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| O Lattice Field Theory is a numerical first-principles treatment of the generic QFT

@ Significant progress in computing QCD observables at hadronic energies.
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| O Lattice Field Theory is a numerical first-principles treatment of the generic QFT

@ Significant progress in computing QCD observables at hadronic energies. ?

O Lattice QCD can be formulated as a sampling problem:

® Path integral in . statistical meaning

h :Zo — JD¢6 , Where
1

O Increasing interest in applying generative flow models to LQCD

® Can flow models reduce the associated costs of generating configurations?
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[Schaefer et al., arXiv:1009.5228]
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[BMW, 2002.12347]

3 ' ' ' ' [Green et al., 2103.01054] |
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' (1+1)d real scalar field theory

Albergo, Kanwar, Shanahan 1904.12072]
Hackett, Hsieh, Albergo, Boyda, JW Chen, KF Chen, Cranmer, Kanwar, Shananan 2107.00734] ?

(1+1)d Abelian gauge theory »

[Kanwar, Albergo, Boyda, Cranmer, Hackett, Racaniere, Rezende, Shanahan 2003.06413] ‘

(1+1)d non-Abelian gauge theory “
[Kanwar, Albergo, Boyda, Cranmer, Hackett, Racaniere, Rezende, Shanahan 2003.06413] ‘

(1+1)d Yukawa model

l.e. real scalar field theory + fermions #
‘ [Albergo, Kanwar, Racaniere, Rezende, Urban, Boyda, Cranmer, Hackett, Shanahan 2106.05934]
|
|

Schwinger model i.e. (1+1)d QED
Albergo, Boyda, Cranmer, Hackett, Kanwar, Racaniere, Rezende, FRL, Shanahan, Urban 2202.11712] ﬂ

2D fermionic gauge theories with pseudofermions
[Abbott, Albergo, Boyda, Cranmer, Hackett, Kanwar, Racaniere, Rezende, FRL, Shanahan, Tian, Urban 2207.08945]

3 QCD/SU(3) in the strong-coupling region
|

[Abbott et al, 2208.03832] [Abbott et al, 2305.02402]
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. — standard control variates

' model 0.8
quality
Already dealing with 4D gauge theories. _
O y 9 gaug \ 06 [Abbott et al, 2305.02402] ?

Direct sampling remains hard

|
Need very high-quality models to reach large volumes | ﬁ
. B=1,V =4

0 200 400 600 300 1000 ”
training step

(Naive volume scaling is exponential)
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control variates

| — standard

' model 0.8
quality
Already dealing with 4D gauge theories. _
O y 9 galg \ 06 [Abbott et al, 2305.02402] ?
)

2> Direct sampling remains hard

> Need very high-quality models to reach large volumes

B=1,V =4

0 200 400 600 300 1000
training step

(Naive volume scaling is exponential) 0.0

O Instead, explore applications with smaller gap between theories: /8

> B+ ApS

> Can be useful for observable evaluation (and potentially sampling)
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https://arxiv.org/abs/2305.02402

Applications of flow models to the generation of correlated lattice QCD ensembles

Ryan Abbott,"? Aleksandar Botev,?> Denis Boyda,'? Daniel C. Hackett,* 1'? Gurtej Kanwar,”> Sébastien Racaniere,>
Danilo J. Rezende,? Fernando Romero-Lépez,!*? Phiala E. Shanahan,? and Julian M. Urban':?

[arXiv:2401.10874]
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1 [Rezende, Mohamed, 1505.05770]

«(B =p@) |

—tractable Jacobian Y
& ?
invertible "

easy-to-sample approximates
distribution target distribution
(prior) (model)

0f(z)
det 5,
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1 [Rezende, Mohamed, 1505.05770]

= @ /(#) = p(¢)

— tractable Jacobian

& ?
invertible "
_ S _.//‘\J\_.
|
easy-to-sample approximates ﬁ
distribution target distribution

(prior) (model)

parametrized by neural networks composed of
(trainable and expressive) - > many simple layers

o0f(z) |
det 5,
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1 [Rezende, Mohamed, 1505.05770]

q(p) = p(¢p)

T —  ——

&
invertible

easy-to-sample approximates
distribution target distribution
(prior) (model)

[

—— . ————

parametrized by neural networks composed of
‘ (trainable and expressive) B < many simple layers
|

0f(2) |
! Trained models are not perfect. Q(¢) — r(z) det 0z

|
; ™ But exact sampling can be recovered via Markov Chain

11/30 Fernando Romero-Lépez, MIT
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[

— — Jacon To—
&
invertible

ps(2) (2) () = Pyons (@)

{‘—#‘_&.t

Non-trivial prior approximates
' y target distribution
sampled via MCMC
(model)

™ Theories are “closer” and current flow models are able to effectively bridge between them
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' O In lattice QCD there are many examples where are useful

d(0)  (O)a; = (O)a,

do

?
\
o Ao E

Fernando Romero-Lopez, MIT



O In lattice QCD there are many examples where are useful

, €.9., constraining the slope of a continuum extrapolation

> Matrix element using

techniques: sigma terms, hadron structure.

, €.9., derivative with respect to electromagnetic coupling

2> Derivatives with respect to
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O How to compute derivative observables?
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, O How to compute derivative observables? ~

> Compute <O>ai on independent Markov Chains.

—— . ————

“ > Compute difference on a single ensemble using reweighing at Ao = ¢
|

(O)ar = (O)ay+e = (O —weO),, We = Pay-+e/Pay

> Create a “correlated ensemble” using a flow and compute the difference

<O(U) — w(f(U))(’)(f(U))>a1 where 1w — p/q [see also S. Bacchio, 2305.07932]

Fernando Romero-Lopez, MIT
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, O How to compute derivative observables? ~

<O>Oﬂ1 o <O>Oéz ?

> One can use large Aaq, at the cost of O(A) effects in the derivative
> Statistical errors add in quadrature: signal only visible at large A«

(O)ay = (O)ayte = (O —wO),,

2> Uncertainties benefit from correlated cancellations

> Errors increase very rapidly with A«

OWU) —w(fU))O(f(U)))a,

2> Uncertainties benefit from correlated cancellations

> Can go to larger Aa than with € reweighing
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, O How to compute derivative observables? ~

<O>Oﬂ1 o <O>Oﬂ2 ?

)

|

> One can use large Aq, at the cost of O(Aqa) effects in the derivative

(O)a; — (O)ayre = (O — w60>a1 |

> Statistical errors add in quadrature: signal only visible at large A« E
V

h 2 Uncertainties benefit from correlated cancellations
|

> Errors increase very rapidly with Aa m

B

|

?
OW) = w(FU)OFU)))e, ‘

3 > Uncertainties benefit from correlated cancellations Best of both

> Can go to larger Aa than with € reweighing ' worlds!

*
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“Residual La

» O Use an equivariant flow architecture based on the Gradient Flow

[Abbott et al, 2305.02402]
[see also S. Bacchio et al, 2212.08469]

F=% 6P(W')



https://arxiv.org/abs/2305.02402

“ SPL3

Residual la yers” ‘

» O Use an equivariant flow architecture based on the Gradient Flow

[Abbott et al, 2305.02402]
[see also S. Bacchio et al, 2212.08469]

F=% 6P(W')

variables, and update only active (upper triangular Jacobian)
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“ SPL3

" |

» O Use an equivariant flow architecture based on the Gradient Flow

[Abbott et al, 2305.02402]
[see also S. Bacchio et al, 2212.08469]

F=% 6P(W')

O Split lattice in variables, and update only active (upper triangular Jacobian)

O Build arbitrary loops “convoluting” the frozen links A ‘

3 F(V) = |+ mx [P

(1) R R
V,LL Uu (‘S:I:,,u,u)Jr Wm,uuUH
Ji [See also talk by U. Wenger/K. Holland]
16/30 [Similar to L-CNN, Favoni et al, 2012.12901] Fernando Romero-Lépez, MIT
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» O Gradient flow minimizes the action on a gauge configuration by solving the differential equation
[M. Lischer, arXiv:1006.4518 ]

0S(U) i+1 cF(U DY g7 (i
) n




» O Gradient flow minimizes the action on a gauge configuration by solving the differential equation
1+1 eF (U 2
(1) _ eP(U) 77 () g

[M. Lischer, arXiv:1006.4518 ]
B lC) U
# :
g dB, H H |

pFV
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» O Gradient flow minimizes the action on a gauge configuration by solving the differential equation
[M. Lischer, arXiv:1006.4518 ]

5S(U)

(¢+1)
B
g dB,

7 RGNS ,
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Model Prior type Parameters Target type Parameters Train ESS Eval. vol.

A Pure Gauge SU(3) B = 6.02 Pure Gauge SU(3) B =6.03 99.72% 16 67% #

‘ B1 Pure Gauge SU(3) £ =6.00 Feynman-Hellmann 3 = 6.00, A = +0.01 99.4% 16 x 8 84% V
' B2 Pure Gauge SU(3) £ = 6.00 Feynman-Hellmann 3 = 6.00, A\ = —0.01 99.4% 16 x 8  84% m
‘

C Ny =2 QCD B =5.60,k =0.153 Ny =2 QCD B =5.60, k = 0.1545 99.2% 84 48%




' O Derivative of an observable with respect to lattice spacing is useful in constraining the continuum limit

Example: gradient flow scales in SU(3) pure gauge  0.860 ?
flowed ensemble |

0.858 - ensemble at § = 6.02
with flowed ensemble |
I, d(t0.3 /t0.35) 0.85690 e reweighting \
o dlosftoss) o n

2 LO || [

d(a /to,g) o U8od e 8=6.02 — 6.03
£ o, |
‘ = 08521 el M

| | e T

‘ ' > Extrapolate to the continuum as: N m

t t
0.3 103 Lk I

— . .
3 t0.35 lat t0.35 cont t0.3 0.846 - V — ].6
, 0.00 005 010 015 020 025  0.30

2
a” /103
19/30 Fernando Romero-Lépez, MIT
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. O Computation of hadronic matrix elements can be formulated as a derivative

S, = S+ \O (xOlm) = — TN

2M_  dA =0

Fernando Romero-Lopez, MIT
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. O Computation of hadronic matrix elements can be formulated as a derivative

Or =95+ A0 (7| O|m) =

1 dM_ ?
2M_  dA =0 |

O If the operator is the gluon energy-momentum tensor, it leads to the gluon momentum fraction

dMW 3M7T latt
) — @

dA 2

Fernando Romero-Lopez, MIT
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. O Computation of hadronic matrix elements can be formulated as a derivative

Sy =S+ O (r|Ol) = —— M a

2M_.  dA | =0 |

O If the operator is the gluon energy-momentum tensor, it leads to the gluon momentum fraction

dM, 3M,
‘ O = ]\i Tr Re (Z Uio — Z Uz'j) — <$>;att

dA 2

O The gauge action becomes just an anisotropic target!




. O Results in quenched QCD using central finite differences for derivatives

Quenched QCD, 8=6.0, M, ~1 GeV ?
V =8 x 16 |

0.089 -

| 0.580{ [

0.575 1

0.570 1

0.565 -
heatbath ensembles
A € reweighting
0.560- [1  flowed ensembles

Oc
A
Same setup as [QCDSEF, arXiv:1205.6410]

21/30 Fernando Romero-Lépez, MIT
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. O Results in quenched QCD using central finite differences for derivatives

Quenched QCD, 8=6.0, M, ~1 GeV ?

_ Q3 1.4-
0.585 - V=28 x16 indep ensembles ‘
191 A € reweighting |
r ' [1  flowed ensembles
0.5807 ﬁ
‘ A 1.01 dM. 3M. <m>latt
0.575- - = — :
= T Zs 08 “ 2 |
h S 0.570- = " v
0.565 - 04 o M
heatbath ensembles ' q]
A € reweighting 5
0.560 1 [1  flowed ensembles 0.2 1 xd en:or '
reduction!

Oc
A
Same setup as [QCDSEF, arXiv:1205.6410]

method

21/30 Fernando Romero-Lépez, MIT
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| O Dependence of observables with respect to quark masses is useful for tuning, or e.g. sigma terms.

P Nf= 2 QCD with “exact determinant” 1.20 é E(f@vevgigggﬁbles L =3 f
U 1.15-
ﬁ — 56, K1 — 01530 TS@
~ 110+ A
g
. . —~  1.05-
| B =56, ky = 0.1545 - Lo
I S 1.00- 4] 4] | [ #A

> As an example, compute

dW4><4
dK

dW2x2
dK

dW1 «1
dK

observable

Fernando Romero-Lopez, MIT
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' O Overall, number of required samples for a error goal decreases

102 -

Ny=2QCD
Pure Gauge
///7) Feyman-Hellmann

X
(@),
o

x20

factor 2 reduction 7

improvement factor
AMiiiinttae

Ratio of variance 0
10V -

S¥
N
=

With respec_:t t? AW dWas AWy dQQ dto10 tO_.S‘I <x>1att
| epsilon reweighing dk dK dK dr dr  to.35 | cont g

oy
p
(\V)

|
h | observable
| 23/30

Comparison at fixed
number of samples

A more exhaustive comparison
needs

Fernando Romero-Lopez, MIT
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Practical applications of machine-learned flows on
gauge fields

’-.\
: i ] 1|

Ryan Abbott,”¢ Michael S. Albergo,? Denis Boyda,’¢ Daniel C. Hackett,*?-¢* ﬂ k. !
Gurtej Kanwar,® Fernando Romero-Lépez,b’C Phiala E. Shanahan’c and ﬂ ‘ ‘ |
att23
Dan Hackett (FNAL)

Julian M. Urban?¢ See talk @ |

arXiv:2404.11674




O A known algorithm for lattice QCD is running several Markov Chains in parallel and proposing swaps
[Hasenbusch, arXiv:1706.04443], [Bonanno et al, arXiv:2012.14000 & arXiv:2014.14151]

/81 : Ul(n) —_— U1(n+1) U1(n+2) _ U()(?H—l)

. n n+1 n+2 n+1
60- gl — yimy Ut = gt

Pacc — 111

O Can accelerate mixing of topological sectors if one chain “moves faster”.

Fernando Romero-Lopez, MIT
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' Topology mixing slows down

—_— V=12

$=6.00 REX ~ HB+OR 1 #=6.05 REX ~ HB+OR j
f Z
4 4 =595 T-REX $=6.00 T-REX 1 p=6.05 T-REX

2000 4000 0 2000 4000 0 2000 4000

S MCMC steps MCMC steps MCMC steps
’ —

Faster topology mixing

27 /30
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O Allintegrated autocorrelation times reduce significantly

»50{ REX =~ HB+OR 1 T-REX ?

B=6.05

50 - . T ——————————————————

0 200 400 600 800 1000 O 200 400 600 800 1000
Integration #yax

Integration 7.«

Fernando Romero-Lopez, MIT
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O Allintegrated autocorrelation times reduce significantly

. [REX ~ HB+OR [T-REX ?
IR LI PR |
200 - 7 $=5.95
@ 150 - i B=6.00
E 100 - ] / B=6.05
B=6.05 (3x)

0 2(I)O 4(I)O 6(I)O 8(I)O IOIOO 0 2(I)O 460 6(I)O 8(I)O IOIOO
Integration 7.« Integration 7.«

Fernando Romero-Lopez, MIT
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O Allintegrated autocorrelation times reduce significantly

»50{ REX =~ HB+OR 1 T-REX ?

|
T —— 1
200 - 7 $=35.95
@ 150 - - ﬂ — 600
B=6.05 (3X)

(I) 2(l)0 4(I)O 6(I)O 8(I)O IOIOO (I) 2(I)O 460 6(I)O 8(I)O IOIOO |
Integration 7.« Integration 7.«
‘ O Neglecting flow costs, computational advantage if one is interested in all three chains

O If only the “finest” ensembles is used, almost break even

28/30
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M Lattice QCD is the first-principle treatment of the strong interaction at hadronic energies

O Flow-based sampling has the potential to accelerate sampling of QCD configurations ?

|

M Direct sampling remains challenging, but current flows can map effectively between nearby parameters

|

|
™ Flow models can be used to compute derivative observables by generating “correlated ensembles” ﬁ
‘ ™ Promising numerical demonstrations in QCD / Yang Mills i

B

Fernando Romero-Lopez, MIT

-

O Next steps: correlated ensembles at state-of-the-art QCD scales!

|

’ M Flows allow for increased acceptance rates in replica exchange: T-REX

O Acceptance rate degrades with volume. Use an action with localized defects? What about fermions?

*
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M Lattice QCD is the first-principle treatment of the strong interaction at hadronic energies

O Flow-based sampling has the potential to accelerate sampling of QCD configurations ?

f M Direct sampling remains challenging, but current flows can map effectively between nearby parameters

M Flow models can be used to compute derivative observables by generating “correlated ensembles”

‘ ™M Promising numerical demonstrations in QCD / Yang Mills

O Next steps: correlated ensembles at state-of-the-art QCD scales!

M Flows allow for increased acceptance rates in replica exchange: T-REX

O Acceptance rate degrades with volume. Use an action with localized defects? What about fermions?
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| O LFT s the first-principles treatment of the generic QFT

® Path integral ?

Z = [D¢ e~ 5@)

Fernando Romero-Lopez, MIT
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| O LFT s the first-principles treatment of the generic QFT

@® Path integral in . statistical meaning ?

Z=[D¢€\ , Where

Boltzmann factor

Fernando Romero-Lopez, MIT
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| O LFT s the first-principles treatment of the generic QFT

@® Path integral in . statistical meaning ?
Lattice spacing )

Z=[D¢€ , Where ‘ o ‘ ‘ ‘ ‘
\ Boltzmann factor |

@® Discretize quantum fields (real scalars): _@x

—0O0—0—0—
2
‘ Continuum: Sg = Jd4x %aﬂgb(x)z n;¢(x)2 Ap(x)* —O0—0—"0—~0—

2
Lattice: Sg= “42 3 (B — ¢ n; s + Ag;

Fernando Romero-Lopez, MIT
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| O LFT applied to QCD can be used to solve the dynamics of the strong interaction at hadronic energies

@® Lattice QCD partition function ?

|
AN W

Boltzmann factor




| O LFT applied to QCD can be used to solve the dynamics of the strong interaction at hadronic energies

@ Lattice QCD partition function lattice spacing ?

£ = JDwDWDAe
N

Boltzmann factor

® Discretize gauge fields and fermion fields:

— Under control but technical

—> Need continuum limit

————
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| O LFT applied to QCD can be used to solve the dynamics of the strong interaction at hadronic energies

@ Lattice QCD partition function lattice spacing ?

£ = JDl//Dl/?DAé
N

Boltzmann factor

® Discretize gauge fields and fermion fields:

— Under control but technical

—> Need continuum limit

® Compute observables as expectation values

1
| (O0) = 7 J'Dl//Dl/_/DA Oe

\ An integral over many variables:

2x3%2x4xL*~ 1019

33/44 Fernando Romero-Lépez, MIT
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Lattice QCD is over a very large number of variables |
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Lattice QCD is over a very large number of variables |

7 ?

—> Generate field configurations: { Ui} ~ p(U) —

N

conf

— Compute observables: <@> = Z O(Ui)
1=0

————— R —



Lattice QCD is over a very large number of variables |

7 ?

— Generate field configurations: { Ui} ~ p(U) —

N

conf

— Compute observables: <@> = Z O(Ui)
1=0

——

—————



Lattice QCD is over a very large number of variables |

¢~ SeU)
—> Generate field configurations: { Ui} ~ p(U) — - ?
Neonf ‘
— Compute observables: <@> = Z O(Ui)
1=0
Thermalization (discard) Greneration

Fernando Romero-Lopez, MIT
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Lattice QCD is over a very large number of variables |

¢~ SeU)
—> Generate field configurations: { Ui} ~ p(U) — - ?
Neonf ‘
— Compute observables: <@> = Z O(Ui)
1=0
Thermalization (discard) Greneration
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Lattice QCD is over a very large number of variables |

¢~ SeU)
—> Generate field configurations: { Ui} ~ p(U) — - ?
Neonf ‘
— Compute observables: <@> = Z O(Ui)
1=0
Thermalization (discard) Greneration

l Autocorrelation — Computational cost

Fernando Romero-Lopez, MIT
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Hvbr&d/ﬂami&ommm Monte Carlo (HMC)

Molecular djnamacs “+=  Markov Chain Mownte Carlo




O Remove discretization effects by taking the continuum limit.

Fernando Romero-Lopez, MIT
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O Remove discretization effects by taking the continuum limit.

Lattice spacing —» O
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O Remove discretization effects by taking the continuum limit.

Lattice spacing —» O

Number of updates
to change fixed — m
physical length scale
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O Remove discretization effects by taking the continuum limit.

Lattice spacing —» O

Number of updates
to change fixed — m
physical length scale

of generation of uncorrelated samples

Fernando Romero-Lopez, MIT
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|
' O A real scalar field per lattice site in a 2D lattice. P(x) € (—o0, + 0)

B WG

2

unlikely likely likely
(log prob = -6107)

—————— R —



1 [Rezende, Mohamed, 1505.05770]

«(B =p@) |

—tractable Jacobian Y
& ?
invertible "

easily sampled approximates
distribution target distribution
(prior) (model)

0f(z)
det 5,

Fernando Romero-Lopez, MIT
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1 [Rezende, Mohamed, 1505.05770]

q(p) = p(¢p)

T —  ——

&
invertible

easily sampled approximates
distribution target distribution
(prior) (model)

[

—— . ————

parametrized by neural networks composed of
(trainable and expressive) - > many simple layers

o0f(z) |
det 5,

Fernando Romero-Lopez, MIT
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1 [Rezende, Mohamed, 1505.05770]

q(p) = p(¢p)

T —  ——

&
invertible

easily sampled approximates
distribution target distribution
(prior) (model)

[

—— . ————

parametrized by neural networks composed of
‘ (trainable and expressive) B < many simple layers
|

0f(2) |
! Trained models are not perfect. Q(¢) — r(z) det 0z

|
; ™ But exact sampling can be recovered via Markov Chain

38/44 Fernando Romero-Lépez, MIT
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— Efficient flow models need tractable Jacobians.

: Each layer acts on a subset of components, ?
conditioned only on the complimentary subset.

Fernando Romero-Lopez, MIT
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: p(x) € (—o0, + c0) — Efficient flow models need tractable Jacobians.

: Each layer acts on a subset of components, ?
conditioned only on the complimentary subset. ,

Freeze

’ ¢ { frozen rozen
l ¢act1ve — (¢frozen) X qbactwe -+ L
2\

conditioning 39/30 Fernando Romero-Ldpez, M

I e [ — i e — ——— —




: p(x) € (—o0, + c0) — Efficient flow models need tractable Jacobians.

| L I#‘
' . Each layer acts on a subset of components, ?
I| "'L.I conditioned only on the complimentary subset. ,

“Masking pattern” m defines subsets. Jpdated __rozen

Jacobian —

’ ¢ { frozen rozen
L ¢act1ve — (¢£r\0zen) X ¢act1ve + 1

conditioning 39/30 Fernando Romero-Lépez, MIT
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. Non-volume preserving coupling layer:

[Dinh, Sohl-Dickstein, Bengio 1605.08803]
/ "
b \ ﬁ
(I —m)¢

Frozen

v
NN
params.
W
es t

» M@ = mao

\

,

————— R —



O Target distribution know up to a constant:

plo()] ~ &S00

?

|

O Train to minimize Kullback-Leibler divergence: Measures deviation between H
—’—> model and target ﬁ

Dxi(qllp) = )  logla(¢)/p(9)] J

‘ samples
|
|

#

B

|

*

Fernando Romero-Lopez, MIT
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O Target distribution know up to a constant:

plp(z)] ~ e 29 i

O Train to minimize Kullback-Leibler divergence: Measures deviation between E

—’—> model and target

Dx1(qllp) = Z log|g(¢)/p(9)]

|
samples V
0 Ii
|
1. Draw samples from the model to measure sample mean of log[q(qb) /p(¢)]
2. Gradient-based methods to optimize model parameters (e.g. Adam optimizer)

|
[Kingma, Ba, arXiv:1412.6980] B

Fernando Romero-Lopez, MIT
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' D

— - Parameterize flow using
e TR — Coupling |ayer3 -— Each layer contains

arbitrary neural nets

| ?

A 4

Training step

Draw samples from model

Compute loss function

Gradient descent

Desired accuracy?

Y

Save trained model N

samples from model

|\/|al'kOV Chain USing [credits: G. Kanwar] 8

generating samples is
embarrassingly parallel 42 /30 Fernando Romero-Lépez, MIT
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' D

— - Parameterize flow using
e TR — Coupling |ayer3 -— Each layer contains

arbitrary neural nets

| ?

A 4

Training step

Draw samples from model

Compute loss function

Gradient descent

Desired accuracy?

Y

Save trained model N

samples from model

|\/|al'kOV Chain USing [credits: G. Kanwar] 8

generating samples is
embarrassingly parallel 42 /30 Fernando Romero-Lépez, MIT
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O FE ¢ G.(0)
O yo A Acc

50% ML models

70% ML models

6 8 10 12 14 8 10 12 14 L
(b) Local Metropolis ensembles (c) Flow-based MCMC ensembles

Convenkional &Wrc}a&kes slow dowin No slow-dowin!

Albergo, Kanwar, Shanahan 1904.12072 43 /30 Fernando Romero-Lépez, MIT
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https://arxiv.org/pdf/1904.12072.pdf




, O Gauge variables are the gauge links

Uu(z) € U(1) ?

UM(CE) _ eiagA#(:zz) |
agA,(z) € [0, 2m)

Fernando Romero-Lopez, MIT
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, O Gauge variables are the gauge links

Uu(z) € U(1)

U,u(w) __ eiagA#(:c)
agA,(z) € [0, 2m)

O A gauge transformation is:
U.(z) — Q(w)Uu(x)QT(
for all Q(x ) € U(l

N—" =

Fernando Romero-Lopez, MIT
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, O Gauge variables are the gauge links O A gauge transformation is:

Uu(z) € U(1)

U,u(m) __ eiagAH(a:)
agA,(z) € [0, 2m)

Inverse
Jy gauge coupling

———— — —
— - - — i e —
e ——— —— ———
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' '”<Z> H(2)

tractable Jacobian
@ O : O O
invertible 5

O

[e

easily sampled approximates
‘ distribution target distribution
‘ | (prior) (model)

O Gauge variables on compact connected manifolds

, O Gauge symmetry should be included q(U) _ r(z) det 0f(z) o

Fernando Romero-Lopez, MIT
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: O Flows on compact connected manifolds:

U,(x) = exp(:0) € U(1)

[Rezende, Papamakarios, Racaniere , Albergo, Kanwar, Shanahan, Cranmer 2002.02428]

Fernando Romero-Lopez, MIT
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https://arxiv.org/pdf/2002.02428.pdf

' O Flows on compact connected manifolds:

U,(x) = exp(:0) € U(1)

[Rezende, Papamakarios, Racaniere , Albergo, Kanwar, Shanahan, Cranmer 2002.02428]

Diffeomorphism if:

Fernando Romero-Lopez, MIT
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https://arxiv.org/pdf/2002.02428.pdf

' O Flows on compact connected manifolds:

U,(x) = exp(:0) € U(1)

[Rezende, Papamakarios, Racaniere , Albergo, Kanwar, Shanahan, Cranmer 2002.02428]

‘Di,ﬂfnfec} NAGOT F@kgsm Ef?; Cira‘:uiar S FLEMQS‘I

fo

27
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https://arxiv.org/pdf/2002.02428.pdf

' O Flows on compact connected manifolds:

U,(x) = exp(:0) € U(1)

[Rezende, Papamakarios, Racaniere , Albergo, Kanwar, Shanahan, Cranmer 2002.02428] |

‘DEJF ‘f e OWOoY PKLSM b‘f‘,’ Cirﬂuiﬁr 3 FLE"‘M‘QS : 2 Trainable positions and slopes

i 2 Expressivity with more knots
S = ——
f( v ) £ do
Xk

27

————— R —


https://arxiv.org/pdf/2002.02428.pdf

O Not essential, but:

v/ Reduces complexity of training

v' Reduces parameter count

True distribution Learned by naive ML

Fernando Romero-Lopez, MIT
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O Not essential, but:

v/ Reduces complexity of training

v' Reduces parameter count

True distribution Learned by naive ML

Creneral &pprcm«::k:

1. Invariant base distribution

r(z) = r(t() —




O Not essential, but:

v/ Reduces complexity of training

v' Reduces parameter count

Creneral &pprcm«::k:

1. Invariant base distribution

r(z) = r(t() —

2. Equivariant flow

————— R —



» O Gauge invariant prior + gauge-equivariant transformations: 6 ~ Uniform(0, 27) |
' 9(Ua)U,(2)QN (z + p)) = Q) g(Up(w)) A (z + p)

Fernando Romero-Lopez, MIT
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» O Gauge invariant prior + gauge-equivariant transformations: 6 ~ Uniform(0, 27)
' 9(Ua)U,(2)QN (z + p)) = Q) g(Up(w)) A (z + p)
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» O Gauge invariant prior + gauge-equivariant transformations: 6 ~ Uniform(0, 27) |
' 9(Ua)U,(2)QN (z + p)) = Q) g(Up(w)) A (z + p)

| Frozen input /(X)

‘ contains
‘ | active link

Fernando Romero-Lopez, MIT
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» O Gauge invariant prior + gauge-equivariant transformations: 6 ~ Uniform(0, 27) |
' 9(Ua)U,(2)QN (z + p)) = Q) g(Up(w)) A (z + p)

> e.g. circular splines ?

O RP=0) f

= h ( 1)

|
|

Frozen input [(x)

‘ contains
‘ | active link

Fernando Romero-Lopez, MIT
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» O Gauge invariant prior + gauge-equivariant transformations: 6 ~ Uniform(0, 27) |
' 9(Ua)U,(2)QN (z + p)) = Q) g(Up(w)) A (z + p)

> e.g. circular splines ?

O RP=0) f

= h ( 1)

|
|

Frozen input [(x)

‘ contains
‘ | active link
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» O Gauge invariant prior + gauge-equivariant transformations: 6 ~ Uniform(0, 27) |
' 9(Ua)U,(2)QN (z + p)) = Q) g(Up(w)) A (z + p)

> e.g. circular splines ?

O RP=0) f

= h ( 1)

|
|

Frozen input [(x)

‘ contains
‘ | active link
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» O Gauge invariant prior + gauge-equivariant transformations: 6 ~ Uniform(0, 27) |
' 9(Ua)U,(2)QN (z + p)) = Q) g(Up(w)) A (z + p)

> e.g. circular splines ?

O RP=0) f

= h ( 1)

|
|

Frozen input [(x)

‘ contains
‘ | active link

P, (%) = P, (%)

Fernando Romero-Lopez, MIT
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» O Gauge invariant prior + gauge-equivariant transformations: 6 ~ Uniform(0, 27) |
' 9(Ua)U,(2)QN (z + p)) = Q) g(Up(w)) A (z + p)

= h ( 1)

> e.g. circular splines ?

O RP=0) f

|
|

h contains
|

Frozen input ](x) 3
active link f_ ]

P, (%) = P, (%)

“gauge-equivariant layer”

Fernando Romero-Lopez, MIT
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contains

| Frozen input |
active link | R

Fernando Romero-Lopez, MIT
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contains
active link

Fernando Romero-Lopez, MIT
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contains
active link

r o LR |
EEEEEEEE L q
EEEENEEE pEEEEEER
BC EEC . Wl ENEEEEE
BN 3 =m = DEEEEEEE
h BE - omeCow - ENENEEEE
l Bn EComE-Om Layer N |
HE T OEEC
Prior s DCEECTE > Need at least 8 | to transform all link
7 Need at leas dayers 10 tTranstorm aii lIiNKs
@ [0 Layer 2
\ 4
- 00
O
Uniform(O, 27 ) 50/30 Fernando Romero-Lépez, MIT

-

———
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contains
active link | gy gy )
28 ‘
f - FIIIIII! |
T T O e AN |
ERRRNEEN pEEEEEEE q
B JEEC O NI J
Bl = | == ‘ = EREEENNN o ?
h == B mE. m . DESSEEES pEEEEEEN V
l By B OEE-m Layer N |
BN §COpECOw
Prior Bl BT TOEEC O .
HE 2> Need at least 8 layers to transform all links
@ Cl Layer 2
= v/ Similar approach can be applied to SU(N)
@ @ [Kanwar, Albergo, Boyda, Cranmer, Hackett, Racaniere, Rezende, Shanahan 2003.06413]
"
@)
Uniform(O, 27 ) 50/30 Fernando Romero-Lépez, MIT

-
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https://arxiv.org/pdf/2003.06413.pdf

| Cost per independent sample

o !
10000 ? 1 Ell\B/IC :> (standard algorithms) “‘."'“.. "" ?
1000 - Flow o ‘

“‘
“
L )
"
s * .
.®
a
.
L )
L )
™

| | | | | | | m
1 y 3 4 5 6 7 |

[ = inverse gauge coupling

v Flow-based sampling has no topological freezing

[Kanwar, Albergo, Boyda, Cranmer, Hackett, Racaniere, Rezende, Shanahan 2003.06413]

51/30
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https://arxiv.org/pdf/2003.06413.pdf
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Toy model for QCD Machine Learning
challenges

1. Confinement 1. Gauge symmetry

2. Chiral symmetry breaking 2. Fermion degrees of freedom

3. Topology 3. Long-range correlations




' O The fermionic part of the action
Ny
Stera (U, 9,8) = 3 Y 9 (y) DU (3, 2)"95 () ;
f=1 zy

DU](y,2)°* = (y —2)6°* — i 3 {[1 — 0" Vu @)y — o+ ) + [1+ 0 Uy — D)oy — 2 — )}

dim D|U| = volume X spin X gauge

Fernando Romero-Lopez, MIT
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' O The fermionic part of the action

Stera (U, 9,8) = 3 Y 9 (y) DU (3, 2)"95 () ;

]E::l L,Y ’
DU (y, )" = 6(y = 2)6°* =k > {1 —0u)*Vp()d(y — o + ) + [1 + 0,V (y — oy — = — )} ,
\ y
dim D|U| = volume X spin X gauge

O Fermionic degrees of freedom can be integrated out

V
/ D[U| D[, e TaonselV) g~ Stem :20) @

Fernando Romero-Lopez, MIT
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' O The fermionic part of the action

Stera (U, 9,8) = 3 Y 9 (y) DU (3, 2)"95 () ;

]E::l L,Y ’
DU (y, )" = 6(y = 2)6°* =k > {1 —0u)*Vp()d(y — o + ) + [1 + 0,V (y — oy — = — )} ,
\ y
dim D|U| = volume X spin X gauge

O Fermionic degrees of freedom can be integrated out

/D[U]D[¢7 /QE]e_Sgauge(U)e—Sferm(ip,'QZ,U) /’D[¢7 @]e—Sferm(%@aU) — H det Df(U)

Fernando Romero-Lopez, MIT
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' O The fermionic part of the action

Stera (U, 9,8) = 3 Y 9 (y) DU (3, 2)"95 () ;

]E::l L,Y ’
DU (y, )" = 6(y = 2)6°* =k > {1 —0u)*Vp()d(y — o + ) + [1 + 0,V (y — oy — = — )} ,
\ y
dim D|U| = volume X spin X gauge

‘ O Fermionic degrees of freedom can be integrated out
(
|

v
/ DIU]| D[, 9P| o~ Sgange(U) o= Sterm (¥,9,U) / Dlap, Ple Sim(bU) — ﬁ det D(U) N

O Full action can be expressed only in terms of gauge variables:

-0 Z Re P(z) — logdet D[U]'D[U]

54 /30 Fernando Romero-Lépez, MIT
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Vanishing fermion mass
Diverging correlation length

390

I Hardest to simulate in standard approaches Truth line

chiral condensate

1 1 1 ] | 1 | | 1 1 1 1
10F 10° 1ge
number of samples

[Albergo, Boyda, Cranmer, Hackett, Kanwar, Racaniere, Rezende, FRL, Shanahan, Urban 2202.11712]
55/30 Fernando Romero-Lépez, MIT
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https://arxiv.org/abs/2202.11712

Vanishing fermion mass
Diverging correlation length

390

I Hardest to simulate in standard approaches Truth line

X HMC shows biased results with underestimated errors

chiral condensate

IIII I | llllll' | I lllllll

v Flow-based sampling provides correct results 104 105 106

number of samples

[Albergo, Boyda, Cranmer, Hackett, Kanwar, Racaniere, Rezende, FRL, Shanahan, Urban 2202.11712]
55/30 Fernando Romero-Lépez, MIT
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https://arxiv.org/abs/2202.11712

(topological observable)

sign of det D[ U]
L . —— HMC1 —— HMC2 —— Flow "
Vanishing fermion mass
Diverging correlation length N ; ! ﬂ
! I
I Hardest to simulate in standard approaches b E n
I
—1 - [ 1
| . | . J(
V

|
| 0 5000 10000 15000 20000 25000 30000
' Markov Chain step

X HMC shows biased results with underestimated errors

v Flow-based sampling provides correct results

e —— — 4

3 v Flow-based sampling mitigates topology freezing even at criticality
|

\
Jy [Albergo, Boyda, Cranmer, Hackett, Kanwar, Racaniere, Rezende, FRL, Shanahan, Urban 2202.11712]
| 55/30 Fernando Romero-Lépez, MIT
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https://arxiv.org/abs/2202.11712

' O Evaluation of the fermion determinant is expensive.

Se(U)

—f Z Re P(z) — logdet D[U]'D[U]




' O Evaluation of the fermion determinant is expensive.

Se(U)

_5ZReP(m) — logdet D[U]"D[U] ?

O The cost of determinant computationis ~ O(n°)

O In QCD, the Dirac operator is a matrix of dimension:

n=2x4xN.x L>xT ~ 10’

Fernando Romero-Lopez, MIT
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' O Evaluation of the fermion determinant is expensive.

Se(U) —5ZReP(m) — logdet D[U]"D[U] ?

O The cost of determinant computationis ~ O(n°)

O In QCD, the Dirac operator is a matrix of dimension:

n=2x4xN.x L>xT ~ 10’

O Scalable approach: use stochastic determinant estimators:

Fernando Romero-Lopez, MIT
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' O Stochastically estimate determinant using auxiliary degrees of freedom

1 ~1
det DD' — / D e~ (0D) 6
A%

Fernando Romero-Lopez, MIT
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' O Stochastically estimate determinant using auxiliary degrees of freedom

1 1
det DD = / Dpe ¢ (DD) ¢
Z N

O Joint target distribution

| 1

p(U,¢) = e %0500 wn 5,(9,0) = ¢! [DW)D'(U)] 4" 5

O Only need the Dirac operator applied to the PF field:

————— R —



p(U,

p) =
p(U) o det DDT <_| L, (P|U) x e Spr(¢lU) §

det DDT(U)

“marginal” “conditional”

?
1
|
!
|
|

‘

B

|

|

Fernando Romero-Lopez MIT



5 o

1 _
p(U)  det DD'(U <_| L, (¢|U) , e Spr(9U)

“marginal”

k/

Different flow models to approximate
marginal and conditional distributions

“conditional’

niere, Rezende, Urban, Boyda, Cranmer, Hackett, Shanahan 2106.05934]

——
———— R —


https://arxiv.org/abs/2106.05934
https://arxiv.org/abs/2106.05934
https://arxiv.org/abs/2106.05934
https://arxiv.org/abs/2106.05934
https://arxiv.org/abs/2106.05934

p(U,

¢) =
p(U) x det DD'(U) <—| L» (¢|U)

“marginal” “conditional”

| k/

existing gauge architectures
[Kanwar et al, 2003.06413]

[Boyda et al, 2008.05456]
f(z| U)

, Different flow models to approximate
marginal and conditional distributions

‘ new conditional architectures

58/44 Fernando Romero-Lépez, MIT
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https://arxiv.org/abs/2106.05934
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https://arxiv.org/abs/2106.05934
https://arxiv.org/abs/2106.05934
https://arxiv.org/pdf/2003.06413.pdf
https://arxiv.org/abs/2008.05456

p(U,

¢) =
p(U) x det DD'(U) <—| L» (¢|U)

“marginal” “conditional”

4

A
* L/ 0
|
1

existing gauge architectures
[Kanwar et al, 2003.06413]

[Boyda et al, 2008.05456]
f(z| U)

, Different flow models to approximate
marginal and conditional distributions

‘ new conditional architectures

58/44 Fernando Romero-Lépez, MIT
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https://arxiv.org/abs/2106.05934
https://arxiv.org/abs/2106.05934
https://arxiv.org/abs/2106.05934
https://arxiv.org/abs/2106.05934
https://arxiv.org/abs/2106.05934
https://arxiv.org/pdf/2003.06413.pdf
https://arxiv.org/abs/2008.05456

p(U,

) =
p(U) o« det DD'(U) <—| L» (¢]U) €

det DD'(U)

“marginal” “conditional”

V4

\
* U
‘ configuration
|

existing gauge architectures
[Kanwar et al, 2003.06413] Q( U)Q(¢ ‘ U)
[Boyda et al, 2008.05456]

T —| [(z|U)

, Different flow models to approximate
marginal and conditional distributions

‘ new conditional architectures

58/44 Fernando Romero-Lépez, MIT
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https://arxiv.org/abs/2106.05934
https://arxiv.org/abs/2106.05934
https://arxiv.org/abs/2106.05934
https://arxiv.org/abs/2106.05934
https://arxiv.org/abs/2106.05934
https://arxiv.org/pdf/2003.06413.pdf
https://arxiv.org/abs/2008.05456

approximates

P e )
)¢ ~ o~ (DW)DHD))

Fernando Romero-Lopez, MIT
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approximates

a2 1
oA o —¢'(DU)DI(V)) ¢




approximates

a2 1
oA o —¢'(DU)DI(V)) ¢

¢'(z) = A(U) ¢(z) + B(U) Up(z)d(z + )

parallel-transported
neighbor

————— R —



approximates

P e
AN, ¢! (DU)DHV)) ¢

‘ O Construct flow with expressive
|
|

‘ v
d(x + w) M
parallel transported
neighbor

NN outputs
(gauge-invariant inputs)

Fernando Romero-Lopez, MIT
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approximates

«— | >
q(@|U) oAU ~ ¢! (DU)DI(U)) ¢

‘ O Construct flow with expressive ; J&
|
|

b+ p) 2220 ¢ (2) - Q(z) ¢ (2)
parallel transported (gauge equivariance)
neighbor

NN outputs
(gauge-invariant inputs)

59/44 Fernando Romero-Lépez, MIT
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0.4

- JOil’lt ESS 0.12 - --- Joint ESS ?
— Marginal ESS — Marginal ESS | (quality of the marginal part) ,
0.3 - 0.10 ‘
|
0.08 - ﬂ

7 0.2 7
é /8 — 2,(), K — 0,265, M 0.06 - ,8 = 6.0, x = 0.265 j}
‘ L = 16, aM, ~ 0.35 . L = 16, aM, ~ 0.72 v
| - |
‘ 0.1 T P s M'Iv‘l"vl‘l ".,\'\v.\lnu\«ﬂ\ TS 1‘,\1"'\'\’\‘\'«“"\,"‘ ‘

o 0.02 - , ,~~"\’\'v“'v"l"" (qdality of the joint model)
\‘N\n\u-l'.\ vhversel T ™ v
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‘“Effective Sample size” = model quallty [Abbott, Albergo, Boyda, Cranmer, Hackett, Kanwar, Racaniére, Rezende, FRL, Shanahan, Tian, Urban 2207.08945]
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(Examples in Schwinger model)

Fernando Romero-Lopez, MIT

-

————

P ———
e ——



M Overcoming critical slowing down in toy models: scalar theories, Schwinger model "o i5--- 22 |

—
————— R —

—————



. M Overcoming critical slowing down in toy models: scalar theories, Schwinger model "o i5--- 22 |

™M Proof of principle in small-scale QCD

3.5

3.0 (standard algorithm)

B% HMC (Chroma)
04 Flow (512 PF)

Density

—1.0 —0.5 0.0 0.5 1.0
topological charge: @)

[Abbott, ..., , «», €t al 2208.03832]
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™M Proof of principle in small-scale QCD

3.5

3.0+

Density

1.0

[ —
Ot
|

0.5

(standard algorithm)

B% HMC (Chroma)
04 Flow (512 PF)

—1.0 —0.5 0.0 0.5
topological charge: @)

[Abbott, ..., , «», €t al 2208.03832]
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l [Abbott ...FRL... et al.]
(several works)

J Will it work for state-of-the-art Lattice QCD?

Aspects of scaling and scalability for flow-based sampling of
lattice QCD

Ryan Abbott!?, Michael S. Albergo>, Aleksandar Botev®, Denis Boyda*!:2,
Kyle Cranmer®3, Daniel C. Hackett!?, Alexander G. D. G. Matthews®,
2

Sébastien Racaniere®, Ali Razavi®, Danilo J. Rezende®, Fernando Romero-Lépez!2,
Phiala E. Shanahan!? and Julian M. Urban!+?

[arXiv:2211.07541]

“For flow-based methods, assessing scalability will re-
quire direct, experimental investigation of applications to
QCD itself, which has only just begun.”
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