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P.-J. De Gennes, Scaling concepts in polymer physics, 1979
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Figure 1. Schematic illustration of polyethylene. The local properties of the polymer depend on its microscopic
degrees of freedom: the bond length !, the bond angle θ, and the torsional angle φ. Because the potential of
the bond length is fairly “stiff”, ! may be kept fixed at its equilibrium value !0 in a modeling approach. By
contrast, the potential of the torsional angle is much “softer”. Thus, φ, which characterizes rotations about
a middle C-C bond, mainly determines the local conformation of the chain. All degrees of freedom (!, θ, φ)
determine the intrinsic stiffness of the chain. The stiffness reflects the persistence of orientational correlations
along the backbone of the chain. Orientational correlations decouple on the length scale of the “persistence
length” !p. For typical chain lengths, N ∼ 104, !p is much smaller than the end-to-end distance Re or the
radius of gyration Rg. (Rg measures the average distance of a monomer from the center of mass (cm) of the
chain.) Thus, the chain appears flexible on length scales larger than !p. If the polymer is dissolved in a good
solvent, distant monomers (filled grey circles) repel each other when they come in contact. That is, the excluded-
volume parameter v, measuring the effective interaction between distant monomers along the chain, is positive.
Under these conditions (i.e., linear polymer with some flexibility and repulsive monomer-monomer interactions) a
correspondence between the large-scale properties of the polymer and a critical system close to its phase transition
can be established:6, 16 1/N may be identified with the reduced distance, τ , to the critical temperature Tc of the
phase transition, and Re or Rg scale with N as the correlation length ξ of the order parameter does with τ . ν is
a universal critical exponent, often called “Flory exponent” in polymer science.

where Rcm is the position of the chain’s center of mass. Because Re ∝ Rg we focus on Re
in the sequel to illustrate the role played by U0 and U1.

Let b̂i denote the unit vector associated with the bond bi of fixed length !0 (Fig. 1).
Then, quite generally, we may write R2

e as

R2
e = !20

N−1∑

i=1

N−1∑

j=1

〈b̂i · b̂j〉 = 2!20

N−1∑

i=1

N−1−i∑

k=0

〈b̂i · b̂i+k〉 − (N − 1)!2
0 . (4)

Apparently, the large-scale behavior of Re depends on the range of orientational correla-
tions between bond vectors. Two cases may be distinguished:g

gIn part, the subsequent discussion closely follows that on p. 148 of Ref. 18.
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Figure 1. Hierarchical length scales for polymeric materials.
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The viscosity of polymeric materials originates from the dynamics of polymer chains. If the chains
are very short, i.e., they are oligomers; their dynamics are dominated by the friction between monomers.
According to the Rouse theory, the viscosity, ⌘0, of these oligomers has a simple scaling relationship
with chain length N , as ⌘0 ⇠ N , and the self-diffusion coefficient scales as Dcm ⇠ N

�1 [1].
These phenomena have also been observed both in molecular dynamics (MD) simulations [2,3] and
experiments [4]. However, when the chain length is larger than the entanglement length (N > Ne), due
to chain connectivity and uncrossability, the dynamics of these long chains will be greatly hindered by
topological constraints, referred to as entanglements. These entanglements are commonly assumed to
effectively restrict the lateral motion of individual polymer chains into a tube-like region with diameter
app. Thus, a chain will slither back and forth, or reptate, along the tube, instead of moving randomly
through three dimensional space. When the time, t, is shorter than the entanglement time, ⌧e, the chain
does not feel the constraints of the tube formed by its neighboring chains. Thus, it can move isotropically
in space. At intermediate times, ⌧e < t < ⌧R, the chain segments move along the axis of the tube in
a Rouse-like fashion, where ⌧R is the Rouse time, and only the two ends of the polymer chain explore
new space. The inner segments of the chain behave like a random walk inside the tube [5]. Beyond
the Rouse time (⌧R < t < ⌧d), the chain moves inside the tube in a one-dimensional diffusive manner,
where ⌧d is the disentanglement time. At longer times (t > ⌧d), the chain can completely escape its
original tube and form a new tube with its neighboring chains. This picture for entangled polymer chain
dynamics constitutes the so-called tube model, the most successful theory from the field of polymer
physics in the past thirty years. The central axis of the tube-like region defines the primitive path (PP).
The PP can be considered as the shortest path remaining, if one holds the two ends of the chain in space
and continuously shrinks its contour without violation of the chain’s uncrossability with its neighboring
chains. De Gennes [5] and Doi and Edwards [6] performed the pioneering works on the theoretical study
of rheological properties of entangled polymer melts following from the tube concept. The dynamics
of entangled polymer chains was considered in terms of the one-dimensional diffusion of a tracer chain
along its PP in a mean-field approach (i.e., the constraints formed by neighboring chains are considered
static). The PP was treated as a random walk in space with a constant step length, app. Thus, the
degree of the topological interactions between different chains is also defined through the effective tube
diameter, app. From the tube theory [5,6], Dcm ⇠ N

�2 and ⌘0 ⇠ N
3, which agree reasonably well

with the experimental observations. Later on, two important mechanisms observed in real polymer
systems, contour length fluctuation (CLF) and constraint release (CR), were subsequently incorporated
into the tube theory, which then predicts ⌘0 ⇠ N

3.4 [7]. In the original tube theory, the contour length

Scaling laws apply

Large-scale properties scale with system size 
through power laws


Problems are multi-scale 
Interesting physics on a range of different scales, 
which interplay and affect one another
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Fig. 16.13 Example of the block spin transformation on a 6×6 square lattice. The lattice
on the right shows the four spins that result from applying the transformation to each 3×3

block.

following simple algorithm: (1) count the number of up and down spins in each block;
(2) if the majority of the spins in the 3×3 block are up, replace the block by a single
up spin, otherwise replace it by a simple down spin. For the example on the left in
Fig. 16.13, the new lattice obtained by applying this procedure is shown on the right
in the figure. Such a transformation is called a block spin transformation (Kadanoff,
1966). Near a critical point, the system will exhibit long-range ordering, hence the
coarse-graining procedure should yield a new spin lattice that is statistically equivalent
to the old one; the spin lattice is then said to possess scale invariance.

Given the new spin lattice generated by the block spin transformation, we now wish
to determine the Hamiltonian of this lattice. Since the new lattice must be statistically
equivalent to the original one, the natural route to the transformed Hamiltonian is
through the partition function. Thus, we consider the zero-field (h = 0) partition
function of the original spin lattice using the Hamiltonian H0 in eqn. (16.3.4) for the
Ising model as the starting point:

Q(N, T ) =
∑

σ1

· · ·
∑

σN

e−βH0(σ1,...,σN) ≡ Trσe−βH0(σ1,...,σN). (16.9.1)

The transformation function T (σ′; σ1, ..., σ9) that yields the single spin σ′ for each 3×3
block of 9 spin variables can be expressed mathematically as follows:

T (σ′; σ1, ..., σ9) =







1 σ′ ∑9
i=1 σi > 0

0 otherwise
. (16.9.2)

This function ensures that when the spin sum over the original lattice is performed,
only those terms that conform to the rule of the block spin transformation are nonzero.
That is, the only nonzero terms are those for which σ′ and

∑9
i=1 σi have the same sign.

When eqn. (16.9.2) is inserted into eqn. (16.9.1), the function T (σ′; σ1, ..., σ9) projects
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Critical phenomena

out those configurations that are consistent with the block spin transformation rule,
while the sum over the old spin variables σ1, ..., σN leaves a function of only the new
spin variables {σ′

1, ..., σ
′
N ′}. Note that T (σ′; σ1, ..., σ9) satisfies the property

∑

σ′=±1

T (σ′; σ1, ..., σ9) = 1, (16.9.3)

which means simply that only one of the two values of σ′ can satisfy the block spin
transformation rule. The new spin variables {σ′} can now be used to define a new
partition function. To see how this is done, let the Hamiltonian of the new lattice be
defined according to

e−βH
′
0({σ′}) = Trσ

[

∏

blocks

T (σ′; σ1, ..., σ9)

]

e−βH0({σ}), (16.9.4)

which follows from eqn. (16.9.3). Summing both sides of eqn. (16.9.4) over the relevant
spin variables yields

Trσ′e−βH
′
0({σ′}) = Trσe−βH0({σ}). (16.9.5)

Eqn. (16.9.5) states that the partition function is preserved by the block spin trans-
formation and, consequently, so are the equilibrium properties.

If the block spin transformation is devised in such a way that the functional form
of the Hamiltonian is preserved, then the transformation can be iterated repeatedly on
each new lattice generated by the transformation: each iteration will generate a system
that is statistically equivalent to the original. Importantly, in a truly ordered state,
each iteration will produce precisely the same lattice in the thermodynamics limit, thus
signifying the existence of a critical point. If the functional form of the Hamiltonian is
maintained, then only its parameters (e.g., the strength of the spin-spin coupling) are
affected by the transformation, and thus, we can regard the transformation as one that
acts on these parameters. If the original Hamiltonian contains parameters K1, K2, ...,≡
K (for example, the coupling J in the Ising model), then the transformation yields a
Hamiltonian with a new set of parameters K′ = (K ′

1, K
′
2, ...) that are functions of the

old parameters
K′ = R(K). (16.9.6)

The vector function R defines the transformation. These equations are called the
renormalization group equations or renormalization group transformations. By iterat-
ing the RG equations, it is possible to determine if a system has an ordered phase and
for what parameter values the ordered phase occurs. In an ordered phase, each itera-
tion of the RG equations yields the same lattice with exactly the same Hamiltonian.
Requiring that the Hamiltonian itself remain unchanged under an RG transforma-
tion is stronger than simply requiring that the functional form of the Hamiltonian be
preserved. When the Hamiltonian is unchanged by the RG transformation, then the
parameters K′ obtained via eqn. (16.9.6) are unaltered, implying that

K = R(K). (16.9.7)

A point K in parameter space that satisfies eqn. (16.9.7) is called a fixed point of the
RG transformation. Eqn. (16.9.7) indicates that the Hamiltonian of an ordered phase
emerges from a fixed point of the RG equations.

cally realize if the explosive percolation in random graphs is continuous or discontinuous
[59, 60, 61, 62, 63, 64, 65, 66, 67, 68, 69, 70, 71]. Finally, after a numerical observation
[62], there has been given a mathematical proof [72] in favor of the continuous phase tran-
sition. The type of transition for the explosive percolation in Euclidean space [60, 73]
has not yet been clarified.
Other variants and modifications of percolation models will be discussed in Sec. 3.
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Figure 4: (a) Illustration of the transformed image under the special conformal mapping f(z) = z/(2�z).
Left panels in (b) and (c) show the homogeneous spin configurations of a 2D Ising model on a square
lattice above and at the Curie point, respectively. Under the conformal transformation f(z), the spin
configuration above Tc is no longer homogeneous while the one exactly at Tc still is and looks statistically
like the original configuration due to its conformal invariant symmetry.

Looking back at Figure 2, we see that all graphs of di↵erent size cross at a single
point which is the percolation threshold. This means that at an exactly certain critical
occupancy the percolation probability becomes scale invariant. Scale invariance means
that if we zoom in or out and look at the system with an arbitrary window size, then the
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Figure 4: (a) Illustration of the transformed image under the special conformal mapping f(z) = z/(2�z).
Left panels in (b) and (c) show the homogeneous spin configurations of a 2D Ising model on a square
lattice above and at the Curie point, respectively. Under the conformal transformation f(z), the spin
configuration above Tc is no longer homogeneous while the one exactly at Tc still is and looks statistically
like the original configuration due to its conformal invariant symmetry.

Looking back at Figure 2, we see that all graphs of di↵erent size cross at a single
point which is the percolation threshold. This means that at an exactly certain critical
occupancy the percolation probability becomes scale invariant. Scale invariance means
that if we zoom in or out and look at the system with an arbitrary window size, then the
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Fig. 16.18 A renormalization group trajectory.

u1(K1, K2) = 0

defines the critical surface, which in this case, is a one-dimensional curve in the K1K2

plane as illustrated in Fig. 16.19. Here, the black curve represents the critical “sur-
face” (curve), and the point at which the arrows meet is the critical fixed point. The
full coupling constant space represents the space of all physical systems containing
nearest-neighbor and next-nearest-neighbor couplings. If we wish to consider the sub-
set of systems with no next-nearest-neighbor coupling (K2 = 0), the point at which
the line K2 = 0 intersects the critical surface defines the critical value K1c and the
corresponding critical temperature, and is an unstable fixed point of an RG transfor-
mation with K2 = 0. Similarly, if we consider a model for which K2 != 0, then the
point at which this line intersects the critical surface determines the critical value of
K1 for such a model. In fact, for any of these models, K1c lies on the critical surface
and iterates toward the critical fixed point under the full RG transformation. Thus,
we have an effective definition of a universality class: All models characterized by the
same critical fixed point belong to the same universality class and share the same
critical properties.

Iterative application 
leads to fixed point
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Up/down spins, first-neighbour coupling 
Zero temperature phase transition in 1D 

Finite temperature phase transition in 2D

Scale invariance

Correlation length diverges

No typical length scale, power law correlations


Coarse-graining

Spins can be lumped together to make a coarser model


Self-similarity 
The coarse-grained system is described by

the same Hamiltonian of the fine-grained system
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Fig. 16.13 Example of the block spin transformation on a 6×6 square lattice. The lattice
on the right shows the four spins that result from applying the transformation to each 3×3

block.

following simple algorithm: (1) count the number of up and down spins in each block;
(2) if the majority of the spins in the 3×3 block are up, replace the block by a single
up spin, otherwise replace it by a simple down spin. For the example on the left in
Fig. 16.13, the new lattice obtained by applying this procedure is shown on the right
in the figure. Such a transformation is called a block spin transformation (Kadanoff,
1966). Near a critical point, the system will exhibit long-range ordering, hence the
coarse-graining procedure should yield a new spin lattice that is statistically equivalent
to the old one; the spin lattice is then said to possess scale invariance.

Given the new spin lattice generated by the block spin transformation, we now wish
to determine the Hamiltonian of this lattice. Since the new lattice must be statistically
equivalent to the original one, the natural route to the transformed Hamiltonian is
through the partition function. Thus, we consider the zero-field (h = 0) partition
function of the original spin lattice using the Hamiltonian H0 in eqn. (16.3.4) for the
Ising model as the starting point:

Q(N, T ) =
∑

σ1

· · ·
∑

σN

e−βH0(σ1,...,σN) ≡ Trσe−βH0(σ1,...,σN). (16.9.1)

The transformation function T (σ′; σ1, ..., σ9) that yields the single spin σ′ for each 3×3
block of 9 spin variables can be expressed mathematically as follows:

T (σ′; σ1, ..., σ9) =







1 σ′ ∑9
i=1 σi > 0

0 otherwise
. (16.9.2)

This function ensures that when the spin sum over the original lattice is performed,
only those terms that conform to the rule of the block spin transformation are nonzero.
That is, the only nonzero terms are those for which σ′ and

∑9
i=1 σi have the same sign.

When eqn. (16.9.2) is inserted into eqn. (16.9.1), the function T (σ′; σ1, ..., σ9) projects
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Critical phenomena

out those configurations that are consistent with the block spin transformation rule,
while the sum over the old spin variables σ1, ..., σN leaves a function of only the new
spin variables {σ′

1, ..., σ
′
N ′}. Note that T (σ′; σ1, ..., σ9) satisfies the property

∑

σ′=±1

T (σ′; σ1, ..., σ9) = 1, (16.9.3)

which means simply that only one of the two values of σ′ can satisfy the block spin
transformation rule. The new spin variables {σ′} can now be used to define a new
partition function. To see how this is done, let the Hamiltonian of the new lattice be
defined according to

e−βH
′
0({σ′}) = Trσ

[

∏

blocks

T (σ′; σ1, ..., σ9)

]

e−βH0({σ}), (16.9.4)

which follows from eqn. (16.9.3). Summing both sides of eqn. (16.9.4) over the relevant
spin variables yields

Trσ′e−βH
′
0({σ′}) = Trσe−βH0({σ}). (16.9.5)

Eqn. (16.9.5) states that the partition function is preserved by the block spin trans-
formation and, consequently, so are the equilibrium properties.

If the block spin transformation is devised in such a way that the functional form
of the Hamiltonian is preserved, then the transformation can be iterated repeatedly on
each new lattice generated by the transformation: each iteration will generate a system
that is statistically equivalent to the original. Importantly, in a truly ordered state,
each iteration will produce precisely the same lattice in the thermodynamics limit, thus
signifying the existence of a critical point. If the functional form of the Hamiltonian is
maintained, then only its parameters (e.g., the strength of the spin-spin coupling) are
affected by the transformation, and thus, we can regard the transformation as one that
acts on these parameters. If the original Hamiltonian contains parameters K1, K2, ...,≡
K (for example, the coupling J in the Ising model), then the transformation yields a
Hamiltonian with a new set of parameters K′ = (K ′

1, K
′
2, ...) that are functions of the

old parameters
K′ = R(K). (16.9.6)

The vector function R defines the transformation. These equations are called the
renormalization group equations or renormalization group transformations. By iterat-
ing the RG equations, it is possible to determine if a system has an ordered phase and
for what parameter values the ordered phase occurs. In an ordered phase, each itera-
tion of the RG equations yields the same lattice with exactly the same Hamiltonian.
Requiring that the Hamiltonian itself remain unchanged under an RG transforma-
tion is stronger than simply requiring that the functional form of the Hamiltonian be
preserved. When the Hamiltonian is unchanged by the RG transformation, then the
parameters K′ obtained via eqn. (16.9.6) are unaltered, implying that

K = R(K). (16.9.7)

A point K in parameter space that satisfies eqn. (16.9.7) is called a fixed point of the
RG transformation. Eqn. (16.9.7) indicates that the Hamiltonian of an ordered phase
emerges from a fixed point of the RG equations.

cally realize if the explosive percolation in random graphs is continuous or discontinuous
[59, 60, 61, 62, 63, 64, 65, 66, 67, 68, 69, 70, 71]. Finally, after a numerical observation
[62], there has been given a mathematical proof [72] in favor of the continuous phase tran-
sition. The type of transition for the explosive percolation in Euclidean space [60, 73]
has not yet been clarified.
Other variants and modifications of percolation models will be discussed in Sec. 3.

T =Tc 
(c) 

f(z) 

Figure 4: (a) Illustration of the transformed image under the special conformal mapping f(z) = z/(2�z).
Left panels in (b) and (c) show the homogeneous spin configurations of a 2D Ising model on a square
lattice above and at the Curie point, respectively. Under the conformal transformation f(z), the spin
configuration above Tc is no longer homogeneous while the one exactly at Tc still is and looks statistically
like the original configuration due to its conformal invariant symmetry.

Looking back at Figure 2, we see that all graphs of di↵erent size cross at a single
point which is the percolation threshold. This means that at an exactly certain critical
occupancy the percolation probability becomes scale invariant. Scale invariance means
that if we zoom in or out and look at the system with an arbitrary window size, then the
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Fig. 16.18 A renormalization group trajectory.

u1(K1, K2) = 0

defines the critical surface, which in this case, is a one-dimensional curve in the K1K2

plane as illustrated in Fig. 16.19. Here, the black curve represents the critical “sur-
face” (curve), and the point at which the arrows meet is the critical fixed point. The
full coupling constant space represents the space of all physical systems containing
nearest-neighbor and next-nearest-neighbor couplings. If we wish to consider the sub-
set of systems with no next-nearest-neighbor coupling (K2 = 0), the point at which
the line K2 = 0 intersects the critical surface defines the critical value K1c and the
corresponding critical temperature, and is an unstable fixed point of an RG transfor-
mation with K2 = 0. Similarly, if we consider a model for which K2 != 0, then the
point at which this line intersects the critical surface determines the critical value of
K1 for such a model. In fact, for any of these models, K1c lies on the critical surface
and iterates toward the critical fixed point under the full RG transformation. Thus,
we have an effective definition of a universality class: All models characterized by the
same critical fixed point belong to the same universality class and share the same
critical properties.

Iterative application 
leads to fixed point

<latexit sha1_base64="5gvvzcEV5ZZLPlbn3wWZMNwnWbI="></latexit>

H = �J

X

hiji

�i�j � h

X

i

�i

The Ising model



Raffaello Potestio sbp.physics.unitn.it

Kadanoff's spin-block transformation

8
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Fig. 16.13 Example of the block spin transformation on a 6×6 square lattice. The lattice
on the right shows the four spins that result from applying the transformation to each 3×3

block.

following simple algorithm: (1) count the number of up and down spins in each block;
(2) if the majority of the spins in the 3×3 block are up, replace the block by a single
up spin, otherwise replace it by a simple down spin. For the example on the left in
Fig. 16.13, the new lattice obtained by applying this procedure is shown on the right
in the figure. Such a transformation is called a block spin transformation (Kadanoff,
1966). Near a critical point, the system will exhibit long-range ordering, hence the
coarse-graining procedure should yield a new spin lattice that is statistically equivalent
to the old one; the spin lattice is then said to possess scale invariance.

Given the new spin lattice generated by the block spin transformation, we now wish
to determine the Hamiltonian of this lattice. Since the new lattice must be statistically
equivalent to the original one, the natural route to the transformed Hamiltonian is
through the partition function. Thus, we consider the zero-field (h = 0) partition
function of the original spin lattice using the Hamiltonian H0 in eqn. (16.3.4) for the
Ising model as the starting point:

Q(N, T ) =
∑

σ1

· · ·
∑

σN

e−βH0(σ1,...,σN) ≡ Trσe−βH0(σ1,...,σN). (16.9.1)

The transformation function T (σ′; σ1, ..., σ9) that yields the single spin σ′ for each 3×3
block of 9 spin variables can be expressed mathematically as follows:

T (σ′; σ1, ..., σ9) =







1 σ′ ∑9
i=1 σi > 0

0 otherwise
. (16.9.2)

This function ensures that when the spin sum over the original lattice is performed,
only those terms that conform to the rule of the block spin transformation are nonzero.
That is, the only nonzero terms are those for which σ′ and

∑9
i=1 σi have the same sign.

When eqn. (16.9.2) is inserted into eqn. (16.9.1), the function T (σ′; σ1, ..., σ9) projects
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spin variables yields
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0({σ′}) = Trσe−βH0({σ}). (16.9.5)

Eqn. (16.9.5) states that the partition function is preserved by the block spin trans-
formation and, consequently, so are the equilibrium properties.

If the block spin transformation is devised in such a way that the functional form
of the Hamiltonian is preserved, then the transformation can be iterated repeatedly on
each new lattice generated by the transformation: each iteration will generate a system
that is statistically equivalent to the original. Importantly, in a truly ordered state,
each iteration will produce precisely the same lattice in the thermodynamics limit, thus
signifying the existence of a critical point. If the functional form of the Hamiltonian is
maintained, then only its parameters (e.g., the strength of the spin-spin coupling) are
affected by the transformation, and thus, we can regard the transformation as one that
acts on these parameters. If the original Hamiltonian contains parameters K1, K2, ...,≡
K (for example, the coupling J in the Ising model), then the transformation yields a
Hamiltonian with a new set of parameters K′ = (K ′
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The vector function R defines the transformation. These equations are called the
renormalization group equations or renormalization group transformations. By iterat-
ing the RG equations, it is possible to determine if a system has an ordered phase and
for what parameter values the ordered phase occurs. In an ordered phase, each itera-
tion of the RG equations yields the same lattice with exactly the same Hamiltonian.
Requiring that the Hamiltonian itself remain unchanged under an RG transforma-
tion is stronger than simply requiring that the functional form of the Hamiltonian be
preserved. When the Hamiltonian is unchanged by the RG transformation, then the
parameters K′ obtained via eqn. (16.9.6) are unaltered, implying that

K = R(K). (16.9.7)

A point K in parameter space that satisfies eqn. (16.9.7) is called a fixed point of the
RG transformation. Eqn. (16.9.7) indicates that the Hamiltonian of an ordered phase
emerges from a fixed point of the RG equations.
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function of the original spin lattice using the Hamiltonian H0 in eqn. (16.3.4) for the
Ising model as the starting point:

Q(N, T ) =
∑

σ1

· · ·
∑

σN

e−βH0(σ1,...,σN) ≡ Trσe−βH0(σ1,...,σN). (16.9.1)

The transformation function T (σ′; σ1, ..., σ9) that yields the single spin σ′ for each 3×3
block of 9 spin variables can be expressed mathematically as follows:

T (σ′; σ1, ..., σ9) =







1 σ′ ∑9
i=1 σi > 0

0 otherwise
. (16.9.2)

This function ensures that when the spin sum over the original lattice is performed,
only those terms that conform to the rule of the block spin transformation are nonzero.
That is, the only nonzero terms are those for which σ′ and

∑9
i=1 σi have the same sign.

When eqn. (16.9.2) is inserted into eqn. (16.9.1), the function T (σ′; σ1, ..., σ9) projects
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Kadanoff's spin-block transformation
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Renormalization Group

Fig. 16.13 Example of the block spin transformation on a 6×6 square lattice. The lattice
on the right shows the four spins that result from applying the transformation to each 3×3

block.

following simple algorithm: (1) count the number of up and down spins in each block;
(2) if the majority of the spins in the 3×3 block are up, replace the block by a single
up spin, otherwise replace it by a simple down spin. For the example on the left in
Fig. 16.13, the new lattice obtained by applying this procedure is shown on the right
in the figure. Such a transformation is called a block spin transformation (Kadanoff,
1966). Near a critical point, the system will exhibit long-range ordering, hence the
coarse-graining procedure should yield a new spin lattice that is statistically equivalent
to the old one; the spin lattice is then said to possess scale invariance.

Given the new spin lattice generated by the block spin transformation, we now wish
to determine the Hamiltonian of this lattice. Since the new lattice must be statistically
equivalent to the original one, the natural route to the transformed Hamiltonian is
through the partition function. Thus, we consider the zero-field (h = 0) partition
function of the original spin lattice using the Hamiltonian H0 in eqn. (16.3.4) for the
Ising model as the starting point:

Q(N, T ) =
∑

σ1

· · ·
∑

σN

e−βH0(σ1,...,σN) ≡ Trσe−βH0(σ1,...,σN). (16.9.1)

The transformation function T (σ′; σ1, ..., σ9) that yields the single spin σ′ for each 3×3
block of 9 spin variables can be expressed mathematically as follows:

T (σ′; σ1, ..., σ9) =







1 σ′ ∑9
i=1 σi > 0

0 otherwise
. (16.9.2)

This function ensures that when the spin sum over the original lattice is performed,
only those terms that conform to the rule of the block spin transformation are nonzero.
That is, the only nonzero terms are those for which σ′ and

∑9
i=1 σi have the same sign.

When eqn. (16.9.2) is inserted into eqn. (16.9.1), the function T (σ′; σ1, ..., σ9) projects

Critical phenomena

out those configurations that are consistent with the block spin transformation rule,
while the sum over the old spin variables σ1, ..., σN leaves a function of only the new
spin variables {σ′

1, ..., σ
′
N ′}. Note that T (σ′; σ1, ..., σ9) satisfies the property

∑

σ′=±1

T (σ′; σ1, ..., σ9) = 1, (16.9.3)

which means simply that only one of the two values of σ′ can satisfy the block spin
transformation rule. The new spin variables {σ′} can now be used to define a new
partition function. To see how this is done, let the Hamiltonian of the new lattice be
defined according to

e−βH
′
0({σ′}) = Trσ

[

∏

blocks

T (σ′; σ1, ..., σ9)

]

e−βH0({σ}), (16.9.4)

which follows from eqn. (16.9.3). Summing both sides of eqn. (16.9.4) over the relevant
spin variables yields

Trσ′e−βH
′
0({σ′}) = Trσe−βH0({σ}). (16.9.5)

Eqn. (16.9.5) states that the partition function is preserved by the block spin trans-
formation and, consequently, so are the equilibrium properties.

If the block spin transformation is devised in such a way that the functional form
of the Hamiltonian is preserved, then the transformation can be iterated repeatedly on
each new lattice generated by the transformation: each iteration will generate a system
that is statistically equivalent to the original. Importantly, in a truly ordered state,
each iteration will produce precisely the same lattice in the thermodynamics limit, thus
signifying the existence of a critical point. If the functional form of the Hamiltonian is
maintained, then only its parameters (e.g., the strength of the spin-spin coupling) are
affected by the transformation, and thus, we can regard the transformation as one that
acts on these parameters. If the original Hamiltonian contains parameters K1, K2, ...,≡
K (for example, the coupling J in the Ising model), then the transformation yields a
Hamiltonian with a new set of parameters K′ = (K ′

1, K
′
2, ...) that are functions of the

old parameters
K′ = R(K). (16.9.6)

The vector function R defines the transformation. These equations are called the
renormalization group equations or renormalization group transformations. By iterat-
ing the RG equations, it is possible to determine if a system has an ordered phase and
for what parameter values the ordered phase occurs. In an ordered phase, each itera-
tion of the RG equations yields the same lattice with exactly the same Hamiltonian.
Requiring that the Hamiltonian itself remain unchanged under an RG transforma-
tion is stronger than simply requiring that the functional form of the Hamiltonian be
preserved. When the Hamiltonian is unchanged by the RG transformation, then the
parameters K′ obtained via eqn. (16.9.6) are unaltered, implying that

K = R(K). (16.9.7)

A point K in parameter space that satisfies eqn. (16.9.7) is called a fixed point of the
RG transformation. Eqn. (16.9.7) indicates that the Hamiltonian of an ordered phase
emerges from a fixed point of the RG equations.

Renormalization Group

Fig. 16.13 Example of the block spin transformation on a 6×6 square lattice. The lattice
on the right shows the four spins that result from applying the transformation to each 3×3

block.

following simple algorithm: (1) count the number of up and down spins in each block;
(2) if the majority of the spins in the 3×3 block are up, replace the block by a single
up spin, otherwise replace it by a simple down spin. For the example on the left in
Fig. 16.13, the new lattice obtained by applying this procedure is shown on the right
in the figure. Such a transformation is called a block spin transformation (Kadanoff,
1966). Near a critical point, the system will exhibit long-range ordering, hence the
coarse-graining procedure should yield a new spin lattice that is statistically equivalent
to the old one; the spin lattice is then said to possess scale invariance.

Given the new spin lattice generated by the block spin transformation, we now wish
to determine the Hamiltonian of this lattice. Since the new lattice must be statistically
equivalent to the original one, the natural route to the transformed Hamiltonian is
through the partition function. Thus, we consider the zero-field (h = 0) partition
function of the original spin lattice using the Hamiltonian H0 in eqn. (16.3.4) for the
Ising model as the starting point:

Q(N, T ) =
∑

σ1

· · ·
∑

σN

e−βH0(σ1,...,σN) ≡ Trσe−βH0(σ1,...,σN). (16.9.1)

The transformation function T (σ′; σ1, ..., σ9) that yields the single spin σ′ for each 3×3
block of 9 spin variables can be expressed mathematically as follows:

T (σ′; σ1, ..., σ9) =







1 σ′ ∑9
i=1 σi > 0

0 otherwise
. (16.9.2)

This function ensures that when the spin sum over the original lattice is performed,
only those terms that conform to the rule of the block spin transformation are nonzero.
That is, the only nonzero terms are those for which σ′ and

∑9
i=1 σi have the same sign.

When eqn. (16.9.2) is inserted into eqn. (16.9.1), the function T (σ′; σ1, ..., σ9) projects
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Tuckerman, Statistical Mechanics: Theory and Simulation, 2010

Critical phenomena

out those configurations that are consistent with the block spin transformation rule,
while the sum over the old spin variables σ1, ..., σN leaves a function of only the new
spin variables {σ′

1, ..., σ
′
N ′}. Note that T (σ′; σ1, ..., σ9) satisfies the property

∑

σ′=±1

T (σ′; σ1, ..., σ9) = 1, (16.9.3)

which means simply that only one of the two values of σ′ can satisfy the block spin
transformation rule. The new spin variables {σ′} can now be used to define a new
partition function. To see how this is done, let the Hamiltonian of the new lattice be
defined according to

e−βH
′
0({σ′}) = Trσ

[

∏

blocks

T (σ′; σ1, ..., σ9)

]

e−βH0({σ}), (16.9.4)

which follows from eqn. (16.9.3). Summing both sides of eqn. (16.9.4) over the relevant
spin variables yields

Trσ′e−βH
′
0({σ′}) = Trσe−βH0({σ}). (16.9.5)

Eqn. (16.9.5) states that the partition function is preserved by the block spin trans-
formation and, consequently, so are the equilibrium properties.

If the block spin transformation is devised in such a way that the functional form
of the Hamiltonian is preserved, then the transformation can be iterated repeatedly on
each new lattice generated by the transformation: each iteration will generate a system
that is statistically equivalent to the original. Importantly, in a truly ordered state,
each iteration will produce precisely the same lattice in the thermodynamics limit, thus
signifying the existence of a critical point. If the functional form of the Hamiltonian is
maintained, then only its parameters (e.g., the strength of the spin-spin coupling) are
affected by the transformation, and thus, we can regard the transformation as one that
acts on these parameters. If the original Hamiltonian contains parameters K1, K2, ...,≡
K (for example, the coupling J in the Ising model), then the transformation yields a
Hamiltonian with a new set of parameters K′ = (K ′

1, K
′
2, ...) that are functions of the

old parameters
K′ = R(K). (16.9.6)

The vector function R defines the transformation. These equations are called the
renormalization group equations or renormalization group transformations. By iterat-
ing the RG equations, it is possible to determine if a system has an ordered phase and
for what parameter values the ordered phase occurs. In an ordered phase, each itera-
tion of the RG equations yields the same lattice with exactly the same Hamiltonian.
Requiring that the Hamiltonian itself remain unchanged under an RG transforma-
tion is stronger than simply requiring that the functional form of the Hamiltonian be
preserved. When the Hamiltonian is unchanged by the RG transformation, then the
parameters K′ obtained via eqn. (16.9.6) are unaltered, implying that

K = R(K). (16.9.7)

A point K in parameter space that satisfies eqn. (16.9.7) is called a fixed point of the
RG transformation. Eqn. (16.9.7) indicates that the Hamiltonian of an ordered phase
emerges from a fixed point of the RG equations.
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MAPPINGHIGH-RES 
SYSTEMS CG SYSTEMPARAMETRIZATION

RI = M(r)
{r} {R}

High-res 
configurational space

Low-res 
configurational space

Mapping function



The 
optimal 

resolution
or 

For a given number 
of atoms to be retained, 
which specific subset 

should I choose?
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One system, many models
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(a)

(c)

(b)

(d)
Decimation mapping 

Originally introduced in the context 
of RG and critical phenomena


Retain a subset of the (heavy) atoms


Describe the system in terms of this subset

How do we define the resolution level of a protein?


How do we select a given atom subset?

Giulini, Rigoli, Matiotti, Menichetti, Tarenzi, Fiorentini, RP, Front. Mol. Biosci. 2021 
Menichetti, Giulini, RP, EPJB 2021
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Giulini, Menichetti, Shell, RP, JCTC 2020 
Holtzman, Giulini, RP, Phys Rev E 2022 
Giulini, Fiorentini, Tubiana, RP, Menichetti, arXiv 2024
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Kullback-Leibler divergence 
between the exact probability density 

and its coarse-grained counterpart

Giulini, Menichetti, Shell, RP, JCTC 2020 
Holtzman, Giulini, RP, Phys Rev E 2022 
Giulini, Fiorentini, Tubiana, RP, Menichetti, arXiv 2024
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and its coarse-grained counterpart

Giulini, Menichetti, Shell, RP, JCTC 2020 
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Giulini, Fiorentini, Tubiana, RP, Menichetti, arXiv 2024

Probability to sample 
an AA configuration r
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Kullback-Leibler divergence 
between the exact probability density 

and its coarse-grained counterpart

Probability to sample a CG configuration R

such that M(r) = R

Giulini, Menichetti, Shell, RP, JCTC 2020 
Holtzman, Giulini, RP, Phys Rev E 2022 
Giulini, Fiorentini, Tubiana, RP, Menichetti, arXiv 2024
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Kullback-Leibler divergence 
between the exact probability density 

and its coarse-grained counterpart

Probability to sample a CG configuration R

such that M(r) = R

Giulini, Menichetti, Shell, RP, JCTC 2020 
Holtzman, Giulini, RP, Phys Rev E 2022 
Giulini, Fiorentini, Tubiana, RP, Menichetti, arXiv 2024

Probability to sample 
an AA configuration r

Number of AA configurations r

such that M(r) = R
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Application to tamapin

Toxin from Indian red scorpion 
Blocker of SK2 potassium channel 

High pharmaceutical interest

Giulini, Menichetti, Shell, RP, JCTC 2020
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Application to tamapin

Toxin from Indian red scorpion 
Blocker of SK2 potassium channel 

High pharmaceutical interest

Giulini, Menichetti, Shell, RP, JCTC 2020
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Application to the tamapin toxin
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ARG6 and ARG13: main actors involved in the tamapin-SK2 
channel interaction through electrostatics and hydrogen bonding 

Mutation of an arginine dramatically decreases selectivity

Andreotti, di Luccio, Sampieri, Waard, Sabatier, Peptides 2005 
Quintero-Hernndez, Jimnez-Vargas, Gurrola, Valdivia, Possani Toxicon 2013 

Ramirez-Cordero, Toledano, Cano-Snchez, Hernndez-Lopez, Flores-Solis, Saucedo-Yez, Chavez-
Uribe, Brieba, and Rio-Portilla, Chemical Research in Toxicology 2014

1
Probability

0.5

N = 124 N = 59 N = 31

0

Giulini, Menichetti, Shell, RP, JCTC 2020
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Take-home messages #1
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The construction of low-resolution models in soft matter

is akin to Kadanoff block-spin transformation in statistical physics

The choice of the mapping is not as neutral in SM as it is e.g. in FT

Optimally-chosen mappings can let important information emerge



Solving the 
one-step 
RG flow

or 

Given the high-resolution 
model of our system, 

how can we parametrise 
the interactions of the 
coarse-grained one?



Raffaello Potestio sbp.physics.unitn.it

Framework of bottom-up CG'ing

18
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R = M(r) = {M(r1),M(r2), · · ·M(rn)}

RI = MI(r) =
nX

i=1

cIiri
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Mapping function - usually linear

All-atom (high-resolution) representation

Coarse-grained (low-resolution) representationNoid, J. Chem. Phys. 2013 
RP, Peter, Kremer, Entropy 2014 
Noid, J. Phys. Chem. B 2023
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pR(R) = h�(M(r)�R)i =
Z

dr
e��u(r)

ZAA
�(M(r)�R)

�(M(r)�R) ⌘
NY

I=1

�(MI(r)�RI)
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PR(R) = pR(R)

PP (P) = pP (P)
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MULTI-BODY POTENTIAL OF MEAN FORCE
<latexit sha1_base64="401BJqMJbK4ir5AsIBC2Lo9Uohw="></latexit>
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�
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RG-like equation for the "renormalised" interactions
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Renormalization Group

Fig. 16.13 Example of the block spin transformation on a 6×6 square lattice. The lattice
on the right shows the four spins that result from applying the transformation to each 3×3

block.

following simple algorithm: (1) count the number of up and down spins in each block;
(2) if the majority of the spins in the 3×3 block are up, replace the block by a single
up spin, otherwise replace it by a simple down spin. For the example on the left in
Fig. 16.13, the new lattice obtained by applying this procedure is shown on the right
in the figure. Such a transformation is called a block spin transformation (Kadanoff,
1966). Near a critical point, the system will exhibit long-range ordering, hence the
coarse-graining procedure should yield a new spin lattice that is statistically equivalent
to the old one; the spin lattice is then said to possess scale invariance.

Given the new spin lattice generated by the block spin transformation, we now wish
to determine the Hamiltonian of this lattice. Since the new lattice must be statistically
equivalent to the original one, the natural route to the transformed Hamiltonian is
through the partition function. Thus, we consider the zero-field (h = 0) partition
function of the original spin lattice using the Hamiltonian H0 in eqn. (16.3.4) for the
Ising model as the starting point:

Q(N, T ) =
∑

σ1

· · ·
∑

σN

e−βH0(σ1,...,σN) ≡ Trσe−βH0(σ1,...,σN). (16.9.1)

The transformation function T (σ′; σ1, ..., σ9) that yields the single spin σ′ for each 3×3
block of 9 spin variables can be expressed mathematically as follows:

T (σ′; σ1, ..., σ9) =







1 σ′ ∑9
i=1 σi > 0

0 otherwise
. (16.9.2)

This function ensures that when the spin sum over the original lattice is performed,
only those terms that conform to the rule of the block spin transformation are nonzero.
That is, the only nonzero terms are those for which σ′ and

∑9
i=1 σi have the same sign.

When eqn. (16.9.2) is inserted into eqn. (16.9.1), the function T (σ′; σ1, ..., σ9) projects

Critical phenomena

out those configurations that are consistent with the block spin transformation rule,
while the sum over the old spin variables σ1, ..., σN leaves a function of only the new
spin variables {σ′

1, ..., σ
′
N ′}. Note that T (σ′; σ1, ..., σ9) satisfies the property

∑

σ′=±1

T (σ′; σ1, ..., σ9) = 1, (16.9.3)

which means simply that only one of the two values of σ′ can satisfy the block spin
transformation rule. The new spin variables {σ′} can now be used to define a new
partition function. To see how this is done, let the Hamiltonian of the new lattice be
defined according to

e−βH
′
0({σ′}) = Trσ

[

∏

blocks

T (σ′; σ1, ..., σ9)

]

e−βH0({σ}), (16.9.4)

which follows from eqn. (16.9.3). Summing both sides of eqn. (16.9.4) over the relevant
spin variables yields

Trσ′e−βH
′
0({σ′}) = Trσe−βH0({σ}). (16.9.5)

Eqn. (16.9.5) states that the partition function is preserved by the block spin trans-
formation and, consequently, so are the equilibrium properties.

If the block spin transformation is devised in such a way that the functional form
of the Hamiltonian is preserved, then the transformation can be iterated repeatedly on
each new lattice generated by the transformation: each iteration will generate a system
that is statistically equivalent to the original. Importantly, in a truly ordered state,
each iteration will produce precisely the same lattice in the thermodynamics limit, thus
signifying the existence of a critical point. If the functional form of the Hamiltonian is
maintained, then only its parameters (e.g., the strength of the spin-spin coupling) are
affected by the transformation, and thus, we can regard the transformation as one that
acts on these parameters. If the original Hamiltonian contains parameters K1, K2, ...,≡
K (for example, the coupling J in the Ising model), then the transformation yields a
Hamiltonian with a new set of parameters K′ = (K ′

1, K
′
2, ...) that are functions of the

old parameters
K′ = R(K). (16.9.6)

The vector function R defines the transformation. These equations are called the
renormalization group equations or renormalization group transformations. By iterat-
ing the RG equations, it is possible to determine if a system has an ordered phase and
for what parameter values the ordered phase occurs. In an ordered phase, each itera-
tion of the RG equations yields the same lattice with exactly the same Hamiltonian.
Requiring that the Hamiltonian itself remain unchanged under an RG transforma-
tion is stronger than simply requiring that the functional form of the Hamiltonian be
preserved. When the Hamiltonian is unchanged by the RG transformation, then the
parameters K′ obtained via eqn. (16.9.6) are unaltered, implying that

K = R(K). (16.9.7)

A point K in parameter space that satisfies eqn. (16.9.7) is called a fixed point of the
RG transformation. Eqn. (16.9.7) indicates that the Hamiltonian of an ordered phase
emerges from a fixed point of the RG equations.

Renormalization Group

Fig. 16.13 Example of the block spin transformation on a 6×6 square lattice. The lattice
on the right shows the four spins that result from applying the transformation to each 3×3

block.

following simple algorithm: (1) count the number of up and down spins in each block;
(2) if the majority of the spins in the 3×3 block are up, replace the block by a single
up spin, otherwise replace it by a simple down spin. For the example on the left in
Fig. 16.13, the new lattice obtained by applying this procedure is shown on the right
in the figure. Such a transformation is called a block spin transformation (Kadanoff,
1966). Near a critical point, the system will exhibit long-range ordering, hence the
coarse-graining procedure should yield a new spin lattice that is statistically equivalent
to the old one; the spin lattice is then said to possess scale invariance.

Given the new spin lattice generated by the block spin transformation, we now wish
to determine the Hamiltonian of this lattice. Since the new lattice must be statistically
equivalent to the original one, the natural route to the transformed Hamiltonian is
through the partition function. Thus, we consider the zero-field (h = 0) partition
function of the original spin lattice using the Hamiltonian H0 in eqn. (16.3.4) for the
Ising model as the starting point:

Q(N, T ) =
∑

σ1

· · ·
∑

σN

e−βH0(σ1,...,σN) ≡ Trσe−βH0(σ1,...,σN). (16.9.1)

The transformation function T (σ′; σ1, ..., σ9) that yields the single spin σ′ for each 3×3
block of 9 spin variables can be expressed mathematically as follows:

T (σ′; σ1, ..., σ9) =







1 σ′ ∑9
i=1 σi > 0

0 otherwise
. (16.9.2)

This function ensures that when the spin sum over the original lattice is performed,
only those terms that conform to the rule of the block spin transformation are nonzero.
That is, the only nonzero terms are those for which σ′ and

∑9
i=1 σi have the same sign.

When eqn. (16.9.2) is inserted into eqn. (16.9.1), the function T (σ′; σ1, ..., σ9) projects
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RG-like equation for the "renormalised" interactions

Renormalization Group

Fig. 16.13 Example of the block spin transformation on a 6×6 square lattice. The lattice
on the right shows the four spins that result from applying the transformation to each 3×3

block.

following simple algorithm: (1) count the number of up and down spins in each block;
(2) if the majority of the spins in the 3×3 block are up, replace the block by a single
up spin, otherwise replace it by a simple down spin. For the example on the left in
Fig. 16.13, the new lattice obtained by applying this procedure is shown on the right
in the figure. Such a transformation is called a block spin transformation (Kadanoff,
1966). Near a critical point, the system will exhibit long-range ordering, hence the
coarse-graining procedure should yield a new spin lattice that is statistically equivalent
to the old one; the spin lattice is then said to possess scale invariance.

Given the new spin lattice generated by the block spin transformation, we now wish
to determine the Hamiltonian of this lattice. Since the new lattice must be statistically
equivalent to the original one, the natural route to the transformed Hamiltonian is
through the partition function. Thus, we consider the zero-field (h = 0) partition
function of the original spin lattice using the Hamiltonian H0 in eqn. (16.3.4) for the
Ising model as the starting point:

Q(N, T ) =
∑

σ1

· · ·
∑

σN

e−βH0(σ1,...,σN) ≡ Trσe−βH0(σ1,...,σN). (16.9.1)

The transformation function T (σ′; σ1, ..., σ9) that yields the single spin σ′ for each 3×3
block of 9 spin variables can be expressed mathematically as follows:

T (σ′; σ1, ..., σ9) =







1 σ′ ∑9
i=1 σi > 0

0 otherwise
. (16.9.2)

This function ensures that when the spin sum over the original lattice is performed,
only those terms that conform to the rule of the block spin transformation are nonzero.
That is, the only nonzero terms are those for which σ′ and

∑9
i=1 σi have the same sign.

When eqn. (16.9.2) is inserted into eqn. (16.9.1), the function T (σ′; σ1, ..., σ9) projects

Critical phenomena

out those configurations that are consistent with the block spin transformation rule,
while the sum over the old spin variables σ1, ..., σN leaves a function of only the new
spin variables {σ′

1, ..., σ
′
N ′}. Note that T (σ′; σ1, ..., σ9) satisfies the property

∑

σ′=±1

T (σ′; σ1, ..., σ9) = 1, (16.9.3)

which means simply that only one of the two values of σ′ can satisfy the block spin
transformation rule. The new spin variables {σ′} can now be used to define a new
partition function. To see how this is done, let the Hamiltonian of the new lattice be
defined according to

e−βH
′
0({σ′}) = Trσ

[

∏

blocks

T (σ′; σ1, ..., σ9)

]

e−βH0({σ}), (16.9.4)

which follows from eqn. (16.9.3). Summing both sides of eqn. (16.9.4) over the relevant
spin variables yields

Trσ′e−βH
′
0({σ′}) = Trσe−βH0({σ}). (16.9.5)

Eqn. (16.9.5) states that the partition function is preserved by the block spin trans-
formation and, consequently, so are the equilibrium properties.

If the block spin transformation is devised in such a way that the functional form
of the Hamiltonian is preserved, then the transformation can be iterated repeatedly on
each new lattice generated by the transformation: each iteration will generate a system
that is statistically equivalent to the original. Importantly, in a truly ordered state,
each iteration will produce precisely the same lattice in the thermodynamics limit, thus
signifying the existence of a critical point. If the functional form of the Hamiltonian is
maintained, then only its parameters (e.g., the strength of the spin-spin coupling) are
affected by the transformation, and thus, we can regard the transformation as one that
acts on these parameters. If the original Hamiltonian contains parameters K1, K2, ...,≡
K (for example, the coupling J in the Ising model), then the transformation yields a
Hamiltonian with a new set of parameters K′ = (K ′

1, K
′
2, ...) that are functions of the

old parameters
K′ = R(K). (16.9.6)

The vector function R defines the transformation. These equations are called the
renormalization group equations or renormalization group transformations. By iterat-
ing the RG equations, it is possible to determine if a system has an ordered phase and
for what parameter values the ordered phase occurs. In an ordered phase, each itera-
tion of the RG equations yields the same lattice with exactly the same Hamiltonian.
Requiring that the Hamiltonian itself remain unchanged under an RG transforma-
tion is stronger than simply requiring that the functional form of the Hamiltonian be
preserved. When the Hamiltonian is unchanged by the RG transformation, then the
parameters K′ obtained via eqn. (16.9.6) are unaltered, implying that

K = R(K). (16.9.7)

A point K in parameter space that satisfies eqn. (16.9.7) is called a fixed point of the
RG transformation. Eqn. (16.9.7) indicates that the Hamiltonian of an ordered phase
emerges from a fixed point of the RG equations.

Renormalization Group

Fig. 16.13 Example of the block spin transformation on a 6×6 square lattice. The lattice
on the right shows the four spins that result from applying the transformation to each 3×3

block.

following simple algorithm: (1) count the number of up and down spins in each block;
(2) if the majority of the spins in the 3×3 block are up, replace the block by a single
up spin, otherwise replace it by a simple down spin. For the example on the left in
Fig. 16.13, the new lattice obtained by applying this procedure is shown on the right
in the figure. Such a transformation is called a block spin transformation (Kadanoff,
1966). Near a critical point, the system will exhibit long-range ordering, hence the
coarse-graining procedure should yield a new spin lattice that is statistically equivalent
to the old one; the spin lattice is then said to possess scale invariance.

Given the new spin lattice generated by the block spin transformation, we now wish
to determine the Hamiltonian of this lattice. Since the new lattice must be statistically
equivalent to the original one, the natural route to the transformed Hamiltonian is
through the partition function. Thus, we consider the zero-field (h = 0) partition
function of the original spin lattice using the Hamiltonian H0 in eqn. (16.3.4) for the
Ising model as the starting point:

Q(N, T ) =
∑

σ1

· · ·
∑

σN

e−βH0(σ1,...,σN) ≡ Trσe−βH0(σ1,...,σN). (16.9.1)

The transformation function T (σ′; σ1, ..., σ9) that yields the single spin σ′ for each 3×3
block of 9 spin variables can be expressed mathematically as follows:

T (σ′; σ1, ..., σ9) =







1 σ′ ∑9
i=1 σi > 0

0 otherwise
. (16.9.2)

This function ensures that when the spin sum over the original lattice is performed,
only those terms that conform to the rule of the block spin transformation are nonzero.
That is, the only nonzero terms are those for which σ′ and

∑9
i=1 σi have the same sign.

When eqn. (16.9.2) is inserted into eqn. (16.9.1), the function T (σ′; σ1, ..., σ9) projects

�
<latexit sha1_base64="f5giEoVviISaejxkcqrYeZuU6+Q=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQb0VvXis4NpCu5Rsmm1Dk2xIskJZ+iO8eFDx6v/x5r8x2+5Bqw8GHu/NMDMvVpwZ6/tfXmVldW19o7pZ29re2d2r7x88mDTThIYk5anuxthQziQNLbOcdpWmWMScduLJTeF3Hqk2LJX3dqpoJPBIsoQRbJ3U6Rs2Erg2qDf8pj8H+kuCkjSgRHtQ/+wPU5IJKi3h2Jhe4Csb5VhbRjid1fqZoQqTCR7RnqMSC2qifH7uDJ04ZYiSVLuSFs3VnxM5FsZMRew6BbZjs+wV4n9eL7PJZZQzqTJLJVksSjKObIqK39GQaUosnzqCiWbuVkTGWGNiXUJFCMHyy39JeNa8agZ3543WdZlGFY7gGE4hgAtowS20IQQCE3iCF3j1lPfsvXnvi9aKV84cwi94H98/Q48L</latexit><latexit sha1_base64="f5giEoVviISaejxkcqrYeZuU6+Q=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQb0VvXis4NpCu5Rsmm1Dk2xIskJZ+iO8eFDx6v/x5r8x2+5Bqw8GHu/NMDMvVpwZ6/tfXmVldW19o7pZ29re2d2r7x88mDTThIYk5anuxthQziQNLbOcdpWmWMScduLJTeF3Hqk2LJX3dqpoJPBIsoQRbJ3U6Rs2Erg2qDf8pj8H+kuCkjSgRHtQ/+wPU5IJKi3h2Jhe4Csb5VhbRjid1fqZoQqTCR7RnqMSC2qifH7uDJ04ZYiSVLuSFs3VnxM5FsZMRew6BbZjs+wV4n9eL7PJZZQzqTJLJVksSjKObIqK39GQaUosnzqCiWbuVkTGWGNiXUJFCMHyy39JeNa8agZ3543WdZlGFY7gGE4hgAtowS20IQQCE3iCF3j1lPfsvXnvi9aKV84cwi94H98/Q48L</latexit><latexit sha1_base64="f5giEoVviISaejxkcqrYeZuU6+Q=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQb0VvXis4NpCu5Rsmm1Dk2xIskJZ+iO8eFDx6v/x5r8x2+5Bqw8GHu/NMDMvVpwZ6/tfXmVldW19o7pZ29re2d2r7x88mDTThIYk5anuxthQziQNLbOcdpWmWMScduLJTeF3Hqk2LJX3dqpoJPBIsoQRbJ3U6Rs2Erg2qDf8pj8H+kuCkjSgRHtQ/+wPU5IJKi3h2Jhe4Csb5VhbRjid1fqZoQqTCR7RnqMSC2qifH7uDJ04ZYiSVLuSFs3VnxM5FsZMRew6BbZjs+wV4n9eL7PJZZQzqTJLJVksSjKObIqK39GQaUosnzqCiWbuVkTGWGNiXUJFCMHyy39JeNa8agZ3543WdZlGFY7gGE4hgAtowS20IQQCE3iCF3j1lPfsvXnvi9aKV84cwi94H98/Q48L</latexit><latexit sha1_base64="f5giEoVviISaejxkcqrYeZuU6+Q=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQb0VvXis4NpCu5Rsmm1Dk2xIskJZ+iO8eFDx6v/x5r8x2+5Bqw8GHu/NMDMvVpwZ6/tfXmVldW19o7pZ29re2d2r7x88mDTThIYk5anuxthQziQNLbOcdpWmWMScduLJTeF3Hqk2LJX3dqpoJPBIsoQRbJ3U6Rs2Erg2qDf8pj8H+kuCkjSgRHtQ/+wPU5IJKi3h2Jhe4Csb5VhbRjid1fqZoQqTCR7RnqMSC2qifH7uDJ04ZYiSVLuSFs3VnxM5FsZMRew6BbZjs+wV4n9eL7PJZZQzqTJLJVksSjKObIqK39GQaUosnzqCiWbuVkTGWGNiXUJFCMHyy39JeNa8agZ3543WdZlGFY7gGE4hgAtowS20IQQCE3iCF3j1lPfsvXnvi9aKV84cwi94H98/Q48L</latexit>

�0
<latexit sha1_base64="NNKnRkxD3GWY2bPJDP8ywVIcKuE=">AAAB9HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4rGFto07LZTtqlu5uwu1FK6P/w4kHFqz/Gm//GTZuDtj4YeLw3w8y8MOFMG9f9dkorq2vrG+XNytb2zu5edf/gQcepouDTmMeqHRINnEnwDTMc2okCIkIOrXB8k/utR1CaxfLeTBIIBBlKFjFKjJV6Xc2GgvS6iWICKv1qza27M+Bl4hWkhgo0+9Wv7iCmqQBpKCdadzw3MUFGlGGUw7TSTTUkhI7JEDqWSiJAB9ns6ik+scoAR7GyJQ2eqb8nMiK0nojQdgpiRnrRy8X/vE5qossgYzJJDUg6XxSlHJsY5xHgAVNADZ9YQqhi9lZMR0QRamxQeQje4svLxD+rX9W9u/Na47pIo4yO0DE6RR66QA10i5rIRxQp9Ixe0Zvz5Lw4787HvLXkFDOH6A+czx+pbZIo</latexit><latexit sha1_base64="NNKnRkxD3GWY2bPJDP8ywVIcKuE=">AAAB9HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4rGFto07LZTtqlu5uwu1FK6P/w4kHFqz/Gm//GTZuDtj4YeLw3w8y8MOFMG9f9dkorq2vrG+XNytb2zu5edf/gQcepouDTmMeqHRINnEnwDTMc2okCIkIOrXB8k/utR1CaxfLeTBIIBBlKFjFKjJV6Xc2GgvS6iWICKv1qza27M+Bl4hWkhgo0+9Wv7iCmqQBpKCdadzw3MUFGlGGUw7TSTTUkhI7JEDqWSiJAB9ns6ik+scoAR7GyJQ2eqb8nMiK0nojQdgpiRnrRy8X/vE5qossgYzJJDUg6XxSlHJsY5xHgAVNADZ9YQqhi9lZMR0QRamxQeQje4svLxD+rX9W9u/Na47pIo4yO0DE6RR66QA10i5rIRxQp9Ixe0Zvz5Lw4787HvLXkFDOH6A+czx+pbZIo</latexit><latexit sha1_base64="NNKnRkxD3GWY2bPJDP8ywVIcKuE=">AAAB9HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4rGFto07LZTtqlu5uwu1FK6P/w4kHFqz/Gm//GTZuDtj4YeLw3w8y8MOFMG9f9dkorq2vrG+XNytb2zu5edf/gQcepouDTmMeqHRINnEnwDTMc2okCIkIOrXB8k/utR1CaxfLeTBIIBBlKFjFKjJV6Xc2GgvS6iWICKv1qza27M+Bl4hWkhgo0+9Wv7iCmqQBpKCdadzw3MUFGlGGUw7TSTTUkhI7JEDqWSiJAB9ns6ik+scoAR7GyJQ2eqb8nMiK0nojQdgpiRnrRy8X/vE5qossgYzJJDUg6XxSlHJsY5xHgAVNADZ9YQqhi9lZMR0QRamxQeQje4svLxD+rX9W9u/Na47pIo4yO0DE6RR66QA10i5rIRxQp9Ixe0Zvz5Lw4787HvLXkFDOH6A+czx+pbZIo</latexit><latexit sha1_base64="NNKnRkxD3GWY2bPJDP8ywVIcKuE=">AAAB9HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4rGFto07LZTtqlu5uwu1FK6P/w4kHFqz/Gm//GTZuDtj4YeLw3w8y8MOFMG9f9dkorq2vrG+XNytb2zu5edf/gQcepouDTmMeqHRINnEnwDTMc2okCIkIOrXB8k/utR1CaxfLeTBIIBBlKFjFKjJV6Xc2GgvS6iWICKv1qza27M+Bl4hWkhgo0+9Wv7iCmqQBpKCdadzw3MUFGlGGUw7TSTTUkhI7JEDqWSiJAB9ns6ik+scoAR7GyJQ2eqb8nMiK0nojQdgpiRnrRy8X/vE5qossgYzJJDUg6XxSlHJsY5xHgAVNADZ9YQqhi9lZMR0QRamxQeQje4svLxD+rX9W9u/Na47pIo4yO0DE6RR66QA10i5rIRxQp9Ixe0Zvz5Lw4787HvLXkFDOH6A+czx+pbZIo</latexit>

Critical phenomena

out those configurations that are consistent with the block spin transformation rule,
while the sum over the old spin variables σ1, ..., σN leaves a function of only the new
spin variables {σ′

1, ..., σ
′
N ′}. Note that T (σ′; σ1, ..., σ9) satisfies the property

∑

σ′=±1

T (σ′; σ1, ..., σ9) = 1, (16.9.3)

which means simply that only one of the two values of σ′ can satisfy the block spin
transformation rule. The new spin variables {σ′} can now be used to define a new
partition function. To see how this is done, let the Hamiltonian of the new lattice be
defined according to

e−βH
′
0({σ′}) = Trσ

[

∏

blocks

T (σ′; σ1, ..., σ9)

]

e−βH0({σ}), (16.9.4)

which follows from eqn. (16.9.3). Summing both sides of eqn. (16.9.4) over the relevant
spin variables yields

Trσ′e−βH
′
0({σ′}) = Trσe−βH0({σ}). (16.9.5)

Eqn. (16.9.5) states that the partition function is preserved by the block spin trans-
formation and, consequently, so are the equilibrium properties.

If the block spin transformation is devised in such a way that the functional form
of the Hamiltonian is preserved, then the transformation can be iterated repeatedly on
each new lattice generated by the transformation: each iteration will generate a system
that is statistically equivalent to the original. Importantly, in a truly ordered state,
each iteration will produce precisely the same lattice in the thermodynamics limit, thus
signifying the existence of a critical point. If the functional form of the Hamiltonian is
maintained, then only its parameters (e.g., the strength of the spin-spin coupling) are
affected by the transformation, and thus, we can regard the transformation as one that
acts on these parameters. If the original Hamiltonian contains parameters K1, K2, ...,≡
K (for example, the coupling J in the Ising model), then the transformation yields a
Hamiltonian with a new set of parameters K′ = (K ′

1, K
′
2, ...) that are functions of the

old parameters
K′ = R(K). (16.9.6)

The vector function R defines the transformation. These equations are called the
renormalization group equations or renormalization group transformations. By iterat-
ing the RG equations, it is possible to determine if a system has an ordered phase and
for what parameter values the ordered phase occurs. In an ordered phase, each itera-
tion of the RG equations yields the same lattice with exactly the same Hamiltonian.
Requiring that the Hamiltonian itself remain unchanged under an RG transforma-
tion is stronger than simply requiring that the functional form of the Hamiltonian be
preserved. When the Hamiltonian is unchanged by the RG transformation, then the
parameters K′ obtained via eqn. (16.9.6) are unaltered, implying that

K = R(K). (16.9.7)

A point K in parameter space that satisfies eqn. (16.9.7) is called a fixed point of the
RG transformation. Eqn. (16.9.7) indicates that the Hamiltonian of an ordered phase
emerges from a fixed point of the RG equations.

Tuckerman, Statistical Mechanics: Theory and Simulation, 2010
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The parametrisation of effective "potentials" in SM is a one-step RG

The most appropriate functional form of the effective interactions

for CG models is greatly system-specific

Various parametrisation methods exist, 
which aim e.g. to match probability distributions or average forces
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REVIEW ARTICLE NATURE MACHINE INTELLIGENCE

obtaining the data necessary to analyse how their social structure is 
reflected in their collective dynamics35, an important question also 
for other species, such as flocking jackdaws42 and even humans43. 

Often the study of active-matter systems requires time-series 
analysis, a task that lends itself to supervised machine-learning 
approaches (Box 1).

Box 1 | Overview of machine-learning methods

Supervised learning builds on labelled datasets containing the 
inputs as well as the properties (targets) the algorithm is trained 
to learn. Supervised models are o!en based on neural nets38: net-
works of non-linear computation units (arti"cial neurons) con-
nected by weights. #ese weights are iteratively adjusted (trained) 
until the neural net learns to associate the correct target to each 
input. Deep neural nets with many layers of neurons have great 
potential, but deeper nets are more prone to training instabilities99. 
Convolutional nets are particularly well-suited for image analy-
sis99,100 and recurrent nets for time-series prediction101. Apart from 
neural nets, decision trees and random forests (ensembles of deci-
sion trees) are frequently used models for supervised learning102. 
Unsupervised learning, by contrast, does not require training on 
labelled data, but exploits redundancy in the input data38 to learn 

to compress data, identify likely input patterns, and "nd patterns in 
the data using non-linear projections103 or self-organized maps104. 
Several common statistical-analysis methods fall into this cat-
egory: principal-component analysis105, k-means clustering106 and 
other clustering algorithms107. Semi-supervised methods, such as 
reinforcement learning78,108–111, learn from partially labelled data, 
or from incomplete feedback in the form of penalty or reward. Ge-
netic algorithms112 are inspired by the genetic-sequence evolution 
through dri!, mutation and recombination; penalty and reward 
are modelled on natural selection. Reservoir computing46 uses re-
current nets where only the output neurons are trained, while the 
others form a reservoir of recurrently connected neurons. Adver-
sarial pairs of neural nets113 train each other to generate synthetic 
data that is very di$cult to distinguish from authentic data.
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There is a world of ML methods out there 

Different techniques are more appropriate 
for different tasks


Some ML methods are actually old-school 
statistical analysis


The more sophisticated the method, 
the less we understand of how it works
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Evaluation of quantities

Classification

Generation of structures

Analysis of the input

Ceriotti, JCP 2019

The Journal
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compatible with {Ai} or that are optimal in terms of parameter
space exploration. Supervised schemes include “classifiers” that seek
to partition the inputs based on their labels, “regressors” that try to
predict the value of the property y for a new input A, and “inverse
design” methods that try to generate new structures that exhibit a
specified or optimal value of the property y. Many of these tasks
have been an integral part of the atomic-scale modeling workflow
since the early days, and it is rather clear that it is mainly the data-
centric, inductive mindset—as well as a certain degree of hype—that
sets recent ML schemes apart. Put simply, the idea behind all these
ML schemes is that, confronted with a sufficient quantity of high-
quality data, an algorithmmight be better at identifying the essential
features of the problem than humans—who are pretty good at look-
ing for patterns and correlations, but who often fall prey to biases
and logical fallacies.6

Many books provide a primer in the field of machine learn-
ing,7,8 and several excellent reviews have appeared that have covered
some recent applications of these schemes to atomic-scale model-
ing,9–12 including a perspective article in this same journal that dis-
cusses the use of supervised learning to construct interatomic poten-
tials.13 This perspective focuses on unsupervised-learning schemes,
applied to the understanding of the behavior of complex materials
and molecules. As will become clear, my opinion is that the lines
separating different families of ML approaches are blurred and that
it is highly beneficial to combine supervised and unsupervised tasks
as the former provide a quantitative framework to benchmark and
validate the latter. This perspective is organized as follows. First, I
will give a brief pedagogic introduction to machine learning, focus-
ing on the ingredients that are central to its use in the context of
atomistic modeling. Then, I will review some of the recent develop-
ments and applications of unsupervised learning in the field. Finally,
I will articulate my opinions on the main current challenges and the
opportunities that lie ahead.

II. MACHINE LEARNING FOR ATOMISTIC MODELING
The typical workflow for the application of a ML scheme to

an atomic-scale system is summarized in Fig. 1. The input can be
a structure A (a molecule or a supercell describing a portion of

a bulk structure) or a portion X of a structure, e.g., a group of
chemically bound atoms or a spherical, atom-centered environment.
Each structure or group of atoms can have one or more properties
y associated with them, which serve as labels in supervised learning
schemes.

Even though atomic coordinates provide a complete descrip-
tion of each structure or environment, they are hardly ever used
as the input of a ML scheme. Instead, they are usually converted
into an appropriate “representation,” which is more suitable for the
task at hand. A first reason why an intermediate description of the
system can be advantageous is that it makes it possible to incorpo-
rate obvious physical invariances (rigid translations and rotations,
and permutations of identical atoms) so that configurations that are
identical are recognized as such. A second reason—that is particu-
larly relevant for unsupervised-learning applications geared toward
simplifying the description of complex systems—is that the choice
of representation provides ample leeway to incorporate prior knowl-
edge or to otherwise restrict the scope of the analysis. For instance,
onemaywant to focus solely on the backbone of a protein or on reac-
tants in solution. Obviously, opting for a specialized description of a
system introduces some biases in the procedure. However, in many
cases, these restrictions are either straightforward, necessary tomake
the analysis meaningful, or originate from technical limitations of
the input data.

It is worth stressing that the representation of a structure can
take the form of a vector of features �X� (e.g., all the backbone
dihedrals in a protein and the coordination number of atoms in
a cluster), a measure of similarity between pairs of structures that
can be implemented as a distance d(X,X ′) or the form of a kernel
k(X,X ′). In fact, these three ways of representing a data set can be
used interchangeably [Fig. 1(b)]. Given a representation in terms of
a finite set of features xj(X) = �j�X�, it is always possible to use it
as the starting point to define a distance or a kernel. While many
different choices are possible—some of which will be discussed in
what follows—one can consider as a simple example the case of the
Euclidean distance d(X,X ′)2 = ∑j(xj − x′j)2 and of a scalar-product
kernel k(X,X ′) = ∑j xjx

′
j .

Less obvious is the fact that given a metric or a well-behaved
(positive-definite) kernel, it is possible to obtain an operative

FIG. 1. A schematic representation of the
main ingredients of atomistic machine
learning. (a) Structures A or local envi-
ronments X are the inputs of the model,
possibly with labels y associated with
them. (b) The inputs are associated with
a mathematical representation, in terms
of vectors of features �X�, a measure
of similarity d, or a kernel k. (c) The
machine-learning model, controlled by a
series of hyperparameters θ, is trained
based on a set of inputs. It can be then
used for a number of machine-learning
tasks.

J. Chem. Phys. 150, 150901 (2019); doi: 10.1063/1.5091842 150, 150901-2
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The downside of the story: neural networks work in mysterious ways 

Can we understand how NN's work? 
Can we understand something about the system from the way the NN's "sees" it?
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while varying the input data structure
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Image from https://khaleejmag.com/technology/artificial-brain-is-it-taking-up-human-roles/
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Aldrigo, Menichetti, RP, arXiv 2024
Amit, Modeling Brain Function: The World of Attractor Neural Networks (1989)
Hopfield, PNAS (1982)

<latexit sha1_base64="9ZX1qvziN6Al1apvaPGS5Xsy6ow="></latexit>

H(�1, ...,�N ) = �1

2

X

i 6=j

Jij�i�j

<latexit sha1_base64="FY7Anwclvjrb99xvUqJeYpBcGWk=">AAACD3icbVC7TsNAEDzzDOFloExzIkKiiCwb8WqQEDSUQSIPKQ7R+bKBE3e2dbeHQFYKPoGvoIWKDtHyCRT8C05IAQmzzWhmV7s7USqFQd//dKamZ2bn5gsLxcWl5ZVVd229bhKrOdR4IhPdjJgBKWKooUAJzVQDU5GERnRzOvAbt6CNSOILvE+hrdhVLHqCM8yljlsK78RlFirb74hKSPNS9iioeJ5XSTtu2ff8IegkCUakTEaodtyvsJtwqyBGLpkxrcBPsZ0xjYJL6BdDayBl/IZdQSunMVNg2tnwiT7dsoZhQlPQVEg6FOH3RMaUMfcqyjsVw2sz7g3E/7yWxd5hOxNxahFiPliEQsJwkeFa5OkA7QoNiGxwOVARU840QwQtKOM8F20eVzHPIxj/fpLUd7xg39s73y0fn4ySKZAS2STbJCAH5JickSqpEU4eyBN5Ji/Oo/PqvDnvP61Tzmhmg/yB8/ENKF6bAw==</latexit>

⇠µi , µ = 1, ..., pMemory patterns

<latexit sha1_base64="EPSP4TI9vMK7V/FwM72LJG+lb4M=">AAAB+HicbVC7TsNAEDzzDOEVoKQ5ESFRRTbiVUbQIKogkYeUWNH6sgmXnB+6WyMFK/9ACxUdouVvKPgXbJMCEqYazexqZ8eLlDRk25/WwuLS8spqYa24vrG5tV3a2W2YMNYC6yJUoW55YFDJAOskSWEr0gi+p7Dpja4yv/mA2sgwuKNxhK4Pg0D2pQBKpcZNN5HDSbdUtit2Dj5PnCkpsylq3dJXpxeK2MeAhAJj2o4dkZuAJikUToqd2GAEYgQDbKc0AB+Nm+RpJ/wwNkAhj1BzqXgu4u+NBHxjxr6XTvpA92bWy8T/vHZM/Qs3kUEUEwYiO0RSYX7ICC3TGpD3pEYiyJIjlwEXoIEIteQgRCrGaS/FtA9n9vt50jiuOGeV09uTcvVy2kyB7bMDdsQcds6q7JrVWJ0JNmRP7Jm9WI/Wq/Vmvf+MLljTnT32B9bHN2Ajk7k=</latexit>

Jij
<latexit sha1_base64="zAFpIg01q8OQVB9ecKd68U4SxNg=">AAAB+nicbVC7TsNAEDyHVwivACXNiQiJKrIRrzKChjJI5CElVrS+bMIp54fu1kiRyU/QQkWHaPkZCv4F27iAhKlGM7va2fEiJQ3Z9qdVWlpeWV0rr1c2Nre2d6q7e20TxlpgS4Qq1F0PDCoZYIskKexGGsH3FHa8yXXmdx5QGxkGdzSN0PVhHMiRFECp1O0bOfZh4AyqNbtu5+CLxClIjRVoDqpf/WEoYh8DEgqM6Tl2RG4CmqRQOKv0Y4MRiAmMsZfSAHw0bpLnnfGj2ACFPELNpeK5iL83EvCNmfpeOukD3Zt5LxP/83oxjS7dRAZRTBiI7BBJhfkhI7RMi0A+lBqJIEuOXAZcgAYi1JKDEKkYp81U0j6c+e8XSfuk7pzXz25Pa42ropkyO2CH7Jg57II12A1rshYTTLEn9sxerEfr1Xqz3n9GS1axs8/+wPr4BoVZlFY=</latexit>�1

<latexit sha1_base64="9QxlxZpSO2T+hUwZ1Xwx4e8zVo8=">AAAB+nicbVC7TsNAEDzzDOEVoKQ5ESFRRXbEq4ygoQwSeUiJFa0vm3DK+aG7NVJk8hO0UNEhWn6Ggn/BNi4gYarRzK52drxISUO2/WktLa+srq2XNsqbW9s7u5W9/bYJYy2wJUIV6q4HBpUMsEWSFHYjjeB7Cjve5DrzOw+ojQyDO5pG6PowDuRICqBU6vaNHPswqA8qVbtm5+CLxClIlRVoDipf/WEoYh8DEgqM6Tl2RG4CmqRQOCv3Y4MRiAmMsZfSAHw0bpLnnfHj2ACFPELNpeK5iL83EvCNmfpeOukD3Zt5LxP/83oxjS7dRAZRTBiI7BBJhfkhI7RMi0A+lBqJIEuOXAZcgAYi1JKDEKkYp82U0z6c+e8XSbtec85rZ7en1cZV0UyJHbIjdsIcdsEa7IY1WYsJptgTe2Yv1qP1ar1Z7z+jS1axc8D+wPr4BobolFc=</latexit>�2

<latexit sha1_base64="Rje5EAsi32NX3Zo57/0dm6Ssepc=">AAAB+nicbVC7TsNAEDzzDOEVoKQ5ESFRRTbvMoKGMkjkISVWtL5swinnh+7WSJHJT9BCRYdo+RkK/gXbuICEqUYzu9rZ8SIlDdn2p7WwuLS8slpaK69vbG5tV3Z2WyaMtcCmCFWoOx4YVDLAJklS2Ik0gu8pbHvj68xvP6A2MgzuaBKh68MokEMpgFKp0zNy5EP/pF+p2jU7B58nTkGqrECjX/nqDUIR+xiQUGBM17EjchPQJIXCabkXG4xAjGGE3ZQG4KNxkzzvlB/GBijkEWouFc9F/L2RgG/MxPfSSR/o3sx6mfif141peOkmMohiwkBkh0gqzA8ZoWVaBPKB1EgEWXLkMuACNBChlhyESMU4baac9uHMfj9PWsc157x2dntarV8VzZTYPjtgR8xhF6zObliDNZlgij2xZ/ZiPVqv1pv1/jO6YBU7e+wPrI9viHeUWA==</latexit>�3

<latexit sha1_base64="o3E0n5uIDcj+psc3V/GgTUCbtio=">AAAB+nicbVC7TsNAEDzzDOEVoKQ5ESFRRTbiVUbQUKEgkYeUWNH6sgmnnB+6WyNFJj9BCxUdouVnKPgXbOMCEqYazexqZ8eLlDRk25/WwuLS8spqaa28vrG5tV3Z2W2ZMNYCmyJUoe54YFDJAJskSWEn0gi+p7Dtja8yv/2A2sgwuKNJhK4Po0AOpQBKpU7PyJEP/Zt+pWrX7Bx8njgFqbICjX7lqzcIRexjQEKBMV3HjshNQJMUCqflXmwwAjGGEXZTGoCPxk3yvFN+GBugkEeouVQ8F/H3RgK+MRPfSyd9oHsz62Xif143puGFm8ggigkDkR0iqTA/ZISWaRHIB1IjEWTJkcuAC9BAhFpyECIV47SZctqHM/v9PGkd15yz2untSbV+WTRTYvvsgB0xh52zOrtmDdZkgin2xJ7Zi/VovVpv1vvP6IJV7OyxP7A+vgGyjJRz</latexit>�N

<latexit sha1_base64="DoiT8KmEeHPRebAVDJTMckoJht0=">AAAB9XicbVC7TsNAEDyHVwivACXNiQiJKrIRrzKChjII8pASK1pfNskp54fu1qDIyifQQkWHaPkeCv4Fx7iAhKlGM7va2fEiJQ3Z9qdVWFpeWV0rrpc2Nre2d8q7e00TxlpgQ4Qq1G0PDCoZYIMkKWxHGsH3FLa88fXMbz2gNjIM7mkSoevDMJADKYBS6W7Uc3rlil21M/BF4uSkwnLUe+Wvbj8UsY8BCQXGdBw7IjcBTVIonJa6scEIxBiG2ElpAD4aN8miTvlRbIBCHqHmUvFMxN8bCfjGTHwvnfSBRmbem4n/eZ2YBpduIoMoJgzE7BBJhdkhI7RMO0DelxqJYJYcuQy4AA1EqCUHIVIxTksppX04898vkuZJ1Tmvnt2eVmpXeTNFdsAO2TFz2AWrsRtWZw0m2JA9sWf2Yj1ar9ab9f4zWrDynX32B9bHN5xnkh8=</latexit>

h1

<latexit sha1_base64="XtORBvQCb6zykUL26o3D7ywEP8w=">AAAB9XicbVC7TsNAEFzzDOEVoKQ5ESFRRXbEq4ygoQyCPKTEis6XTXLK+aG7NSiK8gm0UNEhWr6Hgn/BNi4gYarRzK52drxISUO2/WktLa+srq0XNoqbW9s7u6W9/aYJYy2wIUIV6rbHDSoZYIMkKWxHGrnvKWx54+vUbz2gNjIM7mkSoevzYSAHUnBKpLtRr9orle2KnYEtEicnZchR75W+uv1QxD4GJBQ3puPYEblTrkkKhbNiNzYYcTHmQ+wkNOA+GneaRZ2x49hwClmEmknFMhF/b0y5b8zE95JJn9PIzHup+J/XiWlw6U5lEMWEgUgPkVSYHTJCy6QDZH2pkYinyZHJgAmuORFqybgQiRgnpRSTPpz57xdJs1pxzitnt6fl2lXeTAEO4QhOwIELqMEN1KEBAobwBM/wYj1ar9ab9f4zumTlOwfwB9bHN532kiA=</latexit>

h2

<latexit sha1_base64="f1sAFUC1n2CpNWhvxDEbR1Hvksw=">AAAB9XicbVC7TsNAEFyHVwivACXNiQiJKrJ5lxE0lEGQh5RE0fmySU45P3S3BkVWPoEWKjpEy/dQ8C/YxgUEphrN7Gpnxw2VNGTbH1ZhYXFpeaW4Wlpb39jcKm/vNE0QaYENEahAt11uUEkfGyRJYTvUyD1XYcudXKV+6x61kYF/R9MQex4f+XIoBadEuh33j/vlil21M7C/xMlJBXLU++XP7iAQkYc+CcWN6Th2SL2Ya5JC4azUjQyGXEz4CDsJ9bmHphdnUWfsIDKcAhaiZlKxTMSfGzH3jJl6bjLpcRqbeS8V//M6EQ0verH0w4jQF+khkgqzQ0ZomXSAbCA1EvE0OTLpM8E1J0ItGRciEaOklFLShzP//V/SPKo6Z9XTm5NK7TJvpgh7sA+H4MA51OAa6tAAASN4hCd4th6sF+vVevseLVj5zi78gvX+BZ+FkiE=</latexit>

h3

<latexit sha1_base64="yBYpjozbAitVbD7Pi1VKdh7x4ag=">AAAB9XicbVC7TsNAEFyHVwivACXNiQiJKrIRrzKChgoFQR5SEkXnyyY55fzQ3RoUWfkEWqjoEC3fQ8G/YBsXEJhqNLOrnR03VNKQbX9YhYXFpeWV4mppbX1jc6u8vdM0QaQFNkSgAt12uUElfWyQJIXtUCP3XIUtd3KZ+q171EYG/h1NQ+x5fOTLoRScEul23L/ulyt21c7A/hInJxXIUe+XP7uDQEQe+iQUN6bj2CH1Yq5JCoWzUjcyGHIx4SPsJNTnHppenEWdsYPIcApYiJpJxTIRf27E3DNm6rnJpMdpbOa9VPzP60Q0PO/F0g8jQl+kh0gqzA4ZoWXSAbKB1EjE0+TIpM8E15wItWRciESMklJKSR/O/Pd/SfOo6pxWT26OK7WLvJki7ME+HIIDZ1CDK6hDAwSM4BGe4Nl6sF6sV+vte7Rg5Tu78AvW+xfJmpI8</latexit>

hN

<latexit sha1_base64="c10YLULm4SuZn5sca8bymlMHfE8=">AAACIXicbVDLSuxAEO2o18dcr466dNM4CHfjkIivjSC6EVcKjgqTMXTaUmvsTkJ3tSghX+En+BVudeVO3In4LybjLHyd1alzqqiqE2cKLfn+izcwOPRneGR0rPZ3/N/EZH1q+sCmzkhoyVSl5igWFhQm0CIkBUeZAaFjBYfxxVblH16CsZgm+3SdQUeLswRPUQoqpai+sBPl2C3WQ+t0lIfarQfFccbDKzyuqiLCT7wb1Rt+0++B/yRBnzRYH7tR/S08SaXTkJBUwtp24GfUyYUhlAqKWugsZEJeiDNolzQRGmwn771V8HlnBaU8A8NR8Z4Inydyoa291nHZqQWd2+9eJf7mtR2drnVyTDJHkMhqEaGC3iIrDZZ5AT9BA0Siuhw4JlwKI4jAIBdSlqIrA6yVeQTfv/9JDhabwUpzeW+psbHZT2aUzbI59p8FbJVtsG22y1pMsht2x+7Zg3frPXpP3vNH64DXn5lhX+C9vgOv56Si</latexit>
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Model’s dynamics retrieves memory patterns
<latexit sha1_base64="awIj1dkOgrOs4Pgh1wqyYDNqpb0="></latexit>

mµ =
1

N

X

i

⇠µi �iOverlaps

Amit, Modeling Brain Function: The World of Attractor Neural Networks (1989)
Hopfield, PNAS (1982)

<latexit sha1_base64="9ZX1qvziN6Al1apvaPGS5Xsy6ow="></latexit>

H(�1, ...,�N ) = �1

2

X

i 6=j

Jij�i�j

<latexit sha1_base64="FY7Anwclvjrb99xvUqJeYpBcGWk=">AAACD3icbVC7TsNAEDzzDOFloExzIkKiiCwb8WqQEDSUQSIPKQ7R+bKBE3e2dbeHQFYKPoGvoIWKDtHyCRT8C05IAQmzzWhmV7s7USqFQd//dKamZ2bn5gsLxcWl5ZVVd229bhKrOdR4IhPdjJgBKWKooUAJzVQDU5GERnRzOvAbt6CNSOILvE+hrdhVLHqCM8yljlsK78RlFirb74hKSPNS9iioeJ5XSTtu2ff8IegkCUakTEaodtyvsJtwqyBGLpkxrcBPsZ0xjYJL6BdDayBl/IZdQSunMVNg2tnwiT7dsoZhQlPQVEg6FOH3RMaUMfcqyjsVw2sz7g3E/7yWxd5hOxNxahFiPliEQsJwkeFa5OkA7QoNiGxwOVARU840QwQtKOM8F20eVzHPIxj/fpLUd7xg39s73y0fn4ySKZAS2STbJCAH5JickSqpEU4eyBN5Ji/Oo/PqvDnvP61Tzmhmg/yB8/ENKF6bAw==</latexit>

⇠µi , µ = 1, ..., pMemory patterns

<latexit sha1_base64="EPSP4TI9vMK7V/FwM72LJG+lb4M=">AAAB+HicbVC7TsNAEDzzDOEVoKQ5ESFRRTbiVUbQIKogkYeUWNH6sgmXnB+6WyMFK/9ACxUdouVvKPgXbJMCEqYazexqZ8eLlDRk25/WwuLS8spqYa24vrG5tV3a2W2YMNYC6yJUoW55YFDJAOskSWEr0gi+p7Dpja4yv/mA2sgwuKNxhK4Pg0D2pQBKpcZNN5HDSbdUtit2Dj5PnCkpsylq3dJXpxeK2MeAhAJj2o4dkZuAJikUToqd2GAEYgQDbKc0AB+Nm+RpJ/wwNkAhj1BzqXgu4u+NBHxjxr6XTvpA92bWy8T/vHZM/Qs3kUEUEwYiO0RSYX7ICC3TGpD3pEYiyJIjlwEXoIEIteQgRCrGaS/FtA9n9vt50jiuOGeV09uTcvVy2kyB7bMDdsQcds6q7JrVWJ0JNmRP7Jm9WI/Wq/Vmvf+MLljTnT32B9bHN2Ajk7k=</latexit>

Jij
<latexit sha1_base64="zAFpIg01q8OQVB9ecKd68U4SxNg=">AAAB+nicbVC7TsNAEDyHVwivACXNiQiJKrIRrzKChjJI5CElVrS+bMIp54fu1kiRyU/QQkWHaPkZCv4F27iAhKlGM7va2fEiJQ3Z9qdVWlpeWV0rr1c2Nre2d6q7e20TxlpgS4Qq1F0PDCoZYIskKexGGsH3FHa8yXXmdx5QGxkGdzSN0PVhHMiRFECp1O0bOfZh4AyqNbtu5+CLxClIjRVoDqpf/WEoYh8DEgqM6Tl2RG4CmqRQOKv0Y4MRiAmMsZfSAHw0bpLnnfGj2ACFPELNpeK5iL83EvCNmfpeOukD3Zt5LxP/83oxjS7dRAZRTBiI7BBJhfkhI7RMi0A+lBqJIEuOXAZcgAYi1JKDEKkYp81U0j6c+e8XSfuk7pzXz25Pa42ropkyO2CH7Jg57II12A1rshYTTLEn9sxerEfr1Xqz3n9GS1axs8/+wPr4BoVZlFY=</latexit>�1

<latexit sha1_base64="9QxlxZpSO2T+hUwZ1Xwx4e8zVo8=">AAAB+nicbVC7TsNAEDzzDOEVoKQ5ESFRRXbEq4ygoQwSeUiJFa0vm3DK+aG7NVJk8hO0UNEhWn6Ggn/BNi4gYarRzK52drxISUO2/WktLa+srq2XNsqbW9s7u5W9/bYJYy2wJUIV6q4HBpUMsEWSFHYjjeB7Cjve5DrzOw+ojQyDO5pG6PowDuRICqBU6vaNHPswqA8qVbtm5+CLxClIlRVoDipf/WEoYh8DEgqM6Tl2RG4CmqRQOCv3Y4MRiAmMsZfSAHw0bpLnnfHj2ACFPELNpeK5iL83EvCNmfpeOukD3Zt5LxP/83oxjS7dRAZRTBiI7BBJhfkhI7RMi0A+lBqJIEuOXAZcgAYi1JKDEKkYp82U0z6c+e8XSbtec85rZ7en1cZV0UyJHbIjdsIcdsEa7IY1WYsJptgTe2Yv1qP1ar1Z7z+jS1axc8D+wPr4BobolFc=</latexit>�2

<latexit sha1_base64="Rje5EAsi32NX3Zo57/0dm6Ssepc=">AAAB+nicbVC7TsNAEDzzDOEVoKQ5ESFRRTbvMoKGMkjkISVWtL5swinnh+7WSJHJT9BCRYdo+RkK/gXbuICEqUYzu9rZ8SIlDdn2p7WwuLS8slpaK69vbG5tV3Z2WyaMtcCmCFWoOx4YVDLAJklS2Ik0gu8pbHvj68xvP6A2MgzuaBKh68MokEMpgFKp0zNy5EP/pF+p2jU7B58nTkGqrECjX/nqDUIR+xiQUGBM17EjchPQJIXCabkXG4xAjGGE3ZQG4KNxkzzvlB/GBijkEWouFc9F/L2RgG/MxPfSSR/o3sx6mfif141peOkmMohiwkBkh0gqzA8ZoWVaBPKB1EgEWXLkMuACNBChlhyESMU4baac9uHMfj9PWsc157x2dntarV8VzZTYPjtgR8xhF6zObliDNZlgij2xZ/ZiPVqv1pv1/jO6YBU7e+wPrI9viHeUWA==</latexit>�3

<latexit sha1_base64="o3E0n5uIDcj+psc3V/GgTUCbtio=">AAAB+nicbVC7TsNAEDzzDOEVoKQ5ESFRRTbiVUbQUKEgkYeUWNH6sgmnnB+6WyNFJj9BCxUdouVnKPgXbOMCEqYazexqZ8eLlDRk25/WwuLS8spqaa28vrG5tV3Z2W2ZMNYCmyJUoe54YFDJAJskSWEn0gi+p7Dtja8yv/2A2sgwuKNJhK4Po0AOpQBKpU7PyJEP/Zt+pWrX7Bx8njgFqbICjX7lqzcIRexjQEKBMV3HjshNQJMUCqflXmwwAjGGEXZTGoCPxk3yvFN+GBugkEeouVQ8F/H3RgK+MRPfSyd9oHsz62Xif143puGFm8ggigkDkR0iqTA/ZISWaRHIB1IjEWTJkcuAC9BAhFpyECIV47SZctqHM/v9PGkd15yz2untSbV+WTRTYvvsgB0xh52zOrtmDdZkgin2xJ7Zi/VovVpv1vvP6IJV7OyxP7A+vgGyjJRz</latexit>�N

<latexit sha1_base64="DoiT8KmEeHPRebAVDJTMckoJht0=">AAAB9XicbVC7TsNAEDyHVwivACXNiQiJKrIRrzKChjII8pASK1pfNskp54fu1qDIyifQQkWHaPkeCv4Fx7iAhKlGM7va2fEiJQ3Z9qdVWFpeWV0rrpc2Nre2d8q7e00TxlpgQ4Qq1G0PDCoZYIMkKWxHGsH3FLa88fXMbz2gNjIM7mkSoevDMJADKYBS6W7Uc3rlil21M/BF4uSkwnLUe+Wvbj8UsY8BCQXGdBw7IjcBTVIonJa6scEIxBiG2ElpAD4aN8miTvlRbIBCHqHmUvFMxN8bCfjGTHwvnfSBRmbem4n/eZ2YBpduIoMoJgzE7BBJhdkhI7RMO0DelxqJYJYcuQy4AA1EqCUHIVIxTksppX04898vkuZJ1Tmvnt2eVmpXeTNFdsAO2TFz2AWrsRtWZw0m2JA9sWf2Yj1ar9ab9f4zWrDynX32B9bHN5xnkh8=</latexit>

h1

<latexit sha1_base64="XtORBvQCb6zykUL26o3D7ywEP8w=">AAAB9XicbVC7TsNAEFzzDOEVoKQ5ESFRRXbEq4ygoQyCPKTEis6XTXLK+aG7NSiK8gm0UNEhWr6Hgn/BNi4gYarRzK52drxISUO2/WktLa+srq0XNoqbW9s7u6W9/aYJYy2wIUIV6rbHDSoZYIMkKWxHGrnvKWx54+vUbz2gNjIM7mkSoevzYSAHUnBKpLtRr9orle2KnYEtEicnZchR75W+uv1QxD4GJBQ3puPYEblTrkkKhbNiNzYYcTHmQ+wkNOA+GneaRZ2x49hwClmEmknFMhF/b0y5b8zE95JJn9PIzHup+J/XiWlw6U5lEMWEgUgPkVSYHTJCy6QDZH2pkYinyZHJgAmuORFqybgQiRgnpRSTPpz57xdJs1pxzitnt6fl2lXeTAEO4QhOwIELqMEN1KEBAobwBM/wYj1ar9ab9f4zumTlOwfwB9bHN532kiA=</latexit>

h2

<latexit sha1_base64="f1sAFUC1n2CpNWhvxDEbR1Hvksw=">AAAB9XicbVC7TsNAEFyHVwivACXNiQiJKrJ5lxE0lEGQh5RE0fmySU45P3S3BkVWPoEWKjpEy/dQ8C/YxgUEphrN7Gpnxw2VNGTbH1ZhYXFpeaW4Wlpb39jcKm/vNE0QaYENEahAt11uUEkfGyRJYTvUyD1XYcudXKV+6x61kYF/R9MQex4f+XIoBadEuh33j/vlil21M7C/xMlJBXLU++XP7iAQkYc+CcWN6Th2SL2Ya5JC4azUjQyGXEz4CDsJ9bmHphdnUWfsIDKcAhaiZlKxTMSfGzH3jJl6bjLpcRqbeS8V//M6EQ0verH0w4jQF+khkgqzQ0ZomXSAbCA1EvE0OTLpM8E1J0ItGRciEaOklFLShzP//V/SPKo6Z9XTm5NK7TJvpgh7sA+H4MA51OAa6tAAASN4hCd4th6sF+vVevseLVj5zi78gvX+BZ+FkiE=</latexit>

h3

<latexit sha1_base64="yBYpjozbAitVbD7Pi1VKdh7x4ag=">AAAB9XicbVC7TsNAEFyHVwivACXNiQiJKrIRrzKChgoFQR5SEkXnyyY55fzQ3RoUWfkEWqjoEC3fQ8G/YBsXEJhqNLOrnR03VNKQbX9YhYXFpeWV4mppbX1jc6u8vdM0QaQFNkSgAt12uUElfWyQJIXtUCP3XIUtd3KZ+q171EYG/h1NQ+x5fOTLoRScEul23L/ulyt21c7A/hInJxXIUe+XP7uDQEQe+iQUN6bj2CH1Yq5JCoWzUjcyGHIx4SPsJNTnHppenEWdsYPIcApYiJpJxTIRf27E3DNm6rnJpMdpbOa9VPzP60Q0PO/F0g8jQl+kh0gqzA4ZoWXSAbKB1EjE0+TIpM8E15wItWRciESMklJKSR/O/Pd/SfOo6pxWT26OK7WLvJki7ME+HIIDZ1CDK6hDAwSM4BGe4Nl6sF6sV+vte7Rg5Tu78AvW+xfJmpI8</latexit>

hN

<latexit sha1_base64="c10YLULm4SuZn5sca8bymlMHfE8=">AAACIXicbVDLSuxAEO2o18dcr466dNM4CHfjkIivjSC6EVcKjgqTMXTaUmvsTkJ3tSghX+En+BVudeVO3In4LybjLHyd1alzqqiqE2cKLfn+izcwOPRneGR0rPZ3/N/EZH1q+sCmzkhoyVSl5igWFhQm0CIkBUeZAaFjBYfxxVblH16CsZgm+3SdQUeLswRPUQoqpai+sBPl2C3WQ+t0lIfarQfFccbDKzyuqiLCT7wb1Rt+0++B/yRBnzRYH7tR/S08SaXTkJBUwtp24GfUyYUhlAqKWugsZEJeiDNolzQRGmwn771V8HlnBaU8A8NR8Z4Inydyoa291nHZqQWd2+9eJf7mtR2drnVyTDJHkMhqEaGC3iIrDZZ5AT9BA0Siuhw4JlwKI4jAIBdSlqIrA6yVeQTfv/9JDhabwUpzeW+psbHZT2aUzbI59p8FbJVtsG22y1pMsht2x+7Zg3frPXpP3vNH64DXn5lhX+C9vgOv56Si</latexit>

Jij =
pX
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Model’s dynamics retrieves memory patterns
<latexit sha1_base64="awIj1dkOgrOs4Pgh1wqyYDNqpb0="></latexit>

mµ =
1

N

X

i

⇠µi �iOverlaps

T

α αc = 0.138
0.00 0.05 0.10 0.15
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TC
X

Amit, Modeling Brain Function: The World of Attractor Neural Networks (1989)
Hopfield, PNAS (1982)

<latexit sha1_base64="9ZX1qvziN6Al1apvaPGS5Xsy6ow="></latexit>

H(�1, ...,�N ) = �1

2

X

i 6=j

Jij�i�j

<latexit sha1_base64="FY7Anwclvjrb99xvUqJeYpBcGWk=">AAACD3icbVC7TsNAEDzzDOFloExzIkKiiCwb8WqQEDSUQSIPKQ7R+bKBE3e2dbeHQFYKPoGvoIWKDtHyCRT8C05IAQmzzWhmV7s7USqFQd//dKamZ2bn5gsLxcWl5ZVVd229bhKrOdR4IhPdjJgBKWKooUAJzVQDU5GERnRzOvAbt6CNSOILvE+hrdhVLHqCM8yljlsK78RlFirb74hKSPNS9iioeJ5XSTtu2ff8IegkCUakTEaodtyvsJtwqyBGLpkxrcBPsZ0xjYJL6BdDayBl/IZdQSunMVNg2tnwiT7dsoZhQlPQVEg6FOH3RMaUMfcqyjsVw2sz7g3E/7yWxd5hOxNxahFiPliEQsJwkeFa5OkA7QoNiGxwOVARU840QwQtKOM8F20eVzHPIxj/fpLUd7xg39s73y0fn4ySKZAS2STbJCAH5JickSqpEU4eyBN5Ji/Oo/PqvDnvP61Tzmhmg/yB8/ENKF6bAw==</latexit>

⇠µi , µ = 1, ..., pMemory patterns

<latexit sha1_base64="EPSP4TI9vMK7V/FwM72LJG+lb4M=">AAAB+HicbVC7TsNAEDzzDOEVoKQ5ESFRRTbiVUbQIKogkYeUWNH6sgmXnB+6WyMFK/9ACxUdouVvKPgXbJMCEqYazexqZ8eLlDRk25/WwuLS8spqYa24vrG5tV3a2W2YMNYC6yJUoW55YFDJAOskSWEr0gi+p7Dpja4yv/mA2sgwuKNxhK4Pg0D2pQBKpcZNN5HDSbdUtit2Dj5PnCkpsylq3dJXpxeK2MeAhAJj2o4dkZuAJikUToqd2GAEYgQDbKc0AB+Nm+RpJ/wwNkAhj1BzqXgu4u+NBHxjxr6XTvpA92bWy8T/vHZM/Qs3kUEUEwYiO0RSYX7ICC3TGpD3pEYiyJIjlwEXoIEIteQgRCrGaS/FtA9n9vt50jiuOGeV09uTcvVy2kyB7bMDdsQcds6q7JrVWJ0JNmRP7Jm9WI/Wq/Vmvf+MLljTnT32B9bHN2Ajk7k=</latexit>

Jij
<latexit sha1_base64="zAFpIg01q8OQVB9ecKd68U4SxNg=">AAAB+nicbVC7TsNAEDyHVwivACXNiQiJKrIRrzKChjJI5CElVrS+bMIp54fu1kiRyU/QQkWHaPkZCv4F27iAhKlGM7va2fEiJQ3Z9qdVWlpeWV0rr1c2Nre2d6q7e20TxlpgS4Qq1F0PDCoZYIskKexGGsH3FHa8yXXmdx5QGxkGdzSN0PVhHMiRFECp1O0bOfZh4AyqNbtu5+CLxClIjRVoDqpf/WEoYh8DEgqM6Tl2RG4CmqRQOKv0Y4MRiAmMsZfSAHw0bpLnnfGj2ACFPELNpeK5iL83EvCNmfpeOukD3Zt5LxP/83oxjS7dRAZRTBiI7BBJhfkhI7RMi0A+lBqJIEuOXAZcgAYi1JKDEKkYp81U0j6c+e8XSfuk7pzXz25Pa42ropkyO2CH7Jg57II12A1rshYTTLEn9sxerEfr1Xqz3n9GS1axs8/+wPr4BoVZlFY=</latexit>�1

<latexit sha1_base64="9QxlxZpSO2T+hUwZ1Xwx4e8zVo8=">AAAB+nicbVC7TsNAEDzzDOEVoKQ5ESFRRXbEq4ygoQwSeUiJFa0vm3DK+aG7NVJk8hO0UNEhWn6Ggn/BNi4gYarRzK52drxISUO2/WktLa+srq2XNsqbW9s7u5W9/bYJYy2wJUIV6q4HBpUMsEWSFHYjjeB7Cjve5DrzOw+ojQyDO5pG6PowDuRICqBU6vaNHPswqA8qVbtm5+CLxClIlRVoDipf/WEoYh8DEgqM6Tl2RG4CmqRQOCv3Y4MRiAmMsZfSAHw0bpLnnfHj2ACFPELNpeK5iL83EvCNmfpeOukD3Zt5LxP/83oxjS7dRAZRTBiI7BBJhfkhI7RMi0A+lBqJIEuOXAZcgAYi1JKDEKkYp82U0z6c+e8XSbtec85rZ7en1cZV0UyJHbIjdsIcdsEa7IY1WYsJptgTe2Yv1qP1ar1Z7z+jS1axc8D+wPr4BobolFc=</latexit>�2

<latexit sha1_base64="Rje5EAsi32NX3Zo57/0dm6Ssepc=">AAAB+nicbVC7TsNAEDzzDOEVoKQ5ESFRRTbvMoKGMkjkISVWtL5swinnh+7WSJHJT9BCRYdo+RkK/gXbuICEqUYzu9rZ8SIlDdn2p7WwuLS8slpaK69vbG5tV3Z2WyaMtcCmCFWoOx4YVDLAJklS2Ik0gu8pbHvj68xvP6A2MgzuaBKh68MokEMpgFKp0zNy5EP/pF+p2jU7B58nTkGqrECjX/nqDUIR+xiQUGBM17EjchPQJIXCabkXG4xAjGGE3ZQG4KNxkzzvlB/GBijkEWouFc9F/L2RgG/MxPfSSR/o3sx6mfif141peOkmMohiwkBkh0gqzA8ZoWVaBPKB1EgEWXLkMuACNBChlhyESMU4baac9uHMfj9PWsc157x2dntarV8VzZTYPjtgR8xhF6zObliDNZlgij2xZ/ZiPVqv1pv1/jO6YBU7e+wPrI9viHeUWA==</latexit>�3

<latexit sha1_base64="o3E0n5uIDcj+psc3V/GgTUCbtio=">AAAB+nicbVC7TsNAEDzzDOEVoKQ5ESFRRTbiVUbQUKEgkYeUWNH6sgmnnB+6WyNFJj9BCxUdouVnKPgXbOMCEqYazexqZ8eLlDRk25/WwuLS8spqaa28vrG5tV3Z2W2ZMNYCmyJUoe54YFDJAJskSWEn0gi+p7Dtja8yv/2A2sgwuKNJhK4Po0AOpQBKpU7PyJEP/Zt+pWrX7Bx8njgFqbICjX7lqzcIRexjQEKBMV3HjshNQJMUCqflXmwwAjGGEXZTGoCPxk3yvFN+GBugkEeouVQ8F/H3RgK+MRPfSyd9oHsz62Xif143puGFm8ggigkDkR0iqTA/ZISWaRHIB1IjEWTJkcuAC9BAhFpyECIV47SZctqHM/v9PGkd15yz2untSbV+WTRTYvvsgB0xh52zOrtmDdZkgin2xJ7Zi/VovVpv1vvP6IJV7OyxP7A+vgGyjJRz</latexit>�N

<latexit sha1_base64="DoiT8KmEeHPRebAVDJTMckoJht0=">AAAB9XicbVC7TsNAEDyHVwivACXNiQiJKrIRrzKChjII8pASK1pfNskp54fu1qDIyifQQkWHaPkeCv4Fx7iAhKlGM7va2fEiJQ3Z9qdVWFpeWV0rrpc2Nre2d8q7e00TxlpgQ4Qq1G0PDCoZYIMkKWxHGsH3FLa88fXMbz2gNjIM7mkSoevDMJADKYBS6W7Uc3rlil21M/BF4uSkwnLUe+Wvbj8UsY8BCQXGdBw7IjcBTVIonJa6scEIxBiG2ElpAD4aN8miTvlRbIBCHqHmUvFMxN8bCfjGTHwvnfSBRmbem4n/eZ2YBpduIoMoJgzE7BBJhdkhI7RMO0DelxqJYJYcuQy4AA1EqCUHIVIxTksppX04898vkuZJ1Tmvnt2eVmpXeTNFdsAO2TFz2AWrsRtWZw0m2JA9sWf2Yj1ar9ab9f4zWrDynX32B9bHN5xnkh8=</latexit>

h1

<latexit sha1_base64="XtORBvQCb6zykUL26o3D7ywEP8w=">AAAB9XicbVC7TsNAEFzzDOEVoKQ5ESFRRXbEq4ygoQyCPKTEis6XTXLK+aG7NSiK8gm0UNEhWr6Hgn/BNi4gYarRzK52drxISUO2/WktLa+srq0XNoqbW9s7u6W9/aYJYy2wIUIV6rbHDSoZYIMkKWxHGrnvKWx54+vUbz2gNjIM7mkSoevzYSAHUnBKpLtRr9orle2KnYEtEicnZchR75W+uv1QxD4GJBQ3puPYEblTrkkKhbNiNzYYcTHmQ+wkNOA+GneaRZ2x49hwClmEmknFMhF/b0y5b8zE95JJn9PIzHup+J/XiWlw6U5lEMWEgUgPkVSYHTJCy6QDZH2pkYinyZHJgAmuORFqybgQiRgnpRSTPpz57xdJs1pxzitnt6fl2lXeTAEO4QhOwIELqMEN1KEBAobwBM/wYj1ar9ab9f4zumTlOwfwB9bHN532kiA=</latexit>

h2

<latexit sha1_base64="f1sAFUC1n2CpNWhvxDEbR1Hvksw=">AAAB9XicbVC7TsNAEFyHVwivACXNiQiJKrJ5lxE0lEGQh5RE0fmySU45P3S3BkVWPoEWKjpEy/dQ8C/YxgUEphrN7Gpnxw2VNGTbH1ZhYXFpeaW4Wlpb39jcKm/vNE0QaYENEahAt11uUEkfGyRJYTvUyD1XYcudXKV+6x61kYF/R9MQex4f+XIoBadEuh33j/vlil21M7C/xMlJBXLU++XP7iAQkYc+CcWN6Th2SL2Ya5JC4azUjQyGXEz4CDsJ9bmHphdnUWfsIDKcAhaiZlKxTMSfGzH3jJl6bjLpcRqbeS8V//M6EQ0verH0w4jQF+khkgqzQ0ZomXSAbCA1EvE0OTLpM8E1J0ItGRciEaOklFLShzP//V/SPKo6Z9XTm5NK7TJvpgh7sA+H4MA51OAa6tAAASN4hCd4th6sF+vVevseLVj5zi78gvX+BZ+FkiE=</latexit>

h3

<latexit sha1_base64="yBYpjozbAitVbD7Pi1VKdh7x4ag=">AAAB9XicbVC7TsNAEFyHVwivACXNiQiJKrIRrzKChgoFQR5SEkXnyyY55fzQ3RoUWfkEWqjoEC3fQ8G/YBsXEJhqNLOrnR03VNKQbX9YhYXFpeWV4mppbX1jc6u8vdM0QaQFNkSgAt12uUElfWyQJIXtUCP3XIUtd3KZ+q171EYG/h1NQ+x5fOTLoRScEul23L/ulyt21c7A/hInJxXIUe+XP7uDQEQe+iQUN6bj2CH1Yq5JCoWzUjcyGHIx4SPsJNTnHppenEWdsYPIcApYiJpJxTIRf27E3DNm6rnJpMdpbOa9VPzP60Q0PO/F0g8jQl+kh0gqzA4ZoWXSAbKB1EjE0+TIpM8E15wItWRciESMklJKSR/O/Pd/SfOo6pxWT26OK7WLvJki7ME+HIIDZ1CDK6hDAwSM4BGe4Nl6sF6sV+vte7Rg5Tu78AvW+xfJmpI8</latexit>

hN

<latexit sha1_base64="c10YLULm4SuZn5sca8bymlMHfE8=">AAACIXicbVDLSuxAEO2o18dcr466dNM4CHfjkIivjSC6EVcKjgqTMXTaUmvsTkJ3tSghX+En+BVudeVO3In4LybjLHyd1alzqqiqE2cKLfn+izcwOPRneGR0rPZ3/N/EZH1q+sCmzkhoyVSl5igWFhQm0CIkBUeZAaFjBYfxxVblH16CsZgm+3SdQUeLswRPUQoqpai+sBPl2C3WQ+t0lIfarQfFccbDKzyuqiLCT7wb1Rt+0++B/yRBnzRYH7tR/S08SaXTkJBUwtp24GfUyYUhlAqKWugsZEJeiDNolzQRGmwn771V8HlnBaU8A8NR8Z4Inydyoa291nHZqQWd2+9eJf7mtR2drnVyTDJHkMhqEaGC3iIrDZZ5AT9BA0Siuhw4JlwKI4jAIBdSlqIrA6yVeQTfv/9JDhabwUpzeW+psbHZT2aUzbI59p8FbJVtsG22y1pMsht2x+7Zg3frPXpP3vNH64DXn5lhX+C9vgOv56Si</latexit>

Jij =
pX

µ=1

⇠µi ⇠
µ
jCouplings
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Model’s dynamics retrieves memory patterns
<latexit sha1_base64="awIj1dkOgrOs4Pgh1wqyYDNqpb0="></latexit>
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Look for the most informative neurons!
Amit, Modeling Brain Function: The World of Attractor Neural Networks (1989)
Hopfield, PNAS (1982)

<latexit sha1_base64="9ZX1qvziN6Al1apvaPGS5Xsy6ow="></latexit>

H(�1, ...,�N ) = �1

2

X

i 6=j

Jij�i�j

<latexit sha1_base64="FY7Anwclvjrb99xvUqJeYpBcGWk=">AAACD3icbVC7TsNAEDzzDOFloExzIkKiiCwb8WqQEDSUQSIPKQ7R+bKBE3e2dbeHQFYKPoGvoIWKDtHyCRT8C05IAQmzzWhmV7s7USqFQd//dKamZ2bn5gsLxcWl5ZVVd229bhKrOdR4IhPdjJgBKWKooUAJzVQDU5GERnRzOvAbt6CNSOILvE+hrdhVLHqCM8yljlsK78RlFirb74hKSPNS9iioeJ5XSTtu2ff8IegkCUakTEaodtyvsJtwqyBGLpkxrcBPsZ0xjYJL6BdDayBl/IZdQSunMVNg2tnwiT7dsoZhQlPQVEg6FOH3RMaUMfcqyjsVw2sz7g3E/7yWxd5hOxNxahFiPliEQsJwkeFa5OkA7QoNiGxwOVARU840QwQtKOM8F20eVzHPIxj/fpLUd7xg39s73y0fn4ySKZAS2STbJCAH5JickSqpEU4eyBN5Ji/Oo/PqvDnvP61Tzmhmg/yB8/ENKF6bAw==</latexit>

⇠µi , µ = 1, ..., pMemory patterns

<latexit sha1_base64="EPSP4TI9vMK7V/FwM72LJG+lb4M=">AAAB+HicbVC7TsNAEDzzDOEVoKQ5ESFRRTbiVUbQIKogkYeUWNH6sgmXnB+6WyMFK/9ACxUdouVvKPgXbJMCEqYazexqZ8eLlDRk25/WwuLS8spqYa24vrG5tV3a2W2YMNYC6yJUoW55YFDJAOskSWEr0gi+p7Dpja4yv/mA2sgwuKNxhK4Pg0D2pQBKpcZNN5HDSbdUtit2Dj5PnCkpsylq3dJXpxeK2MeAhAJj2o4dkZuAJikUToqd2GAEYgQDbKc0AB+Nm+RpJ/wwNkAhj1BzqXgu4u+NBHxjxr6XTvpA92bWy8T/vHZM/Qs3kUEUEwYiO0RSYX7ICC3TGpD3pEYiyJIjlwEXoIEIteQgRCrGaS/FtA9n9vt50jiuOGeV09uTcvVy2kyB7bMDdsQcds6q7JrVWJ0JNmRP7Jm9WI/Wq/Vmvf+MLljTnT32B9bHN2Ajk7k=</latexit>

Jij
<latexit sha1_base64="zAFpIg01q8OQVB9ecKd68U4SxNg=">AAAB+nicbVC7TsNAEDyHVwivACXNiQiJKrIRrzKChjJI5CElVrS+bMIp54fu1kiRyU/QQkWHaPkZCv4F27iAhKlGM7va2fEiJQ3Z9qdVWlpeWV0rr1c2Nre2d6q7e20TxlpgS4Qq1F0PDCoZYIskKexGGsH3FHa8yXXmdx5QGxkGdzSN0PVhHMiRFECp1O0bOfZh4AyqNbtu5+CLxClIjRVoDqpf/WEoYh8DEgqM6Tl2RG4CmqRQOKv0Y4MRiAmMsZfSAHw0bpLnnfGj2ACFPELNpeK5iL83EvCNmfpeOukD3Zt5LxP/83oxjS7dRAZRTBiI7BBJhfkhI7RMi0A+lBqJIEuOXAZcgAYi1JKDEKkYp81U0j6c+e8XSfuk7pzXz25Pa42ropkyO2CH7Jg57II12A1rshYTTLEn9sxerEfr1Xqz3n9GS1axs8/+wPr4BoVZlFY=</latexit>�1

<latexit sha1_base64="9QxlxZpSO2T+hUwZ1Xwx4e8zVo8=">AAAB+nicbVC7TsNAEDzzDOEVoKQ5ESFRRXbEq4ygoQwSeUiJFa0vm3DK+aG7NVJk8hO0UNEhWn6Ggn/BNi4gYarRzK52drxISUO2/WktLa+srq2XNsqbW9s7u5W9/bYJYy2wJUIV6q4HBpUMsEWSFHYjjeB7Cjve5DrzOw+ojQyDO5pG6PowDuRICqBU6vaNHPswqA8qVbtm5+CLxClIlRVoDipf/WEoYh8DEgqM6Tl2RG4CmqRQOCv3Y4MRiAmMsZfSAHw0bpLnnfHj2ACFPELNpeK5iL83EvCNmfpeOukD3Zt5LxP/83oxjS7dRAZRTBiI7BBJhfkhI7RMi0A+lBqJIEuOXAZcgAYi1JKDEKkYp82U0z6c+e8XSbtec85rZ7en1cZV0UyJHbIjdsIcdsEa7IY1WYsJptgTe2Yv1qP1ar1Z7z+jS1axc8D+wPr4BobolFc=</latexit>�2

<latexit sha1_base64="Rje5EAsi32NX3Zo57/0dm6Ssepc=">AAAB+nicbVC7TsNAEDzzDOEVoKQ5ESFRRTbvMoKGMkjkISVWtL5swinnh+7WSJHJT9BCRYdo+RkK/gXbuICEqUYzu9rZ8SIlDdn2p7WwuLS8slpaK69vbG5tV3Z2WyaMtcCmCFWoOx4YVDLAJklS2Ik0gu8pbHvj68xvP6A2MgzuaBKh68MokEMpgFKp0zNy5EP/pF+p2jU7B58nTkGqrECjX/nqDUIR+xiQUGBM17EjchPQJIXCabkXG4xAjGGE3ZQG4KNxkzzvlB/GBijkEWouFc9F/L2RgG/MxPfSSR/o3sx6mfif141peOkmMohiwkBkh0gqzA8ZoWVaBPKB1EgEWXLkMuACNBChlhyESMU4baac9uHMfj9PWsc157x2dntarV8VzZTYPjtgR8xhF6zObliDNZlgij2xZ/ZiPVqv1pv1/jO6YBU7e+wPrI9viHeUWA==</latexit>�3

<latexit sha1_base64="o3E0n5uIDcj+psc3V/GgTUCbtio=">AAAB+nicbVC7TsNAEDzzDOEVoKQ5ESFRRTbiVUbQUKEgkYeUWNH6sgmnnB+6WyNFJj9BCxUdouVnKPgXbOMCEqYazexqZ8eLlDRk25/WwuLS8spqaa28vrG5tV3Z2W2ZMNYCmyJUoe54YFDJAJskSWEn0gi+p7Dtja8yv/2A2sgwuKNJhK4Po0AOpQBKpU7PyJEP/Zt+pWrX7Bx8njgFqbICjX7lqzcIRexjQEKBMV3HjshNQJMUCqflXmwwAjGGEXZTGoCPxk3yvFN+GBugkEeouVQ8F/H3RgK+MRPfSyd9oHsz62Xif143puGFm8ggigkDkR0iqTA/ZISWaRHIB1IjEWTJkcuAC9BAhFpyECIV47SZctqHM/v9PGkd15yz2untSbV+WTRTYvvsgB0xh52zOrtmDdZkgin2xJ7Zi/VovVpv1vvP6IJV7OyxP7A+vgGyjJRz</latexit>�N

<latexit sha1_base64="DoiT8KmEeHPRebAVDJTMckoJht0=">AAAB9XicbVC7TsNAEDyHVwivACXNiQiJKrIRrzKChjII8pASK1pfNskp54fu1qDIyifQQkWHaPkeCv4Fx7iAhKlGM7va2fEiJQ3Z9qdVWFpeWV0rrpc2Nre2d8q7e00TxlpgQ4Qq1G0PDCoZYIMkKWxHGsH3FLa88fXMbz2gNjIM7mkSoevDMJADKYBS6W7Uc3rlil21M/BF4uSkwnLUe+Wvbj8UsY8BCQXGdBw7IjcBTVIonJa6scEIxBiG2ElpAD4aN8miTvlRbIBCHqHmUvFMxN8bCfjGTHwvnfSBRmbem4n/eZ2YBpduIoMoJgzE7BBJhdkhI7RMO0DelxqJYJYcuQy4AA1EqCUHIVIxTksppX04898vkuZJ1Tmvnt2eVmpXeTNFdsAO2TFz2AWrsRtWZw0m2JA9sWf2Yj1ar9ab9f4zWrDynX32B9bHN5xnkh8=</latexit>

h1

<latexit sha1_base64="XtORBvQCb6zykUL26o3D7ywEP8w=">AAAB9XicbVC7TsNAEFzzDOEVoKQ5ESFRRXbEq4ygoQyCPKTEis6XTXLK+aG7NSiK8gm0UNEhWr6Hgn/BNi4gYarRzK52drxISUO2/WktLa+srq0XNoqbW9s7u6W9/aYJYy2wIUIV6rbHDSoZYIMkKWxHGrnvKWx54+vUbz2gNjIM7mkSoevzYSAHUnBKpLtRr9orle2KnYEtEicnZchR75W+uv1QxD4GJBQ3puPYEblTrkkKhbNiNzYYcTHmQ+wkNOA+GneaRZ2x49hwClmEmknFMhF/b0y5b8zE95JJn9PIzHup+J/XiWlw6U5lEMWEgUgPkVSYHTJCy6QDZH2pkYinyZHJgAmuORFqybgQiRgnpRSTPpz57xdJs1pxzitnt6fl2lXeTAEO4QhOwIELqMEN1KEBAobwBM/wYj1ar9ab9f4zumTlOwfwB9bHN532kiA=</latexit>

h2

<latexit sha1_base64="f1sAFUC1n2CpNWhvxDEbR1Hvksw=">AAAB9XicbVC7TsNAEFyHVwivACXNiQiJKrJ5lxE0lEGQh5RE0fmySU45P3S3BkVWPoEWKjpEy/dQ8C/YxgUEphrN7Gpnxw2VNGTbH1ZhYXFpeaW4Wlpb39jcKm/vNE0QaYENEahAt11uUEkfGyRJYTvUyD1XYcudXKV+6x61kYF/R9MQex4f+XIoBadEuh33j/vlil21M7C/xMlJBXLU++XP7iAQkYc+CcWN6Th2SL2Ya5JC4azUjQyGXEz4CDsJ9bmHphdnUWfsIDKcAhaiZlKxTMSfGzH3jJl6bjLpcRqbeS8V//M6EQ0verH0w4jQF+khkgqzQ0ZomXSAbCA1EvE0OTLpM8E1J0ItGRciEaOklFLShzP//V/SPKo6Z9XTm5NK7TJvpgh7sA+H4MA51OAa6tAAASN4hCd4th6sF+vVevseLVj5zi78gvX+BZ+FkiE=</latexit>

h3

<latexit sha1_base64="yBYpjozbAitVbD7Pi1VKdh7x4ag=">AAAB9XicbVC7TsNAEFyHVwivACXNiQiJKrIRrzKChgoFQR5SEkXnyyY55fzQ3RoUWfkEWqjoEC3fQ8G/YBsXEJhqNLOrnR03VNKQbX9YhYXFpeWV4mppbX1jc6u8vdM0QaQFNkSgAt12uUElfWyQJIXtUCP3XIUtd3KZ+q171EYG/h1NQ+x5fOTLoRScEul23L/ulyt21c7A/hInJxXIUe+XP7uDQEQe+iQUN6bj2CH1Yq5JCoWzUjcyGHIx4SPsJNTnHppenEWdsYPIcApYiJpJxTIRf27E3DNm6rnJpMdpbOa9VPzP60Q0PO/F0g8jQl+kh0gqzA4ZoWXSAbKB1EjE0+TIpM8E15wItWRciESMklJKSR/O/Pd/SfOo6pxWT26OK7WLvJki7ME+HIIDZ1CDK6hDAwSM4BGe4Nl6sF6sV+vte7Rg5Tu78AvW+xfJmpI8</latexit>

hN

<latexit sha1_base64="c10YLULm4SuZn5sca8bymlMHfE8=">AAACIXicbVDLSuxAEO2o18dcr466dNM4CHfjkIivjSC6EVcKjgqTMXTaUmvsTkJ3tSghX+En+BVudeVO3In4LybjLHyd1alzqqiqE2cKLfn+izcwOPRneGR0rPZ3/N/EZH1q+sCmzkhoyVSl5igWFhQm0CIkBUeZAaFjBYfxxVblH16CsZgm+3SdQUeLswRPUQoqpai+sBPl2C3WQ+t0lIfarQfFccbDKzyuqiLCT7wb1Rt+0++B/yRBnzRYH7tR/S08SaXTkJBUwtp24GfUyYUhlAqKWugsZEJeiDNolzQRGmwn771V8HlnBaU8A8NR8Z4Inydyoa291nHZqQWd2+9eJf7mtR2drnVyTDJHkMhqEaGC3iIrDZZ5AT9BA0Siuhw4JlwKI4jAIBdSlqIrA6yVeQTfv/9JDhabwUpzeW+psbHZT2aUzbI59p8FbJVtsG22y1pMsht2x+7Zg3frPXpP3vNH64DXn5lhX+C9vgOv56Si</latexit>

Jij =
pX

µ=1

⇠µi ⇠
µ
jCouplings
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CG’ing the Hopfield model

1) Simulate the Hopfield model

Aldrigo, Menichetti, RP, arXiv 2024
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CG’ing the Hopfield model

1) Simulate the Hopfield model 2) Select a subset of retained neurons 

X

X

X

X X

X

X

X

Aldrigo, Menichetti, RP, arXiv 2024
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CG’ing the Hopfield model

1) Simulate the Hopfield model 2) Select a subset of retained neurons 

X

X

X

X X

X

X

X

3) Optimise the selection to detect 
maximally-informative neurons

X

X

X

X

X

X

X

X

Aldrigo, Menichetti, RP, arXiv 2024
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- Empirical “atomistic” probability
<latexit sha1_base64="U7yL/BzXcX7LY1d7QruDRfEsZeM=">AAACDHicbVDJSgNBEO2JW4xb1IvgpTEIEcIwI27HoBdPEsEskIRQ06nEJj0L3TVCCPET/AqvevImXv0HD/6LkzgHjb7Tq/eqqKrnRUoacpwPKzM3v7C4lF3OrayurW/kN7dqJoy1wKoIVagbHhhUMsAqSVLYiDSC7ymse4OLiV+/Q21kGNzQMMK2D/1A9qQASqROficqtozs+9BxS7Ztl9Li6qCTLzi2MwX/S9yUFFiKSif/2eqGIvYxIKHAmKbrRNQegSYpFI5zrdhgBGIAfWwmNAAfTXs0/WDM92MDFPIINZeKT0X8OTEC35ih7yWdPtCtmfUm4n9eM6beWXskgygmDMRkEUmF00VGaJlEg7wrNRLB5HLkMuACNBChlhyESMQ4ySqX5OHOfv+X1A5t98Q+vj4qlM/TZLJsl+2xInPZKSuzS1ZhVSbYPXtkT+zZerBerFfr7bs1Y6Uz2+wXrPcvAt+Z5A==</latexit>

p(�1, ...,�N )
- Simulate the high-resolution Hopfield model

Aldrigo, Menichetti, RP, arXiv 2024
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- Empirical “atomistic” probability
<latexit sha1_base64="U7yL/BzXcX7LY1d7QruDRfEsZeM=">AAACDHicbVDJSgNBEO2JW4xb1IvgpTEIEcIwI27HoBdPEsEskIRQ06nEJj0L3TVCCPET/AqvevImXv0HD/6LkzgHjb7Tq/eqqKrnRUoacpwPKzM3v7C4lF3OrayurW/kN7dqJoy1wKoIVagbHhhUMsAqSVLYiDSC7ymse4OLiV+/Q21kGNzQMMK2D/1A9qQASqROficqtozs+9BxS7Ztl9Li6qCTLzi2MwX/S9yUFFiKSif/2eqGIvYxIKHAmKbrRNQegSYpFI5zrdhgBGIAfWwmNAAfTXs0/WDM92MDFPIINZeKT0X8OTEC35ih7yWdPtCtmfUm4n9eM6beWXskgygmDMRkEUmF00VGaJlEg7wrNRLB5HLkMuACNBChlhyESMQ4ySqX5OHOfv+X1A5t98Q+vj4qlM/TZLJsl+2xInPZKSuzS1ZhVSbYPXtkT+zZerBerFfr7bs1Y6Uz2+wXrPcvAt+Z5A==</latexit>

p(�1, ...,�N )
- Simulate the high-resolution Hopfield model

- Select n<N retained neurons
<latexit sha1_base64="gL+ATeSkO17rp9FsZQgwza9k05Q=">AAAB9XicbVC7TsNAEDyHVwivACXNiQiJKrIRrzKChjIo5CElUbS+bMIp54fu1qDIyifQQkWHaPkeCv4F27iAhKlGM7va2XFDJQ3Z9qdVWFpeWV0rrpc2Nre2d8q7ey0TRFpgUwQq0B0XDCrpY5MkKeyEGsFzFbbdyXXqtx9QGxn4dzQNse/B2JcjKYASqdEYyEG5YlftDHyRODmpsBz1QfmrNwxE5KFPQoExXccOqR+DJikUzkq9yGAIYgJj7CbUBw9NP86izvhRZIACHqLmUvFMxN8bMXjGTD03mfSA7s28l4r/ed2IRpf9WPphROiL9BBJhdkhI7RMOkA+lBqJIE2OXPpcgAYi1JKDEIkYJaWUkj6c+e8XSeuk6pxXz25PK7WrvJkiO2CH7Jg57ILV2A2rsyYTbMye2DN7sR6tV+vNev8ZLVj5zj77A+vjG9LKkkI=</latexit>

Si

- Empirical backmapped probability
<latexit sha1_base64="QWX4XGwEpLED+VvD65ZulmMtrDA=">AAACFHicbVC7SgNREL3rM8ZX1NLmYhAUwrIrvsqgjY0SwTwgCcvsdYyX3H1w76wQlrR+gl9hq5Wd2Npb+C9u4hZqPNWZc2aYmePHShpynA9ranpmdm6+sFBcXFpeWS2trTdMlGiBdRGpSLd8MKhkiHWSpLAVa4TAV9j0+6cjv3mH2sgovKJBjN0AeqG8kQIok7wS7/ig03jone90jOwF4LkV27YreXGx65XKju2MwSeJm5Myy1HzSp+d60gkAYYkFBjTdp2YuilokkLhsNhJDMYg+tDDdkZDCNB00/EnQ76dGKCIx6i5VHws4s+JFAJjBoGfdQZAt+avNxL/89oJ3Rx3UxnGCWEoRotIKhwvMkLLLCLk11IjEYwuRy5DLkADEWrJQYhMTLLMilke7t/vJ0ljz3YP7YPL/XL1JE+mwDbZFtthLjtiVXbGaqzOBLtnj+yJPVsP1ov1ar19t05Z+cwG+wXr/QuFUp1p</latexit>

p̄M (�1, ...,�N )

- Empirical CG probability
<latexit sha1_base64="AiYOYuQZmBoO/ArrABNUtsnwlL0=">AAACBHicbVC7SgNBFJ2Nrxhfq5Y2g0GIEJZd8VUGbWyESMwDkrDMTm7ikNnZZeZuIIS0foWtVnZi639Y+C9uYgpNPNXhnHu5554glsKg635amaXlldW17HpuY3Nre8fe3auZKNEcqjySkW4EzIAUCqooUEIj1sDCQEI96F9P/PoAtBGRusdhDO2Q9ZToCs4wlXzbLvu3hYrvFR3HKVZ8dezbeddxp6CLxJuRPJmh7NtfrU7EkxAUcsmMaXpujO0R0yi4hHGulRiIGe+zHjRTqlgIpj2aJh/To8QwjGgMmgpJpyL83hix0JhhGKSTIcMHM+9NxP+8ZoLdy/ZIqDhBUHxyCIWE6SHDtUgrAdoRGhDZJDlQoShnmiGCFpRxnopJ2lEu7cOb/36R1E4c79w5uzvNl65mzWTJATkkBeKRC1IiN6RMqoSTAXkiz+TFerRerTfr/Wc0Y8129skfWB/fHU6WDA==</latexit>

PM (S1, ..., Sn)

Aldrigo, Menichetti, RP, arXiv 2024
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- Empirical “atomistic” probability
<latexit sha1_base64="U7yL/BzXcX7LY1d7QruDRfEsZeM=">AAACDHicbVDJSgNBEO2JW4xb1IvgpTEIEcIwI27HoBdPEsEskIRQ06nEJj0L3TVCCPET/AqvevImXv0HD/6LkzgHjb7Tq/eqqKrnRUoacpwPKzM3v7C4lF3OrayurW/kN7dqJoy1wKoIVagbHhhUMsAqSVLYiDSC7ymse4OLiV+/Q21kGNzQMMK2D/1A9qQASqROficqtozs+9BxS7Ztl9Li6qCTLzi2MwX/S9yUFFiKSif/2eqGIvYxIKHAmKbrRNQegSYpFI5zrdhgBGIAfWwmNAAfTXs0/WDM92MDFPIINZeKT0X8OTEC35ih7yWdPtCtmfUm4n9eM6beWXskgygmDMRkEUmF00VGaJlEg7wrNRLB5HLkMuACNBChlhyESMQ4ySqX5OHOfv+X1A5t98Q+vj4qlM/TZLJsl+2xInPZKSuzS1ZhVSbYPXtkT+zZerBerFfr7bs1Y6Uz2+wXrPcvAt+Z5A==</latexit>

p(�1, ...,�N )
- Simulate the high-resolution Hopfield model

- Select n<N retained neurons
<latexit sha1_base64="gL+ATeSkO17rp9FsZQgwza9k05Q=">AAAB9XicbVC7TsNAEDyHVwivACXNiQiJKrIRrzKChjIo5CElUbS+bMIp54fu1qDIyifQQkWHaPkeCv4F27iAhKlGM7va2XFDJQ3Z9qdVWFpeWV0rrpc2Nre2d8q7ey0TRFpgUwQq0B0XDCrpY5MkKeyEGsFzFbbdyXXqtx9QGxn4dzQNse/B2JcjKYASqdEYyEG5YlftDHyRODmpsBz1QfmrNwxE5KFPQoExXccOqR+DJikUzkq9yGAIYgJj7CbUBw9NP86izvhRZIACHqLmUvFMxN8bMXjGTD03mfSA7s28l4r/ed2IRpf9WPphROiL9BBJhdkhI7RMOkA+lBqJIE2OXPpcgAYi1JKDEIkYJaWUkj6c+e8XSeuk6pxXz25PK7WrvJkiO2CH7Jg57ILV2A2rsyYTbMye2DN7sR6tV+vNev8ZLVj5zj77A+vjG9LKkkI=</latexit>

Si

- Empirical backmapped probability
<latexit sha1_base64="QWX4XGwEpLED+VvD65ZulmMtrDA=">AAACFHicbVC7SgNREL3rM8ZX1NLmYhAUwrIrvsqgjY0SwTwgCcvsdYyX3H1w76wQlrR+gl9hq5Wd2Npb+C9u4hZqPNWZc2aYmePHShpynA9ranpmdm6+sFBcXFpeWS2trTdMlGiBdRGpSLd8MKhkiHWSpLAVa4TAV9j0+6cjv3mH2sgovKJBjN0AeqG8kQIok7wS7/ig03jone90jOwF4LkV27YreXGx65XKju2MwSeJm5Myy1HzSp+d60gkAYYkFBjTdp2YuilokkLhsNhJDMYg+tDDdkZDCNB00/EnQ76dGKCIx6i5VHws4s+JFAJjBoGfdQZAt+avNxL/89oJ3Rx3UxnGCWEoRotIKhwvMkLLLCLk11IjEYwuRy5DLkADEWrJQYhMTLLMilke7t/vJ0ljz3YP7YPL/XL1JE+mwDbZFtthLjtiVXbGaqzOBLtnj+yJPVsP1ov1ar19t05Z+cwG+wXr/QuFUp1p</latexit>

p̄M (�1, ...,�N )

- Empirical CG probability
<latexit sha1_base64="AiYOYuQZmBoO/ArrABNUtsnwlL0=">AAACBHicbVC7SgNBFJ2Nrxhfq5Y2g0GIEJZd8VUGbWyESMwDkrDMTm7ikNnZZeZuIIS0foWtVnZi639Y+C9uYgpNPNXhnHu5554glsKg635amaXlldW17HpuY3Nre8fe3auZKNEcqjySkW4EzIAUCqooUEIj1sDCQEI96F9P/PoAtBGRusdhDO2Q9ZToCs4wlXzbLvu3hYrvFR3HKVZ8dezbeddxp6CLxJuRPJmh7NtfrU7EkxAUcsmMaXpujO0R0yi4hHGulRiIGe+zHjRTqlgIpj2aJh/To8QwjGgMmgpJpyL83hix0JhhGKSTIcMHM+9NxP+8ZoLdy/ZIqDhBUHxyCIWE6SHDtUgrAdoRGhDZJDlQoShnmiGCFpRxnopJ2lEu7cOb/36R1E4c79w5uzvNl65mzWTJATkkBeKRC1IiN6RMqoSTAXkiz+TFerRerTfr/Wc0Y8129skfWB/fHU6WDA==</latexit>

PM (S1, ..., Sn)

Resolution of the neuron selection

- Depends on the specific selection
- Decreases by decreasing the number 

of retained neurons

<latexit sha1_base64="gYKoNvmA1YwE0YVSAcpc1H9girg="></latexit>

HM = �

X

{Si}

P (S1, ..., Sn) lnP (S1, ..., Sn)

Aldrigo, Menichetti, RP, arXiv 2024



Raffaello Potestio sbp.physics.unitn.it

Mapping optimisation of a Hopfield NN

42

- Empirical “atomistic” probability
<latexit sha1_base64="U7yL/BzXcX7LY1d7QruDRfEsZeM=">AAACDHicbVDJSgNBEO2JW4xb1IvgpTEIEcIwI27HoBdPEsEskIRQ06nEJj0L3TVCCPET/AqvevImXv0HD/6LkzgHjb7Tq/eqqKrnRUoacpwPKzM3v7C4lF3OrayurW/kN7dqJoy1wKoIVagbHhhUMsAqSVLYiDSC7ymse4OLiV+/Q21kGNzQMMK2D/1A9qQASqROficqtozs+9BxS7Ztl9Li6qCTLzi2MwX/S9yUFFiKSif/2eqGIvYxIKHAmKbrRNQegSYpFI5zrdhgBGIAfWwmNAAfTXs0/WDM92MDFPIINZeKT0X8OTEC35ih7yWdPtCtmfUm4n9eM6beWXskgygmDMRkEUmF00VGaJlEg7wrNRLB5HLkMuACNBChlhyESMQ4ySqX5OHOfv+X1A5t98Q+vj4qlM/TZLJsl+2xInPZKSuzS1ZhVSbYPXtkT+zZerBerFfr7bs1Y6Uz2+wXrPcvAt+Z5A==</latexit>

p(�1, ...,�N )
- Simulate the high-resolution Hopfield model

- Select n<N retained neurons
<latexit sha1_base64="gL+ATeSkO17rp9FsZQgwza9k05Q=">AAAB9XicbVC7TsNAEDyHVwivACXNiQiJKrIRrzKChjIo5CElUbS+bMIp54fu1qDIyifQQkWHaPkeCv4F27iAhKlGM7va2XFDJQ3Z9qdVWFpeWV0rrpc2Nre2d8q7ey0TRFpgUwQq0B0XDCrpY5MkKeyEGsFzFbbdyXXqtx9QGxn4dzQNse/B2JcjKYASqdEYyEG5YlftDHyRODmpsBz1QfmrNwxE5KFPQoExXccOqR+DJikUzkq9yGAIYgJj7CbUBw9NP86izvhRZIACHqLmUvFMxN8bMXjGTD03mfSA7s28l4r/ed2IRpf9WPphROiL9BBJhdkhI7RMOkA+lBqJIE2OXPpcgAYi1JKDEIkYJaWUkj6c+e8XSeuk6pxXz25PK7WrvJkiO2CH7Jg57ILV2A2rsyYTbMye2DN7sR6tV+vNev8ZLVj5zj77A+vjG9LKkkI=</latexit>

Si

- Empirical backmapped probability
<latexit sha1_base64="QWX4XGwEpLED+VvD65ZulmMtrDA=">AAACFHicbVC7SgNREL3rM8ZX1NLmYhAUwrIrvsqgjY0SwTwgCcvsdYyX3H1w76wQlrR+gl9hq5Wd2Npb+C9u4hZqPNWZc2aYmePHShpynA9ranpmdm6+sFBcXFpeWS2trTdMlGiBdRGpSLd8MKhkiHWSpLAVa4TAV9j0+6cjv3mH2sgovKJBjN0AeqG8kQIok7wS7/ig03jone90jOwF4LkV27YreXGx65XKju2MwSeJm5Myy1HzSp+d60gkAYYkFBjTdp2YuilokkLhsNhJDMYg+tDDdkZDCNB00/EnQ76dGKCIx6i5VHws4s+JFAJjBoGfdQZAt+avNxL/89oJ3Rx3UxnGCWEoRotIKhwvMkLLLCLk11IjEYwuRy5DLkADEWrJQYhMTLLMilke7t/vJ0ljz3YP7YPL/XL1JE+mwDbZFtthLjtiVXbGaqzOBLtnj+yJPVsP1ov1ar19t05Z+cwG+wXr/QuFUp1p</latexit>

p̄M (�1, ...,�N )

- Empirical CG probability
<latexit sha1_base64="AiYOYuQZmBoO/ArrABNUtsnwlL0=">AAACBHicbVC7SgNBFJ2Nrxhfq5Y2g0GIEJZd8VUGbWyESMwDkrDMTm7ikNnZZeZuIIS0foWtVnZi639Y+C9uYgpNPNXhnHu5554glsKg635amaXlldW17HpuY3Nre8fe3auZKNEcqjySkW4EzIAUCqooUEIj1sDCQEI96F9P/PoAtBGRusdhDO2Q9ZToCs4wlXzbLvu3hYrvFR3HKVZ8dezbeddxp6CLxJuRPJmh7NtfrU7EkxAUcsmMaXpujO0R0yi4hHGulRiIGe+zHjRTqlgIpj2aJh/To8QwjGgMmgpJpyL83hix0JhhGKSTIcMHM+9NxP+8ZoLdy/ZIqDhBUHxyCIWE6SHDtUgrAdoRGhDZJDlQoShnmiGCFpRxnopJ2lEu7cOb/36R1E4c79w5uzvNl65mzWTJATkkBeKRC1IiN6RMqoSTAXkiz+TFerRerTfr/Wc0Y8129skfWB/fHU6WDA==</latexit>

PM (S1, ..., Sn)

Resolution of the neuron selection

- Depends on the specific selection
- Decreases by decreasing the number 

of retained neurons

<latexit sha1_base64="gYKoNvmA1YwE0YVSAcpc1H9girg="></latexit>

HM = �

X

{Si}

P (S1, ..., Sn) lnP (S1, ..., Sn)

Information loss generated by the selection:  
mapping entropy

- Depends on the specific selection
- Increases by decreasing the number

of retained neurons

<latexit sha1_base64="b6xweDPQTForTp0Zu+xnWFewL6c="></latexit>

Smap
M =

X

{�i}

p({�i}) ln
✓

p({�i})
p̄M ({�i})

◆

Aldrigo, Menichetti, RP, arXiv 2024
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- Empirical “atomistic” probability
<latexit sha1_base64="U7yL/BzXcX7LY1d7QruDRfEsZeM=">AAACDHicbVDJSgNBEO2JW4xb1IvgpTEIEcIwI27HoBdPEsEskIRQ06nEJj0L3TVCCPET/AqvevImXv0HD/6LkzgHjb7Tq/eqqKrnRUoacpwPKzM3v7C4lF3OrayurW/kN7dqJoy1wKoIVagbHhhUMsAqSVLYiDSC7ymse4OLiV+/Q21kGNzQMMK2D/1A9qQASqROficqtozs+9BxS7Ztl9Li6qCTLzi2MwX/S9yUFFiKSif/2eqGIvYxIKHAmKbrRNQegSYpFI5zrdhgBGIAfWwmNAAfTXs0/WDM92MDFPIINZeKT0X8OTEC35ih7yWdPtCtmfUm4n9eM6beWXskgygmDMRkEUmF00VGaJlEg7wrNRLB5HLkMuACNBChlhyESMQ4ySqX5OHOfv+X1A5t98Q+vj4qlM/TZLJsl+2xInPZKSuzS1ZhVSbYPXtkT+zZerBerFfr7bs1Y6Uz2+wXrPcvAt+Z5A==</latexit>

p(�1, ...,�N )
- Simulate the high-resolution Hopfield model

- Select n<N retained neurons
<latexit sha1_base64="gL+ATeSkO17rp9FsZQgwza9k05Q=">AAAB9XicbVC7TsNAEDyHVwivACXNiQiJKrIRrzKChjIo5CElUbS+bMIp54fu1qDIyifQQkWHaPkeCv4F27iAhKlGM7va2XFDJQ3Z9qdVWFpeWV0rrpc2Nre2d8q7ey0TRFpgUwQq0B0XDCrpY5MkKeyEGsFzFbbdyXXqtx9QGxn4dzQNse/B2JcjKYASqdEYyEG5YlftDHyRODmpsBz1QfmrNwxE5KFPQoExXccOqR+DJikUzkq9yGAIYgJj7CbUBw9NP86izvhRZIACHqLmUvFMxN8bMXjGTD03mfSA7s28l4r/ed2IRpf9WPphROiL9BBJhdkhI7RMOkA+lBqJIE2OXPpcgAYi1JKDEIkYJaWUkj6c+e8XSeuk6pxXz25PK7WrvJkiO2CH7Jg57ILV2A2rsyYTbMye2DN7sR6tV+vNev8ZLVj5zj77A+vjG9LKkkI=</latexit>

Si

- Empirical backmapped probability
<latexit sha1_base64="QWX4XGwEpLED+VvD65ZulmMtrDA=">AAACFHicbVC7SgNREL3rM8ZX1NLmYhAUwrIrvsqgjY0SwTwgCcvsdYyX3H1w76wQlrR+gl9hq5Wd2Npb+C9u4hZqPNWZc2aYmePHShpynA9ranpmdm6+sFBcXFpeWS2trTdMlGiBdRGpSLd8MKhkiHWSpLAVa4TAV9j0+6cjv3mH2sgovKJBjN0AeqG8kQIok7wS7/ig03jone90jOwF4LkV27YreXGx65XKju2MwSeJm5Myy1HzSp+d60gkAYYkFBjTdp2YuilokkLhsNhJDMYg+tDDdkZDCNB00/EnQ76dGKCIx6i5VHws4s+JFAJjBoGfdQZAt+avNxL/89oJ3Rx3UxnGCWEoRotIKhwvMkLLLCLk11IjEYwuRy5DLkADEWrJQYhMTLLMilke7t/vJ0ljz3YP7YPL/XL1JE+mwDbZFtthLjtiVXbGaqzOBLtnj+yJPVsP1ov1ar19t05Z+cwG+wXr/QuFUp1p</latexit>

p̄M (�1, ...,�N )

- Empirical CG probability
<latexit sha1_base64="AiYOYuQZmBoO/ArrABNUtsnwlL0=">AAACBHicbVC7SgNBFJ2Nrxhfq5Y2g0GIEJZd8VUGbWyESMwDkrDMTm7ikNnZZeZuIIS0foWtVnZi639Y+C9uYgpNPNXhnHu5554glsKg635amaXlldW17HpuY3Nre8fe3auZKNEcqjySkW4EzIAUCqooUEIj1sDCQEI96F9P/PoAtBGRusdhDO2Q9ZToCs4wlXzbLvu3hYrvFR3HKVZ8dezbeddxp6CLxJuRPJmh7NtfrU7EkxAUcsmMaXpujO0R0yi4hHGulRiIGe+zHjRTqlgIpj2aJh/To8QwjGgMmgpJpyL83hix0JhhGKSTIcMHM+9NxP+8ZoLdy/ZIqDhBUHxyCIWE6SHDtUgrAdoRGhDZJDlQoShnmiGCFpRxnopJ2lEu7cOb/36R1E4c79w5uzvNl65mzWTJATkkBeKRC1IiN6RMqoSTAXkiz+TFerRerTfr/Wc0Y8129skfWB/fHU6WDA==</latexit>

PM (S1, ..., Sn)

Resolution of the neuron selection

- Depends on the specific selection
- Decreases by decreasing the number 

of retained neurons

<latexit sha1_base64="gYKoNvmA1YwE0YVSAcpc1H9girg="></latexit>

HM = �

X

{Si}

P (S1, ..., Sn) lnP (S1, ..., Sn)

Information loss generated by the selection:  
mapping entropy

- Depends on the specific selection
- Increases by decreasing the number

of retained neurons

<latexit sha1_base64="b6xweDPQTForTp0Zu+xnWFewL6c="></latexit>

Smap
M =

X

{�i}

p({�i}) ln
✓

p({�i})
p̄M ({�i})

◆

Maximally informative neurons
Minimise the mapping entropy 

in the space of possible selections!

Aldrigo, Menichetti, RP, arXiv 2024
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Maximally informative selection of neurons that minimise the mapping entropy
Hopfield model with N=100 neurons and 5 memory patterns

<latexit sha1_base64="WE1rrju2UQt4ZBhlFSfmZzAimoo=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrIRrzKChjKRyENKrOh82YRTzmfrbg8psvIFtFDRIVo+iIJ/wTYuIGGq0cyudnaCWAqDrvvplFZW19Y3ypuVre2d3b3q/kHHRFZzaPNIRroXMANSKGijQAm9WAMLAwndYHqb+d1H0EZE6h5nMfghmygxFpxhKrXUsFpz624Ouky8gtRIgeaw+jUYRdyGoJBLZkzfc2P0E6ZRcAnzysAaiBmfsgn0U6pYCMZP8qBzemINw4jGoKmQNBfh90bCQmNmYZBOhgwfzKKXif95fYvjaz8RKrYIimeHUEjIDxmuRdoA0JHQgMiy5ECFopxphghaUMZ5Ktq0kkrah7f4/TLpnNW9y/pF67zWuCmaKZMjckxOiUeuSIPckSZpE06APJFn8uJY59V5c95/RktOsXNI/sD5+AZ6M5GB</latexit>n
Aldrigo, Menichetti, RP, arXiv 2024
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Maximally informative selection of neurons that minimise the mapping entropy

Low resolution High resolution

Hopfield model with N=100 neurons and 5 memory patterns

<latexit sha1_base64="WE1rrju2UQt4ZBhlFSfmZzAimoo=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrIRrzKChjKRyENKrOh82YRTzmfrbg8psvIFtFDRIVo+iIJ/wTYuIGGq0cyudnaCWAqDrvvplFZW19Y3ypuVre2d3b3q/kHHRFZzaPNIRroXMANSKGijQAm9WAMLAwndYHqb+d1H0EZE6h5nMfghmygxFpxhKrXUsFpz624Ouky8gtRIgeaw+jUYRdyGoJBLZkzfc2P0E6ZRcAnzysAaiBmfsgn0U6pYCMZP8qBzemINw4jGoKmQNBfh90bCQmNmYZBOhgwfzKKXif95fYvjaz8RKrYIimeHUEjIDxmuRdoA0JHQgMiy5ECFopxphghaUMZ5Ktq0kkrah7f4/TLpnNW9y/pF67zWuCmaKZMjckxOiUeuSIPckSZpE06APJFn8uJY59V5c95/RktOsXNI/sD5+AZ6M5GB</latexit>n
Aldrigo, Menichetti, RP, arXiv 2024
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Maximally informative selection of neurons that minimise the mapping entropy
Hopfield model with N=100 neurons and 5 memory patterns

<latexit sha1_base64="WE1rrju2UQt4ZBhlFSfmZzAimoo=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrIRrzKChjKRyENKrOh82YRTzmfrbg8psvIFtFDRIVo+iIJ/wTYuIGGq0cyudnaCWAqDrvvplFZW19Y3ypuVre2d3b3q/kHHRFZzaPNIRroXMANSKGijQAm9WAMLAwndYHqb+d1H0EZE6h5nMfghmygxFpxhKrXUsFpz624Ouky8gtRIgeaw+jUYRdyGoJBLZkzfc2P0E6ZRcAnzysAaiBmfsgn0U6pYCMZP8qBzemINw4jGoKmQNBfh90bCQmNmYZBOhgwfzKKXif95fYvjaz8RKrYIimeHUEjIDxmuRdoA0JHQgMiy5ECFopxphghaUMZ5Ktq0kkrah7f4/TLpnNW9y/pF67zWuCmaKZMjckxOiUeuSIPckSZpE06APJFn8uJY59V5c95/RktOsXNI/sD5+AZ6M5GB</latexit>n
Aldrigo, Menichetti, RP, arXiv 2024
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Ordered coupling matrix
<latexit sha1_base64="NhFZf1m9FVg03WdKdXzA/rkz61I=">AAAB+nicbVC7TsNAEFyHVwivACXNiQiJKrIRrzKCBlEFiTykxIrOl004cn7obo0UOfkJWqjoEC0/Q8G/YJsUQJhqNLOrnR0vUtKQbX9YhYXFpeWV4mppbX1jc6u8vdM0YawFNkSoQt32uEElA2yQJIXtSCP3PYUtb3SZ+a0H1EaGwS2NI3R9PgzkQApOqdSeXPcSeT+d9MoVu2rnYPPEmZEKzFDvlT+7/VDEPgYkFDem49gRuQnXJIXCaakbG4y4GPEhdlIacB+Nm+R5p+wgNpxCFqFmUrFcxJ8bCfeNGfteOulzujN/vUz8z+vENDh3ExlEMWEgskMkFeaHjNAyLQJZX2ok4llyZDJggmtOhFoyLkQqxmkzpbQP5+/386R5VHVOqyc3x5XaxayZIuzBPhyCA2dQgyuoQwMEKHiEJ3i2JtaL9Wq9fY8WrNnOLvyC9f4FMpWUxQ==</latexit>

|Jij |
Hopfield model with N=100 neurons and 5 memory patterns

<latexit sha1_base64="WE1rrju2UQt4ZBhlFSfmZzAimoo=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrIRrzKChjKRyENKrOh82YRTzmfrbg8psvIFtFDRIVo+iIJ/wTYuIGGq0cyudnaCWAqDrvvplFZW19Y3ypuVre2d3b3q/kHHRFZzaPNIRroXMANSKGijQAm9WAMLAwndYHqb+d1H0EZE6h5nMfghmygxFpxhKrXUsFpz624Ouky8gtRIgeaw+jUYRdyGoJBLZkzfc2P0E6ZRcAnzysAaiBmfsgn0U6pYCMZP8qBzemINw4jGoKmQNBfh90bCQmNmYZBOhgwfzKKXif95fYvjaz8RKrYIimeHUEjIDxmuRdoA0JHQgMiy5ECFopxphghaUMZ5Ktq0kkrah7f4/TLpnNW9y/pF67zWuCmaKZMjckxOiUeuSIPckSZpE06APJFn8uJY59V5c95/RktOsXNI/sD5+AZ6M5GB</latexit>n
Aldrigo, Menichetti, RP, arXiv 2024
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Maximally informative selection of neurons that minimise the mapping entropy
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Ordered coupling matrix
<latexit sha1_base64="NhFZf1m9FVg03WdKdXzA/rkz61I=">AAAB+nicbVC7TsNAEFyHVwivACXNiQiJKrIRrzKCBlEFiTykxIrOl004cn7obo0UOfkJWqjoEC0/Q8G/YJsUQJhqNLOrnR0vUtKQbX9YhYXFpeWV4mppbX1jc6u8vdM0YawFNkSoQt32uEElA2yQJIXtSCP3PYUtb3SZ+a0H1EaGwS2NI3R9PgzkQApOqdSeXPcSeT+d9MoVu2rnYPPEmZEKzFDvlT+7/VDEPgYkFDem49gRuQnXJIXCaakbG4y4GPEhdlIacB+Nm+R5p+wgNpxCFqFmUrFcxJ8bCfeNGfteOulzujN/vUz8z+vENDh3ExlEMWEgskMkFeaHjNAyLQJZX2ok4llyZDJggmtOhFoyLkQqxmkzpbQP5+/386R5VHVOqyc3x5XaxayZIuzBPhyCA2dQgyuoQwMEKHiEJ3i2JtaL9Wq9fY8WrNnOLvyC9f4FMpWUxQ==</latexit>

|Jij |

Strongly interacting retained 
neurons, weakly coupled with 

the integrated ones

Hopfield model with N=100 neurons and 5 memory patterns

<latexit sha1_base64="WE1rrju2UQt4ZBhlFSfmZzAimoo=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrIRrzKChjKRyENKrOh82YRTzmfrbg8psvIFtFDRIVo+iIJ/wTYuIGGq0cyudnaCWAqDrvvplFZW19Y3ypuVre2d3b3q/kHHRFZzaPNIRroXMANSKGijQAm9WAMLAwndYHqb+d1H0EZE6h5nMfghmygxFpxhKrXUsFpz624Ouky8gtRIgeaw+jUYRdyGoJBLZkzfc2P0E6ZRcAnzysAaiBmfsgn0U6pYCMZP8qBzemINw4jGoKmQNBfh90bCQmNmYZBOhgwfzKKXif95fYvjaz8RKrYIimeHUEjIDxmuRdoA0JHQgMiy5ECFopxphghaUMZ5Ktq0kkrah7f4/TLpnNW9y/pF67zWuCmaKZMjckxOiUeuSIPckSZpE06APJFn8uJY59V5c95/RktOsXNI/sD5+AZ6M5GB</latexit>n
Aldrigo, Menichetti, RP, arXiv 2024
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Ordered coupling matrix
<latexit sha1_base64="NhFZf1m9FVg03WdKdXzA/rkz61I=">AAAB+nicbVC7TsNAEFyHVwivACXNiQiJKrIRrzKCBlEFiTykxIrOl004cn7obo0UOfkJWqjoEC0/Q8G/YJsUQJhqNLOrnR0vUtKQbX9YhYXFpeWV4mppbX1jc6u8vdM0YawFNkSoQt32uEElA2yQJIXtSCP3PYUtb3SZ+a0H1EaGwS2NI3R9PgzkQApOqdSeXPcSeT+d9MoVu2rnYPPEmZEKzFDvlT+7/VDEPgYkFDem49gRuQnXJIXCaakbG4y4GPEhdlIacB+Nm+R5p+wgNpxCFqFmUrFcxJ8bCfeNGfteOulzujN/vUz8z+vENDh3ExlEMWEgskMkFeaHjNAyLQJZX2ok4llyZDJggmtOhFoyLkQqxmkzpbQP5+/386R5VHVOqyc3x5XaxayZIuzBPhyCA2dQgyuoQwMEKHiEJ3i2JtaL9Wq9fY8WrNnOLvyC9f4FMpWUxQ==</latexit>

|Jij |

Strongly interacting retained 
neurons, weakly coupled with 

the integrated ones
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Ordered coupling matrix
<latexit sha1_base64="NhFZf1m9FVg03WdKdXzA/rkz61I=">AAAB+nicbVC7TsNAEFyHVwivACXNiQiJKrIRrzKCBlEFiTykxIrOl004cn7obo0UOfkJWqjoEC0/Q8G/YJsUQJhqNLOrnR0vUtKQbX9YhYXFpeWV4mppbX1jc6u8vdM0YawFNkSoQt32uEElA2yQJIXtSCP3PYUtb3SZ+a0H1EaGwS2NI3R9PgzkQApOqdSeXPcSeT+d9MoVu2rnYPPEmZEKzFDvlT+7/VDEPgYkFDem49gRuQnXJIXCaakbG4y4GPEhdlIacB+Nm+R5p+wgNpxCFqFmUrFcxJ8bCfeNGfteOulzujN/vUz8z+vENDh3ExlEMWEgskMkFeaHjNAyLQJZX2ok4llyZDJggmtOhFoyLkQqxmkzpbQP5+/386R5VHVOqyc3x5XaxayZIuzBPhyCA2dQgyuoQwMEKHiEJ3i2JtaL9Wq9fY8WrNnOLvyC9f4FMpWUxQ==</latexit>

|Jij |
Hopfield model with N=100 neurons and 5 memory patterns

<latexit sha1_base64="WE1rrju2UQt4ZBhlFSfmZzAimoo=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrIRrzKChjKRyENKrOh82YRTzmfrbg8psvIFtFDRIVo+iIJ/wTYuIGGq0cyudnaCWAqDrvvplFZW19Y3ypuVre2d3b3q/kHHRFZzaPNIRroXMANSKGijQAm9WAMLAwndYHqb+d1H0EZE6h5nMfghmygxFpxhKrXUsFpz624Ouky8gtRIgeaw+jUYRdyGoJBLZkzfc2P0E6ZRcAnzysAaiBmfsgn0U6pYCMZP8qBzemINw4jGoKmQNBfh90bCQmNmYZBOhgwfzKKXif95fYvjaz8RKrYIimeHUEjIDxmuRdoA0JHQgMiy5ECFopxphghaUMZ5Ktq0kkrah7f4/TLpnNW9y/pF67zWuCmaKZMjckxOiUeuSIPckSZpE06APJFn8uJY59V5c95/RktOsXNI/sD5+AZ6M5GB</latexit>n
Aldrigo, Menichetti, RP, arXiv 2024
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Ordered coupling matrix
<latexit sha1_base64="NhFZf1m9FVg03WdKdXzA/rkz61I=">AAAB+nicbVC7TsNAEFyHVwivACXNiQiJKrIRrzKCBlEFiTykxIrOl004cn7obo0UOfkJWqjoEC0/Q8G/YJsUQJhqNLOrnR0vUtKQbX9YhYXFpeWV4mppbX1jc6u8vdM0YawFNkSoQt32uEElA2yQJIXtSCP3PYUtb3SZ+a0H1EaGwS2NI3R9PgzkQApOqdSeXPcSeT+d9MoVu2rnYPPEmZEKzFDvlT+7/VDEPgYkFDem49gRuQnXJIXCaakbG4y4GPEhdlIacB+Nm+R5p+wgNpxCFqFmUrFcxJ8bCfeNGfteOulzujN/vUz8z+vENDh3ExlEMWEgskMkFeaHjNAyLQJZX2ok4llyZDJggmtOhFoyLkQqxmkzpbQP5+/386R5VHVOqyc3x5XaxayZIuzBPhyCA2dQgyuoQwMEKHiEJ3i2JtaL9Wq9fY8WrNnOLvyC9f4FMpWUxQ==</latexit>

|Jij |

Strongly interacting retained 
neurons, weakly coupled with 

the integrated ones
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Ordered coupling matrix
<latexit sha1_base64="NhFZf1m9FVg03WdKdXzA/rkz61I=">AAAB+nicbVC7TsNAEFyHVwivACXNiQiJKrIRrzKCBlEFiTykxIrOl004cn7obo0UOfkJWqjoEC0/Q8G/YJsUQJhqNLOrnR0vUtKQbX9YhYXFpeWV4mppbX1jc6u8vdM0YawFNkSoQt32uEElA2yQJIXtSCP3PYUtb3SZ+a0H1EaGwS2NI3R9PgzkQApOqdSeXPcSeT+d9MoVu2rnYPPEmZEKzFDvlT+7/VDEPgYkFDem49gRuQnXJIXCaakbG4y4GPEhdlIacB+Nm+R5p+wgNpxCFqFmUrFcxJ8bCfeNGfteOulzujN/vUz8z+vENDh3ExlEMWEgskMkFeaHjNAyLQJZX2ok4llyZDJggmtOhFoyLkQqxmkzpbQP5+/386R5VHVOqyc3x5XaxayZIuzBPhyCA2dQgyuoQwMEKHiEJ3i2JtaL9Wq9fY8WrNnOLvyC9f4FMpWUxQ==</latexit>

|Jij |

Weakly interacting retained 
neurons, strongly coupled with 

the integrated ones

Hopfield model with N=100 neurons and 5 memory patterns

<latexit sha1_base64="WE1rrju2UQt4ZBhlFSfmZzAimoo=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrIRrzKChjKRyENKrOh82YRTzmfrbg8psvIFtFDRIVo+iIJ/wTYuIGGq0cyudnaCWAqDrvvplFZW19Y3ypuVre2d3b3q/kHHRFZzaPNIRroXMANSKGijQAm9WAMLAwndYHqb+d1H0EZE6h5nMfghmygxFpxhKrXUsFpz624Ouky8gtRIgeaw+jUYRdyGoJBLZkzfc2P0E6ZRcAnzysAaiBmfsgn0U6pYCMZP8qBzemINw4jGoKmQNBfh90bCQmNmYZBOhgwfzKKXif95fYvjaz8RKrYIimeHUEjIDxmuRdoA0JHQgMiy5ECFopxphghaUMZ5Ktq0kkrah7f4/TLpnNW9y/pF67zWuCmaKZMjckxOiUeuSIPckSZpE06APJFn8uJY59V5c95/RktOsXNI/sD5+AZ6M5GB</latexit>n
Aldrigo, Menichetti, RP, arXiv 2024
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Ordered coupling matrix
<latexit sha1_base64="NhFZf1m9FVg03WdKdXzA/rkz61I=">AAAB+nicbVC7TsNAEFyHVwivACXNiQiJKrIRrzKCBlEFiTykxIrOl004cn7obo0UOfkJWqjoEC0/Q8G/YJsUQJhqNLOrnR0vUtKQbX9YhYXFpeWV4mppbX1jc6u8vdM0YawFNkSoQt32uEElA2yQJIXtSCP3PYUtb3SZ+a0H1EaGwS2NI3R9PgzkQApOqdSeXPcSeT+d9MoVu2rnYPPEmZEKzFDvlT+7/VDEPgYkFDem49gRuQnXJIXCaakbG4y4GPEhdlIacB+Nm+R5p+wgNpxCFqFmUrFcxJ8bCfeNGfteOulzujN/vUz8z+vENDh3ExlEMWEgskMkFeaHjNAyLQJZX2ok4llyZDJggmtOhFoyLkQqxmkzpbQP5+/386R5VHVOqyc3x5XaxayZIuzBPhyCA2dQgyuoQwMEKHiEJ3i2JtaL9Wq9fY8WrNnOLvyC9f4FMpWUxQ==</latexit>

|Jij |

Strongly interacting retained 
neurons, weakly coupled with 

the integrated ones
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Ordered coupling matrix
<latexit sha1_base64="NhFZf1m9FVg03WdKdXzA/rkz61I=">AAAB+nicbVC7TsNAEFyHVwivACXNiQiJKrIRrzKCBlEFiTykxIrOl004cn7obo0UOfkJWqjoEC0/Q8G/YJsUQJhqNLOrnR0vUtKQbX9YhYXFpeWV4mppbX1jc6u8vdM0YawFNkSoQt32uEElA2yQJIXtSCP3PYUtb3SZ+a0H1EaGwS2NI3R9PgzkQApOqdSeXPcSeT+d9MoVu2rnYPPEmZEKzFDvlT+7/VDEPgYkFDem49gRuQnXJIXCaakbG4y4GPEhdlIacB+Nm+R5p+wgNpxCFqFmUrFcxJ8bCfeNGfteOulzujN/vUz8z+vENDh3ExlEMWEgskMkFeaHjNAyLQJZX2ok4llyZDJggmtOhFoyLkQqxmkzpbQP5+/386R5VHVOqyc3x5XaxayZIuzBPhyCA2dQgyuoQwMEKHiEJ3i2JtaL9Wq9fY8WrNnOLvyC9f4FMpWUxQ==</latexit>

|Jij |

Weakly interacting retained 
neurons, strongly coupled with 

the integrated ones

Hopfield model with N=100 neurons and 5 memory patterns

“Phase transition” between two classes of 
optimal representations of the system

<latexit sha1_base64="WE1rrju2UQt4ZBhlFSfmZzAimoo=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrIRrzKChjKRyENKrOh82YRTzmfrbg8psvIFtFDRIVo+iIJ/wTYuIGGq0cyudnaCWAqDrvvplFZW19Y3ypuVre2d3b3q/kHHRFZzaPNIRroXMANSKGijQAm9WAMLAwndYHqb+d1H0EZE6h5nMfghmygxFpxhKrXUsFpz624Ouky8gtRIgeaw+jUYRdyGoJBLZkzfc2P0E6ZRcAnzysAaiBmfsgn0U6pYCMZP8qBzemINw4jGoKmQNBfh90bCQmNmYZBOhgwfzKKXif95fYvjaz8RKrYIimeHUEjIDxmuRdoA0JHQgMiy5ECFopxphghaUMZ5Ktq0kkrah7f4/TLpnNW9y/pF67zWuCmaKZMjckxOiUeuSIPckSZpE06APJFn8uJY59V5c95/RktOsXNI/sD5+AZ6M5GB</latexit>n
Aldrigo, Menichetti, RP, arXiv 2024
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Coarse-grained modelling in SM is essentially a one-step RG

Differences: importance of mapping in SM, discrete value of the RG "scale"

ML offers new solutions to old problems in SM and RG, 
SM and RG can provide novel tools to understand ML

Open, common challenges 
- RG / CGing phenomena out of equilibrium


- absence of spectral gaps ("too multi-scale" systems) 
- sufficient sampling (SM), sufficient training sets (ML)


- theoretical understanding of NN's far from the Th. limit
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Srel ⌘ DKL(pr(r)||Pr(r|U)) =

Z
dr pr(r) ln

✓
pr(r)

Pr(r|U)

◆

<latexit sha1_base64="2GIcQP7pVlrEE6WucvuHyr487iM="></latexit>

Pr(r|U) = PR(M(r)|U)
w(r)

⌦(M(r))

⌦(R) ⌘
Z

dr w(r)�(M(r)�R)

w(r) = V �n exp(��u(r))

<latexit sha1_base64="/z/Rq0X5Baiira0QyAJw2jiyXHQ="></latexit>

Pr(r|U) = PR(M(r)|U)
pr(r)

pR(M(r))

<latexit sha1_base64="Z5VACRMKzcxhP2zORDK03CL2epE="></latexit>

Goal: CG and AA distribution minimise KL divergence

Prob. that the CG model 
samples an AA configuration

Weighted # of AA states 
that map on CG state R

Chosen weight is Boltzmann

Normalised prob. 
as in the first line
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Relative entropy (general expression)

Relative entropy with Boltzmann weights
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Goal: CG forces equal AA forces on average

Noid et al., J. Chem. Phys. 2008a-b 
Noid, J. Chem. Phys. 2013 
RP, Peter, Kremer, Entropy 2014
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Distance from AA ff to MB ff

Goal: CG forces equal AA forces on average

Noid et al., J. Chem. Phys. 2008a-b 
Noid, J. Chem. Phys. 2013 
RP, Peter, Kremer, Entropy 2014
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Distance from AA ff to MB ff Distance from MB ff to CG ff

Goal: CG forces equal AA forces on average

Noid et al., J. Chem. Phys. 2008a-b 
Noid, J. Chem. Phys. 2013 
RP, Peter, Kremer, Entropy 2014
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Noid, J. Chem. Phys. 2013 
RP, Peter, Kremer, Entropy 2014
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Here live 
the force fields

Here live 
the coarse-grained 

force fields

Noid et al., J. Chem. Phys. 2008a-b 
Noid, J. Chem. Phys. 2013 
RP, Peter, Kremer, Entropy 2014
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More on the "transition" in the perceptron
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Mele, Ingrosso, Menichetti, RP, in preparation

Back to random data
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°α > 90 °α ≤ 90

What is hidden  
in that axis break?
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Back to random data
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Δμ ≃ 1

°α > 90 °α < 90°α ≃ 90

Mele, Ingrosso, Menichetti, RP, in preparation
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Back to random data
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Δμ ≃ 1

°α > 90 °α < 90°α ≃ 90

Mele, Ingrosso, Menichetti, RP, in preparation
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Back again to realistic data
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Mele, Ingrosso, Menichetti, RP, in preparation
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Back again to realistic data
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Mele, Ingrosso, Menichetti, RP, in preparation
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Back again to realistic data
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Raffaello Potestio sbp.physics.unitn.it

Back again to realistic data
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Gaussian Clones N(x, μ, Σ) =
1

(2π)k det Σ
exp (−

1
2

(x − μ)T Σ−1 (x − μ))

Mean - μ Covariance - Σ

+

GM 2ISO
diagonal matrix 



v = v1 ⋅ v2
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Mele, Ingrosso, Menichetti, RP, in preparation
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Back again to realistic data
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1 vs    

Mele, Ingrosso, Menichetti, RP, in preparation



Raffaello Potestio sbp.physics.unitn.it

Back again to realistic data
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GM 2ISO1 vs    

Mele, Ingrosso, Menichetti, RP, in preparation
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