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Machine Learning in a Nutshell L= [f(@a;0) — frarget(2a)]’

aED
Instantiate a model

finit () = f(2;0init) with  Oinit € P(Oinit)

« Train the model, e.g., by gradient descent

oL

0,(t+1) = 0,(t) — ’737|9—9<t>
o

Use the trained model to make predictions

p(ftra,ined) mean, variance, etc.
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Neural Networks
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Neural Networks

* Function:

10
z§1)(a:) — bgl) + ZWi(J})xj for i=1,...,n1,
j=1

ne
z§£+1)(:c) = bg”l) + Z W,L-(j“l)a(zy) (az)) for i=1,...,np41; ¢=1,...,L—1
j=1

f(z;0) = 2 () /

activation function

o(z)

perceptron sigmoid ReLU
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Neural Networks

* Function:

zgl)(a:) — bgl) + ZWS)% for i=1,...,n1,
j=1

ne
z,§£+1)(:c) = b§£+1) + Z W,L-(j“l)a(zy) (a:)) for i=1,...,np41; ¢=1,...,L—1
j=1

f(z;0) = 25 ()

* Model parameters: Ou=1,.p = {bgl),Wi(]}),b,EZ),Wig.z), . .,bgL),Wig.L)}

* [|nitialization distribution: i.i.d. from mean-zero Gaussian with

C

[0 =0y W] = iy

good wide limit
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Machine Learning in a Nutshell

Instantiate a model

finit (z) = f(Z; Onit)  with

« Train the model, e.g., by gradient descent

Use the trained mode

Ou(t+1) =0,(1)

to make predictions

Oinit € P(Oinit)

oL

/

p(f trained )

~ 198, lo—acs

mean, variance, etc.
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Problems 1,2, &3

Trained function, Taylor-expanded around initialization:

df 1 Ld2f
ftra,ined — finit (etrained — Hinit) @ - 9 (etrained — Hinit) W

init
 Problem 1: too many terms in general
* Problem 2: complicated mapping
: : Otrained = |Otrained| | Ginits fini 4 dz—f > algorithm; data
o Problem 3: COmpllcated dynam|CS trained trained init» 1n1t7d0 init7 d92 init7..., g )
4 )
df | d*f
p(é’init) — P (Hinitafinita @ o ’—d02 o — p(ftrained)
Init 1init N y

statistics at /n/tialization statistics after training
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* Microscopic perspective (focusing on individuals):
the more model parameters, the more complex. We are doomed...

« Macroscopic perspective (focusing on averages):
the more model parameters, the simpler. We can do this!
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Simplification when there are infinitely-many neurons in hidden layers

(a.k.a. law of large numbers; a free theoryat n = o0)
AND

systematically going beyond that idealized limit
(a.k.a. perturbation theory; a weak/y-interacting theorywhenn > L)




Despair & Hope

Simplification when there are infinitely-many neurons in hidden layers

(a.k.a. law of large numbers; a free theoryat n = o0)
AND

systematically going beyond that idealized limit
(a.k.a. perturbation theory; a weak/y-interacting theorywhenn > L)

Y L/ - ) —{P(f trained )J

P(Hinit) — P | Oinit, Sinits 57 RS0
1nit d@
“Statistics become sparse & dynamics can be truncated”

do

9
Init




2. Neural Networks at Large Width



Training Dynamics at Infinite Width
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Training Dynamics at Infinite Width

. 0L
Gradient descent: 0# (t + 1) — 9“ (t) — 77% |9:9(t)
0L
Function evolution: f(t =+ 1) — f(t) — 77H(t) af - O ﬁ

o 2
with Neural Tangent Kernel (NTK) H ~ Z (8%)
7

U

NTK evolution: H(t + 1) — H(t) + O V=
n

H(t) = Hiniy  “frozen” NTK

F(t+1) = £(8) — nHine 25

of



Solving “Problem 3” (Dynamics) at Infinite Width
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Solving “Problem 3” (Dynamics) at Infinite Width

1
E.g.,for [ = 5(1" — y)z

f(t+1) = f(t) — nHnic [ f (1) — y]

— —1 9
Vtrained — finit init * Hmlt [flnit — Y

(exponentially)



Solving “Problem 3” (Dynamics) at Infinite Width

_ « —19 '
\ftrained — finit — Hinit X Hinit [finit — Y

P (einit) — P (finita Hinit) ap(ftrained ))




Solving “Problems 1 & 2” (Statistics) at Infinite Width
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Solutions to “Problems 1 & 2” (Statistics) at Infinite Width

« (Gaussian distribution [R. Neal (1996), J. Lee+Y. Bahri et al. (ICLR 2018), A. Matthews et al. ICLR2018)]

1
D (finit) X exXp (— 5 “finitK_lfinit”> K some (calculable) matrix

e Deterministic NTK [A. Jacot, F. Gabriel, & C. Hongler (NeurlPS 2018)]

D (Hinit) — 5 (Hinit — @) (—) some (calculable) matrix

P (ginit) @p (finita Hinit) —7 p(ftrained)
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« (Gaussian distribution [R. Neal (1996), J. Lee+Y. Bahri et al. (ICLR 2018), A. Matthews et al. ICLR2018)]

1
p (finit) X €XP (—5 “finitK_lfinit”> Ksome( ) matrix

e Deterministic NTK [A. Jacot, F. Gabriel, & C. Hongler (NeurlPS 2018)]

p (Hinit) = 6 (Hinis — ©) © some ) matrix

P (ginit) @p (finita Hinit) —7 p(ftrained)



Training Dynamics at Finite Width

e+ 1) =6 - nH )5
2 dH()(Z?) : %ddH()(g;:) ) o(1/n)
+o [~

ftrained :fmlt init * Hmlt” [fmlt ]

+ despicable(y, finit, Hinit, dHinit, dd Hinjt; algorithm)

P (Oinit) — P (finit, Hinit, dHinit, ddH init)@p(f trained )



Statistics at Finite Width

Nearly-Gaussian [§4,  §8, §11.2, &§00.3 of arXiv:2106.10165]

p (Hinit)@p (finits Hinit, d Hinit, dd Hinit ) —>[p(f trained)]
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Statistics at Finite Width

P (Binit )@p (finit, Hinit, dHinit, dd Hinit) — [p(f trained)}
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3a. RG flow
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Statistics of 2" =" + X7, Wz,

“Wick contraction”
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Statistics of 2" =" + X7, Wz,
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Statistics of 2" =b{" + 37, Wz,

1 2 "1 I 1 2"
(1) A(1>) _ (A(l))
p(3) < exp |~y 2 (3 [T{ew |- 500 (3

« Neurons don’t talk to each other; they are statistically independent.

- We marginalized over/integrated out bgl) and Wi(jl).
« Two interpretations:

(i) outputs of one-layer networks; or
(ii) preactivations in the first layer of deeper networks.
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Statistics of z? =5 + > Wi(jZ)U (3:51))
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Statistics of Other Stuffs

Two-point:
1
G = Cy + Cw (0(2)0(2)) gy + O <ﬁ>
Four-point:

Ly Lz (50000 (@) aw — (0020

U; U;

-G V2 G)e(e) (- GO) )’ +o(i>

el(d n?

NTK mean:

HHYD = Xy 4+ Aw (0(2)0(2)) g + Cw H' (0 (2)0" (2)) gy + O (é)



3b. Criticality



E.g., Scale-Invariant Activation Functions

o(z) = arz, z2>0,
a_z, z<0.

linear ReLU leaky ReLU

CL_|_=].,CL_=1 CL_|_:1,CL_=O CI,_|_=1,CI,_=0.].



Kernel Recursion
EEO29) = 6,,G0 = 6,5, [K“) +0 (%)]

KD = €y + Cw (0(2)0(2)) g0

o(z) = {

a4 <,

a_z,



n a4 <,
Kernel Recursion o(z) ={ N
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Kernel Recursion
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Kernel Recursion
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Kernel Recursion
EEO29) = 6,,G0 = 6,5, {K(@ +0 (%)]

K = Gy + Cw (0(2)0(2)) ko

2 2
ay +aZ

(0(2)0(2))r = A2 K with Ag =




Kernel Recursion o(z)
E[fo)%(f)] = 6,,G\Y) = 6,4, [K(E) + O (%)]

K™Y = Gy + Ow (0(2)0(2)) g

2 2
(0(2)0(2)) x = 4K with Ay = 21 9=

KD = ¢y + Cy A KW



Kernel Recursion

1

KD = ¢y + Cw (0(2)0(2)) k@

Let me simplify further (Cp =0, ¥ = Cw Ao

KD Zﬁb/-l- Cy Ao K

X



Kernel Recursion
EEO29) = 6,,G0 = 6,5, {K(@ +0 (%)]

KD = ¢y + Cw (0(2)0(2)) k@

Let me simplify further (Cp =0, ¥ = Cw Ao

KW — yK®



. arz, z2>0,
Kernel Recursion o(z) ={ i
E[fo)’sz)] = 05,3, G = 641, {K(@ +0 (%)]

KD = ¢y + Cw (0(2)0(2)) g

Let me simplify further (Cp =0, ¥ = Cw Ao

KW — yK®
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n
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1

n

Kernel Recursion 0(2) = {

)|

2 2

X =CwAs =Cw (a+42ra_) (D) :%_'_ Coy (

»+ Y > 1 :exploding signal



E|

%(f)iff)] = 6,,,GY =6, ;, [K(f) +0 (l)]

n

K(g) — Xe_]'K(l)

»+ Y > 1 :exploding signal

» Y < 1 :vanishing signal

Kernel Recursion 0(2) = {

2 2

X =CwAs =Cw (a+42ra_) (D) :%_'_ Coy (




g 9 >07
Kernel Recursion  o(2)= {W i

E[Eff)/z\g)] — 5’&'1’&'2G(£) — 57317;2 [K(E) +0 (l)]

n

K(e) — Xe_lK(l) x = CwAz =Cw (ai;ai) 78 =%+C’W (73:502332)

c X > 1 :exploding signal
»+ Y < 1 :vanishing signal

X = 1 :critical signal propagation

K® = K1) — constant = K*




Kernel Recursion 0(2) = {

]E[E(e)/z\(f)] = §;,:,GY) =6, ;. [K(E) +0 (l)]

11 T2
n

K(e) — XE_]-K(]-) x = CwAz =Cw (ai;ai) 78 =%+C’W (;inZ)

c X > 1 :exploding signal

»+ Y < 1 :vanishing signal
1 2

» Y = 1 :critical signal propagation @ C'W — A, aﬁ_—l—a?_ Kaiming init. for ReLU

K® = K1) — constant = K*




Scale-Invariant Universality Class

o(z) = arz, z2>0,
a_z, 2<0.

Aside from differences in order-one coefficients,
they all behave similarly when networks become deep.



K™ = 0 Universality Class: tamn, sin, ....

8%

tanh

(Cba CW)crltlca,l (O 1)

at which we have a fixed point K* — O with XH(K*) — XJ_(K*) — ]_



Half-Stable Universality Class: ceLy, suis, ...

SWISH GELU

(Cy, Cyyr )mitical 5 (0.55514317,1.98800468) (Cy, Oy )eiteal 5 (0.17292239, 1.98305826)




No Criticality, No Deep Ledrning: perceptron, sigmoid, softplus, ...

o o o
—
perceptron sigmoid softplus

X||(K*) — XJ_(K*) — ] unsatisfiable

Never again for deep learning



Four-Point Recursion

finite-width effects o i‘?pth

idth




Two Endnotes

Preceding discussions assume the neural-tangent scaling of various hyperparameters;

for more general cases including the maximal-update scaling, see:

arXiv:2210.04909 (S. Yaida, “Meta-Principled Family of Hyperparameter Scaling Strategies”)
interpolates the neural-tangent scaling @ s = () and the mean-field/maximal-update scaling@ s = 1

In order to keep representation-learning ability,

we should keep h/ — L fixed in scaling up the model

nl—s

« depth~width for the neural-tangent scaling strategy
(7Y is a coupling constant)

« depth=fixed for the mean-field/maximal-update scaling strategy
(intrinsically strongly-coupled)


https://arxiv.org/abs/2210.04909
https://arxiv.org/abs/2210.04909

Two Endnotes

arXiv:2304.02034
(Emily Dinan, S. Yaida, Susan Zhang, “Effective Theory of Transformers at Initialization”)

me EE

Vision Transformers R2C2
100 LI L L A O N N B L L B B N B L B N B B B B N B B B T T L LI . | T T T T T I T T T T
E —— R2C2, standard: (1r,wd) =(7.0e-4, 0.01) [1.163]
0 E : | |—— R2C2, neural-tangent: (1r,wd) =(64.88, 1.08¢-07) [1.135] |
20 E 7 — — BART, standard: (1r,wd) =(1.0e-3, 0.01) [1.203]
? E = il E — — BART, neural-tangent: (1r,wd) =(32.768, 3e-7) [1.201]
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—— neural-tangent: (1r,wd)* = (20,0.00004) [80.8%, 81.0%, 80.8%] [ i
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https://arxiv.org/abs/2304.02034

