relativistic limit and a following WKB approximation  
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1. Canonical Quantization - Dynamic Perspective 
2. Path-Integral Quantization - Ensemble Average Perspective

Quantization Methods
All methods start from a classical description

Difficulties in handling Symmetries

“Gauge” symmetries 
always pertain the 

equations of motion 
[1]

not invertible “gauge” symmetries

Hamiltonian perspective: 
Constraints (EOM) generate 

symmetries (first-class)
In EM one has the Gauss constraint

[1]: Henneaux, Teitelboim, Quantization of gauge systems, Princeton U. Press
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Quantization Methods - Continued

1. Canonical Quantization - Dynamic Perspective 
2. Path-Integral Quantization - Ensemble Average Perspective 
3. Stochastic Quantization 

A. Introduce a “stochastic time” variable      and noise - Langevin dynamics 

B. Expectation values: (i) with respect to the noise, (ii) with respect to 

C. The associated Fokker-Planck ensures the correct “equilibrium” limit of 

Wiener process 
(RW)

(independence)

higher-order

variance

Variable transformation: first order in 
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Quantization Methods - Continued

1. Canonical Quantization - Dynamic Perspective 
2. Path-Integral Quantization - Ensemble Average Perspective 
3. Stochastic Quantization 

A. Introduce a “stochastic time” variable      and noise - Langevin dynamics 

B. Expectation values: (i) with respect to the noise, (ii) with respect to 

C. The associated Fokker-Planck ensures the correct “equilibrium” limit of 

Stochastic Calculus

Non-anticipating 
Function



@

@s
Aµ = @2Aµ � @µ@⌫A⌫ + ⌘µ
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Aµ(k, s) =

Z s

0
ds0Gµ⌫(k, s� s0)⌘⌫(k, s

0)
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Gµ⌫(k, s� s0) = (�µ⌫ � kµk⌫
k2

)e�k2(s�s0) +
kµk⌫
k2
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2min(s, s0)
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Stochastic Quantization - Examples
Abelian gauge field

Gauge symmetry broken by boundary 
condition (restored at equilibrium)

Solution again a Gaussian random variable 

Retarded Green function

Correlation function 

Dµ⌫(k, s, s) = (�µ⌫ � kµk⌫
k2

)
1

k2
+ 2s

kµk⌫
k2
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Feynman propagator 
Landau gauge

longitudinal term 
secular divergence

Decompose in transverse         and longitudinal part

Equilibrium Limit

Slower evolution: random walk



Stochastic Quantization - Examples
Massive scalar field with potential

The stochastic equations

Non-interacting case

Associated Green function - No FT on stoch. time

The field is a Gaussian variable

correlation function

Non-Eq. FT

Equilibrium limit



Stochastic Quantization - Examples
Massive scalar field with potential

The stochastic equations

Non-interacting case

Associated Green function - No FT on stoch. time

The field is a Gaussian variable

Interacting case



Stochastic time and scale transformation
• Let us look for a link between the proper time and the stochastic time • Assume stochastic-time dependence in space-time coordinates
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d

ds
=

@

@s
+

dxµ

ds
rµ

• Assume that the total derivatives are proportional to the normal to the hyper surface
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gµ⌫n
µn⌫ = gµ⌫`

2 (s)
dx⌫

ds

dxµ

ds
= �gµ⌫` (s)

dx⌫

ds
gµ↵N@↵t

• The normalisation reads
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dxµ
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<latexit sha1_base64="uZw7Rh/cBFp2Ns6SrSh+gjAM3VI="></latexit>

"(s)
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�s =
ds

d⌧
�⌧ = `(s)

s
1

c2"2(s)
gµ⌫dxµdx⌫

Stochastic time flow - Effective scale transformation  
Stochastic dynamics related to RG group transformation 



Black Holes and KPZ

• What is exactly intermittency? • The KPZ structure function is defined as • Display power-law scaling • For Gaussian statistics one would expect linear scaling of the exponents • Different probability distribution at every scale

[1: M. Kardar, G. Parisi, Y.C. Zhang, PRL 56, 9, 889–892 (1986)]

Kardar-Parisi-Zhang Eq. 
[1] for a spherical surface

[2: M. K. Verma, Phys. A 277 (2000) 359-388]



Stochastic dynamics and the Ricci RG flow
Holography in 4+1D and dynamics in the stochastic time 

parameter 

The Ricci flow amounts to a conformal 
transformation of the 3D-hypersurfaces

The Langevin equation and the probability distributions for 
manifolds with Lorentzian signature and complex structure 

Manifolds with Lorentzian signature enable to fully take into 
account dynamics of out-of-equilibrium systems and 

relaxations features 

Vortices and turbulences (both for fluids and gauge fields) 
can be addressed as a by-product of the Ricci flow driven 

relaxation processes





Gravitational back-reaction to YM 

Credit to R. Pasechnik





Stochastic Quantization: trivial example 

Field defined only in one point (reminiscent mini-superspace)

Correlation function at equal time

The potential V(Q) increasing fast at infinity; H has a discrete spectrum 

Ĥ =
1

2
P

2 + U(Q)
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Ĥ n(Q) = �n n(Q) , �i+1 > �i
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hQ(s)ki =
1X

n=0

cne
�2�ns

Z
dQQk  n(Q) 0(Q)
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exp(-V/2) is an eigenvector of H, and its ground-state (function without zeros)

at large stochastic time hQ(s)ki =

R
dQQk e�V (Q)

R
dQe�V (Q)

+O[exp(�2�1s)]
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Stochastic Quantization: less trivial example 

Field defined not restricted in one point

The solution of the Schroedinger functional with  

A more general Langevin equation can be considered

H =

Z
d
D
x

⇢
1

2
⇡(x)2 + U(�(x))

�
, [⇡(x),�(y)] = �ı�(x� y)
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�0 = 0
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 0(�) = e�
1
2

R
dDxV (�(x))
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⇢
�1

2

�2

��(x)2
+ U(�(x))

�
 0(�) = �0 0(�)
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@

@s
�(x, s) = �

Z
dDyM(x, y)

�V

��(y)
+ ⌘(x, s)
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still equivalent to the previous one if the matrix M is positive and if

h⌘(x, s)⌘(y, s0)i = 2M(x, y)�(s� s0)
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Stochastic Quantization: diagrammatics I

For simplicity consider the case

With associated Langevin equation and gaussian noise 

Solution for g=0 is gaussian stochastic

G(x,s) retarded Green function 

V (�) =

Z
dDx

⇢
1

2
(@µ�)

2 +
1

2
m2�2 +

1

3
g�3

�
, M(x, y) = �(x� y)
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�(x, s) =

Z s

0
d�

Z
dDy G(x� y, s� �)⌘(y,�)
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@s
G(x, s) = (@2 �m2)G(x, s) + �(x)�(s)

G(x, s) = 0 for t < 0
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G(x, s) =

Z
dDk

(2⇡)D
e�s(k2+m2)+ık·x ✓(t)
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Stochastic Quantization: diagrammatics II
Correlation function

h�(x, s)�(x0, s0)i ⌘ D(x� x0; s, s0) = 2

Z 1

0
d�

Z
dDy G(x� y, s� �)G(x0 � y, s0 � �)
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In the momentum space, for s’<s D(x� x0; s, s0) =
e�(k2+m2)(s�s0)

k2 +m2

⇣
1� e�2(k2+m2)s0

⌘
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For s’ that tends to infinity, second term negligible

At equal time we recover the propagator at equilibrium 
1

k2 +m2
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Stochastic Quantization: diagrammatics III

g 6= 0 case
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⇤
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Denote Green function as a line, noise as a cross and the field as a point

Assign a factor g to each three-line vertex

Integrate over stochastic times and coordinates of all crosses and vertices 

Iterate expression for the stochastic self-interacting field  

Crosses must coincide for the mean over the noise not to vanish 



Stochastic Quantization: diagrammatics IV

Parisi & Wu

Correct equilibrium limit recovered for s=s’ that tends to infinity



Stochastic Quantization: simple example I

Potential for n-dimensional vector V (q) = �1

2
µ2q2 +

1

4
g (q2)2 , q2 =

nX

i=1

(qi)2
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Compute perturbatively in g, around the minimum hq2i /
Z

d[q] q2 e�V (q)
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O(n) symmetry choose the minimum q0 ⌘
 s

µ2

g
, 0, . . . , 0

!

<latexit sha1_base64="gYL3FKEqMZ1qfAHfcHvE8XJmjnw="></latexit>

Find the potential in the new variable, shifted around the vacuum q =

 s
µ2

g
+ qL,qT

!

<latexit sha1_base64="+73XKHfIcTiY3oCZH5Bok/b9jIU="></latexit>

V (q) = µ2q2L +
p

µ2g qL(q
2
L + q2

T ) +
1

4
g(q2L + q2

T )
2 � 1

4g
µ4

<latexit sha1_base64="aUoAjLZf+utnThHUEiCz2if9+k4="></latexit>



Stochastic Quantization: simple example II

hq2i =
R
dr rn�1 r2 e�( g

4 r
4�µ2

2 r2)

R
dr rn�1 e�( g

4 r
4�µ2

2 r2)

<latexit sha1_base64="0+SbnoJxXvIFDhRBcnk3XMBK+rg="></latexit>

Usually, change to the radial variable                  and  the angular coordinate on                                                                    r =
p

q2

<latexit sha1_base64="fm8ynYsM0kHNT8NFr+7CtBNTrt4=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSSloheh6MVjBfsBTSyb7bZdutmkuxOhhP4NLx4U8eqf8ea/cdvmoK0PBh7vzTAzL4gF1+g431ZubX1jcyu/XdjZ3ds/KB4eNXWUKMoaNBKRagdEM8ElayBHwdqxYiQMBGsFo9uZ33piSvNIPuAkZn5IBpL3OSVoJE9de3qsMB0/VqbdYskpO3PYq8TNSAky1LvFL68X0SRkEqkgWndcJ0Y/JQo5FWxa8BLNYkJHZMA6hkoSMu2n85un9plRenY/UqYk2nP190RKQq0nYWA6Q4JDvezNxP+8ToL9Kz/lMk6QSbpY1E+EjZE9C8DuccUoiokhhCpubrXpkChC0cRUMCG4yy+vkmal7FbLF/fVUu0miyMPJ3AK5+DCJdTgDurQAAoxPMMrvFmJ9WK9Wx+L1pyVzRzDH1ifPyw6kcg=</latexit>

Sn�1

<latexit sha1_base64="NDWatzN482KyT4OAM7DEFoWimo0=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4sSRS0WPRi8eK9gPaUDbbTbt0swm7E6GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGt1O/9cS1EbF6xHHC/YgOlAgFo2il1kMvU+fepFcquxV3BrJMvJyUIUe9V/rq9mOWRlwhk9SYjucm6GdUo2CST4rd1PCEshEd8I6likbc+Nns3Ak5tUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophtd+JlSSIldsvihMJcGYTH8nfaE5Qzm2hDIt7K2EDammDG1CRRuCt/jyMmleVLxq5fK+Wq7d5HEU4BhO4Aw8uIIa3EEdGsBgBM/wCm9O4rw4787HvHXFyWeO4A+czx/TCY8+</latexit>

The Langevin equation can be used to by-pass non-linea transformation 

We start from hq2i = µ2

g
+A(n� 1) +B

<latexit sha1_base64="iMCIZBClQ2HNCqHc0h+u8joPkkM=">AAACGnicbZDLSsNAFIYnXmu9RV26GSxCpViSUtGNUOvGZQV7gSYtk+mkHTqZxJmJUEKew42v4saFIu7EjW/j9LLQ1h8GPv5zDmfO70WMSmVZ38bS8srq2npmI7u5tb2za+7tN2QYC0zqOGShaHlIEkY5qSuqGGlFgqDAY6TpDa/H9eYDEZKG/E6NIuIGqM+pTzFS2uqatsMQ7zMC7zsl6IgpX0LHFwgnThB3SmnST2EBXuX5qX0CC9WumbOK1kRwEewZ5MBMta756fRCHAeEK8yQlG3bipSbIKEoZiTNOrEkEcJD1CdtjRwFRLrJ5LQUHmunB/1Q6McVnLi/JxIUSDkKPN0ZIDWQ87Wx+V+tHSv/wk0oj2JFOJ4u8mMGVQjHOcEeFQQrNtKAsKD6rxAPkE5F6TSzOgR7/uRFaJSKdrl4dlvOVaqzODLgEByBPLDBOaiAG1ADdYDBI3gGr+DNeDJejHfjY9q6ZMxmDsAfGV8/PUmecg==</latexit>

and write the Langevin equation in power of g 

q̇T = ⌘T +O(g
1
2 )

qL = �2µ2qL �

p
µ2g (3q2L + qT ) +O(g) + ⌘L

<latexit sha1_base64="bK+uCGjf+xG/vn+EU1R2tPVbRBw="></latexit>

hqiT (s)q
j
T (s

0)i = 2�ij min (s, s0)

<latexit sha1_base64="m0/SShiNIwg+aVtVAqQkM1k3O/8="></latexit>

Use the out-equilibrium correlation function to compute qL @ O(g
1
2 )

<latexit sha1_base64="mzZJIYBdXhtNXIwt8M2kJNbGKME=">AAACEHicbVDLSsNAFJ34rPUVdelmsIh1U5JS0WXRjQvBCvYBTQyT6aQdOnk4MxHKkE9w46+4caGIW5fu/BsnbRfaeuDC4Zx7ufceP2FUSMv6NhYWl5ZXVgtrxfWNza1tc2e3JeKUY9LEMYt5x0eCMBqRpqSSkU7CCQp9Rtr+8CL32w+ECxpHt3KUEDdE/YgGFCOpJc88uveuoAPruqATIjnAiKnrrNy/U07AEVZ2pqpZduyZJatijQHniT0lJTBFwzO/nF6M05BEEjMkRNe2EukqxCXFjGRFJxUkQXiI+qSraYRCIlw1fiiDh1rpwSDmuiIJx+rvCYVCIUahrzvzm8Wsl4v/ed1UBmeuolGSShLhyaIgZVDGME8H9ignWLKRJghzqm+FeIB0DlJnWNQh2LMvz5NWtWLXKic3tVL9fBpHAeyDA1AGNjgFdXAJGqAJMHgEz+AVvBlPxovxbnxMWheM6cwe+APj8wekLJvD</latexit>



Stochastic Quantization: simple example III

For the term proportional to (n-1) the only non-vanishing diagram is

qL(s) = µg
1
2

Z s

0
ds0hq2

T (s
0)ie�2µ2(s�s0) = �(n� 1)

r
g

µ2
(s� 1

2µ2
)

<latexit sha1_base64="waeftolhkNqZddn+c73FCoeWjHk="></latexit>

with dashed lines transverse propagator and neglecting vanishing terms for s infinity 

Computing terms proportional to (n-1)

hq2i = µ2

g
+ 2

s
µ2

g
hqLi+ hq2Li+ hq2

T i

= �2(n� 1)(s� 1

2µ2
) + 2(n� 1)s =

n� 1

µ2

<latexit sha1_base64="jHAiaSOSdHOzFAKXHLR7cOfEpzw="></latexit>

Terms proportional to s cancel each other:  
finite contribution with correct result at the saddle-point 



Stochastic Quantization: gauge theories I

Euclidean Hamiltonian in D-dimensions

with associated Langevin equations

V =

Z
dDx

⇢
Dµ�

†Dµ�+
1

2
TrF 2

µ⌫

�
, Dµ� = (@µ � ıeAµ)� , Fµ⌫ = @µA⌫ � @⌫Aµ � ıe[Aµ, A⌫ ] ,

A = Aa
µ⌧a , Fµ⌫ = F a

µ⌫⌧a , Tr(⌧a⌧b) =
1

2
�ab

<latexit sha1_base64="j9P1unsNc6JQQH2gb9o0y2qfKiU="></latexit>

@

@s
� = D2�+ ⌘� ,

@

@s
�† = D2�† + ⌘†� ,

@

@s
Aµ = D⌫F⌫µ + Jµ + ⌘µ

<latexit sha1_base64="QntMJouRmraKk4IsLYt8KusQcPI="></latexit>

complemented with interaction currents and gaussian noises 

Jµ = Ja
µ⌧a , Jµ = Ja

µ = ıe�†⌧a@µ�+ e2�†{⌧a, Aµ}� ,

h⌘�(x, s)⌘†�(x
0, s0)i = 2�(x� x0)�(s� s0) ,

h⌘µ(x, s)⌘⌫(x0, s0)i = 2�µ⌫�(x� x0)�(s� s0)(�ab⌧a⌧b)

<latexit sha1_base64="eSUChMlWfighdc3Ka4ECSNcYf2M="></latexit>



Stochastic Quantization: gauge theories II
Abelian case

@

@s
Aµ = @2Aµ � @µ@⌫A⌫ + ⌘µ

<latexit sha1_base64="sMIbmyuoBcrNeTtCwJ3W7zMCY6k="></latexit>

with boundary condition that break the gauge symmetry (restored at equilibrium )

A⌫(x, s)|s=0 = 0

<latexit sha1_base64="rCJpHQ3q12xhMXulnEHidqAmfPY=">AAAB/nicbVDLSgNBEOyNrxhfq+LJy2AQIkjYlYheAlEvHiOYByTLMjuZJENmZ5eZWTGsAX/FiwdFvPod3vwbJ4+DRgsaiqpuuruCmDOlHefLyiwsLi2vZFdza+sbm1v29k5dRYkktEYiHslmgBXlTNCaZprTZiwpDgNOG8Hgauw37qhULBK3ehhTL8Q9wbqMYG0k395DF35bJKhwf6yOHvxUlZ1R2fHtvFN0JkB/iTsjeZih6tuf7U5EkpAKTThWquU6sfZSLDUjnI5y7UTRGJMB7tGWoQKHVHnp5PwROjRKB3UjaUpoNFF/TqQ4VGoYBqYzxLqv5r2x+J/XSnT33EuZiBNNBZku6iYc6QiNs0AdJinRfGgIJpKZWxHpY4mJNonlTAju/Mt/Sf2k6JaKpzelfOVyFkcW9uEACuDCGVTgGqpQAwIpPMELvFqP1rP1Zr1PWzPWbGYXfsH6+Abl85Qs</latexit>

Solution again a gaussian random variable 

Aµ(k, s) =

Z s

0
ds0Gµ⌫(k, s� s0)⌘⌫(k, s

0)

<latexit sha1_base64="FC74gaJ7Z34nQ/l9vP8RTue1SQg="></latexit>

with retarded Green function defined only for s>s’

Gµ⌫(k, s� s0) = (�µ⌫ � kµk⌫
k2

)e�k2(s�s0) +
kµk⌫
k2

<latexit sha1_base64="claET8kOgD1rVqUJbjrT68eXkA0="></latexit>

Dµ⌫(k, s, s
0) = (�µ⌫ � kµk⌫

k2
)
e�k2|s�s0| � e�k2|s+s0|

k2
+

kµk⌫
k2

2min(s, s0)

<latexit sha1_base64="wopFm9mFWbK00ObY+pG8X65DeOw="></latexit>

Correlation function 



Stochastic Quantization: gauge theories III
At large equal stochastic times

Dµ⌫(k, s, s) = (�µ⌫ � kµk⌫
k2

)
1

k2
+ 2s

kµk⌫
k2

<latexit sha1_base64="CW1NjZI+YGGqa0emxgeHnOJ6QUU="></latexit>

Feynman propagator 
in Landau gauge

Divergent in s 
longitudinal term

Decompose the connection in a gauge invariant transverse part and longitudinal one  

Aµ(x, s) = AT
µ (x, s) + @µ↵(x, s) with @µA

T
µ (x, s) = 0

<latexit sha1_base64="qR7G04C8WPZejVh9XUxN0LrRqHQ="></latexit>

Faster evolution for gauge invariant quantities, random walk for not gauge-invariant ones  

hAT
µ (k, s)A

T
⌫ (�k, s)i = (�µ⌫ � kµk⌫

k2
)
1

k2
, h↵(k, s)↵(�k, s)i = 2

k2
s

<latexit sha1_base64="56nVSWB+AnI91TXsLclnLqov1x0="></latexit>



Stochastic Quantization: gauge theories IV
Scalar propagator at equal stochastic times

Same diagrammatic rules as before pause usual QED ones for Aµ�
†� , AµA⌫�

†�

<latexit sha1_base64="FtaydEYiICPrp2B24P2L0Htfi74=">AAACIXicbVC7TsMwFHV4lvIKMLJYVEgMVZWgIjoWWBiLRB9SEyLHcVqrjhPZDlIV9VdY+BUWBhDqhvgZ3DQDtL2SreNzztX1PX7CqFSW9W2srW9sbm2Xdsq7e/sHh+bRcUfGqcCkjWMWi56PJGGUk7aiipFeIgiKfEa6/uhupnefiZA05o9qnBA3QgNOQ4qR0pRnNm48J0qhkwzpkxOgwYCI/OFUq3Au6ZuvMHhmxapZecFlYBegAopqeebUCWKcRoQrzJCUfdtKlJshoShmZFJ2UkkShEdoQPoachQR6Wb5hhN4rpkAhrHQhyuYs387MhRJOY587YyQGspFbUau0vqpChtuRnmSKsLxfFCYMqhiOIsLBlQQrNhYA4QF1X+FeIgEwkqHWtYh2IsrL4POZc2u164e6pXmbRFHCZyCM3ABbHANmuAetEAbYPAC3sAH+DRejXfjy5jOrWtG0XMC/pXx8wvF2qKu</latexit>

Contributions at equal and large stochastic times clarified at k=p-p’

Parisi & Wu

contribution to transverse part

contribution to longitudinal part



Stochastic Quantization: gauge theories V
Summing all the contribution of the transverse part, we recover result in Landau gauge

Contribution of the longitudinal part at large stochastic times equals variation of the equilibrium propagator induced by the adding to the 
connection propagator the gauge term                s

kµk⌫
k2

<latexit sha1_base64="wwmKmYD+GCwi/iQuMM1AuvSo13w=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARXJWkVHRZdOOygn1AG8NkOmmHTCZhHkIJceOvuHGhiFv/wp1/47TNQlsP3MvhnHuZuSdIGZXKcb6t0srq2vpGebOytb2zu2fvH3RkogUmbZywRPQCJAmjnLQVVYz0UkFQHDDSDaLrqd99IELShN+pSUq8GI04DSlGyki+fSQHoUA4i/xBrKHpXOdZdF/Pfbvq1JwZ4DJxC1IFBVq+/TUYJljHhCvMkJR910mVlyGhKGYkrwy0JCnCERqRvqEcxUR62eyCHJ4aZQjDRJjiCs7U3xsZiqWcxIGZjJEay0VvKv7n9bUKL72M8lQrwvH8oVAzqBI4jQMOqSBYsYkhCAtq/grxGJlElAmtYkJwF09eJp16zW3Uzm8b1eZVEUcZHIMTcAZccAGa4Aa0QBtg8AiewSt4s56sF+vd+piPlqxi5xD8gfX5A94Tlyo=</latexit>

Using standard theorem for the variation of the of Green functions under gauge transformations 

At large stochastic time the charged field propagator tends to zero, for s >> 1/e2!(x� y)

<latexit sha1_base64="HuWIbIVw2nJJqiIsILVk6CG8hSc=">AAAB/nicbVDLSgNBEJyNrxhfq+LJy2AQ4sG4GyJ6CkEvHiOYByRrmJ30JkNmH8zMimEJ+CtePCji1e/w5t84SfagiQUNRVU33V1uxJlUlvVtZJaWV1bXsuu5jc2t7R1zd68hw1hQqNOQh6LlEgmcBVBXTHFoRQKI73JousPrid98ACFZGNypUQSOT/oB8xglSktd80BWKtg+g/sS7oQ+9Enh8XR00jXzVtGaAi8SOyV5lKLWNb86vZDGPgSKciJl27Yi5SREKEY5jHOdWEJE6JD0oa1pQHyQTjI9f4yPtdLDXih0BQpP1d8TCfGlHPmu7vSJGsh5byL+57Vj5V06CQuiWEFAZ4u8mGMV4kkWuMcEUMVHmhAqmL4V0wERhCqdWE6HYM+/vEgapaJdLp7flvPVqzSOLDpER6iAbHSBqugG1VAdUZSgZ/SK3own48V4Nz5mrRkjndlHf2B8/gBpipPd</latexit>

h�†(x, s)�(y, s)i ⇠s!1 h�†(x)�(y)ifreee�e2s!(x�y) , !(x) ' 1

|x|D�2

<latexit sha1_base64="XywtlN+RhJ16FKlFQaGsTX9zbcA="></latexit>

Consider now the gauge-invariant quantity �†(x, s)�(x, s)

<latexit sha1_base64="X+WRl4S3a1/D1pf9f/IK+lkxTvM=">AAACBnicbZDLSsNAFIYn9VbrLepShMEiVJCSSEWXRTcuK9gLNLFMJpN06GQSZiZiCV258VXcuFDErc/gzrdxmmah1R8GPv5zDmfO7yWMSmVZX0ZpYXFpeaW8Wllb39jcMrd3OjJOBSZtHLNY9DwkCaOctBVVjPQSQVDkMdL1RpfTeveOCEljfqPGCXEjFHIaUIyUtgbmPnSSIb11fBSGRNTuj+VR7sxoYFatupUL/gW7gCoo1BqYn44f4zQiXGGGpOzbVqLcDAlFMSOTipNKkiA8QiHpa+QoItLN8jMm8FA7PgxioR9XMHd/TmQoknIcebozQmoo52tT879aP1XBuZtRnqSKcDxbFKQMqhhOM4E+FQQrNtaAsKD6rxAPkUBY6eQqOgR7/uS/0Dmp24366XWj2rwo4iiDPXAAasAGZ6AJrkALtAEGD+AJvIBX49F4Nt6M91lryShmdsEvGR/fwc+XYw==</latexit>

Contribution proportional to s, corresponding to a gauge-transformation, is vanishing 

Other non-vanishing contribution give the propagator in the Landau gauge 

At the lowest order quantities are gauge-invariant at equilibrium, while not gauge-invariant quantitates converge dynamically (in the 
stochastic time) to zero

At the higher order, need for dimensional or lattice regularisation of diagrams and M 



Stochastic Quantization: gauge theories VI

Non-abelian case

As in the abelian, we can regularize the matrix M and a) either send stochastic time to infinity before removing the 
(dimensional or lattice) regulator; b) viceversa  

No term linear in s appears in the expectation value of gauge-invariant quantities  
Correct results found, with contribution of Faddeev-Popov ghost 

One can show that gauge-invariant quantities are approached uniformly in g and in s, so that the Taylor expansion in g 
and the limit for s to infinity can be exchanged 

Langevin equations for longitudinal component and the others decoupled

@

@s
AT

µ (x, s) = F1(A
T
µ ,�

T , ⌘T ) ,
@

@s
�T (x, s) = F2(A

T
µ ,�

T , ⌘T )

<latexit sha1_base64="5ye4NaBp9YhHZJnWoE45P9W9AjI="></latexit>

Approach toward equilibrium controlled by smallest positive eigenvalues  of H

@µA
T
µ (x, s) = 0 , ıeAT

µ (x, s) = e�ıe↵(x,s)(@µ � ıeAµ)e
ıe↵(x,s) , �T (x, s) = e�ıe↵(x,s)�(x, s)

<latexit sha1_base64="ZUJTuYfaG3E/yewU+RhcSWDkrQc="></latexit>



Fokker-Planck and cosmological constant
Langevin equation with complex multiplicative noise

Related Fokker-Planck within the Ito differential calculus


