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§ Diffusion Model as Stochastic
Quantization in lattice QFT
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Generative Models Problem Set

Want to model the observed data's underlying but unknown distribution,

to further :

* Understand/Inference the data (inherent structure, properties, features...)

* Sample according to the distribution

Suppose observation dataset :

X — {:E(l ) x(N)} 1.1.d (:E)

~ Pdata

We use parametric model to approach the data distribution :

Do (33) — Pdata (-CU)

* Maximize Likelihood Estimation :

0* = arg max log py(X) = arg max — Z log pg (")
0
z—l

Training data
(e.g. 64x64x3=12K dims)

Leaming

Maximum Likelihood
RN /

‘Explicit density  Implicit density

RN \I
‘Tractable density ‘ ‘ Approximate densny‘
/

-Fully visible belief nets
-NADE

-MADE
-PixelRNN

-Change of variables

models (nonlinear ICA)

|. Goodfellow, arXiv:1701.00160 (2017) 1

Variational 'Markov Chain

Variational autoencoder Boltzmann machine




Given an ensemble of data from the target distribution

Training data Sampling K. Zhou, G. Endrédi, L.-G. Pang, and H. .
(g EsoAsRmaan dims) Stocker, PRD 100, 011501 (2019) Monte-Carlo
m » GAN
o G 8.,
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— - i 10
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See Lingxiao’s talk on Friday !



Suppose knowing unnormalized probability distribution

® Reverse KL divergence

p(s)

Datanllp) = Y aon (23] = g, =) Fy= 2 2 0o BE) + Ingofo)

N
® Autoregressive  qo(s) = H%(S: | $15. 05 8i-1)
i=1

® (Continuous Autoregressive for XY model

D. Wu, Lei Wang and P. Zhang, PRL122,080602(2019)

L. Wang, Y. Jiang, L. He, K. Zhou, CPL 39, 120502 (2022)
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Flow based generative model given unnormalized distribution

A series (Flow) of invertible/bijective transformations for p(z)

r

‘ f1(z0) @ ‘f:(zr 1) @-ll(zx

-
-

¥ N
Ah_\a

2o ~ po(2o) ; ~P¢( ) Zg ~ PK(ZK)
pi(zi) = pi-1(f; " (2:))| det Jp—1| = pi—1(zi—1)| det Jp, |7
K K
~+ log p(x) = logpo(f~(x)) + _ log | det. J, 1| = log po(zo) — > log| et |
i=1 i=1
Markov

chain

T S B

*
Proposals from .;i h %
flow model - 2 g"h.* =

Fourier Flow Model

S.Chen, O. Savchuk, S. Zheng, B. Chen, H. Stoecker, L.
Wang, K. Zhou, PRD107, 056001(2023)
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AL _J
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05 F=2 14
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The Chinese University of Hong Kong, Shenzhen
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“A heavy quark move inside quark-gluon plasma”




Diffusion Model

Forward diffusion process (fixed): gradually introduce noise into data

Forward diffusion process (fixed)

Data

Reverse denoising process (generative)

® Reverse diffusion process (learned): gradually denoise to generate data

Use variational lower bound

Po(xi—1x¢)
@—* —’@ @—’ —*

‘\ Q(Xt\xt 1) )
\‘\ ”’

q(x—1]%:) is unknown



Forward Diffusion Process

Forward diffusion process (fixed) lilianweng.github.io/posts/2021-07-11-diffusion-models/

Data Noise
T
q(xefxi-1) = N(x¢; V1 — Bixe—1, BI) =  a(x17|x0) = H‘I(thxt—l) (joint)
=1
letay; =1 — By and a; = szl a; = q(xx0) = N(x¢; vV axo, (1 —ay)l

=vVarxg++/(1—a) e where € ~N(0,1)

Bi < Py < --- < PBr therefore@; > -+ > ar ar — 0 and q(xp|xg) ~ N (x7;0,1))



Reverse Diffusion process

lilianweng.github.io/posts/2021-07-11-diffusion-models/

Use variational lower bound

| ST A
- : oa(xelxe—) ) .

I
\\ ,
~

- I

g(x¢—1]%¢) is unknown

po(xor) = p(xr) [ [ po(xi 1) po(xiafxi) = N (xe-1; po(xe, 1), Zo(xy, 1))



DM Training and Sampling

Po\Xo.T
EQ’(XD) [_ lngg(XU)] < Eq(xo)Q(X1:T|xo) —logM = L=E, DKL( (XT|XO)||p X7) +§ :DKL (X 1|xt’X0)Hp9(xt 1‘Xt)) lnge(Xolxl))l
q(x1.7|X0) b
Lt t>1 Ly Ly
Li=Eype|— || fe(xe,%0) — po(x t)HQ]
b QHEG(Xn )||2 o )

= Exu,e

2 ( 1-a €t) - ! (Xt - Lo EG(Xt:t))H2]
2H>39H Vai Vi—a NG V1—a;
i (]_ Q’t)z
= Exuf —
F204(1 — &) || X

[0 ;e — eo(/@xo + V1= are )]
L2041 — @) 23

et~ eolxi, )]
2

Algorithm 1 Training Algorithm 2 Sampling
5 heat x0) 1: xr ~N(0,1)
§ TG 2: fort="T,...,1d
3: t~ Uniform({1,...,T}) 3 (;rN N(O I), 0
4: €~ N(0,I) -
5: Take gradient descent step on 4 X1 = \/;a—t (xt = \}I—T.f;jfe (Xtat)) t+ otz
Vo ||e — €o(Varxo + VI — e t)||2 5: end for
6: until converged 6: return x,




SDE perspective

Forward SDE (data — noise)
@ dx = f(x,t)dt + g(t)dw

dscy = — = B At + 4/ BT

- score function |
‘(7 dx = [f(x,t) — ¢° (t)&x log p; (x)]] dt + g(t)dw

Reverse SDE (noise — data)

Song et al., Score-Based Generative Modeling through Stochastic Differential
Equations, ICLR 2021

® Fisher Divergence
& Fpo) || Ve log p(x) — sp(x)]12]

Via score matching



Forward Diffusion Process

Forward diffusion process (fixed) lilianweng.github.io/posts/2021-07-11-diffusion-models/

Data Noise
T
q(xefxi-1) = N(x¢; V1 — Bixe—1, BI) =  a(x17|x0) = H‘I(thxt—l) (joint)
=1
letay; =1 — By and a; = szl a; = q(xx0) = N(x¢; vV axo, (1 —ay)l

=vVarxg++/(1—a) e where € ~N(0,1)

Bi < Py < --- < PBr therefore@; > -+ > ar ar — 0 and q(xp|xg) ~ N (x7;0,1))



Apply DM on lattice QFT configurations

d¢ d¢
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L. Wang, G. Arts, K. Zhou, JHEP 05 (2024) 060

L. Wang, G. Arts, K. Zhou, arXiv:2311.03578 (NeurlPS 2023 workshop “ML&Physical Sciences”)
10



Stochastic Quantization

_ —Se[x]/h
® Stochastic vibration Z = / Dx e ¢

= 0y _ KOV
ih o U= -5 o3
) One can construct stochastic process to reproduce the quantum path
op(zt) _ D 0 (x) Integral with its equilibrium:
ot Ox?

€

Ssepyn_, 0% _ _0Sild { (n(t,7)), =0

or  ox (n(t, T)n(t',7") ), =2h(t — t')é(T — 7')

Parisi G.and Wu Y. S., Sci. China, A 24, ASITP-80-004 (1980). 11



Stochastic Quantization

® Stochastic quantization 7= f Dge e p(0) = 7

O¢(x,7)  0Sg(o]

or - _m +n(w, 7) (n(e.7)) =0,

® Fokker-Planck equation &i’ﬂ— f d.’”;r{ 0

long time equilibrium limit 7., [¢] o< ¢~ 5717

® Observables (O[9])- —/Déo[@]P[@T]

¢~Pl¢, T = 0]

 [DoO(g)e @) N,

<O[®DT%OO - - <O[.®]>quantum

J"D@ e*%SE(fﬁ)

Parisi G. and Wu Y. S., Sci. China, A 24, ASITP-80-004 (1980). 12



Diffusion Model for field configurations

® Forward diffusion SDE =00 om G0 e osn @] raton
dCD . . ',‘Mn“ L My /' ”M
o = /@99 () = 200(¢=¢) Lt

NEM«W%W 4 My m "M’“ ﬁ\“}‘j Wﬂ

® Backward diffusion SDE - " Nk H“f o, Po
d
9 — [10.0) ~ POV losp(@)] + oOn(t)  t=T ¢

® Score match training
L= 07 Ep(60)Epi(éutéo) [IIS@(Ow‘i) ~ Vi, log pi(¢iloo) I3 pe(deldo) = N(@Jgé 0 Qlogg(UQ";~ - 1)1)

i=1

® Sample generation SDE

99— [1(0.6) ~ (015506, 0)] + g(0)7(1)

L. Wang, G. Arts, K. Zhou, JHEP 05(2024) 060 3



Denoising within DM as Stochastic Quantization

® Backward diffusion SDE in variance expanding scheme (i.e., vanishing drift in Forward)

dop

- = —g(t)*V g log pi(0) + g(t)i(t)

® Redefinetime r =7 -+ anddenoting g, =g(T—7), ¢ (¢) = pr_-(¢)

do

= gTV(;, log q- (&) + g-7(7) O(Tnt1) = O(Tn) + QT Vo 10g 4z, [0(T0)|AT + 97, VATI)(T,)

® The corresponding Fokker-Planck equation and equilibrium

Opr(0) n, 0 (_0 * ' a
e fd {QTO (Ofo-@ + V¢5Dh-1>}pr(0)- VoS = =V, log g- () Peq(0) x € —Spm/

o — Plp, T
® A flow of effective action will be learned in DMs Pe=r(¢) = P, T]

sampling from a DM is equivalent to optimizing a stochastic o1~ om
trajectory to approach the “equilibrium state”

L. Wang, G. Arts, K. Zhou, JHEP 05 (2024) 060 14



Effective Action on toy model

o 7.4
)) [
affwums B

2 _ -
20 H°=1.0,g=0.4

2=-1.0,g=0.4
] 20 H . 9
\ s :
151 N == sAg(¢,T~0-99) 15 — 5A9(¢.r~0.99)
\‘ — Sp(¢, T=0.0) —— Sy(¢p, T7=0.0)
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DM on scalar phi4 model

® Consider a real scalar field with action:

S = / dlzdtL = f dd:rdt( (3%0 m2¢3) — ¢§)
® In Euclidean space, the discretized action with dimension less form:

Sp = Z 2nz ¢(x + (1= 20)6(x)* + A ().

1 —2A 6\
—2d,a" )y = =

K2’

a%gbg = (26)Y%6, (amg)? =

® Broken phase and symmetric phase

1 —2A

weN) =5

16



Results

® 2d 32x32 lattice size, HMC generated 5120 configurations for training

® Broken phase:

=025 %=05

numerous “bulk” patterns emerge

60

Numbers
= N w iy U
o o o o o

o

symmetric phase:

-01

0.0

Magnetization

HMC
DM

0.2

data-set

(M)

X2

UL

Training (HMC)
Testing (HMC)
Generated (DM)

0.0012+ 0.0007
0.0018 £ 0.0015
0.0017+ 0.0015

2.5160 % 0.0457
2.4463 £+ 0.1099
2.4227 £ 0.1035

0.1042 £ 0.0367
-0.0198 £+ 0.1035
0.0484 £ 0.0959

17



Results: Autocorrelation time and final captured eff action

validation R2 ~0.96

650
10 *:“A ----- h—— e — . Y LT G N —_— .
\ Sa e eti S
Vo Te 600
81 | ~. — | | | | | |
\ T~ i
i Rt T 550+
—~ 061 ! L -
:: \ — —_
s \ =
1Q \
0.4 \ | I I I I | | I |
\& —e MC 500 )
0.2 AN —#- HMC o
' Mo —e— DM-MC 4501 i
o 1 2 3 4 5 6 7 8 9 10 11 4001 | , | ,
Monte-Carlo Time-Step -150 =100 =50 0 50

Ser = —10gq(d)

18



Relation to (inverse) RG

® Forward diffusion kernel: gaussian smoothing

TRy S S '
Pe(0¢ldo) = N(@g= 0 o 1)1)

Or(x) = ¢o(x) + 1/%;6()() with-e ~ N(0,1)

® |n Fourier space:
. . o2T _
- (p) = d0(p) + \/ Feamre(p)

® | the above evolution will perturb (smear) higher momentum modes faster

loie|al1lod wiod g

because of the gradually increasing noise level

In FRG, the high frequency (short-distance) degrees of freedom is progressively integrated out !
See Semon’s and Mathis’s talk! 19



Summary

theory: p(¢p) ~ e 5k » configurations
stochastic quantisation A
e.g. HMC diffusion model,
backward process
“denoising”
v
configurations > random

e configurations
diffusion model, forward process &

20



Training efficiency
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