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Introduction

Consider an asymptotically free quantum field theory on the lattice,
e.g., SU(NV,) lattice gauge theory:
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with gauge coupling /3 = >
g

and expectation values for observables:

with a characteristic length scale & in units of the lattice spacing «:
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lattice spacing ¢ from dimensionless g:
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Introduction
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The lattice spacing «a is determined by the gauge coupling: [/ = 2C
g
<4—— continuum limit (2nd order phase transition £/a — ©0)
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critical slowing down

. . : large lattice artefacts?
(topological freezing)



Part I:
The FP action



Renormalization group transformation

Introduce (coordinate space) renormalization group transformation (RGT):

<4——  continuum limit (2nd order phase transition £/a — ©0)
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= provides solution for avoiding critical slowing down and lattice artefacts



Renormalization group transformation

Introduce (coordinate space) renormalization group transformation (RGT):

exp {—f'A[V]} = J@Uexp {=BA[U]+T[U,V]}

where T1U, V| is a blocking kernel relating the fine gauge links U to the coarse
gauge links V = U".

1MU, V]| =— Niz {ReTr (Vﬂ(xB) - Q;(XB)) — ./Vﬁ}

Xp.U

(,/Vg is a normalization factor guaranteeing Z(f") = Z(/), i.e., unchanged long-distance physics)



RGT blocking kernel

smeared
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TIU,V] = — Nﬁz {ReTr (VM(XB) - QZ(XB)) - /Vﬁ}

Xp.U

U | = 3%74519
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RGT blocking kernel

smeared
Sﬂ

TIU,V] = — Nﬁz {ReTr (VM(XB) - QJ(XB>) - /Vﬁ}

(U] = SWS;;J
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Renormalization group transformation

Introduce (real space) renormalization group transformation (RGT):
exXp {—ﬁ’A’[V]} = J@Uexp {—ﬂ AU+ T[U, V])}

The effective action /'A' V'| is described by infinitely many couplings { ¢/, }:

a3 AV :
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Renormalization group transformation

The effective action JA[V | is described by infinitely many couplings { ¢, |:
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Renormalization group transformation

The effective action JA[V | is described by infinitely many couplings { ¢, |:
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Renormalization group transformation

The effective action JA[V | is described by infinitely many couplings {c¢,, |:
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Renormalization group transformation

The effective action JA[V | is described by infinitely many couplings {c¢,, |:
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Renormalization group transformation

The effective action JA[V | is described by infinitely many couplings { ¢, |:

- exp {—fATV]} = J@Uexp{—ﬁ(A[U] +TIU, VD §
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Renormalization group transformation

The effective action JA[V | is described by infinitely many couplings { ¢, |:

i Jame exp { —f'AV]} = J@Uexp {=BA[U1+T[U,V))}
A e
gg$,97¢\ Two practical problems:
| e - how to parametrize RT, i.e., which set {c | ?
» how to determine {¢'} or {¢ "}?

1
B
P. Hasenfratz, F. Niedermayer [Nucl. Phys. B414 (1994) 785, hep-lat/9308004]
for f — oo (on critical surface) the RGT becomes a classical saddle point problem:

AT[V] = min {AT[U] + T[U, V]}
WU}



Classically perfect FP actions

The classical FP action A" defines an action for all /;
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Classically perfect FP actions

The FP action values for rough configurations defined through an inception procedure:
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Classically perfect FP actions

The FP action values for rough configurations defined through an inception procedure:
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AT[V]=min {A [U]+ T[U,V]} = min {A[U]+ T[U, U]+ T[U, V])
(U) (U.U)




Classically perfect FP actions

The classical FP equation can be iterated:

ATV] = min {AT[U] + T[U, V]} = min {A[U]+ T[U, U] + T[U, V]}
WU} WU,Uj}

 There are no lattice artefacts on classical
configurations:

SAT V] SAT U]
oV oU




Classically perfect FP actions

The classical FP equation can be iterated:

ATV] = min {AT[U] + T[U, V]} = min {A[U]+ T[U, U] + T[U, V]}

Ui WULUj

» There are no lattice artefacts on classical + Proof using the chain rule:

configurations:

SA™ V]
sV o
SAT V] SAT U]
oV oU
ST[U, V]
—

oV

i(AFP[U] TIU V])(S—U
SU SV

STIU, V)
SV

U_.

min

=0 hence T[U,.,V]=0

min



Classically perfect FP actions

The classical FP equation can be iterated:

ATV] = min {AT[U] + T[U, V]} = min {A[U]+ T[U, U] + T[U, V]}
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Classically perfect FP actions

The classical FP equation can be iterated:

ATV] = min {AT[U] + T[U, V]} = min {A[U]+ T[U, U] + T[U, V]}
WU} WU,Uj}

» There are no lattice artefacts on classical + Proof using the chain rule:
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Classically perfect FP actions

The classical FP equation can be iterated:

ATV] = min {AT[U] + T[U, V]} = min {A[U]+ T[U, U] + T[U, V]}
WU} WU,Uj}
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Classically perfect FP actions

The classical FP equation can be iterated:

ATV] = min {AT[U] + T[U, V]} = min {A[U]+ T[U, U] + T[U, V]}
WU} WU,Uj}

» There are no lattice artefacts on classical - For large ,B,AFP[V] is very close to ANV
configurations;
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Classically perfect FP actions

The classical FP equation can be iterated:

ATV] = min {AT[U] + T[U, V]} = min {A[U]+ T[U, U] + T[U, V]}
WU} WU,Uj}

» There are no lattice artefacts on classical - For large ,B,AFP[V] is very close to ANV
configurations;

SAT[V] SAT U] = lattice artefacts expected to be sub-
SV =0 = Sl =0 stantially reduced:
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= A"[V] has scale invariant instanton
solutions



Classically perfect FP actions

The classical FP equation can be iterated:

ATV] = min {AT[U] + T[U, V]} = min {A[U]+ T[U, U] + T[U, V]}
WU} WU,Uj}

» There are no lattice artefacts on classical - For large ,B,AFP[V] is very close to ANV
configurations;

SAT[V] 0 SAT U] 0 = lattice artefacts expected to be sub-
SV SU stantially reduced:
2 2 _
= A™[V] has scale invariant instanton M, O(ga™) n=12,...
solutions

= initiated a large activity, culminating in the discovery of GW fermions!



Classically perfect FP actions - locality

Is the FP action local? = Consider the couplings AP Zﬁw(k)ﬁﬂ(k)ﬁy(—k)

1P (1)/p10(r = 0)]

X poo
109 = \ £10
X
AN == exp(—3.4r)
10—1 - X\\
X\\
- \\
1072 = N
] \\
103 E X \\
m \~
104 - | | |
1 2 3

distance |r|/a

k

* perturbative calculation

* couplings fall off exponentially,
as desired



Parametrization of the FP actions

Parametrization should be , but still as expressive as possible.
» Wilson plaquette variable: » Smeared plaquette
u,, = ReTr (1 — Ujj,ﬂ) w,, = ReTr (1 — ijﬁ)
from usual links U, U, from asymmetrically smeared links

- FPaction: APP[U1= Y flu,,w,) €G. fa,w)= Y pyun’
k.l

U<v
* Asymmetrically smeared links:
1 | 1
S (4) v) A U
0i=5 XU Q=g | T sPeaw 5| (14500 U,
AFu AFu,v
W =U,+c(x)- O +cx) - QVUIOY + ... x, = ReTr (Q/f- U;> ,

_ (0 1 2) 2 — -0 (), 2) . 42
n(x)—n()+r]()-x+n()-x + ... cl-(x)—cl. +c o x+o x4



FP action In action

Static quark-antiquark potential, lattice spacings between a = 0.33 fm, ---,0.10 fm :

6

¥ X O [ &4 0O

3=3.400
3=3.150
3=2.927
3=2.860
3=2.680

3=2.361

1/2

I’OG

[Niedermayer, Rufenacht, UW, Nucl.Phys.B 597 (2001) 413, hep-lat/0007007]
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Part Il
Machine learning the FP action



Machine learning the FP action

ML architecture: Lattice gauge equivariant Convolutional Neural Network (L-CNN)
[Favoni, Ipp, Miiller, Schuh, PRL 128 (2022) 3, 2012.12901]

L-Conv: L-Bilin: Trace:
/*/// %
1 l:v’ N 1 L
4 1 | e -
(= /)/" “1l ! W//;///
L 1 | .
1~ *A——{:j’“/ | )| ":'J % /// ///
/ T4 &
//)// q 1 l L= //
14 | rd ‘H- |
4~ //// //
4 //
L~
(U, WV) = UV (UW) x UW') — U,W")
ok = x,k-qu+k-u,jU£,k.“, Wi — Z i it kWa i W sk i wxi = TrWx,; € C
7,37,k

O ™ O " o - 1 LI @




Machine learning the FP action

ML architecture: Lattice gauge equivariant Convolutional Neural Network (L-CNN)

Plag, Poly (Z/{, W) | L-Act, L-Exp
/ i CNN
U [
gauge links ‘\
(input) predictions
(output)




Machine learning the FP action: FP data

For given coarse V the FP action value determined by the minimizing confs. U, U’, ...:

AT[V]=min {A [U]+ T[U,V]} = min {A"[U]+ T[U, U] + T[U, V]}

(U} {U.U}
o (AFP[V])
Instead use approximate FP action values ATPIUT - — TV
iNn the first iteration — (AFF[U])

—
-
|

Minimising the RHS is crucial for generating the
training data:

4 -
* generate ensembles of coarse gauge configurations
for a range of field fluctuations 2 -

* find minimizing fine configuration 0 -

action density

5.0 6.0 7.0 8.0 10.0 15.0 20.0
Bwil



Machine learning the FP action: FP data

Minimisation evolution of fine configuration U for fixed coarse configuration V'
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Machine learning the FP action: FP data

Minimisation evolution of fine configuration U for fixed coarse configuration V'
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Coarse configuration: SU@), V = 8%, "= 5.4 = lattice spacing a ~ 0.25 fm
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Machine learning the FP action: FP data

Minimisation of instanton configuration with p/a’ on 16* blocked to 8*:
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Machine learning the FP action: FP data

Use the exact FP action values for training, plus the derivatives of the FP action:
SAT[V]  6TIU, V]
oV{, oV{,

= — kRe Tr(it" vV, ,0 ) 0!, =05 [U]

N~ —

= yields 4 x 8 x Volume (link) (color) (position) data per configuration

Gauge invariance of AfF yields conserved local quantity via Noether’s theorem:

SATTIV]

FP __ a BnNnFP .

D, = z' t v — z' 2,D[[V]1=0
a X,U U

= consistency check satisfied up to the accuracy in minimization

e FP action values

. FP action derivatives } —> data set for supervised ML



Machine learning the FP action: Architecture

FP action parameterised by

L-CNN

[V] = 2 AT V] Z b™ (N [V] = N,[1])"

\ local output of L-CNN

AV V] = Z Z c"™[ReTr(a — U.o)1" for example Wil, tISym, ...

Ccm_

with

Note: N, [V — 1] =N |1] ~ O(az)

In practice we use:

[V] = ZA “[V] exp (N,[V] = N[1])

L CNN



Machine learning the FP action: Loss functions

ML loss function from two weighted contributions:

1 NCfg
Ll AFP[Vi] _AL-CNN[Vi]
L4Nfg ,21 |
& LCNN 2
Ir ( V. V. )
2 32L4Nfg 121% [ [ ] [ ] ]

Technical point: derivatives in L-CNN are given through back propagation
(since they are derivatives of part of loss function w.r.t. input)



Machine learning the FP action:

Architecture search:

relative action error [%]

derivative error

= 3 L-Bilin layers, kernel sizes {2,2,1}, output channels {12,24,24} with 443k parameters

3.00 1
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L-CNN
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Machine learning the FP action: Results

Superiority of L-CNN over old parameterizations of FP action:

_ - =

10.00 3 < 20- 1000 - S 5000 - 2

. - 5 I A I

— - |
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1000 - /\
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0.01 I I I I I | |
6.0 7.0 8 0 10 0 12.0 15.0 20.0 5.0 5.5 6.0 6.5 7.0 102 -
Bwil
L-CNN i
[1Ic-4 — L[L-CNN
) APE444 _ —— TIlc-4
: APE431 ! L-CNN APEA44 —
()
S
% I IIIC—4 ) H APEA431 A |g|
¥ APE444
i S S 5
£
% -+ APEA431
: 109 - 109 ! . !

5.0 6.0 7.0 8.0 10.0 12.0 15.0 20.0 —0.5 0.0 0.5 —0.5 0.0 0.5
/BWil A:c,,u,a A:c,,u,a



relative action error [%)]

Machine learning the FP action: Results

Restricted training ranges: Transfer learning:
3

® B.ucl57] relative error (test data)
2 - Bwil € |7, 20] O finetuned model 44 62 84
X Bui € [5,20] L 44 0.178 % 0.201 % 0.181 %
.! . 6 0.185 % 0.196 % 0.177 %
® g* 0.191 % 0.202 % 0.176 %

R R R-Rsnipl- — & — — — &+
derivative error (test data)

finetuned model 44 62 84
44 763 x 102 8.19x107% 8.22x10°
—2 - 6 7.39 x1072 7.93x1072% 7.96 x 1072
84 7.36 x 1072 791 x 1072 7.93x10°

_3 I I I I I I I I I

5.00 5.40 5.80 6.20 6.60 7.00 10.00 15.00 20.00
Bwil



relative action error [%)]

Machine learning the FP action: Results

Restricted training ranges:

Finetuning on instantons:

3 1.1 -
! Bwil ~ 57 7] 10
24 A Bwi €[7,20] '
Z Bwil c 5720] 0.9 -
& 0.8 -
J
~—
< 0.7 -
<
0.6 - —e— [P
-3 APE431
_9 - 0.5 7 —@®— L-CNN
I 0.4 - = T11c-4
_3 | | | | | | | | | I I | | |
5.00 5.40 5.80 6.20 6.60 7.00 10.00 15.00  20.00 0.6 0.8 1.0 1.2 1.4

ﬁwil

instanton radius p/a

= new L-CNN parametrization is indeed very flexible and accurate



Machine learning the FP action: Locality

Puv(7)/poo(0)

Locality of L-CNN trained FP action:

X p=v
O p#v
== exp(—3.137)

distance |r|/a

A 1
,OW(F) — ZD,%?(XJ)DSS(XJ)
N2 1

a,b

; 5°A
where DY(x,y) =
g ove 6Vb,

* couplings fall off exponentially,
as desired

* even on coarse configurations



Machine learning the FP action: Symmetries

Test of lattice symmetries:

translations: = AL'CNN[U(’Shift)] = AL'CNN[U | by construction

0.30

—@®— pred. error
I rotations

reflections

rotations: U— U = Uy

reflections: U — U’ = Uy,

a priori not present, but learned!

relative action error [%)

o o © o o o
5 = = b

S o w S &

| | | | |




FP action with L-CNN:

So far, two questions were addressed:
* can the FP action be parametrised sufficiently well?

* is the FP action sufficiently local for truncations to work??

Could provide a solution to critical slowing down and topological freezing...
* how good are scaling properties of L-CNN FP action?

Availability of derivatives is the stepping stone for further developments:

« HMC, Langevin, GF (all based on derivatives)
e apply exact RGT step(s)

<«



Part Il
Classically perfect gradient flow



Gradient flow

Use renormalized GF couplings as scaling quantities:

3(N2 — 1)g2

dA (1) , -
=D G (t°E(t)) = T

dt Lo

1
(1+0(8%). E=2G,Gy,

On the lattice, artifacts are introduced through discretization of S%, S/, Se:

e
=180 (s + 0gd)

(1*E(D)), =

12872



Gradient flow

Use renormalized GF couplings as scaling quantities:

3(N2 — 1)g2

1
o (1+06)).  E=-G,G

dA
) =DG (PE(D)) = GG

dt Lo

On the lattice, artifacts are introduced through discretization of S%, S/, Se:

Y
=180 (s + 0gd)

(1*E(D)), =

12872

= turns out that GF with FP action is classically perfect!



GGradient flow at tree level

At tree level, the flow equation reads: [Fodor, Holland, et al., JHEP 09 (2014) 018, 1406.0827]

dA,(p,1)
= = (SL) + G ) Ao

with the solution
A,(p,1) = [eXp {—t (Y(p) + %) }] A/(p,0)

Uuv
leading to

(PE®)), = Tr [e 7S +9)($8 + G)le =9 +9) . g¢

(NZ _ l)gztzjﬂ/a d4p
2 20 (27)

—nla

and with 5/ = §¢ = §°:
642 ,

rla 4 i} _

d

Cla/t) = ———t J P 1 [¢=215'+9)
3 Qn? L _

—nla



Gradient flow at tree level Choose § — S8 — §°

Scutoff 2 5/41/ p2 _ p,u D,

64 [t \°[ (™ dp ’
2 _ | — _e—szt
= C(a“/1) 2 (a2> ([_ﬂ/a ) >

C[t/a*2]
20

1.5+

1.0 -

0.5




Gradient flow at tree level Choose § — S8 — §°

S 2 : Wilson -~ A oA N : ,
Scmff—éﬂyp —PuD, st =6,p°—p,p,, D,=72lasm(ap,/2):
4
2 la 2
64 [ & dp 9) 64 [ 9) 4
= Ca) = — [ — P -2 = Cla¥t) = — [ — (e—‘”/al A1/a’ )
(a ) ? (a2> ([—n/a 271.6 > ( ) 7 (612> O( )
Clt/ar2] C[t/ar2]
2.0 2.0
1.5 15
1.0 1.0 B
0.5 0.5
WWWWWWWWWWWWWWWWWWWW . ;o




Gradient flow with FP action

lterating the FP equation in the quadratic approximation;

1 < 27l 27l + 27l
D/;”(p)zﬁzlwc 2ﬂ)D<p 2ﬂ)aﬂ<p 2ﬂ)]
[=0

After n iterations:

DIE) ~ [Q (2222 oo (22 w>] L
2" 2" (p+27rl)

Uv

The poles determine the dispersion relation:

Choose &/ = §8 = §¢ = SP

FB/
S22

D . S1

% < |

Vp sums over [ generate tower of poles = full relativistic spectrum recovered

4
64 [t \°[ (® d

= CFP(azlt) = — | — J _pe_zp% =1
72 \ a? o 27



Part |V:
HMC results and GF data




Hybrid Monte Carlo (HMC)

dU O0H
— = o =D - sample momenta p

p - integrate egs of motion (leapfrog, Omelyan)
add momentum p dp _ oH — 0A - correct for H non-conservation

dt oU oU
(exp(—AH)) = 1

H(p,U) =p*/2+ A(U)

1.10
20 -
1.05 -
§ 15 -
<
1.00 - L
= 10 -
)
<
095 N 5 —
0.90 ~— | | | 01— L L1
0 500 1000 1500 0.90 0.95 1.00 1.05 1.10

trajectory index exp(—AH)



Gradient Flow (GF)

| dA 1
continuum dtu =D,G,, G =0,A, —0,A,+[A,, A A(t) B = -GG
scale definition  t*(E)|;, = 0.3 to = 0.167 fm SU(3) gauge theory

0.5 +
0.36 - 1
| +
0.4 - 0.34 - +
+ T+  +
£ 0t Tt F
0.3 F==—=————————————— U9 ""'.!'_-+ -'I|-'-I--I-I-'|=|-‘§= ¥

= 5 ¥ I

5 = 0.30 - + +j+ iy +¢*++ ++#+¢+ fﬂ

= 0.2- B g R A Sy

0.28 - 4,-3[:*'# Wt +++f +4H_ﬁ y 4_;’#
0.1 - 0.26 - Il N + + T +
+
0.24 -
0.0 | | | | | |
0 . 2 . 100 150 200

trajectory index




Gradient Flow (GF)

alternative scale determination wq

ratio to/w¢ universal value in the continuum limit

0.9

0.1 -

OO I | |

&
dt

(t*(E)) ltmwz = 0.3

az/tO%O

0.9

0.4 -

0.1 -

0.0

—0.1




Gradient Flow (GF)

how does FP action perform?

ongoing part of project 0.98 -

comparison with independent

°)
)
)
clover (Wilson)

plaquette (Wilson)

\ | G | G
I I
A~

L

Wilson gauge action simulations S o
continuum limit a?/tg — 0
0.92 -
" " . . 2
Wilson action: artifacts O(a”) 000 -
FP action: artifacts appear to be 0.88 -
smaller, consistent with continuum limit 0

at lattice spacing ~ 0.1 fm

0.1 0.2 0.3 0.4 0.9 0.6 0.7
a2/t0



Part V:
The quantum perfect RG action



The quantum perfect RG action
The effective action /A, ;| V| is described by infinitely many couplings {¢,, }:

critical _ quantum perfect:
—— surface $/4 = = no lattice artefacts

1

>

p
RT = start from the fixed point and apply RGTs: {C;I;} \RG‘T/' {(35 T}




The quantum perfect RG action

The effective action A ;| V| is described by infinitely many couplings {C§T}:
X Ela = oo GXP{—ﬁ/A;gT[V]} :J@Uexp{—<ﬁART[U]+T[U, V])}
\.v(‘_//r/*//’_’ "
Ifoigﬁgly/v N—— Two practical problems:
| S - how to parametrize RI, I.e., which set {C§T}?
» how to determine {C§T}?

v
| =



The quantum perfect RG action

The effective action A ;| V| is described by infinitely many couplings {ch}:
\ Ela = oo GXP{—ﬁ/A;gT[V]} :J@Uexp{—<ﬂART[U]+T[U, V])}
\v(‘_//r/*//’_’ "
Ifoii;?ndy/y N—— Two practical problems:
| S - how to parametrize RI, I.e., which set {C§T}?
» how to determine {C§T}?

!
p

= change of action from change of configuration V — V_ via MC simulation:

exp { = (AgrlV] = Al V) | = (exp { (11U, VI = TIU.V)) | )

v



The quantum perfect RG action

= change of action from change of configuration V — V'

eXp {_ﬁ, (AI/QT[VG] —A}eT[V]) } — <e—(T[U, Vel —TIU, V])>V

with
(DU e~ PAIVI+TIUVI) .

J@Ue—(ﬁART[U] +T(U, V1)

(0), =

Note: difference T|U, V.| — T U, V| only depends on the blocked link Qﬂ(xB)[U]:

T[U, V€] — T[U, V] = — Nﬁ Y ReTr ({ VE(xp) — VM(xB)} - Q/j;(xB)>

Xp.U



The quantum perfect RG action

= change of action from change of configuration V — V.
exp { = (Agel V] = A V1) | = (e v1-10:10)

In practice:
1. generate {V'}, e.g., with // , at fine lattice spacing a’
2. VYV simulate U with fA"" at finer lattice spacing ¢ = «'/2

5 / / V
3. store Qﬂ(xB)[U | and calculate M fromV — V,

oV{,

\___ training data for L-CNN!

4. repeat with //" at coarser ¢ and simulate ’A, ata’ = a"/2

v

/AFP



Conclusions: RG from ML

New technologies enable old ideas:

(3 D
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U
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(input)
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»
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L-Bilin
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| =

L-Act, L-Exp

/ /\ Trace

// L] [ 1 CNN

N P 24 o rd
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