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Introduction
Consider an asymptotically free quantum field theory on the lattice,

e.g., SU( ) lattice gauge theory:Nc

Z(β) = ∫ 𝒟U exp{−βA[U]} β =
2Nc

g2
with gauge coupling

and expectation values for observables:

⟨𝒪ξ(β)⟩ =
1
Z ∫ 𝒟U exp{−βA[U]} 𝒪ξ[U]

with a characteristic length scale  in units of the lattice spacing :ξ a
ξ
a

dimensionless⇒



Introduction
The lattice spacing  is determined by the gauge coupling:a
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continuum limit (2nd order phase transition )ξ/a → ∞

lattice spacing  from dimensionless :   dimensional transmutationa g ⇒



Introduction
The lattice spacing  is determined by the gauge coupling:a

ξ

a

ξ

a′ 

ξ

a′ ′ 

β =
2Nc

g2

β′ β′ ′ β ≫ ≫

g′ g′ ′ g ≪≪

continuum limit (2nd order phase transition )ξ/a → ∞



Introduction
The lattice spacing  is determined by the gauge coupling:a

ξ

a

ξ

a′ 

ξ

a′ ′ 

β =
2Nc

g2

continuum limit (2nd order phase transition )ξ/a → ∞

large lattice artefacts?critical slowing down

(topological freezing) ?



Part I: 
The FP action



Renormalization group transformation
Introduce (coordinate space) renormalization group transformation (RGT):
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continuum limit (2nd order phase transition )ξ/a → ∞

……

RGT RGT RGTRGT

 provides solution for avoiding critical slowing down and lattice artefacts⇒



Renormalization group transformation
Introduce (coordinate space) renormalization group transformation (RGT):

exp {−β′ A′ [V]} = ∫ 𝒟U exp {−β (A[U] + T[U, V])}

where  is a blocking kernel relating the fine gauge links  to the coarse 
gauge links :

T[U, V] U
V ≡ U′ 

T[U, V] = −
κ

Nc ∑
xB,μ

{ReTr (Vμ(xB) ⋅ Q†
μ(xB)) − 𝒩β

μ}
(  is a normalization factor guaranteeing , i.e., unchanged long-distance physics)𝒩β

μ Z(β′ ) = Z(β)



RGT blocking kernel
T[U, V] = −

κ
Nc ∑

xB,μ
{ReTr (Vμ(xB) ⋅ Q†

μ(xB)) − 𝒩β
μ}

Sμ [U] = s0 ⋅smeared +spl +sd +shd ⋯ ≡ x x + ̂μ



RGT blocking kernel
T[U, V] = −

κ
Nc ∑

xB,μ
{ReTr (Vμ(xB) ⋅ Q†

μ(xB)) − 𝒩β
μ}

Qμ(xB) = =
xB xB + ̂μ

… + + + …

Sμ [U] = s0 ⋅smeared +spl +sd +shd ⋯ ≡ x x + ̂μ



Renormalization group transformation
Introduce (real space) renormalization group transformation (RGT):

exp {−β′ A′ [V]} = ∫ 𝒟U exp {−β (A[U] + T[U, V])}
The effective action  is described by infinitely many couplings :β′ A′ [V] {c′ α}
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RGT RGTRGT {cα} {c′ α} {c′ ′ α}



{c1, c2, …}

c0

1
β

RT

Renormalization group transformation
The effective action  is described by infinitely many couplings :βA[V] {cα}

 for asymptotically free gauge theories, there is one relevant direction ⇒ 1/β
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Renormalization group transformation
The effective action  is described by infinitely many couplings :βA[V] {cα}

 for asymptotically free gauge theories, there is one relevant direction ⇒ 1/β
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Renormalization group transformation
The effective action  is described by infinitely many couplings :βA[V] {cα}

 for asymptotically free gauge theories, there is one relevant direction ⇒ 1/β
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Renormalization group transformation
The effective action  is described by infinitely many couplings :βA[V] {cα}

RGT fixed point of RGT iterations (when ):⇒ ξ/a → ∞ {c*α } {c*α }
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Renormalization group transformation
The effective action  is described by infinitely many couplings :βA[V] {cα}

RGT fixed point of RGT iterations (when ):⇒ ξ/a → ∞ {c*α } {c*α }
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Renormalization group transformation
The effective action  is described by infinitely many couplings :βA[V] {cα}

Two practical problems:


• how to parametrize RT, i.e., which set ?


• how to determine  or ?

{cα}

{c  α } {c  α }

exp {−β′ A′ [V]} = ∫ 𝒟U exp {−β (A[U] + T[U, V])}

FPRT
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Renormalization group transformation
The effective action  is described by infinitely many couplings :βA[V] {cα}

Two practical problems:


• how to parametrize RT, i.e., which set ?


• how to determine  or ?

{cα}

{c  α } {c  α }

P. Hasenfratz, F. Niedermayer [Nucl. Phys. B414 (1994) 785, hep-lat/9308004]


for  (on critical surface) the RGT becomes a classical saddle point problem:β → ∞

exp {−β′ A′ [V]} = ∫ 𝒟U exp {−β (A[U] + T[U, V])}

A  [V] = min
{U}

{A  [U] + T[U, V]}FP FP

FPRT
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Classically perfect FP actions
The classical FP action   defines an action for all :A βFP



{c1, c2, …}

c0

1
β

fixed 
point

critical 
surface ξ/a = ∞

FP action
RT

Classically perfect FP actions
The FP action values for rough configurations defined through an inception procedure:

A  [V] = min
{U}

{A  [U] + T[U, V]} = min
{U′ ,U}

{A  [U′ ] + T[U′ , U] + T[U, V]}FP FP FP
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Classically perfect FP actions
The FP action values for rough configurations defined through an inception procedure:

A  [V] = min
{U}

{A  [U] + T[U, V]} = min
{U′ ,U}

{A  [U′ ] + T[U′ , U] + T[U, V]}FP FP FP



Classically perfect FP actions
The classical FP equation can be iterated:

• There are no lattice artefacts on classical 
configurations:

δA [V]
δV

= 0 ⇒
δA [U]

δU
= 0

FP FP

A  [V] = min
{U}

{A  [U] + T[U, V]}FP FP = min
{U′ ,U}

{A  [U′ ] + T[U′ , U] + T[U, V]}FP



Classically perfect FP actions
The classical FP equation can be iterated:

• There are no lattice artefacts on classical 
configurations:

δA [V]
δV

= 0 ⇒
δA [U]

δU
= 0

FP FP

• Proof using the chain rule:

A  [V] = min
{U}

{A  [U] + T[U, V]}FP FP = min
{U′ ,U}

{A  [U′ ] + T[U′ , U] + T[U, V]}FP

δAFP[V]
δV

= [ δ
δU

(AFP[U] + T[U, V])
δU
δV

+
δT[U, V]

δV ]
Umin

min

min    hence  ⇒
δT[U, V]

δV
U

= 0 T[U , V] = 0



Classically perfect FP actions
The classical FP equation can be iterated:

• There are no lattice artefacts on classical 
configurations:

δA [V]
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FP FP
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δAFP[U]

δU
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= 0



Classically perfect FP actions
The classical FP equation can be iterated:

• There are no lattice artefacts on classical 
configurations:

            has scale invariant instanton 
     solutions
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• There are no lattice artefacts on classical 
configurations:

            has scale invariant instanton 
     solutions
⇒ A  [V]FP

δA [V]
δV

= 0 ⇒
δA [U]

δU
= 0

FP FP

A  [V] = min
{U}

{A  [U] + T[U, V]}FP FP = min
{U′ ,U}

{A  [U′ ] + T[U′ , U] + T[U, V]}FP



Classically perfect FP actions
The classical FP equation can be iterated:

• There are no lattice artefacts on classical 
configurations:
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     solutions
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• For large ,            is very close to            : β A  [V]FP A  [V]RT
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Classically perfect FP actions
The classical FP equation can be iterated:

• There are no lattice artefacts on classical 
configurations:

            has scale invariant instanton 
     solutions
⇒ A  [V]FP

δA [V]
δV

= 0 ⇒
δA [U]

δU
= 0

FP FP

• For large ,            is very close to            : β A  [V]FP A  [V]RT

 lattice artefacts expected to be sub- 
     stantially reduced:
⇒

𝒪(a2n), 𝒪(g2a2n) n = 1,2,…

A  [V] = min
{U}

{A  [U] + T[U, V]}FP FP = min
{U′ ,U}

{A  [U′ ] + T[U′ , U] + T[U, V]}FP



Classically perfect FP actions
The classical FP equation can be iterated:

• There are no lattice artefacts on classical 
configurations:

            has scale invariant instanton 
     solutions
⇒ A  [V]FP

δA [V]
δV

= 0 ⇒
δA [U]

δU
= 0

FP FP

• For large ,            is very close to            : β A  [V]FP A  [V]RT

 lattice artefacts expected to be sub- 
     stantially reduced:
⇒

𝒪(a2n), 𝒪(g2a2n) n = 1,2,…

A  [V] = min
{U}

{A  [U] + T[U, V]}FP FP = min
{U′ ,U}

{A  [U′ ] + T[U′ , U] + T[U, V]}FP

 initiated a large activity, culminating in the discovery of GW fermions!⇒



Classically perfect FP actions - locality
Is the FP action local?      Consider the couplings ⇒

• couplings fall off exponentially, 
as desired

• perturbative calculation

0 1 2 3

distance |r|/a

10°4

10°3

10°2

10°1

100

|Ω
µ

∫
(r

)/
Ω
1
0
(r

=
0)

|

Ω00

Ω10

exp(°3.4r)

A   ∝ ∑
k

ρ̃μν(k)Ãμ(k)Ãν(−k)FP



wμν = ReTr (1 − Wpl
μν)uμν = ReTr (1 − Upl

μν)

Parametrization of the FP actions
Parametrization should be as local as possible, but still as expressive as possible.

• Wilson plaquette variable:

from usual links Uμ, Uν from asymmetrically smeared links 

•Asymmetrically smeared links:

QS
μ =

1
6 ∑

λ≠μ

S(λ)
μ − Uμ , Q(ν)

μ =
1
4 ∑

λ≠μ,ν

S(λ)
μ + η(xμ) ⋅ S(ν)

μ − (1 +
1
2

η(xμ)) Uμ ,

W(ν)
μ = Uμ + c1(xμ) ⋅ Q(ν)

μ + c2(xμ) ⋅ Q(ν)
μ U†

μQ(ν)
μ + … , xμ = ReTr (QS

μ ⋅ U†
μ) ,

η(x) = η(0) + η(1) ⋅ x + η(2) ⋅ x2 + … , ci(x) = c(0)
i + c(1)

i ⋅ x + c(2)
i ⋅ x2 + …

AFP[U] = ∑
μ<ν

f(uμν, wμν) e.g. f(u, w) = ∑
k,l

pkl ukwl• FP action:

• Smeared plaquette 



FP action in action
Static quark-antiquark potential, lattice spacings between  :a = 0.33 fm, ⋯, 0.10 fm

[Niedermayer, Rüfenacht, UW, Nucl.Phys.B 597 (2001) 413, hep-lat/0007007]




Part II: 
Machine learning the FP action



Machine learning the FP action
ML architecture: Lattice gauge equivariant Convolutional Neural Network (L-CNN) 

                                  
L-Conv: L-Bilin: Trace:

[Favoni, Ipp, Müller, Schuh, PRL 128 (2022) 3, 2012.12901]




Machine learning the FP action
ML architecture: Lattice gauge equivariant Convolutional Neural Network (L-CNN) 

                                  



Machine learning the FP action:   FP data
For given coarse  the FP action value determined by the minimizing confs. : V U, U′ , …

A  [V] = min
{U}

{A  [U] + T[U, V]} = min
{U′ ,U}

{A  [U′ ] + T[U′ , U] + T[U, V]}FP FP FP
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Instead use approximate FP action values  
in the first iteration 

AFP[U]

Minimising the RHS is crucial for generating the 
training data:

  


• generate ensembles of coarse gauge configurations 
for a range of field fluctuations


• find minimizing fine configuration



Machine learning the FP action:   FP data
Minimisation evolution of fine configuration  for fixed coarse configuration  U V

Coarse configuration: SU(3), lattice spacing  fmV = 84, β = 6.0 ⇒ a ≃ 0.10
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Machine learning the FP action:   FP data
Minimisation evolution of fine configuration  for fixed coarse configuration  U V

Coarse configuration: SU(3), lattice spacing  fmV = 84, β = 5.4 ⇒ a ≃ 0.25Wil
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Machine learning the FP action:   FP data
Minimisation of instanton configuration with  on  blocked to :ρ/a′ 164 84

 ρ/a′ = 3.0
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Machine learning the FP action:   FP data

}• FP action values

• FP action derivatives ⇒ data set for supervised ML 

Use the exact FP action values for training, plus the derivatives of the FP action:
δA  [V]

δVa
x,μ

=
δT[U, V]

δVa
x,μ

= − κ Re Tr(ita Vx,μQ†
x,μ)

FP

Q†
x,μ = Q†

x,μ[U]

 yields 4 x 8 x Volume (link) (color) (position) data per configuration⇒

Gauge invariance of  yields conserved local quantity via Noether’s theorem:AFP

DFP
x,μ = ∑

a

ta δAFP[V]
δVa

x,μ
⟹ ∑

μ

𝒟B
μDFP

x,μ[V] = 0

 consistency check satisfied up to the accuracy in minimization⇒



Machine learning the FP action:   Architecture
                            FP action parameterised by

A [V] = ∑
x

Ax [V]
∞

∑
n=0

b(n) (Nx[V] − Nx[1])n
                    
L-CNN

                    
pre

                    
pre

                            for example Wil, tlSym, …

A [V] = ∑
x

Ax [V] exp (Nx[V] − Nx[1])
                    
L-CNN

                    
pre

with

In practice we use:

local output of L-CNN

Nx[V → 1] − Nx[1] ≃ O(a2)

Ax [V] =
1
Nc ∑

C

M

∑
m=1

c(m)[ReTr(a − Ux,C)]m

Note:



Machine learning the FP action:   Loss functions
ML loss function from two weighted contributions:

Technical point: derivatives in L-CNN are given through back propagation

                             (since they are derivatives of part of loss function w.r.t. input)

L1 =
1

L4Ncfg

Ncfg

∑
i=1

A [Vi] − A [Vi]
                    
L-CNNFP

L2 =
1

32L4Ncfg

Ncfg

∑
i=1

∑
x,μ

Tr [(Dx,μ[Vi] − Dx,μ [Vi])
2]

                    
L-CNNFP

L = w1L1 + w2L2



Machine learning the FP action:   L-CNN
Architecture search:
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 3 L-Bilin layers, kernel sizes {2,2,1}, output channels {12,24,24} with 443k parameters⇒



Machine learning the FP action:   Results
Superiority of L-CNN over old parameterizations of FP action:
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Machine learning the FP action:   Results
Restricted training ranges: Transfer learning:
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Machine learning the FP action:   Results
Restricted training ranges: Finetuning on instantons:
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 new L-CNN parametrization is indeed very flexible and accurate⇒



Machine learning the FP action:   Locality
Locality of L-CNN trained FP action:

• couplings fall off exponentially, 
as desired

• even on coarse configurations
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Machine learning the FP action:   Symmetries
Test of lattice symmetries:      
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L-CNN      translations:         by construction⇒ A [U′ (shift)] = A [U]

      rotations:        U → U′ = U(rot)

      reflections:     U → U′ = U(refl)

      a priori not present, but learned!



FP action with L-CNN:    
So far, two questions were addressed:

• can the FP action be parametrised sufficiently well?

• is the FP action sufficiently local for truncations to work?

Availability of derivatives is the stepping stone for further developments:

• HMC, Langevin, GF (all based on derivatives)
• apply exact RGT step(s)

Could provide a solution to critical slowing down and topological freezing…

✓
✓

• how good are scaling properties of L-CNN FP action?



Part III: 
Classically perfect gradient flow



Gradient flow
Use renormalized GF couplings as scaling quantities:

dAμ(t)
dt

= DνGνμ ⟨t2E(t)⟩ =
3(N2 − 1)g2

128π2 (1 + O(g2)),

⟨t2E(t)⟩a =
3(N2 − 1)g2

0

128π2 (C(a2/t) + O(g2
0))

On the lattice, artifacts are introduced through discretization of :Sg, Sf, Se

E =
1
4

GμνGμν



Gradient flow

 turns out that GF with FP action is classically perfect!⇒

Use renormalized GF couplings as scaling quantities:

dAμ(t)
dt

= DνGνμ ⟨t2E(t)⟩ =
3(N2 − 1)g2

128π2 (1 + O(g2)),

⟨t2E(t)⟩a =
3(N2 − 1)g2

0

128π2 (C(a2/t) + O(g2
0))

On the lattice, artifacts are introduced through discretization of :Sg, Sf, Se

E =
1
4

GμνGμν



Gradient flow at tree level
At tree level, the flow equation reads:

dAμ(p, t)
dt

= − (Sf
μν(p) + 𝒢μν) Aν(p, t)

Aμ(p, t) = [exp {−t (Sf(p) + 𝒢)}]
μν

Aν(p,0)
with the solution

leading to 

⟨t2E(t)⟩a =
(N2 − 1)

2
g2

0 t2 ∫
π/a

−π/a

d4p
(2π)4

Tr [e−t(Sf+𝒢)(Sg + 𝒢)−1e−t(Sf+𝒢) ⋅ Se]
and with :Sf = Sg = Se

C(a2/t) =
64π2

3
t2 ∫

π/a

−π/a

d4p
(2π)4

Tr [e−2t(Sf+𝒢)]

[Fodor, Holland, et al., JHEP 09 (2014) 018, 1406.0827]




Gradient flow at tree level Choose Sf = Sg = Se

 :Scutoff =̂ δμνp2 − pμpν

⇒ C(a2/t) =
64
π2 ( t

a2 )
2

(∫
π/a

−π/a

dp
2π

e−2p2 t)
4
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Gradient flow at tree level Choose Sf = Sg = Se

⇒ C(a2/t) =
64
π2 ( t

a2 )
2

(e−4t/a2I0 (4 t/a2))
4
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 :SWilson =̂ δμν ̂p2 − ̂pμ ̂pν , ̂pμ = 2/a sin(apμ/2) :Scutoff =̂ δμνp2 − pμpν

⇒ C(a2/t) =
64
π2 ( t

a2 )
2

(∫
π/a

−π/a

dp
2π

e−2p2 t)
4
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Gradient flow with FP action Choose Sf = Sg = Se = SFP

Iterating the FP equation in the quadratic approximation:

D′ μν(p) =
1
16

1

∑
l=0 [ω ( p + 2πl

2 ) D ( p + 2πl
2 ) ω† ( p + 2πl

2 )]
μν

+
1
κ

δμν

 sums over  generate tower of poles    full relativistic spectrum recovered∀p l ⇒
The poles determine the dispersion relation:

⇒ CFP(a2/t) =
64
π2 ( t

a2 )
2

(∫
∞

−∞

dp
2π

e−2p2 t)
4

= 1

After  iterations:n

D(n)
μν (p) ∼ [Ω(n) ( p + 2πl

2n ) Ω(n)† ( p + 2πl
2n )]

μν

1

(p + 2πl)2



Part IV: 
HMC results and GF data 



Hybrid Monte Carlo (HMC)
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- sample momenta 

- integrate eqs of motion (leapfrog, Omelyan)

- correct for  non-conservation
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H
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dp

dt
= �@H

@U
= �@A

@U
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dU

dt
=
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hexp(��H)i = 1

add momentum p
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H(p, U) = p
2
/2 +A(U)



Gradient Flow (GF)
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dAµ

dt
= D⌫G⌫µ
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Gµ⌫ = @µA⌫ � @⌫Aµ + [Aµ, A⌫ ]
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E =
1

4
Ga

µ⌫G
a
µ⌫
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Aµ(t)

scale definition
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t2hEi|t0 = 0.3 SU(3) gauge theory
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t0 = 0.167 fm



Gradient Flow (GF)
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�
t2hEi
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0
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t0/w
2
0ratio  universal value in the continuum limit
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a2/t0 ! 0



Gradient Flow (GF)
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a = 0.10 fm
<latexit sha1_base64="k7EU2kwYZhkNZIil6n9a0x+Vc8g=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyEpvjZCQRcuK9gHtKFMppN26EwSZiZCDfVH3LhQxK2f4s6/cdpmoa0HLhzOuZd77wkSzpR23W+rsLK6tr5R3Cxtbe/slu29/aaKU0log8Q8lu0AK8pZRBuaaU7biaRYBJy2gtH11G89UKlYHN3rcUJ9gQcRCxnB2kg9u4yvXMerPmVdKVAoJj274jruDGiZeDmpQI56z/7q9mOSChppwrFSHc9NtJ9hqRnhdFLqpoommIzwgHYMjbCgys9mh0/QsVH6KIylqUijmfp7IsNCqbEITKfAeqgWvan4n9dJdXjpZyxKUk0jMl8UphzpGE1TQH0mKdF8bAgmkplbERliiYk2WZVMCN7iy8ukWXW8c+fs7rRSu8njKMIhHMEJeHABNbiFOjSAQArP8Apv1qP1Yr1bH/PWgpXPHMAfWJ8/aYGSUA==</latexit>

a = 0.12 fm

how does FP action perform?

comparison with independent

Wilson gauge action simulations

ongoing part of project

continuum limit
<latexit sha1_base64="0x233v0HQa7EunxPORpypEMPImk=">AAAB/nicbVDLSsNAFJ34rPUVFVduBovgqibF17KgC5cV7APaGCbTSTt0MgkzN0oJBX/FjQtF3Pod7vwbp20W2nrgwuGce7n3niARXIPjfFsLi0vLK6uFteL6xubWtr2z29Bxqiir01jEqhUQzQSXrA4cBGslipEoEKwZDK7GfvOBKc1jeQfDhHkR6UkeckrASL69T+4rJ+A7uKN4rw9EqfgRO75dcsrOBHieuDkpoRw13/7qdGOaRkwCFUTrtusk4GVEAaeCjYqdVLOE0AHpsbahkkRMe9nk/BE+MkoXh7EyJQFP1N8TGYm0HkaB6YwI9PWsNxb/89ophJdexmWSApN0uihMBYYYj7PAXa4YBTE0hFDFza2Y9okiFExiRROCO/vyPGlUyu55+ez2tFS9zuMooAN0iI6Riy5QFd2gGqojijL0jF7Rm/VkvVjv1se0dcHKZ/bQH1ifP8fglME=</latexit>

a2/t0 ! 0

<latexit sha1_base64="bF2+HoJ4cALT0suzShCazAa1YHE=">AAAB9HicbVDJTgJBEK3BDXFDPXrpSEzwQmaI25FED97ERJYERlLTNNChZ7G7h4RM+A4vHjTGqx/jzb+xgTko+JJKXt6rSlU9LxJcadv+tjIrq2vrG9nN3Nb2zu5efv+grsJYUlajoQhl00PFBA9YTXMtWDOSDH1PsIY3vJ76jRGTiofBgx5HzPWxH/Aep6iN5CZtioLcTYr4WD7t5At2yZ6BLBMnJQVIUe3kv9rdkMY+CzQVqFTLsSPtJig1p4JNcu1YsQjpEPusZWiAPlNuMjt6Qk6M0iW9UJoKNJmpvycS9JUa+57p9FEP1KI3Ff/zWrHuXbkJD6JYs4DOF/ViQXRIpgmQLpeMajE2BKnk5lZCByiRapNTzoTgLL68TOrlknNROr8/K1Ru0jiycATHUAQHLqECt1CFGlB4gmd4hTdrZL1Y79bHvDVjpTOH8AfW5w9sbpE9</latexit>

O(a2)Wilson action: artifacts

FP action: artifacts appear to be 
smaller, consistent with continuum limit

at lattice spacing ~ 0.1 fm



Part V: 
The quantum perfect RG action
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    no lattice artefacts⇒

RT

The quantum perfect RG action
The effective action  is described by infinitely many couplings :βART[V] {cα}

RGTRT  start from the fixed point and apply RGTs: ⇒ {c*α } {cRT
α }
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The quantum perfect RG action
The effective action  is described by infinitely many couplings :βART[V] {cRT

α }

Two practical problems:


• how to parametrize RT, i.e., which set ?


• how to determine ?

{cRT
α }

{cRT
α }

exp {−β′ A′ RT[V]} = ∫ 𝒟U exp {−(β ART[U] + T[U, V])}



{c1, c2, …}

c0

1
β

fixed 
point

critical 
surface ξ/a = ∞

RT

The quantum perfect RG action
The effective action  is described by infinitely many couplings :βART[V] {cRT

α }

Two practical problems:


• how to parametrize RT, i.e., which set ?


• how to determine ?

{cRT
α }

{cRT
α }

 change of action from change of configuration  via MC simulation:⇒ V → Vϵ

exp {−β′ A′ RT[V]} = ∫ 𝒟U exp {−(β ART[U] + T[U, V])}

exp {−β′ (A′ RT[Vϵ] − A′ RT[V])} = ⟨exp {−(T[U, Vϵ] − T[U, V])}⟩V



The quantum perfect RG action

exp {−β′ (A′ RT[Vϵ] − A′ RT[V])} = ⟨e−(T[U, Vϵ ] − T[U, V])⟩V

with

⟨𝒪⟩V =
∫ 𝒟U e−(β ART[U] + T[U, V]) ⋅ 𝒪

∫ 𝒟U e−(β ART[U] + T[U, V])

 change of action from change of configuration :⇒ V → Vϵ

Note: difference  only depends on the blocked link :T[U, Vϵ] − T[U, V] Qμ(xB)[U]

T[U, Vϵ] − T[U, V] = −
κ

Nc ∑
xB,μ

ReTr ({Vϵ
μ(xB) − Vμ(xB)} ⋅ Q†

μ(xB))



In practice:

1. generate , e.g., with , at fine lattice spacing 

2.  simulate  with  at finer lattice spacing 


3. store  and calculate  from 

{V} β′ AFP a′ 

∀V U βAFP a = a′ /2

Qμ(xB)[U]
δ(β′ A′ RT[V])

δVa
x,μ

V → Vϵ

The quantum perfect RG action

exp {−β′ (A′ RT[Vϵ] − A′ RT[V])} = ⟨e−(T[U, Vϵ ] − T[U, V])⟩V

 change of action from change of configuration :⇒ V → Vϵ

training data for L-CNN!

4. repeat with  at coarser  and simulate  at β′ ′ a′ ′ β′ A′ RT a′ = a′ ′ /2



Conclusions:   RG from ML
New technologies enable old ideas:

ξ

a

ξ

a′ 

ξ

a′ ′ 

{c1, c2, …}
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