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Task: find P,(H1V) such that H
tracks the most relevant degrees of
freedom within region V

Method: find max[1,(H :£) ] over params A

P.(HIV) $

The Real-Space Mutual Information (RSMI)

Nature Physics 14, 578-582 (2018)
Phys. Rev. X 10, 011037 (2020)

Insight: the optimal P, (H1V) give access to the RG-relevant operators
Phys.Rev.Lett.126, 240601 (2021)
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The three ingredients

= The coarse-
graining ansatz
family P(H 1 V)

= [he estimator of mutual

= The physical principle:
information

lossy compression
maximising I(H:E)

M x M Scores

“Real”

M x M features

2 1
E w — Local feature (+)
I

e Y IR .

[/ Encoder-P(H|V) \

)  CoarseGraining  y > \
/ M
\Y Global feature
“Fake”

Local feature (-)

M
M x M features drawn from another image

Relevancy
Variable (E)
Environment

— T J

Dir(P || Q) = sup Ep[T] —log(Eq[e”]) —
T:Q—R coarse-graining network: pa(h|v)

https.//github.com/RSMI-NE/RSMI-NE
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Lossy compression

We have a complicated signal V

We'd like to compress it to a variable H,
using a mapping p(h 1 v)

So that H retains relevant information
for the down-stream task, implicitly
defined by correlations withY

=

dmd =4 <N,
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Relevance defined implicitly, by
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The information bottleneck (IB) compression

Relevance defined implicitly, by
correlations with a signal variable

Tishby, Pereira, Bialek (1999)
Tishby Slonim NeurlPS (2000)

=  Optimal compression of relevant

information is a variational problem

i Lip[P(H|V)] = Pl I(V;H) — BI(H; E)
= |B equations: el
P(hlv) = P(Zh) exp (—52p(e|v) log [ige“h;D
= ZP(hh})P v
P(e|lh) = ZP e|v)P(v|h) N

= Optimal IB encoder goes through a sequence of
permutation symmetry breaking transitions

Gedeon et al. Entropy (2012), 14(3) 456-479

= RSMI arises in the infinite (3 limit, and finite alphabet
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Estimating Ml with neural networks

Common methods are computationally I(X:Y)=H(X)—- HX|Y)
demanding and/or not differentiable
p(z,y) ]

p(z)p(y)
=: Dk, [p(z,y)||p(z)p(y)]

= Epz,y) [log

Estimation by optimising variational bounds:

Digr(P|| Q)= sup Ep[T]— log(EQ[eT])
e

* Make T a neural network! [MINE, Belghazi et al. (2018)]

=  MINE can be improved in many respects (e.g. variance)
InfoNCE, van den Qord et al. (2018)

Poole et al. ICMLR (2019) “On variational bounds of mutual information”

= We get a parametric, differentiable, and tight lower bound on M|
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The RSMI-NE network

lattice configuration

pa(hlv) v h =10 (\-V)

= The coarse-graining network(s)
IN(H = E)[f]

= Differentiable discretization

Bengio, Leonard, Courville arXiv:1308:3432
Jang, Gu, Poole ICLR (2017)
Maddison, Mnih, Teh ICLR (2017)

coarse-graining network: pa(h|v) RSMI estimator network

= The RSMI estimator and the coarse-grainer are stacked

= Co-trained with SGD as a single network (differentiable, upper bounded!)

Phys.Rev. E, 104, 064106 (2021)
https.//github.com/RSMI-NE/RSMI-NE Phys.Rev.Lett 127, 240603 (2021)
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Example: the interacting dimer model

111 = =1
LILIIIII

Z= 2 exp(- EJT),

E.=u[(N(=) + N(II))].
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= Pairs of C/P filters label broken symmetry states = Filters define order parameters:
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= Filters are relevant operators:

On(p) = (cos(np), sin(ny))
Papanikolaou et al. PRB 76, 134514 (2007)



= Pairs of C/P filters label broken symmetry states = Filters define order parameters:

o (== == N
‘BB B B LA N ndbuniy (e P 1= N—VZT i Vi
L k
(-1, -1) (—1,+1) (+1,-1) (+1,+1) DSB := E ZT o(A¢ - Vk)]
| &
Alet et al. PRE 74, 041124 (2006)
(-1,-1) (+1,+1) (—1,+1) (+1,-1)
1.0 I I 4 1.0
o(r) 3 3 P 0 0.8 F columnar plaquette correlations dos
Oi(p) = (cospsing) | (0.1) (0.-1) (-1,0) (rL0) | & o6 O critical 7 08
O () = cos(2¢p) -1 -1 +1 11 0.4 | —> 404
0.2 : 0.2
0.2 0.5 1.0 1.5 2.0 2.5

T/Tekr
= Filters are relevant operators:

On(p) = (cos(np), sin(ny))
Papanikolaou et al. PRB 76, 134514 (2007)



= Pairs of C/P filters label broken symmetry states = Filters define order parameters:

o (== == N
‘BB B B LA N ndbuniy (e P 1= N—VZT i Vi
L k
(-1, -1) (—1,+1) (+1,-1) (+1,+1) DSB := E ZT o(A¢ - Vk)]
| &
Alet et al. PRE 74, 041124 (2006)
(-1,-1) (+1,+1) (—1,+1) (+1,-1)
1.0 I I 4 1.0
o(r) 3 3 P 0 0.8 F columnar plaquette correlations dos
Oi(p) = (cospsing) | (0.1) (0.-1) (-1,0) (rL0) | & o6 O critical 7 08
O () = cos(2¢p) -1 -1 +1 11 0.4 | —> 404
0.2 : 0.2
0.2 0.5 1.0 1.5 2.0 2.5

T/Tekr
= Filters are relevant operators:

On(p) = (cos(np), sin(ny))
Papanikolaou et al. PRB 76, 134514 (2007)

(Ap1,Ap1) o = (cos(p + w/4),sin(p + 7/4))
Ac o p = cos(2¢)



Pairs of C/P filters label broken symmetry states

R I L B Bl e
C(l’) o o -y o
'R R B LI B e Ll
(-1,-1) (-1,41) (+1,-1) (+1,+1)
(-1,-1) (+1,+1) (-1,41) (+1,-1)
o(r) 3 x u 0
O1(p) = (cosp, sinp) (0,1) (0,-1) (-1,0) (+1,0)
O,(p) = cos(2¢p) -1 -1 +1 +1

Filters are relevant operators:

On(p) = (cos(np), sin(ny))
Papanikolaou et al. PRB 76, 134514 (2007)

(Ap1,Ap1) o = (cos(p + w/4),sin(p + 7/4))

Ac o p = cos(2¢p)

Filters define order parameters:

[ 1

DSB:=E |} 7o (AC'Vk)]
Lk

Alet et al. PRE 74, 041124 (2006)

1.0 T T 9 1.0
08 Cmar plaquette correlations dos
06 order critical 7| %€
0.4 | — > o4
0.2 |- : 0.2
0.2 0.5 1.0 1.5 2.0 2.5
T/ Tekr

(Also: staggered filters are gradients of the height field)

—~

o



Symmetries in the RSMI ensemble

1-
40
30 £
0
k=
20E o 0
O
o
10
0 L |
1 0 1
P,

PRE, 104, 064106 (2021)
PRL 127, 240603 (2021)



Symmetries in the RSMI ensemble
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xxxd The action of symmetries of the physical state are
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Symmetries in the RSMI ensemble

The action of symmetries of the physical state are

1 | ,M represented on the space of filters
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Symmetries in the RSMI ensemble

The action of symmetries of the physical state are
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Lattice gauge theories

L. Oppenheim, MKJ, S. Gazit, Z. Ringel arXiv:2311.17994
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RG for quasi-periodic systems



RG for quasi-periodic systems

= The quasiperiodic Amman Beenker (AB) tiling is generated hierarchically:
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RG for quasi-periodic systems

The quasiperiodic Amman Beenker (AB) tiling is generated hierarchically:

AB tiling admits perfect dimer covering, and shows evidence of power-law
dimer correlations: Phys. Rev. B 106, 094202 (2020)
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RG for quasi-periodic systems

D.E. Gokmen, S. Biswas, S.D. Huber, Z. Ringel, F. Flicker and MKJ, arXiv:2301:11934 (2023)



RG for quasi-periodic systems

MC samples
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RG for quasi-periodic systems

The compression map reveals effective super-dimers on a larger scale:
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RG for quasi-periodic systems

The compression map reveals effective super-dimers on a larger scale:
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The same compression maps persist across multiple scales
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Lis[pw, x,] = 1(Xs, H) — BI( Xty at, Hy)

= Compress to preserve information about the future state of the system.

Ph(hla) = 37z P () exp [ 830246, @) (1)
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Lilpm, x| = I1(Xe, Ht) — BI(Xt+at, Hi)

Compress to preserve information about the future state of the system.

The IB-optimal encoder is determined by the eigenmodes of the transfer operator

pp(h|z) = N (@) p3(h) exp |B) e A¢,(x) fu(h)



Brownian particle in a potential
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Brownian particle in a potential
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Brownian particle in a potential
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Brownian particle in a potential
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Brownian particle in a potential
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Brownian particle in a potential

J.;t = _8$V(xt) + Ont.

V(@)= ()

Present-Future
Information

Information
Loss

IB transitions

1.0 ~
S — {
T % y ©
5 \ I = ¢ —
< - (o B \ -
+05F Learn ¢o(x) = = " \ 0
\>S, Learn ¢ (x) Q / “
= 20 é
S ~
0.0 ‘/| = . b : .
Br B -1 0 1 -1 % 1



Brownian particle in a potential
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Cyanobacteria experiments

Kai
Oscillations %’h Growth >

“O- [~
12h /

& ()



Cyanobacteria experiments

Kai
Oscillations € Growth >

24h /
@ (sn on) @@ D
-

& (@]




Cyanobacteria experiments

t=0 hr

Kai
Oscillations € Growth >
24h /
o o G—)
12h /
& (@)

dimH =2




Cyanobacteria experiments

Kai
Oscillations € Growth >
24h /
o o G—)
12h /

& (@]

= Dynamics in latent space reveals populations
differing by synchronisation
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= Dynamics in latent space reveals populations
differing by synchronisation

dimH =2 15.0
— 125
N
=< 10.0
7.5
! 5.0 L !
hO 0.50 0.75 1.00

t — 28hr

Synchronized  Not synchronized




Outlook

= Applications to 3D stat.mech. models

= Automating discovering the algebraic properties

satisfied by the operators
= Dynamical graphs

= Application to experimental data: soft-matter,

Operator content of theories on different lattices,
equilibrium or not, can be extracted using
compression theory tools from raw data alone.
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The staggered filters: Ag1 - V(r) = (-1)*TYNi(r),
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The staggered filters: Ag1 - V(r) = (-1)*TYNi(r),

Asa - V(r) = (—1)* N _(r)
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Critical exponents for the Self-dual Ising-Higgs Gauge
theory and the Ashkin-Teller model
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Filters as scaling operators
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Filters as scaling operators
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