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Parallels between ML & RG

(a) Training dynamics: coarse graining
over Neural Network parameters as per
RG schemes.

[Cotler, Rezchikov 2022], [Cotler, Rezchikov 2023],

[Berman, Heckman, Klinger 2022], [Berman, Klinger

2022], [Berman, Klinger, Stapleton 2023], [Berman,
Klinger, Stapleton 2024]

(b) Initialization: RG of statistical field
theories associated with NN ensembles.

[Halverson, AM, Stoner 2020], [Erbin, Lahoche, O.
Samary 2021], [Erbin, Lahoche, O. Samary 2022],
[Erbin, Finotello, Kprera, Lahoche, O. Samary 2023],
[Grosvenor, Jefferson 2021], [Roberts, Yaida, Hanin
2021], [Erdmenger, Grosvenor, Jefferson 2021],
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Parallels between ML & RG

Q. Can RG + field theory improve zti_\){z R il _H}’ -

existing theoretical frameworks in ML? " - ’”i’zf;

4 Let’s find out. , e /; -‘

.. ?Y zl = 7

Image courtesy: google images



Parallels between ML & RG

Take a well known problem in ML:

=":5J %l) {x’nfCR J :
tm#owgn#o B,

’7/71 Neural Network Gaussian Process fs-if{j“f
(NNGP) regression. Wi

4P What can RG tell us here, that we
don’t already know?
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ABSTRACT: Separating relevant and irrelevant information is key to any modeling process
or scientific inquiry. Theoretical physics offers a powerful tool for achieving this in the form
of the renormalization group (RG). Here we demonstrate a practical approach to perform-
ing Wilsonian RG in the context of Gaussian Process (GP) Regression. We systematically
integrate out the unlearnable modes of the GP kernel, thereby obtaining an RG flow of the
Gaussian Process in which the data plays the role of the energy scale. In simple cases, this
results in a universal flow of the ridge parameter, which becomes input-dependent in the richer
scenario in which non-Gaussianities are included. In addition to being analytically tractable,
this approach goes beyond structural analogies between RG and neural networks by providing
a natural connection between RG flow and learnable vs. unlearnable modes. Studying such
flows may improve our understanding of feature learning in deep neural networks, and identify

potential universality classes in these models.
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Talk Outline

[. Neural Network Gaussian Process (NNGP) regression.
[I. Wilsonian RG for NNGP regression.
[II. When irrelevant modes are Gaussian.

IV. When irrelevant modes are non-Gaussian.



I. Neural Network Gaussian Process

(NNGP) Regression




Consider Neural Network Gaussian Process limit.

= Mean O

= Covariance K(x, x’)

Test data
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NNGP Regression: Part |
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Average predictor on test data

NNGP Regression: Part ]

];(CE*‘Xn) e K(x*a Xn)[K(Xna Xn) " O-Q:I]-an]_ly(Xn) Train data
Xn:iijdai(ﬂz)
n X d matrix X,

o* —

Ridge parameter

Test data

y(x) +Hel

In real life, noisy versions of :
' target are available. '



NNGP Regression: Part 111

Equivalence kernel limit

f(:E*‘Xn) a5 K(:E*, X’n)[K<X’m Xn) 5 UQILNXN]_ly(X’R)

using replica partition T

function over M copies of the same
system, then setting lim M — 0.

M
A - p —S
n: average #(train data points). <Z >77 _6 / H Df m€
m=1



NNGP Regression: Part 1V

Equivalence kernel limit
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NNGP kernel eignespace.



NNGP Regression: Part V

Introduce NNGP kernel eigenspace.
4 Eigenfunctions /( feature modes: ¢, ). A /\ A /\
4 Eigenvalues: 4, . ﬂ /\ /\ /

_

% (GP modes: f,, ); m ~replica index.

fo(@) = frkdu(@) e s
k=1



NNGP Regression: Part VI

Average predictors: equivalence kernel limit

T ——

9 Different feature modes ¢, do not interact in replica action.

Average per GP mode Variance per GP mode



NNGP Regression: Part VII

Irrelevant feature modes (for inference)

4p Modes get decoupled from
the inference problem, if

N e 02/77




NNGP Regression: Part VIII

Feature space/ kernel eigen-space = inverse of momentum space

Q1. Can we use momentum shell RG to integrate
out irrelevant feature modes?

2

Q2. How does that impact noise o“ renormalization

for average predictor?




I1. Wilsonian RG for NNGP regression




Wilsonian RG for NNGP regression (I)

BV e /n
/\ /\ | Wilsonian | ©

Feature modes
k p— 1,...,]( — 5k

Feature modes k = 1,---,«



Wilsonian RG for NNGP regression (II)

Integrate out irrelevant modes from replica action.

Step 1. Integrate out ¢, .

Step 2. Integrate out f, ;- -




Wilsonian RG for NNGP regression (I11)

But, do we actually need Wilsonian RG to coarse
grain over irrelevant modes?!

Ans. Not necessarily in equivalence kernel limit,
where higher modes (k > k) and lower modes
(k < k) decouple in replica action.




Wilsonian RG for NNGP regression (IV)

Q. Then when do we require Wilsonian RG?

o ——

Ans. Finite », 6°.

Higher modes (kK > k) and lower modes (k < k)
interactiin replica action.

<Z]\/[>77 S 6—77 /H Dfm< e—SO[f"rv'z.<] /H Dfm> B—SO[ffm>]

Y \
—Sint [f772,< affm>]



Wilsonian RG for NNGP regression (V)

Higher modes (k > x) and lower modes (k < x)'interact in replica action.

<Z]\/[> S 6—77 /H Dfm< e—SO fm< / H Dfm> B—SO f777,>] 1nt [f’m,<>f”m>]
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Wilsonian RG for NNGP regression (VI)

Effects of higher modes show up in S,

Z]\/[ i 6—77 /H Dfm< 6—50 / H Dfm> B—SO int [f77'2,< affm>]
~ \hi gher GP modes

Clon = (fmk — Yk) (frk — Yr)

<Z]\/[>77 — 8_77 / H Dfm< e_Seff [f?’?’l.<] 4_#’%/

Covariance of




Wilsonian RG for NNGP regression (VI)

Q. How does Wllsoman RG renormalize noise € ~ N/ (O c°)?

Z]\/[ i 6—77 /H Dfm< 6—SO /H Dfm> 6_50 Sint [ffm,<>ffm>]

o

\ RG flow of ridge

) >
/ parameter 6.



IIl. When irrelevant modes are

Gaussian
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Gaussian irrelevant features: Part |

Step 1. Integrate higher GP modes f, ;. . (always Gaussian).

Step 2. Integrate Gaussian higher feature modes ¢, ,.




Gaussian irrelevant features: Part Il

Assumption over expectation value of GP covariance matrix.




Gaussian irrelevant features: Part 111

Wilsonian RG over higher feature + GP modes

(Fm (z)—y(x))?
202




Gaussian irrelevant features: Part IV

RG flow of ridge parameter Each shell

2
g =g +ie

M (Fm(z)—y())?
m=1 252

Renormalization of ridge
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IV. When irrelevant modes are
non-Gaussian




Non-Gaussian irrelevant features (I)

Step 1. Integrate higher GP modes f, ;. . (always Gaussian).

Step 2. Integrate non-Gaussian higher feature modes ¢,

v g
\\\ . B = ?Ukl kgqu€2 (99181 y Pleo

1
Ukikoksks = <90k1 Pho Pks 90k4>P[go],connected A= gUk1k2k3qH€3(99k1799k27 Phg) ~—— / >

\ Hermite
—» polynomials




Non-Gaussian irrelevant features (II)

Spatial re-weighting of MSE loss

<ZM>77 = /Df e_So[f]Jrnstop[sO] eXp[ = (<I>I<I><+2<I>I<I>>+<I>I<I>>)]
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Non-Gaussian irrelevant features (I11)

Input dependent RG flow of ridge parameter Each shell
Vo e Wale)l  octl R
<ZM> L /Df B—SO[f]Jr??fDSDP[@] eXP[—ﬁz(‘I’Z‘I’<+2¢Z¢>+(I’I‘I’>)] Ugc e 0'8 0'64)

Spatial RG of ridge

2 0¢ o
5 By(z) + O (0c¢* /o)

PN

Covariance of GP modes
over infinitesimal shell




Conclusion

We introduce a Wilsonian RG framework for NNGP regression.

Integrate out modes irrelevant to the inference problem ~ high momentum
modes.

Results in RG flow of the ridge parameter (noise covariance) appearing in
average predictor.

Gaussian and non-Gaussian irrelevant feature modes lead to simple RG
and spatial (input-dependent) RG flows of the ridge.



Thank You!

Questions?

https:/aninditamaiti.github.io/



