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Introduction

Ref.

Q:
Aq: QjZd:Ql%—)QlQ

. =0
Ref. - F. A. Berezin, CMP (1975) NO QPT
-S. Murro, C.J.F. Van de Ven, MPAG(2022)

Modelling infinite volume systems — C*—approach: ;s = Up 74z
Thermal equilibrium — Kubo-Martin-Schwinger (KMS)

Quantum: ®(At;g(B)) = @(BA), Classical: w({a, b}) = B (bS(a))
-G.Gallavotti, E. Verboven (1967)
-C.J.F. Van de Ven -arXiv.2211.01755 (2023)
Relating Wq-kms <— OcL-kms,
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A3 : ﬁ S [O,E) 3l WCL-KMS = H!wQ—KMS
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Outline of the talk

» Berezin quantization: scope and properties

» Quantum and classical KMS-condition

» Absence of CPT implies absence of QPT

» Conclusions
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SDQ setting in a nutshell

Berezin quantization: scope and properties

Def: (M:=ZI Nel,xeT) = A3 I, An := @,cn Ax
AN D ap — ap Duenc € Ar
Defcy 1 —RAy = Boo := C(S?) — B) ~ C((S*)®N) — Bl ~ C((S?)*"),
—BQ = C°°((Sz)®/\) — Boro = U/\@rlABQ,
—{, In: B x BN — B}
DefQ . —le = Bj = M2j+1((C) (_[ S Z+/2) — B;— = U/\@rlABJ/-\,
—Bj\ = Bj\ — Bjr = U/\@rlABj\
! Find er Bl — BJr positive, surjective, with continuity properties e.g.:

|25 [ (ar), @ (br)| - @ ({ar. br})

jvoo

—0

r
B3
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Explicit quantization |

Berezin quantization: scope and properties

— Focus on single site:
Def;: DY) : SU(2) — Myj1(C), |j, o) := DU (e 0(0V:e=i0(0)y)|j /) < Coherent state
-A.M. Perelomov, CMP (1972)

Reath 2j+1
1= /S2 Pisduj(o)|, Pis:=|j0)(,0|, dulo):= /0

4r

Defy: Q;j: B — Bj, Qi(a) := Js a(0) P cdp;(0),
— A @Tl-S.Murro, C.J.F. Van de Ven MPAG(2022) : Qj\ = Qyen Qj{x} : B — Bj\

Q). j€Zs/2

an, j =

— Theorem (Drago, Van de Ven, P.): er . BL, — Bjr, er(a/\) = {
with {Bjr}jem, {er}jef/z define a SDQ.
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Explicit quantization Il

Berezin quantization: scope and properties

Def; : #(0) = {j;0]Q(a)l); o) = 35 Tr[Q(@)Q(b)] = Jiz a(0)bi(0)duo(0)
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Explicit quantization Il

Berezin quantization: scope and properties

Def; :

&<

(0) = (j,0]Qa)lj;6) = 5 Tr[Q(a)Qi(b)] = fs: a(0)bj(o)duo(0)
Def,: DV: SU(2) > R — DI(R) € B(Myj11(C)), DI(R)A:= DI(R)ADI(R)* NOT Irr.
Defs : R:SU(2) > R— R€ B(L*(S?)), Ra:=ao R NOT Irr.
2 Qintertwines : Q(Ra) = DI(R)Qi(a) — | Vim = @1 Yem
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Explicit quantization Il

Berezin quantization: scope and properties

Defs : 4(0) = (j,0|Q(a)lj;0) = 375 Tr[Q(a)Q(b)] = Jg a(0)b;(c)do(0)
Defs: D/: SU(2)  R— D/(R) € B(Maj:1(C)), D/(R)A:= D/(R)AD/(R)* NOT Irr.
Defs : R:SU(2) > R— R€ B(L*(S?)), Ra:=ao R NOT Irr.
A Q intertwines : Q(Ra) = D(R)Qi(a) — | Yim = aj¢Yim
Defs: Yim — Zjum = Q(Yim//@j0)> (A, Bus:= Tr[A*B]/(2j+1)
T Yomllw < 1 (Yo, Yom)12(s2) = St S d /(20 + 1)
H%\ZmHBJ_ <Ay Zom) Hs = O Sy /(20 + 1)
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Generalized notions of equilibrium

Quantum and classical KMS-condition

Defq: 2 non-commutative C*, T strongly cont, § infinitesimal generator
o € S(2A) (B,6)— KMS quantum state if

®(AT;g(B)) = ®(BA), A, BT —analytic

Defc, (2,{, }) commutative C*, § : D(8) — 2, x—derivation. @ € S() (B,56)—KMS
classical state if -G. Gallavotti, E. Verboven (1967)

o({a,b}) = Bw(bd(a)), abe D(5).
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Quantum and classical KMS-condition

Defq: 2 non-commutative C*, T strongly cont, § infinitesimal generator
o € S(2A) (B,6)— KMS quantum state if

®(AT;g(B)) = ®(BA), A, BT —analytic

Defc, (2,{, }) commutative C*, § : D(8) — 2, x—derivation. @ € S() (B,56)—KMS
classical state if -G. Gallavotti, E. Verboven (1967)

o({a,b}) = Bw(bd(a)), a,be D(J).
Hyp: ¢ = (@x)xer CBL & Ym0 e/lmSUPxer ZIXI?XJH ||‘PX||C1(S2) <o

8L: Bl — BL, 8L (ap) == Yxer {an, 9x},
8F: B = B, 87 (An) i= iZxer |QX(9x). /]

-
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Semi-classical limit

Quantum and classical KMS-condition

Q: given a)jr—KMS, wjr o er classical state — lim; . (x)jr o er—ClassicaI KMS?
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Quantum and classical KMS-condition

Q: given a)jr—KMS, wjr o er classical state — lim; . (x)jr o er—ClassicaI KMS?

A: Theorem (Drago, Van de Ven, P.) : a)jr € S(Bjr) (ﬁ,5jr)fKMS quantum state
any weak™ limit point of (a)j!— o Qj-r)jez+/2 is a (B, 8L)—KMS classical state
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Semi-classical limit

Quantum and classical KMS-condition

Q: given a)jr—KMS, wjr o er classical state — lim; . (x)jr o er—ClassicaI KMS?
o e S(A), (B,0)—KMS quantum state iff
-G. Roepstorff, H. Araki, G. Sewell (1976-1977)
w(AA)
w(A*A)

_iB(A*8(A)) > w(A*A)Iog( ) Ae D(5)

! Lemma (Drago, Van de Ven, P.): @ € S(), (B,0)—KMS classical state iff
Bo(wd(a) > io({ad)), ac D(E)

A: Theorem (Drago, Van de Ven, P.) : a)jr € S(Bjr) (ﬁ,5jr)fKMS quantum state
any weak™ limit point of (a)j!— o Qj-r)jez+/2 is a (B, 8L)—KMS classical state
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Condition for quantum uniqueness
Absence of CPT implies absence of QPT

Def: Given 2,7, — if 3! @ (B,7)—KMS state: No Phase Transition
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Condition for quantum uniqueness
Absence of CPT implies absence of QPT

Def: Given 2,7, — if 3! @ (B,7)—KMS state: No Phase Transition
- Bratteli O., Robinson D.W. (1997)
Conditions for absence of QPT:

[0l := X a0 (sup X @l ) <

m>0 x€l X>x
[x|=m+1

;L (fl . 3\ —1
plol <5 (1+ =547
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Condition for quantum uniqueness
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Def: Given 2,7, — if 3! @ (B,7)—KMS state: No Phase Transition
- Bratteli O., Robinson D.W. (1997)
Conditions for absence of QPT:

[0l := X a0 (sup X @l ) <

m>0 x€l xsx
[x|=m+1
A A2j+1)73\ !
) iy N Y
lol, < 5 (1+ =

v exdlgx = HQj((PX)HBjx < loxllpx
X jdependence — elassieaHimit
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Derivation of a classical condition
Absence of CPT implies absence of QPT

Theorem (Drago, Van de Ven, P.):
¢ := (¢x)xer, Px€ C*(S%), s>7/4

lolle= X akca)" (s T loddo ) <+
m>0 x€l | X|=m+1
Xox

log 2
§)i=—
PlS) = ke Toll,

31 o, KMS if B € [0,B(s))
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Basic ideas
Absence of CPT implies absence of QPT

Note: {p € Np, y €N, my € [Ly, 0)]; Yoo my = Qyen Yeym,

lap € BN — ap = ZKAGZX Yon a(ln, mp)Yom, — o determined by WOE(YZ,\m,\)
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Basic ideas
Absence of CPT implies absence of QPT

Note: /p € NA, yeN, myc Ly, 0)); Yium = ®y€,\ Yi,m,
lap € BN — ap = ZKAGZX Yon a(ln, mp)Yom, — o determined by WOE(YZ,\m,\)

U ol (n,mp) := OL(Yium,) — (1—Lg)ol = 3§,

|| Lg s <1 = el =Y 138, Hj‘lrzsupsup LA(£n, mp)]

n>0 NET Lp,mp
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Basic ideas
Absence of CPT implies absence of QPT

Note: /p €Np, ye A, m, € [—Ey,fy]; Yiomy = ®y€,\ Yo m,
lap € BN — ap = ZKAGZX Yon a(ln, mp)Yom, — o determined by WOE(YZ,\m,\)

L @l (6a,mp) = 0L(Yinm,) = (1— Lg)@l =3,

an <1 = J = ZLEQ, H[Hl:: sup sup [fa(€a, mp)|

n>0 /\@I’me/\

g

! Lemma (Drago, Van de Ven, P.):
ol € S(BL), (B,85)-KMS — wf(ap) = ol (eﬁibx(“wﬁexa,\)

! Schur: [y9) ReYi,m, AR = 0
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L @l (6a,mp) = 0L(Yinm,) = (1— Lg)@l =3,

an <1 = J = ZLEQ, H[Hl:: sup sup [fa(€a, mp)|

n>0 /\@I’me/\

g

! Lemma (Drago, Van de Ven, P.):
ol € S(BL), (B,85)-KMS — wf(ap) = ol (eﬁibx(“wﬁexa,\)

! Schur: [y9) ReYi,m, AR = 0

— Qoro(f/\,m/\) = a)0[><fSU(2) (1 — eﬁZXBx(1—kx)(PX) Yf/\m/\dRX>7 Qoro(€®7m®) = 1
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Expansion of the equation
Absence of CPT implies absence of QPT

! Three main steps:

> (1-efLe-RIe)y,  — v %[HL Yxox(1= R)Ox] Yer.m
': (] - kX)(PXi = ZEXN’”X/ CXiny(KXN mXi) fo,»mx,

e Using the product expansion of Y’s (S, := X;U---UX,,)

N(x, 5 Ex,)
— h h
Yf)ﬁ X, e YéXnaan Yél\ym/\ - ( H YZ/\,yJ”/\.y) Z C,(Es,ﬂ mSn) ngn’mgn ?
h=1

V" Uniformity in A
v |C’(€§n,mgn)| <1
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One big ri-expansion
Absence of CPT implies absence of QPT

OL(nmA) ==L B Y Xy Tyt Jsu) ITi=1 Cx, R, (€x;, mx; )dRy

x€X1N...NX, my, ,...,Mx,

N(Lxy s xp r
Zh X Xn) C’(fh ) ﬁ (Y[h ,L, HyE/\QSf, Yg/\.y’m/\‘y) = (Lg@i)(f/\m/\),

Defi (Lgf)(lz, mz) =0 } (1— LB)COr =0
Defy, 0(lz,mz):=18(lp,mp) :=0if N#£
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One big ri-expansion
Absence of CPT implies absence of QPT

OL(nmA) ==L B Y Xy Tyt Jsu) ITi=1 Cx, R, (€x;, mx; )dRy

x€X1N...NX, my, ,...,Mx,

N(LxysExp) r
Mt (g b Yo (y/h e Tyencs; YZM’%) =: (Lg")(¢n, mn),

Defy (Lgf)({e, mz):=0
Defy, 0(lz,mz):=18(lp,mp) :=0if N#£
! Convergent series : (f, Y[m>]L2(S2) = m(( — Ag)*f, Ylm> L(S)?

}(1—L5)w2:5
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One big ri-expansion
Absence of CPT implies absence of QPT

OL(nmA) ==L B Y Xy Tyt Jsu) ITi=1 Cx, R, (€x;, mx; )dRy

x€X1N...NX, my, ,...,Mx,

N(LxysExp) r
Mt (g b Yo (y/h e Tyencs; YZM’%) =: (Lg")(¢n, mn),

Def; (Lﬁf)(ég,m@) =0

Defy, 0(lz,mz):=18(lp,mp) :=0if N#£
I Convergent series : (f, Yin)12(s2) = m(( —Ag2)*f, Yim)1(s)
* (L (tnma)| < ] (exp [2¢aKBll01] ~ 1)

wx (exp [2Ca KBl 1) < 1= B < B(s) = seilor = Lsll <1 0
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The Quantum situation
Absence of CPT implies absence of QPT

(O Déja vu) Theorem (Drago, Van de Ven, P.):
& = (Q(px))xer, Px € C*(S3),

Il =Y (*KCa)"sup Y llexllcasyy <+,
m>0 Yel | Xj=m+1
Xoy

A ] KMSif B €[0,B(s,A))
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The Quantum situation
Absence of CPT implies absence of QPT

(O Déja vu) Theorem (Drago, Van de Ven, P.):
® = (Q(ox))xer, Px € C*(S3),

I9llsn = Y (KCp)™sup Y lloxllcssy < o,
m>0 el | X=m+1
XSy

A ] KMSif B €[0,B(s,A))

L AN € BN = An =Yooy AUA M) Dty — O (En,mp) == OF (Z0,m, )
- (schur + KMS) 0 (th, ) = 0f (i Boam DR (1 ) DA(RIGR),
! Qj'((fpx) = Yrmy Cx(Lx; mx) i1, i mys
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Quantum estimates
Absence of CPT implies absence of QPT

Def: more involved because of non-commutativity

(L2 AA(Cn, mn)

:_Z(—B)” y ¥y /5 H xep(Dxeps M p)dR

|
n>1 n: X1y X pe{£1}" Lx p- fx,,p u(2)i=
Xqﬁsqfﬁﬁ@ X1«,P>“"an p
N(xy5--Ex,)
/ h h h h
Z CJP(ESn’ msn) X(nvA) (EX(I‘I,/\),[)7 mX(n,/\),p)
h=1

B _ n 207 'BKCHllel;
* HLj H SeAZnE(zl 1BK5CSA”(PH)L,5) = 1*2/1’1BK:(A75AH<PT\1,5’

** Again (A > 0): B < B(s,A) :=

p
= doratis = b [, <
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To conclude
Conclusions
Striking results
¢ Quantization on the whole lattice I’
# i 2 =10g2 = 9], < = = [l g2 < =

... Moreover
B €[0,B(log2,s)) then 3!Classical KMS-state = 3!Quantum KMS-state

1774 a)jr— unique quantum KMS — (@; er) o, — unique classical KMS

Outlooks:
(2 Absence of quantum phase transitions = Absence of Classical Phase transitions?
(3 Classical Phase Transitions < Quantum Phase Transitions?

Thank you for your attention and enjoy the &
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Explicit quantization IlI

Conclusions

1o Yemlle <1, (Yo YEm)LZ(SZ) = Opp Oy 4T /(204 1)

0+ Im+m \/_
2 YomYom = X750, CGEO 00CG im0t Yomemt

Defs: Yim — @j\ém = Qj( ng/m), <A, B>H5 = TF[A*B]/(2j+ 1)
V| Zem| g, < 1 (B, Pim) s = Spur Sy / (2 +1)

2 Yym@e /_ed’ZﬁJrf@ o) CG%JZ" V2V 20 +1 {E E’ j}<—6j—symbol

. . . ij ol
MY, Sixe,0,SiX0,0, = Opyey,  SiXp 0, 1= /201 + 13/ 205+ 1 {2 é, Z}

— ‘Sngg/| <1
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Details on product formula

Conclusions

. ~ 0ifye S,/ X; . ]
Q Extension: EX'FY — EX:\V = .y n/ ’ > Bi(oi > fo..mx — Yg m BDS:
’ f)(.lfyexi i’ X;»MX;
+£X EX _ Ay+EX Wy
truly means Iyt oy Ky oy
Q ZSy.17-~-7 Sy,n y Z R sy.n=10x, 1.y—Lxayl

Q From Z‘H'b 1<2min{a,b}+1—

EA +[X ZX _ <Y+[Xn.y
s NEx,, iy L
( X1 ) HyES Z"s 1_|€/\y—/x vl syn=I0x, 1.y—Cxny|

< Hyesn H?:1(2€Xi7y+ 1) - i:1 HyEX,-(ZEX,»,er 1)
v Uniformity in A
VOO me ) <1
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