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Why study overparameterized neural networks?

Fully-Connected, CIFAR-10 Convolutional, CIFAR-10
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Why study overparameterized neural networks?

What happens in the limit of infinite width?

Fully-Connected, CIFAR-10 Convolutional, CIFAR-10
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Parameter Space Function Space

Bayesian
Inference

Gradient
Descent
Training

https://github.com/google/neural-tangents

As neural networks become infinitely wide, they become analytically 
simple

https://github.com/google/neural-tangents
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As neural networks become infinitely wide, they become analytically 
simple

Neural Network Gaussian Process

z(x) ⇠ GP(z(x))

z(x⇤)
��D ⇠ GP(z(x⇤)

��D)
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Distribution over functions induced by  
randomly initialized feedforward network
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Reminder: Gaussian Processes (GPs)

Draws from 
Neural Network-equivalent GP 

(NNGP)

x
zL
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Definition: zL(x) ⇠ GP(µ,K) is a Gaussian process, with mean and covariance functions µ(x) and K(x, x0),
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1.          is a GP
Network output is a GP: 4 step sketch
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[Neal, 1996]

[Lee, Bahri, et al., 2018] 
[Matthews, et al., 2018] 

[Garriga-Alonso, et al., 2019] 
[Novak, Xiao, et al., 2019] 

[Yang, 2019]



● What can we do with this understanding? 

● Predict trainability 
● Random initialization corresponds to the start of training 

● Perform inference with infinitely wide Bayesian neural networks 
● (without ever instantiating a neural network)

Distribution over functions induced by random initialization of wide 
neural network is a Gaussian process
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Trainability determined by phase diagram

Large depth behavior of kernel

KL = K⇤ +O (exp(�L / ⇠c))
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Trainability determined by phase diagram

Large depth behavior of kernel

KL = K⇤ +O (exp(�L / ⇠c))
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tanh fully connected network

• Dissimilar inputs 
converge


•  


• Gradients vanish 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Trainability determined by phase diagram

Large depth behavior of kernel

KL = K⇤ +O (exp(�L / ⇠c))
<latexit sha1_base64="akWOGtITkFSwVPOGEIGzsDYk6Ug="></latexit>

tanh fully connected network

• Dissimilar inputs 
converge


•  


• Gradients vanish 
 

K⇤ = �11T
<latexit sha1_base64="dI2UMCJAdDM0xUv1Wgsux+67LSc=">AAACC3icbZC7SgNBFIZnvcZ4W7W0GRIUsQi7UdBGCNgINhFzg2wSZidnkyGzF2ZmhbAELG18FRsLRWx9ATvfxtkkoCb+MPDxnzOcc3434kwqy/oyFhaXlldWM2vZ9Y3NrW1zZ7cmw1hQqNKQh6LhEgmcBVBVTHFoRAKI73Kou4PLtF6/AyFZGFTUMIKWT3oB8xglSlsdM3fdPsaHF9hxQRHs+ET1XQ/bP9SudMy8VbDGwvNgTyGPpip3zE+nG9LYh0BRTqRs2lakWgkRilEOo6wTS4gIHZAeNDUGxAfZSsa3jPCBdrrYC4V+gcJj9/ePhPhSDn1Xd6Yrytlaav5Xa8bKO28lLIhiBQGdDPJijlWI02Bwlwmgig81ECqY3hXTPhGEKh1fVodgz548D7ViwT4pFG9O86Xb+0kcGbSPcugI2egMldAVKqMqougBPaEX9Go8Gs/Gm/E+aV0wphHuoT8yPr4BXQmZMg==</latexit>

||J || ! 0
<latexit sha1_base64="UwdN/YAaHqsxyVUzY45dDVRjT3E=">AAACFnicbVDLSgMxFM34rPU16tJNsAhuLDNV0GXBjbiqaB/QGUomzbShmWRIMkoZC/6DG3/FjQtF3Io7/8ZMOwvbeuByD+fckHtPEDOqtOP8WAuLS8srq4W14vrG5ta2vbPbUCKRmNSxYEK2AqQIo5zUNdWMtGJJUBQw0gwGF5nfvCNSUcFv9TAmfoR6nIYUI22kjn3sMRLqB5i3K+hJ2utnwlRHUop76HTsklN2xoDzxM1JCeSodexvrytwEhGuMUNKtV0n1n6KpKaYkVHRSxSJER6gHmkbylFElJ+OzxrBQ6N0YSikKa7hWP37IkWRUsMoMJMR0n0162Xif1470eG5n1IeJ5pwPPkoTBjUAmYZwS6VBGs2NARhSc2uEPeRRFibJIsmBHf25HnSqJTdk3Ll+rRUvXmcxFEA++AAHAEXnIEquAQ1UAcYPIEX8AberWfr1fqwPiejC1Ye4R6YgvX1Cyhcn9M=</latexit>

• Similar inputs 
diverge


•  


• Gradients explode 
 

K⇤ = ↵I+ �11T
<latexit sha1_base64="Mlujlef26eNcBTWCY1zI3vvp+vw=">AAACH3icbZDLSgMxFIYz9VbrbdSlm2BRRKHMVFE3QsGN4qZib9CZlkyaaUMzmSHJCKUUfBA3voobF4qIu76NmbZQbf0h8PGfE845vxcxKpVlDY3UwuLS8kp6NbO2vrG5ZW7vVGQYC0zKOGShqHlIEkY5KSuqGKlFgqDAY6Tqda+TevWRCElDXlK9iLgBanPqU4yUtprm+V3jGB5eQQexqIOgEyDV8Xx4C0+g4xE1dewpNUqZppm1ctZIcB7sCWTBRMWm+e20QhwHhCvMkJR124qU20dCUczIIOPEkkQId1Gb1DVyFBDp9kf3DeCBdlrQD4V+XMGR+/tHHwVS9gJPdyY7ytlaYv5Xq8fKv3T7lEexIhyPB/kxgyqESViwRQXBivU0ICyo3hXiDhIIKx1pEoI9e/I8VPI5+zSXvz/LFh6exnGkwR7YB0fABhegAG5AEZQBBs/gFbyDD+PFeDM+ja9xa8qYRLgL/sgY/gC3MaAo</latexit>
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• Gradient is a linear operator 

• Gradient of (sufficiently smooth) GP is still a GP


• Jacobian J of infinite width network is a GP

[Poole, et al., 2016] 
[Schoenholz, et al., 2016]
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Phase diagram and depth scale     predict trainability

Dynamical Isometry and a Mean Field Theory of CNNs:
How to Train 10,000-Layer Vanilla Convolutional Neural Networks

Lechao Xiao 1 2 Yasaman Bahri 1 2 Jascha Sohl-Dickstein 1 Samuel S. Schoenholz 1 Jeffrey Pennington 1

Abstract
In recent years, state-of-the-art methods in com-
puter vision have utilized increasingly deep con-
volutional neural network architectures (CNNs),
with some of the most successful models employ-
ing hundreds or even thousands of layers. A va-
riety of pathologies such as vanishing/exploding
gradients make training such deep networks chal-
lenging. While residual connections and batch
normalization do enable training at these depths,
it has remained unclear whether such specialized
architecture designs are truly necessary to train
deep CNNs. In this work, we demonstrate that it is
possible to train vanilla CNNs with ten thousand
layers or more simply by using an appropriate
initialization scheme. We derive this initialization
scheme theoretically by developing a mean field
theory for signal propagation and by character-
izing the conditions for dynamical isometry, the
equilibration of singular values of the input-output
Jacobian matrix. These conditions require that the
convolution operator be an orthogonal transfor-
mation in the sense that it is norm-preserving.
We present an algorithm for generating such ran-
dom initial orthogonal convolution kernels and
demonstrate empirically that they enable efficient
training of extremely deep architectures.

1. Introduction
Deep convolutional neural networks (CNNs) have been cru-
cial to the success of deep learning. Architectures based on
CNNs have achieved unprecedented accuracy in domains
ranging across computer vision (Krizhevsky et al., 2012),
speech recognition (Hinton et al., 2012), natural language
processing (Collobert et al., 2011; Kalchbrenner et al., 2014;
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program (g.co/airesidency). Correspondence to: Lechao Xiao
<xlc@google.com>.

Proceedings of the 35 th International Conference on Machine
Learning, Stockholm, Sweden, PMLR 80, 2018. Copyright 2018
by the author(s).

Figure 1. Extremely deep CNNs can be trained without the use
of batch normalization or residual connections simply by using
a Delta-Orthogonal initialization with critical weight and bias
variance and appropriate (in this case, tanh) nonlinearity. Test
(solid) and training (dashed) curves on MNIST (top) and CIFAR-
10 (bottom) for depths 1,250, 2,500, 5,000, and 10, 000.

Kim, 2014), and recently even the board game Go (Silver
et al., 2016; 2017).

The performance of deep convolutional networks has im-
proved as these networks have been made ever deeper.
For example, some of the best-performing models on Ima-
geNet (Deng et al., 2009) have employed hundreds or even
a thousand layers (He et al., 2016a;b). However, these
extremely deep architectures have been trainable only in
conjunction with techniques like residual connections (He
et al., 2016a) and batch normalization (Ioffe & Szegedy,
2015). It is an open question whether these techniques qual-
itatively improve model performance or whether they are
necessary crutches that solely make the networks easier to
train. In this work, we study vanilla CNNs using a combi-
nation of theory and experiment to disentangle the notions
of trainability and generalization performance. In doing so,
we show that through a careful, theoretically-motivated ini-
tialization scheme, we can train vanilla CNNs with 10,000
layers using no architectural tricks.
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Critically initialized* vanilla CNN with tanh nonlinearity on CIFAR-10

← train accuracy

← test accuracy

* also initialized with well conditioned Jacobian (aka dynamical isometry [Pennington, et al., 2017]) [Xiao, et al., 2018]
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Similar GP / phase diagram analyses apply to many architectures
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on MNIST and CIFAR10. We use a learning rate of 10�3 for SGD when L . 200, 10�4 for larger
L, and 10�5 for RMSProp. These learning rates were selected by grid search between 10�6 and
10�2 in exponentially spaced steps of size 10. We note that the depth dependence of learning rate
was explored in detail in Saxe et al. (2014). In fig. 5 (a)-(d) we color in red the training accuracy
that neural networks achieved as a function of �2

w and L for different datasets, training time, and
choice of minimizer (see Appendix 7.10 for more comparisons). In all cases the neural networks
over-fit the data to give a training accuracy of 100% and test accuracies of 98% on MNIST and 55%
on CIFAR10. We emphasize that the purpose of this study is to demonstrate trainability as opposed
to optimizing test accuracy.

We now make the connection between the depth scale, ⇠c, and the maximum trainable depth more
precise. Given the arguments in the preceding sections we note that if L = n⇠c then signal through
the network will be attenuated by a factor of en. To understand how much signal can be lost while
still allowing for training, we overlay in fig. 5 (a) curves corresponding to n⇠c from n = 1 to 6. We
find that networks appear to be trainable when L . 6⇠c. It would be interesting to understand why
this is the case.

Motivated by this argument in fig. 5 (b)-(d) in white, dashed, overlay we plot twice the predicted
depth scale, 6⇠c. There is clearly a relationship between the depth of correlated signal propagation
and whether or not these networks are trainable. Networks closer to their critical point appear to
train more quickly than those further away. Moreover, this relationship has no obvious dependence
on dataset, duration of training, or minimizer. We therefore conclude that these bounds on trainable
hyperparameters are universal. This in turn implies that to train increasingly deep networks, one
must generically be ever closer to criticality.

L L

(a) (b) (c)

L

�2
w �2

w �2
w

6⇠c 6⇠c

6⇠c

Figure 6: The effect of dropout on trainability. The same scheme as in fig. 5 but with dropout rates of
(a) ⇢ = 0.99, (b) ⇢ = 0.98, and (c) ⇢ = 0.94. Even for modest amounts of dropout we see an upper
bound on the maximum trainable depth for neural networks. We continue to see good agreement
between the prediction of our theory and our experimental training accuracy.

Next we consider the effect of dropout. As we showed earlier, even infinitesimal amounts of dropout
disrupt the order-to-chaos phase transition and cause the depth scale to become finite. However,
since the effect of a single dropout mask is to simply re-scale the weight variance by �2

w ! �2
w/⇢, the

gradient magnitude will be stable near criticality, while the input and gradient correlations will not
be. This therefore offers a unique opportunity to test whether the relevant depth-scale is |1/ log �1|

or ⇠c.

In fig. 6 we repeat the same experimental setup as above on MNIST with dropout rates ⇢ =
0.99, 0.98, and 0.94. We observe, first and foremost, that even extremely modest amounts of dropout
limit the maximum trainable depth to about L = 100. We additionally notice that the depth-scale,
⇠c, predicts the trainable region accurately for varying amounts of dropout.

6 DISCUSSION

In this paper we have elucidated the existence of several depth-scales that control signal propagation
in random neural networks. Furthermore, we have shown that the degree to which a neural network
can be trained depends crucially on its ability to propagate information about inputs and gradients

9

• Infinitesimal amounts of dropout destroys order-to-
chaos transition


• Significantly limits maximum trainable depth


• Other noise regularization techniques likely to 
behave similarly

[Schoenholz, et al., 2016]
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Figure 3: Gradients in networks with batch normalization quickly achieve dynamical equilib-

rium. Plots of the relative magnitudes of (a) the weights (b) the gradients of the loss with respect
to the pre-activations and (c) the gradients of the loss with respect to the weights for rectified linear
networks of varying depths during the first 10 steps of training. Colors show step number from 0
(black) to 10 (green).
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0.1 1.0

Figure 4: Three techniques for counteracting gradient explosion. Test accuracy on MNIST as a
function of different hyperparameters along with theoretical predictions (white dashed line) for the
maximum trainable depth. (a) tanh network changing the overall scale of the pre-activations, here
� ! 0 corresponds to the linear regime. (b) Rectified linear network changing the mean of the pre-
activations, here � ! 1 corresponds to the linear regime. (c,d) tanh and rectified linear networks
respectively as a function of ✏, here we observe a well defined phase transition near ✏ ⇠ 1. Note that
in the case of rectified linear activations we use � = 2 so that the function is locally linear about 0.
We also find initializing � and/or setting ✏ > 0 having positive effect on VGG19 with batchnorm.
See Figs. 5 and 6

As discussed in the theoretical exposition above, batch normalization necessarily features exploding
gradients for any nonlinearity that converges to a BSB1 fixed point. We performed a number of
experiments exploring different ways of ameliorating this gradient explosion. These experiments
are shown in fig. 4 with theoretical predictions for the maximum trainable depth overlaid; in all
cases we see exceptional agreement. In fig. 4 (a,b) we explore two different ways of tuning the
degree to which activation functions in a network are nonlinear. In fig. 4 (a) we tune � 2 [0, 2] for
networks with tanh-activations and note that in the � ! 0 limit the function is linear. In fig. 4 (b)
we tune � 2 [0, 2] for networks with rectified linear activations and we note, similarly, that in the
� ! 1 limit the function is linear. As expected, we see the maximum trainable depth increase
significantly with decreasing � and increasing �. In fig. 4 (c,d) we vary ✏ for tanh and rectified
linear networks respectively. In both cases, we observe a critical point at large ✏ where gradients do
not explode and very deep networks are trainable.

5 CONCLUSION

In this work we have presented a theory for neural networks with batch normalization at initializa-
tion. In the process of doing so, we have uncovered a number of counter intuitive aspects of batch
normalization and - in particular - the fact that at initialization it causes gradients to explode neces-
sarily. We have introduced several methods to reduce the degree of gradient explosion enabling the
training of significantly deeper networks in the presence of batch normalization. Finally, this work
paves the way for future work on more advanced, state-of-the-art, network topologies.
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to the pre-activations and (c) the gradients of the loss with respect to the weights for rectified linear
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(black) to 10 (green).
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experiments exploring different ways of ameliorating this gradient explosion. These experiments
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networks with tanh-activations and note that in the � ! 0 limit the function is linear. In fig. 4 (b)
we tune � 2 [0, 2] for networks with rectified linear activations and we note, similarly, that in the
� ! 1 limit the function is linear. As expected, we see the maximum trainable depth increase
significantly with decreasing � and increasing �. In fig. 4 (c,d) we vary ✏ for tanh and rectified
linear networks respectively. In both cases, we observe a critical point at large ✏ where gradients do
not explode and very deep networks are trainable.

5 CONCLUSION

In this work we have presented a theory for neural networks with batch normalization at initializa-
tion. In the process of doing so, we have uncovered a number of counter intuitive aspects of batch
normalization and - in particular - the fact that at initialization it causes gradients to explode neces-
sarily. We have introduced several methods to reduce the degree of gradient explosion enabling the
training of significantly deeper networks in the presence of batch normalization. Finally, this work
paves the way for future work on more advanced, state-of-the-art, network topologies.
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Figure 1: Numerical confirmation of theoretical predictions. (a,b) Comparison between theo-
retical prediction (dashed lines) and Monte Carlo simulations (solid lines) for the eigenvalues of
backwards jacobian as a function of batch size and the magnitude of gradients as a function of depth
respectively for rectified linear networks. In each case Monte Carlo simulations are averaged over
200 sample networks of width 1000 and shaded regions denote 1 standard deviation. (c,d) Demon-
stration of the existence of a BSB1 to BSB2 symmetry breaking transition as a function of ↵ for
↵-homogeneous activation functions. In (c) we plot the empirical variance of the eigenvalues of
the covariance matrix which clearly shows a jump at the transition. In (d) we plot representative
covariance matrices for the two phases (BSB1 bottom, BSB2 top).
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Figure 2: Batch normalization strongly limits the maximum trainable depth. Colors show test
accuracy for rectified linear networks with batch normalization and � = 1, � = 0, ✏ = 10

�3,
N = 384, and ⌘ = 10

�5
B. (a) trained on MNIST for 10 epochs (b) trained with fixed batch size

1000 and batch statistics computed over sub batches of size B. (c) trained using RMSProp. (d)
Trained on CIFAR10 for 50 epochs.

each case we plot the test accuracy after training as a function of the depth and the batch size and
overlay 16⇠ in white dashed lines. In fig. 2 (a) we consider networks trained using SGD on MNIST
where we observe that networks deeper than about 50 layers are untrainable regardless of batch size.
In (b) we compare standard batch normalization with a modified version in which the batch size is
held fixed but batch statistics are computed over subsets of size B. This removes subtle gradient
fluctuation effects noted in Smith & Le (2018). In (c) we do the same experiment with RMSProp
and in (d) we train the networks on CIFAR10. In all cases we observe a nearly identical trainable
region.

It is counter intuitive that training can occur at intermediate depths where there is significant gra-
dient explosion. To gain insight into the behavior of the network during learning we record the
magnitudes of the weights, the gradients with respect to the pre-activations, and the gradients with
respect to the weights for the first 10 steps of training for networks of different depths. The result
of this experiment is shown in fig. 3. Here we see that before learning, as expected, the norm of
the weights is constant and independent of layer while the gradients feature exponential explosion.
However, we observe that two related phenomena occur after a single step of learning: the weights
grow exponentially in the depth and the magnitude of the gradients are stable up to some threshold
after which they vanish exponentially in the depth. Thus, it seems that although the gradients of
batch normalized networks at initialization are ill-conditioned, the gradients appear to quickly reach
a stable dynamical equilibrium. Pathologically, in very high depth settings, the relative gradient
vanishing can in fact be so severe as to cause lower layers to mostly stay constant during training.
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• Gradients for fully-connected networks with batch 
normalization explode with depth

[Yang, et al., 2019]

Similar GP / phase diagram analyses apply to many architectures
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(a)
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Figure A.1: Batch norm leads to a chaotic input-output map with increasing depth. A linear
network with batch norm is shown acting on two minibatches of size 64 after random orthogonal
initialization. The datapoints in the minibatch are chosen to form a 2d circle in input space, except
for one datapoint that is perturbed separately in each minibatch (leftmost datapoint at input layer 0).
Because the network is linear, for a given minibatch it performs an affine transformation on its inputs
– a circle in input space remains an ellipse throughout the network. However, due to batch norm
the coefficients of that affine transformation change nonlinearly as the datapoints in the minibatch
are changed. (a) Each pane shows a scatterplot of activations at a given layer for all datapoints
in the minibatch, projected onto the top two PCA directions. PCA directions are computed using
the concatenation of the two minibatches. Due to the batch norm nonlinearity, minibatches that
are nearly identical in input space grow increasingly dissimilar with depth. Intuitively, this chaotic
input-output map can be understood as the source of exploding gradients when batch norm is applied
to very deep networks, since very small changes in an input correspond to very large movements in
network outputs. (b) The correlation between the two minibatches, as a function of layer, for the
same network. Despite having a correlation near one at the input layer, the two minibatches rapidly
decorrelate with depth. See ?? for a theoretical treatment.

A.1 VGG19 WITH BATCHNORM ON CIFAR100

Even though at initialization time batchnorm causes gradient explosion, after the first few epochs,
the relative gradient norms kr✓Lk/k✓k for weight parameters ✓ = W or BN scale parameter ✓ = �,
equilibrate to about the same magnitude. See Fig. A.2.
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• Batch norm causes chaos for all hyperparameters


• Two similar minibatches decorrelate when passed 
through a deep linear network with batch norm 

[Yang, et al., 2019]
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Similar GP / phase diagram analyses apply to many architectures



● What can we do with this understanding? 

● Predict trainability 
● Random initialization corresponds to the start of training 

● Perform inference with infinitely wide Bayesian neural networks 
● (without ever instantiating a neural network)

Distribution over functions induced by random initialization of wide 
neural network is a Gaussian process



Cartoon illustration of fully Bayesian training
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Predictions of fully Bayesian wide NNs correspond to predictions 
from NNGP posterior
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Wide neural networks are linear in their parameters throughout 
training

As width nl goes to infinity, the change due to gradient descent training 
in any single intermediate layer receptive field or pre-activation goes to 0:

See Neural Tangent Kernel (NTK) [Jacot, et al., 2018] for analogous ideas in function space.
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This infinitesimal change in intermediate weights and pre-activations 
allows the network to be replaced by its linearization:
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• But also see feature learning infinite width limits


• Mean field networks: [Mei, Misiakiewicz, Montanari, 2019]


• Maximal Update Parameterization: [Yang, et al., 2022] 

• Dynamical field theory of NTK: [Bordelon, Pehlevan, 2023]
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The functions computed by gradient descent trained wide neural 
networks are also described by a Gaussian process

tanh FC, 3 layer, width 8192, Binary 
CIFAR, MSE loss, ensemble of 100 
networks 

• For MSE loss, can solve for 
distribution over learned 
functions analytically.


• Corresponds to a GP 
throughout training.


• Does not correspond to 
Bayesian posterior 
distribution (ie, there is no 
prior for which GP is a 
posterior conditioned on 
training data)

[Lee, Xiao, et al., 2019]
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● A data-dependent reparameterization converges the posterior over parameters 
onto the prior over parameters, with increasing width 

● Theory: Analytic form for Bayesian posterior of wide networks 

● Practice: MCMC sampling after reparameterization ("repriorisation") much 
faster, and gets better with increasing width

Repriorisation: Summary

Wide Bayesian neural networks have a simple weight posterior: theory and accelerated sampling

✓

� = T
�1
D (✓)

✓ = TD(�)

ŷ = x
>
✓ = x

>
TD(�) �

Figure 2. Reparameterisation of Bayesian linear regression
maps the posterior to the prior. Left: Shows the parameter ✓
prior, and the posterior for a single datapoint X = [0.9, 0.5], y =
[2], with �

2 = 0.1. Right: After a data-dependent affine re-
parameterisation, described in Section 2.1, the posterior becomes
identical to the prior in terms of new parameters �. MCMC
sampling from the parameter posterior is easier in � than in ✓.
A similar reparameterisation can be applied to deep BNNs.

Equation (2), except X is replaced by the scaled top-layer
embeddings  := �

L+1
W h

L(X)/
p
dL 2 Rn⇥d

L

. Our repara-
metrisation � = T�1(✓) can thus be defined analogously:2

�` =

(
⌃�1/2(✓` � µ) ` = L+ 1,

✓` otherwise.
(3)

This ensures �L+1
|�L,D ⇠ N (0, IdL) for any fixed

value of �L = ✓L. We omit the dependence of µ, ⌃
on the dataset D and the pre-readout parameters ✓L to
reduce clutter, but emphasise that T depends on both.

Since T is a differentiable bijection, the full reparametrised
density is p(� | D) = p(✓ | D)

��det @�✓
�� where

det(@�✓) = det

 
⌃1/2 @✓

L+1

@�L

0 I(d�dL)

!
=
p

det(⌃) . (4)

2.3. Interpreting the reparametrised distribution

To better understand the reparametrisation, note p(� | D) =
p(�L+1

|�L,D) p(�L
| D) where we already know the

first term is equivalent to N (0, IdL). Since �L = ✓L,
the latter term is equal to the marginal posterior over ✓L

p(�L
| D) / p(✓L) E✓L+1⇠N (0,IdL )

⇥
p(y | ✓, X)

⇤

(i)
/ p(✓L)

p

det⌃ exp
�

1
2 y

>(�2In +  >)�1y
 

(5)

where (i) comes from completing the square k✓L+1
�µk2⌃�1

(kvk2
A
:= v>Av), and applying the Woodbury identity.

Using the Weinstein–Aronszajn identity

det(⌃) = det(IdL + ��2 > ) / det(�2In +  >) ,

the readers familiar with the GP literature may recognise
p(�L

| D) as p(✓L) weighted by the marginal likeli-
hood of a centred GP with the empirical NNGP kernel

2See Appendix E for discussion of alternative reparametrisa-
tions which modify parameter values in layers beyond readout.

Figure 3. The functions parametrised by T (�), � ⇠ N (0, I),
converge to the true posterior. The distribution over functions
fT (�) is shown for a 3-hidden layer FCN with 1D inputs and
outputs, and 3 datapoints (dark circles). As layer width increases
(legend), the BNN posterior converges to the NNGP posterior
(Hron et al., 2020a), and so does fT (�) (our Proposition 2.2).

K̂�2 := �2In +  > (Rasmussen & Williams, 2005). The
marginal likelihood is often used for optimisation of kernel
hyperparameters. Here the role of the ‘hyperparameters’ is
played by ✓L, i.e., all but the readout weights.

This relation to the empirical NNGP kernel is crucial in
the next section where we exploit the known convergence
of K̂�2 to a constant independent of ✓L in wide BNNs,
to prove that the reparametrised posterior converges to the
prior distribution at large width. Figure 4 provides an in-
formal argument motivating that same convergence, using
the language of probabilistic graphical models (PGMs).

2.4. Asymptotic normality under reparametrisation

Our reparametrisation guarantees normality of the repara-
metrised posterior over �L+1 for any width. Equation (5)
suggests �L may exhibit Gaussian behaviour as well in
wide BNNs, since—outside of p(✓L)—its posterior de-
pends on �L = ✓L only through the empirical NNGP
kernel which is known to converge a constant K 2 Rn⇥n

as the layer width grows (see Yang, 2020, for an overview).

This is crucial in establishing our first major result: conver-
gence of the KL divergence between the N (0, Id) prior and
the reparametrised posterior to zero as the number of hidden
units in each layer goes to infinity.3

Theorem 2.1. Let P� | D be the reparametrised posterior

distribution defined by the density p(� | D). Assume the

Gaussian prior and likelihood with � > 0, and that K̂
P
! K

and E[K̂] ! K under the prior as dmin ! 1.

Then KL(N (0, Id) kP� | D) ! 0 as dmin ! 1.

The assumptions (K̂ P
! K, E[K̂] ! K, as dmin ! 1)

hold for most common architectures, including FCNs,
CNNs, and attention networks (Matthews et al., 2018;
Garriga-Alonso et al., 2019; Hron et al., 2020b; Yang, 2020).

3Please refer to Appendix A for all proofs.
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Repriorisation: Energy landscape far smoother, and easier to sample 
from, after repriorisation Wide Bayesian neural networks have a simple weight posterior: theory and accelerated sampling

width dataset size

Figure 5. The posterior energy landscape is smoother after repriorisation. Plots show 2D slices of the log posterior on cifar-10
in terms of the original parameters ✓ (top row) and the reparametrised � = T

�1(✓) (bottom row), for a 1-hidden layer FCN. The 2D
slices are obtained by spherical linear interpolation between three parameter values found by gradient descent training on CIFAR-10 after
random initialisation; norms may differ, and are therefore interpolated linearly. Left: Columns represent varying hidden layer width. The
number of observations is fixed at n = 128. The vanishing structure of the reparametrised posterior as width increases, making mixing
between the normally separated modes easier. Right: Columns represent varying dataset size, width is fixed at d1 = 128. As the number
of datapoints becomes large compared to d

1, the reparametrised posterior gradually grows less smooth.

standard normal distribution, which is crucial for gradient-
guided methods like Langevin Monte Carlo (LMC). In Sec-
tion 3.1, we provide partial reassurance by proving that the
`2-norm of the differences between the two gradients van-
ishes in probability as the layers grow wide. Section 3.2
then provides a simple-to-implement way of computing both
the reparametrised ✓ = T (�) and the corresponding density
p(� | D) at a fraction of cost of the naive implementation.

3.1. Convergence of density gradients

Our second major result proves that the posterior mass of
the region where r� log p(� | D) significantly differs from
the gradient of the N (0, I) density vanishes in wide BNNs.

Proposition 3.1. Let �� := �� � r� log p(� | D) where

�� is the gradient of the log density of N (0, I). Assume the

conditions in Theorem 2.1, and continuous nonlinearities.

Then P� | D(k��k2 > ✏) ! 0 as dmin ! 1, 8✏ > 0.

Two more technical assumptions are in Appendix A.4.
Albeit useful, Proposition 3.1 does not ensure gradient-
guided samplers like LMC will not dawdle in regions with
ill-behaved gradients. This behaviour did not occur in our
experiments, but the caveat is worth remembering.

To provide a rough quantitative intuition for the scale
of the speed up, we show our reparametrisation enables
p
n/�-times higher LMC stepsize relative to no reparamet-

risation in linear models, without any drop in the integrator
accuracy (see Appendix D).

3.2. Practical implementation

To apply LMC, we need an efficient way of computing both
✓ = T (�) and the corresponding gradient of log p(� | D).
Since our largest experiments require millions of steps,
the naive approach of computing each of µ, ⌃1/2, and
det(⌃1/2) separately—see Equations (3) and (4)— for the
cost of three O[(dL)3] operations is worth improving upon.
We propose a three-times more efficient alternative.

The trick is to first compute the Cholesky decomposition
U>U = �2IdL + > , and then reuse U in computation
of all three terms. This can be done by observing ⌃ =
�2U�1(U�1)>, which implies V[�U�1"] = ⌃ for " ⇠

N (0, I). We can thus use the alternative reparametrisation

✓L+1 = U�1[(U>)�1 >y + ��L+1] ,

which uses the fact µ = (�2I +  > )�1 >y together
with the above definition of U . The determinant can then be
computed essentially for free since

det(@�✓)
(i)
= det(�U�1)

(ii)
=

�d
L

det(U)
(iii)
=

�d
L

Q
i
Uii

,

where (i) is as in Equation (4), (ii) uses standard determinant
identities, and (iii) exploits that U is triangular.

Because U is upper-triangular, U�1v (resp. (U>)�1v) can
be efficiently computed by back (resp. forward) substitution
for any v (Voevodin & Kuznetsov, 1984). The sequential
application of forward and backward substitution is known
as the Cholesky solver algorithm (Cholesky, 1924). Since

Log posterior, interpolated 
between three parameter 
samples:

[Hron, et al., 2022]
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• Predict how trainability depends on architecture 
and hyperparameters.


• Compute test set predictions without 
instantiating network.


• Insights into network behavior.


• Better posterior sampling for finite width 
Bayesian networks.
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• Prior approaches to infinite width experiments


• Do a lot of algebra by hand


• Write a lot of bespoke code


• (think neural networks before automatic differentiation)


• We can do much better!
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2 Example: training and inference with infinite networks40

We begin by training an infinitely wide neural network with gradient descent and comparing the41

result to training an ensemble of wide-but-finite networks on a toy task. Below we define a 3-layer42

Erf2 model:43

from neural_tangents import stax

init_fn, apply_fn, kernel_fn = stax.serial(stax.Dense(2048, W_std=1.5, b_std=0.05), stax.Erf(),

stax.Dense(2048, W_std=1.5, b_std=0.05), stax.Erf(),

stax.Dense(1, W_std=1.5, b_std=0.05))

The above snippet simultaneously specifies the finite, 2048-wide network, as well as the infinite44

one. The finite network is defined by the (init_fun, apply_fun) function pair that initializes the45

trainable parameters and performs the forward pass respectively. The infinite network, as a GP, is46

specified by it’s kernel function kernel_fn ,3 and can be trained with gradient descent (computation47

amounting to a simple linear algebra expression in the infinite limit; see §A) as follows:48

import neural_tangents as nt

predict_fn = nt.predict.gradient_descent_mse_gp(kernel_fn, x_train, y_train, x_test, �ntk�,

diag_reg=1e-4, compute_var=True)

y_mean, y_var = predict_fn(t=100) # Multivariate normal prediction at training time t = 100.

In Figure 1 we compare the result of infinite-width training with training an ensemble of one hundred49

of these finite-width networks by looking at the training curves and output predictions of both models.50

We see excellent agreement between exact inference using the infinite-width model and the result of51

training an ensemble using gradient descent.52

Figure 1: Training dynamics of an infinite network and an ensemble of finite-width networks.
Left: Mean train and test MSE loss evolution throughout training. Right: Trained model output
predictions of the trained infinite network and the respective ensemble of finite-width networks. The
shaded region and the dashed lines denote two standard deviations of uncertainty in the predictions
for the infinite network and the ensemble respectively. Training data is drawn from the process
yi = sin(xi) + ✏i with xi ⇠ Uniform(�⇡, ⇡) and ✏i ⇠ N (0, �).

We now demonstrate the flexibility of our library by specifying and doing inference with more53

complex infinite-width architectures, including a variant of a WideResNet [28], which we define in54

Listing 1. We present results in Figure 2, observing a familiar (from the finite-width world) hierarchy55

of performance in terms of architecture (FC < ConvOnly < WideResNet).56

2Error function, a nonlinearity similar to tanh; see §B for other implemented nonlinearities, including Relu.
3JAX users will recognize that we closely mimick their default NN specification package stax [27]. In fact,

our library module nt.stax is designed to serve as a drop-in replacement of jax.experimental.stax .

2

Define an infinite width network:
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We now demonstrate the flexibility of our library by specifying and doing inference with more53

complex infinite-width architectures, including a variant of a WideResNet [28], which we define in54

Listing 1. We present results in Figure 2, observing a familiar (from the finite-width world) hierarchy55

of performance in terms of architecture (FC < ConvOnly < WideResNet).56

2Error function, a nonlinearity similar to tanh; see §B for other implemented nonlinearities, including Relu.
3JAX users will recognize that we closely mimick their default NN specification package stax [27]. In fact,

our library module nt.stax is designed to serve as a drop-in replacement of jax.experimental.stax .

2

Init and forward-pass functions of the finite model

Define an infinite width network:
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2

Kernel function(s) of the infinite model
K(·, ·),⇥(·, ·)
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Build a more complex 
architecture:

from neural_tangents import stax

def WideResNetBlock(channels, strides=(1, 1), channel_mismatch=False):

Main = stax.serial(stax.Relu(), stax.Conv(channels, (3, 3), strides, padding=�SAME�),

stax.Relu(), stax.Conv(channels, (3, 3), padding=�SAME�))

Shortcut = (stax.Identity() if not channel_mismatch else

stax.Conv(channels, (3, 3), strides, padding=�SAME�))

return stax.serial(stax.FanOut(2), stax.parallel(Main, Shortcut), stax.FanInSum())

def WideResNetGroup(n, channels, strides=(1, 1)):

blocks = [WideResNetBlock(channels, strides, channel_mismatch=True)]

for _ in range(n - 1):

blocks += [WideResNetBlock(channels, (1, 1))]

return stax.serial(*blocks)

def WideResNet(block_size, k, num_classes):

return stax.serial(stax.Conv(16, (3, 3), padding=�SAME�),

WideResNetGroup(block_size, int(16 * k)),

WideResNetGroup(block_size, int(32 * k), (2, 2)),

WideResNetGroup(block_size, int(64 * k), (2, 2)),

stax.GlobalAvgPool(), stax.Dense(num_classes))

init_fn, apply_fn, kernel_fn = WideResNet(block_size=4, k=1, num_classes=10)

Listing 1: Definition of an infinitely WideResNet. This snippet simultaneously defines a finite
( init_fn, apply_fn ) and an infinite ( kernel_fn ) model. This model is used in Figures 2 and 5.

3 How it works57

Neural networks are compositions of basic tensor operations such as: dense or convolutional affine58

transformations, application of pointwise nonlinearities, pooling, or normalization. For most networks59

without weight tying between layers, the kernel computation can be written compositionally, with60

a direct correspondence between each tensor operation and a kernel operation. The core logic of61

NEURAL TANGENTS is thus a set of translation rules, that sends each function acting on a finite-width62

layer to a function acting on the kernel for an infinite-width network. This is illustrated in Figure 363

for a simple convolutional architecture. The function applied to the data tensor is given in the second64

column, and the corresponding transformations of the NTK and NNGP kernel tensors are given in65

the third and fourth column. See §B for a list of all tensor operations for which translation rules are66

currently implemented, and §D and §E for a more detailed API and implementation description.67

4 Conclusion68

We believe NEURAL TANGENTS will enable researchers to quickly and easily explore infinite-width69

networks. By democratizing this previously challenging model family, we hope that researchers70

will begin to use infinite neural networks, in addition to their finite counterparts, when faced with a71

new problem domain (especially in cases that are data-limited). In addition, we are excited to see72

novel uses of infinite networks as theoretical tools to gain insight and clarity into many of the hard73

theoretical problems in deep learning. Going forward, there are significant additions to NEURAL74

TANGENTS that we are exploring. There are more layers we would like to add in the future (§B)75

that will enable an even larger range of infinite network topologies. Additionally, there are further76

performance improvements we would like to implement, to allow experimenting with larger models77

and datasets. We invite the community to join our efforts by contributing new layers to the library, or78

by using it for research and providing feedback!79

3

An infinitely WideResNet
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Catapult dynamics — large width without linearization
The large learning rate phase of deep learning

(a) (b)

(c) (d) (e)

Figure S1. Visualization of training dynamics in all three phases. In the lazy phase, the network is approximately linear in its parameters,
and converges exponentially to a global minimum. In the catapult phase, the loss initially grows, while the weight norm and curvature
decrease. Once the curvature is low enough, optimization converges. In the divergent phase, both the loss and parameter magnitudes
diverge. (a)-(d) Loss surface and training dynamics visualized in a 2d linear subspace. The network has a single hidden layer with width
n = 500, linear activations, and is trained with MSE loss on a single 1D sample x = 1 with label y = 0. The parameter subspace is
defined by u = [dim1] r + [dim2] s, v = [dim1] r � [dim2] s, where r and s are orthonormal vectors, u, v 2 Rn are the weight vectors,
and [dim1], [dim2] are the coordinates in the subspace. If initialized in this 2d subspace, ut and vt remain in the subspace throughout
training, and so training dynamics can be fully visualized with a two dimensional plot. (e) Visualization of the loss surface and training
dynamics in terms of a nonlinear reparameterization, providing interpretable properties: x-axis correlation between weight vectors, y-axis
curvature �. The trajectory shown is identical to that in (c), and in Figure 1.

B. Experimental results: Late time performance

B.1. CIFAR-100 performance

We can also repeat the performance experiments for CIFAR-100 and the same Wide ResNet 28-10 setup. In this case, using
MSE and SGD we require to evolve the system for longer times, which requires a smaller L2 regularization. We didn’t tune
for it, but found that 2.5⇥ 10�5 works. With only one decay we can get within 3% of the Zagoruyko & Komodakis (2016)
performance that used softmax classification and two learning rate decays. However, evolution for longer time is needed:
we found that different learning rates converge at ⇡ 2000 physical epochs. Similar to the main text experiments, we observe
that if we decay after evolving for the same amount of physical epochs, larger learning rates do better. See figure S2.

B.2. Different learning rates converge at the same physical time

We can also plot the test accuracy versus physical time for different learning rates to show that for vanilla SGD, the
performance curves of different learning rates are basically on top of each other if we plot them in physical time, which is
why we find that the fair comparison between learning rates should be at the same physical time.

We have picked a subset of learning rates of the previous WRN28-18 CIFAR100 experiment of SM B.1. In figure S3, we see
how even if the curves are slightly different they converge to roughly the same accuracy. The only curve which is slightly
different is ⌘ = 2.5 which is a rather high learning rate (close to 12

�0
).

B.3. Comparison of learning rates for different L2 regularization for WRN28-10 on CIFAR10

Even if in the main section we have considered a model with fixed L2 regularization, we can study the effect without L2 or
with a different value. In these two examples, we will be considering the same setup as figures 5c,5d.

Without L2 regularization, we see that the larger learning rate does better even in the absence of learning rate decay, although
training takes a really long time. In our experience, comparing this setup with state of the art, L2 = 0 regularization makes

[Lewkowycz, et al., 2020]

The large learning rate phase of deep learning

in absolute value, causing |ft| to start shrinking. However, once |ft| shrinks sufficiently this term again becomes negligible.
Therefore, the loss will not converge to zero unless the curvature eventually drops below 2/⌘. Conversely, notice that this
term cannot cause |ft| to diverge for learning rates below ⌘max. Indeed, if this were to happen then equation (7) would drive
�t to negative values, leading to a contradiction. This completes the analysis in this phase.

Let us make a few comments about the catapult phase.

It is important for the analysis that we take a modified large width limit, in which the number of training steps grows like
log(n) as n becomes large. This is different than the large width limit commonly studied in the literature, in which the
number of steps is kept fixed as the width is taken large. When using this modified limit, the analysis above holds even in
the limit. Note as well that the catapult effect takes place over log(n) steps, and for practical networks will occur within the
first 100 steps or so of training.

In the catapult phase, the kernel at the end of training is smaller by an order n
0 amount compared with its value at

initialization. The kernel provides a local measure of the loss curvature. Therefore, the minima that SGD finds in the catapult
phase are flatter than those it finds in the lazy phase. Contrast this situation, in which the kernel receives non-negligible
updates, with the conclusions of Jacot et al. (2018) where the kernel is constant throughout training. The difference is due to
the large learning rate, which leads to a breakdown of the linearized approximation even at large width.

Figure 2 illustrates the dynamics in the catapult phase. For learning rates ⌘crit < ⌘ < ⌘max we observe the catapult effect:
the loss goes up before converging to zero. The curvature exhibits the expected sharp transitions as a function of the learning
rate: it is constant in the lazy phase, decreases in the catapult phase, and diverges for ⌘ > ⌘max.
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Figure 2. Empirical results for the gradient descent dynamics of the warmup model with n = 103, for which ⌘crit ⇡ 1. (a) Training loss
for different learning rates. (b) Maximum NTK eigenvalue as a function of time. For ⌘ > 1, �t decreases rapidly to a fixed value. (c)
Maximum NTK eigenvalue at t = 25/⌘. The shaded area indicates learning rates for which training diverges empirically. The results are
presented as a function of t · ⌘ (rather than t) for convenience.

2.1.3. DIVERGENT PHASE

Completing the analysis of this model, when ⌘ > ⌘max the loss diverges because the kernel receives positive updates,
accelerating the rate of growth of the function. Therefore, ⌘max = 4/�0 is the maximum learning rate of the model.

2.2. Full model

We now turn to analyzing the model presented at the beginning of this section, with d-dimensional inputs and m training
samples with general labels. The full analysis is presented in SM Section D.1; here we summarize the argument. The
conclusions are essentially the same as those of the warmup model.

We introduce the notation f↵ := f(x↵) for the function evaluated on a training sample, f̃↵ := f↵ � y↵ for the error, and
⇥↵� := ⇥(x↵, x�) for the kernel elements. We will treat f, f̃ evaluated on the training set as vectors in Rm, whose elements
are f↵, f̃↵. Consider the following update equation for the error, which can be derived from the update equations for the


