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Introduction and motivation

◆ Initial condition for small-x evolution from lattice QCD

◆ Small-x evolution (BFKL → BK → JIMWLK) to obtain various TMD

◆ TMDPDF from lattice QCD: DGLAP+CSS, no BFKL

◆ Factorization, IR structure, evolution, nonpertubative TMDPDF are different

◆ Need for a TMDPDF containing IR of DGLAP and BFKL in the corresponding limits
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Factorization

P
q

x ~ 1/Q 

x ~ 1/ΛQCD 
 

◆ In interactions, proton displays distinct types of parton dynamics { factorization

◆ Correlation between perturbative and non-perturbative modes { computing
perturbative mode at high energy scales { non-perturbative structure of the proton

W µν(q, P ) = 1
4π

∫
d4zeiqz⟨P |jµ(z)jν(0)|P ⟩ → W µν(q, P ) =

∑
j

∫ 1
x

dz
z Cµν

j (Q/µ, z, x)fj(z, µ)
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Collinear factorization

◆ In DIS, Q2 → ∞ and fixed xB . Modes are separated in k⊥.
Perturbative mode A has k⊥ ≫ µ,
non-perturbative mode B k⊥ ≪ µ.

W µν(q, P ) =
∑

j

∫ 1
x

dz
z

Cµν
j (Q/µ, z, x)︸                ︷︷                ︸

A

fj(z, µ)︸     ︷︷     ︸
B
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High-energy rapidity factorization

◆ High energy rapidity factorization, fixed Q2 and xB → 0. Modes are separated in
long. momentum.
Perturbative mode A has p− ≫ σ,
non-perturbative mode B p− ≪ σ.

W µν ∝
∫

d̄2p⊥ Iµν(p⊥)︸      ︷︷      ︸
A

⟨P |Tr{U(p⊥)U†(−p⊥)}|P ⟩︸                                  ︷︷                                  ︸
B 5



◆ What is the relation between different factorization schemes?

◆ How to transition between them?

◆ How to construct a factorization scheme for a wider kinematic region?

Not only theoretical but also an important phenomenological questions for EIC
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Transverse-momentum dependent factorization

◆ TMD factorization is applied to analysis of a final state with the transverse momentum q⊥,
such that q2

⊥ ≪ Q2

◆ Successfully applied to Drell-Yan, W/Z boson production, SIDIS etc

◆ Color singlet state from unpolarized hadron-hadron scattering:

dσ

dQdyd2q⊥
=

∑
ij

Hij(Q, µ)︸        ︷︷        ︸
hard function

∫
d2b⊥eiq⊥b⊥ fi(xa, b⊥, µ, ζa) fj(xb, b⊥, µ, ζb)︸                 ︷︷                 ︸

TMDPDF

+O

(
q2

⊥
Q2

)
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Transverse-momentum dependent factorization: collinear limit

◆ TMD distribution

ΦTMD
ij (x, b) =

∫
dz

2π
e

−ixz(pn)⟨P |q̄j(zn + b)[zn + b, ±∞n + b][±∞n, 0]qi(0)|P ⟩︸                                                                                                                                             ︷︷                                                                                                                                             ︸
{f(xB ,b⊥,µ,ξ)

◆ collinear distribution

Φcol.
ij (x) =

∫
dz

2π
e

−ixz(pn)⟨P |q̄j(zn)[zn, ±∞n][±∞n, 0]qi(0)|P ⟩︸                                                                                                              ︷︷                                                                                                              ︸
{f(xB ,µ)

TMDPDF(x, b⊥, µ, ζ) = C1(µ, ζ) ⊗ PDF(x, µ)︸          ︷︷          ︸
Twist 2

+ b
2
⊥ C2(µ, ζ) ⊗ PDF3(x, µ) + ............︸                                ︷︷                                ︸

Higher twist content

◆ Only for small b⊥

◆ TMD region of interest is for large b⊥

◆ Usual practice is to introduce
non-perturbative function for extrapolation

8



Transverse-momentum dependent factorization: dipole limit

◆ TMD distribution

◆ Small x dipole amplitude


Wilson lines separated by b⊥

F. Dominguez, C. Marquet, B.W. Xiao, and F. Yuan (2011),
... ,

G. Beuf’s talk on Monday

TMDPDF(xB , b⊥, µ, ζ) = C̃1 ⊗ WW(b⊥, ζ)︸                     ︷︷                     ︸
BFKL logs

+ x C̃2 ⊗ D2(b⊥, ζ) + ........︸                               ︷︷                               ︸
Sub-eikonal corrections
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A factorization scheme describing a smooth transition is needed.
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Background field

◆ Consider a matrix element of an arbitrary operator

⟨P1|V(Ĉ)|P2⟩ =
∫

DC Ψ∗
P1 (C(tf ))V(C)ΨP2 (C(ti))eiSQCD(C)

◆ Decompose fields into different components and integrate over them separately

Cµ → Aµ︸︷︷︸
quantum fields

+ Bµ︸︷︷︸
background fields

◆ In most generic bg. field method, the separation is arbitrary;
here the separation scale(s) = factorization scale(s) σ

◆ Integrating quantum modes

⟨P1|V(Ĉ)|P2⟩ =
∫

DB Ψ∗
P1 (B(tf ))Ṽ(B, σ) ΨP2 (B(ti))︸           ︷︷           ︸

func. of b.g. field

eiSQCD(B)

with

Ṽ(B, σ) =
∫

DA V(A + B)eiSbQCD(A,B) SbQCD(A, B) = SQCD(A + B) − SQCD(B)
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Background field functional and factorization

◆ Perturbative integration over quantum fields

Ṽ(B, σ) =
∫

DA V(A + B)eiSbQCD(A,B) →
∑

i

Hi(σ) ⊗ Oi(B, σ)

◆ Thus, the matrix element

⟨P1|V(Ĉ)|P2⟩ =
∫

DB Ψ∗
P1 (B(tf ))Ṽ(B, σ)ΨP2 (B(ti))eiSQCD(B) →

∑
i

Hi(σ) ⊗ ⟨P1|Oi(σ)|P2⟩

◆ ⟨P1|Oi(σ)|P2⟩ defines distribution functions
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Background field method and QCD evolution

◆ Matrix elements depend on factorization scale(s)

◆ To study this dependence/obtain evolution
equations, decompose B → Bq + Bbg and
integrate over Bq:

⟨P1|Oi(σ)|P2⟩ =
∑

j

Cij(σ, σ′) ⊗ ⟨P1|Oj(σ′)|P2⟩

◆ Evolution equations follow from ∂σCij
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Factorization

◆ Specific decomposition of modes Cµ → Aµ + Bµ

◆ Transverse scale µUV separates A from b.g. field modes

◆ Integrating over A:

⟨P1|V(Ĉ)|P2⟩ =
∑

i

Hi(µ2
UV ) ⊗ ⟨P1|Oi(µ2

UV )|P2⟩

◆ The matrix element can be parameterized in terms of
TMD distributions

E.g. for gluons

Bij(xB , b⊥) =

∫ ∞

−∞

dz
−

e
−ixB P +z−

⟨P |F m
−i(z

−
, b⊥)[z−

, ∞]ma
b }[∞, 0−]an

0 F
n
−j(0−

, 0⊥)|P ⟩

[x−, y−]z⊥ = P exp
[

ig

∫ x−

y− dz−B−(z−, z⊥)
]
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Factorization: soft function

◆ B.g. modes of two hadrons are separated by rapidity

◆ Possible intersection between the modes is resolved by
introducing ν and the soft factor

fij(xB , b⊥) =
√

S(b⊥)Bij(xb, b⊥)

◆ The pair (ν, µUV) define TMDPDF
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Evolution

◆ To study dependence on ν and µUV

introduce IR scales σ′ = (ρ, µIR)

◆ How to separate different field modes?

◆ Rigid cut-offs are possible but awkward to implement

◆ We use renormalization-inspired approach. Divergent
integrals are regulated with scales that we assign the
meaning of cut-offs

◆ Dim. reg. for transverse integrals

◆ For rapidity integrals:∫ ∞

0

dk−

k− → νη

∫ ∞

0

dk−

k− |k+|−η

J. Chiu, A. Jain, D. Neill, I. Rothstein, 1202.0814
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Real emissions

Non-zero transverse momentum from Bbg; c.f. SCET

Bq(1)+bg;real
ij (xB , b⊥) = −4αsNc

∫
d−2p⊥eip⊥b⊥

∫ 1

0

dz

z(1 − z)

×
∫

d−2k⊥

[
Ra

ij;lm(z, p⊥, k⊥) + Rb
ij;lm(z, p⊥, k⊥)︸                                                  ︷︷                                                  ︸

finite due to b.g.k⊥

+ Rc
ij;lm(k⊥)︸          ︷︷          ︸

divergent in k− & k⊥

] ∫
d2z⊥ei(k−p)⊥z⊥ Bbg

lm(xB

z
, z⊥)
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Real emission kernels, R

Ra
ij;lm(z, p⊥, k⊥) ≡ (1 − z)2

(1
2

(p + k)l

k2
⊥

zk2
⊥δk

i − 2(1 − z)kkki

zk2
⊥ + (1 − z)p2

⊥
− δk

l pi + glik
k

zk2
⊥ + (1 − z)p2

⊥

)
×

(1
2

(p + k)m

k2
⊥

zk2
⊥gkj − 2(1 − z)kkkj

zk2
⊥ + (1 − z)p2

⊥
− gmkpj + gmjkk

zk2
⊥ + (1 − z)p2

⊥

)

Rb
ij;lm(z, p⊥, k⊥) ≡ (1 − z) gil

k2
⊥

( (p + k)m

2
zkj + 2(1 − z)kj

zk2
⊥ + (1 − z)p2

⊥
− kmpj − gmjk2

⊥
zk2

⊥ + (1 − z)p2
⊥

)
+(1 − z)

( (p + k)l

2
zki + 2(1 − z)ki

zk2
⊥ + (1 − z)p2

⊥
− klpi − glik

2
⊥

zk2
⊥ + (1 − z)p2

⊥

)
gmj

k2
⊥

Rc
ij;lm(k⊥) ≡ −gilgmj

k2
⊥
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Real emissions: divergent term

→ 4αsNc

∫
d−2k⊥

k2
⊥

e
ik⊥b⊥

(∫ 1

0
dz

[
1

(1−z)+
+ 1

z

]
Bbg

ij
( xB

z , b⊥)+

∫ 1

0

dz

1 − z
Bbg

ij (xB , b⊥)
)

z ≡
xB

xB +k2
⊥/2P +k−

◆ IR transverse momentum divergence: 1
ϵIR

+ LµIR
b with Lµ

b ≡ ln
(

b2
⊥µ2

4e−2γE

)
For the last term, 1

ϵIR
cancels in combination with virtual term leading to 1

ϵUV
+ LµUV

b

◆ UV rapidity divergence 1
η

+ ln
(

ν

xBP +

)
Breal

ij (xB , b⊥) = −
4αsNc

(2π)4

∫
d

2
p⊥e

ip⊥b⊥

∫ 1

0

dz

z(1 − z)

∫
d

2
k⊥

[
Ra

ij;lm(z, p⊥, k⊥) + Rb
ij;lm(z, p⊥, k⊥)

]
×

∫
d

2
z⊥e

−i(p⊥−k⊥)z⊥ Blm(
xB

z
, z⊥) −

αsNc

π

( 1
ϵIR

+ L
µIR
b

)∫ 1

0

dz
[ 1

(1 − z)+
+

1
z

]
Bij(

xB

z
, b⊥)

+
αsNc

π

( 1
ϵUV

+ L
µUV
b

)( 1
η

+ ln(
ν

xBP + )
)

Bij(xB , b⊥) 19



Virtual emissions
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<latexit sha1_base64="adOIQCTI0OqwoYiop2oX+Oy/oE0=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVg16p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDyCGM8A==</latexit>

b <latexit sha1_base64="CpuGTudZT3v+ouFHRmGxxqyJ/Cc=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVWa9UdivuDGSZeDkpQ45ar/TV7ccsjVAaJqjWHc9NjJ9RZTgTOCl2U40JZSM6wI6lkkao/Wx26IScWqVPwljZkobM1N8TGY20HkeB7YyoGepFbyr+53VSE974GZdJalCy+aIwFcTEZPo16XOFzIixJZQpbm8lbEgVZcZmU7QheIsvL5PmecW7qlzWL8rV2zyOAhzDCZyBB9dQhXuoQQMYIDzDK7w5j86L8+58zFtXnHzmCP7A+fwByaWM8Q==</latexit>c

<latexit sha1_base64="pbrTBi+I5TdMb2KRSYVNYXSeyj4=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNnZ3mTM7OwyMyuEkC/w4kERr36SN//GSbIHTSxoKKq66e4KUsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZIphg2WiES1A6pRcIkNw43AdqqQxoHAVjC8m/qtJ1SaJ/LBjFL0Y9qXPOKMGivVw16p7FbcGcgy8XJShhy1XumrGyYsi1EaJqjWHc9NjT+mynAmcFLsZhpTyoa0jx1LJY1R++PZoRNyapWQRImyJQ2Zqb8nxjTWehQHtjOmZqAXvan4n9fJTHTjj7lMM4OSzRdFmSAmIdOvScgVMiNGllCmuL2VsAFVlBmbTdGG4C2+vEya5xXvqnJZvyhXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MHyymM8g==</latexit>

d
<latexit sha1_base64="a0LNiNj9XuoHPJay2BWGHqBh+mg=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVsVcquxV3BrJMvJyUIUetV/rq9mOWRigNE1Trjucmxs+oMpwJnBS7qcaEshEdYMdSSSPUfjY7dEJOrdInYaxsSUNm6u+JjEZaj6PAdkbUDPWiNxX/8zqpCW/8jMskNSjZfFGYCmJiMv2a9LlCZsTYEsoUt7cSNqSKMmOzKdoQvMWXl0nzvOJdVS7rF+XqbR5HAY7hBM7Ag2uowj3UoAEMEJ7hFd6cR+fFeXc+5q0rTj5zBH/gfP4AzK2M8w==</latexit>e

<latexit sha1_base64="XfwCK5zZDdPU0ydowFOpTzy/11w=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVw16p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDzjGM9A==</latexit>

f

20



Virtual emissions

<latexit sha1_base64="CDivuv+Gryivh7MqSXMFKdDUKQ8=">AAAB7nicbVDJSgNBEK1xjXGLevTSGARBCDPidgzx4jGCWSAZQ0+nJ2nS0zN014hhyEd48aCIV7/Hm39jZzlo4oOCx3tVVNULEikMuu63s7S8srq2ntvIb25t7+wW9vbrJk414zUWy1g3A2q4FIrXUKDkzURzGgWSN4LBzdhvPHJtRKzucZhwP6I9JULBKFqp8dSpkOrDaadQdEvuBGSReDNShBmqncJXuxuzNOIKmaTGtDw3QT+jGgWTfJRvp4YnlA1oj7csVTTixs8m547IsVW6JIy1LYVkov6eyGhkzDAKbGdEsW/mvbH4n9dKMbz2M6GSFLli00VhKgnGZPw76QrNGcqhJZRpYW8lrE81ZWgTytsQvPmXF0n9rORdli7uzovlyiyOHBzCEZyAB1dQhluoQg0YDOAZXuHNSZwX5935mLYuObOZA/gD5/MHO6SO3A==</latexit>

xBP+

<latexit sha1_base64="5F3jRLCn16NYRSY84MEmEv9ekHw=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cIxgSSJcxOepMhs7PDzKwQQj7CiwdFvPo93vwbJ8keNLGgoajqprsrUoIb6/vfXmFldW19o7hZ2tre2d0r7x88mjTTDBssFaluRdSg4BIblluBLaWRJpHAZjS8nfrNJ9SGp/LBjhSGCe1LHnNGrZOafrejUKtuueJX/RnIMglyUoEc9W75q9NLWZagtExQY9qBr2w4ptpyJnBS6mQGFWVD2se2o5ImaMLx7NwJOXFKj8SpdiUtmam/J8Y0MWaURK4zoXZgFr2p+J/Xzmx8HY65VJlFyeaL4kwQm5Lp76THNTIrRo5Qprm7lbAB1ZRZl1DJhRAsvrxMHs+qwWX14v68UrvJ4yjCERzDKQRwBTW4gzo0gMEQnuEV3jzlvXjv3se8teDlM4fwB97nDxXZj2w=</latexit>

0?

<latexit sha1_base64="wGKArQJVX3ERuBUc3NGWPcCxP7g=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cIxgSSJcxOepMhs7PDzKwQQj7CiwdFvPo93vwbJ8keNLGgoajqprsrUoIb6/vfXmFldW19o7hZ2tre2d0r7x88mjTTDBssFaluRdSg4BIblluBLaWRJpHAZjS8nfrNJ9SGp/LBjhSGCe1LHnNGrZOaUbejUKtuueJX/RnIMglyUoEc9W75q9NLWZagtExQY9qBr2w4ptpyJnBS6mQGFWVD2se2o5ImaMLx7NwJOXFKj8SpdiUtmam/J8Y0MWaURK4zoXZgFr2p+J/Xzmx8HY65VJlFyeaL4kwQm5Lp76THNTIrRo5Qprm7lbAB1ZRZl1DJhRAsvrxMHs+qwWX14v68UrvJ4yjCERzDKQRwBTW4gzo0gMEQnuEV3jzlvXjv3se8teDlM4fwB97nD2LNj54=</latexit>

b?

<latexit sha1_base64="CDivuv+Gryivh7MqSXMFKdDUKQ8=">AAAB7nicbVDJSgNBEK1xjXGLevTSGARBCDPidgzx4jGCWSAZQ0+nJ2nS0zN014hhyEd48aCIV7/Hm39jZzlo4oOCx3tVVNULEikMuu63s7S8srq2ntvIb25t7+wW9vbrJk414zUWy1g3A2q4FIrXUKDkzURzGgWSN4LBzdhvPHJtRKzucZhwP6I9JULBKFqp8dSpkOrDaadQdEvuBGSReDNShBmqncJXuxuzNOIKmaTGtDw3QT+jGgWTfJRvp4YnlA1oj7csVTTixs8m547IsVW6JIy1LYVkov6eyGhkzDAKbGdEsW/mvbH4n9dKMbz2M6GSFLli00VhKgnGZPw76QrNGcqhJZRpYW8lrE81ZWgTytsQvPmXF0n9rORdli7uzovlyiyOHBzCEZyAB1dQhluoQg0YDOAZXuHNSZwX5935mLYuObOZA/gD5/MHO6SO3A==</latexit>

xBP+

<latexit sha1_base64="qNO/TrR5G8HVqnx3y8X5AZoBync=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cIxgSSJcxOepMhs7PDzKwQQj7CiwdFvPo93vwbJ8keNLGgoajqprsrUoIb6/vfXmFldW19o7hZ2tre2d0r7x88mjTTDBssFaluRdSg4BIblluBLaWRJpHAZjS8nfrNJ9SGp/LBjhSGCe1LHnNGrZOaqttRqFW3XPGr/gxkmQQ5qUCOerf81emlLEtQWiaoMe3AVzYcU205EzgpdTKDirIh7WPbUUkTNOF4du6EnDilR+JUu5KWzNTfE2OaGDNKIteZUDswi95U/M9rZza+DsdcqsyiZPNFcSaITcn0d9LjGpkVI0co09zdStiAasqsS6jkQggWX14mj2fV4LJ6cX9eqd3kcRThCI7hFAK4ghrcQR0awGAIz/AKb57yXrx372PeWvDymUP4A+/zB3hZj6w=</latexit>p? <latexit sha1_base64="Ty43vnDNZR8eKm0Fcu3r3NUStgs=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69BIvgqSTi17HoxWMFawttKJvtpF2y2Sy7G6GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvlJxp43nfTmlldW19o7xZ2dre2d2r7h886jRTFFs05anqhEQjZwJbhhmOHamQJCHHdhjfTv32EyrNUvFgxhKDhAwFixglxkrtuN+TqGS/WvPq3gzuMvELUoMCzX71qzdIaZagMJQTrbu+J02QE2UY5Tip9DKNktCYDLFrqSAJ6iCfnTtxT6wycKNU2RLGnam/J3KSaD1OQtuZEDPSi95U/M/rZia6DnImZGZQ0PmiKOOuSd3p7+6AKaSGjy0hVDF7q0tHRBFqbEIVG4K/+PIyeTyr+5f1i/vzWuOmiKMMR3AMp+DDFTTgDprQAgoxPMMrvDnSeXHenY95a8kpZg7hD5zPH3Cnj6c=</latexit>

k?
<latexit sha1_base64="PeCZG68bswfsTfg1ZEr3FW2efaA=">AAAB+nicbZDLSgMxFIbPeK31NtWlm2AR3FhmxNuy6MZlBXuBdhgyaaYNzWRCklFK7aO4caGIW5/EnW9j2s5CW38IfPznHM7JH0nOtPG8b2dpeWV1bb2wUdzc2t7ZdUt7DZ1mitA6SXmqWhHWlDNB64YZTltSUZxEnDajwc2k3nygSrNU3JuhpEGCe4LFjGBjrdAtDcKOpEqiEyRnFLplr+JNhRbBz6EMuWqh+9XppiRLqDCEY63bvidNMMLKMMLpuNjJNJWYDHCPti0KnFAdjKanj9GRdbooTpV9wqCp+3tihBOth0lkOxNs+nq+NjH/q7UzE18FIyZkZqggs0VxxpFJ0SQH1GWKEsOHFjBRzN6KSB8rTIxNq2hD8Oe/vAiN04p/UTm/OytXr/M4CnAAh3AMPlxCFW6hBnUg8AjP8ApvzpPz4rw7H7PWJSef2Yc/cj5/AIb6k4s=</latexit>

k? � p?

<latexit sha1_base64="UdLwgU6k/qOjEklxUrDE12Fd3iE=">AAAB8HicbVBNTwIxEJ3FL8Qv1KOXRmLiiewaUY8ELx4xkQ8DK+mWLjS03bXtmpANv8KLB43x6s/x5r+xwB4UfMkkL+/NZGZeEHOmjet+O7mV1bX1jfxmYWt7Z3evuH/Q1FGiCG2QiEeqHWBNOZO0YZjhtB0rikXAaSsYXU/91hNVmkXyzoxj6gs8kCxkBBsr3dce0q4S6HHSK5bcsjsDWiZeRkqQod4rfnX7EUkElYZwrHXHc2Pjp1gZRjidFLqJpjEmIzygHUslFlT76ezgCTqxSh+FkbIlDZqpvydSLLQei8B2CmyGetGbiv95ncSEV37KZJwYKsl8UZhwZCI0/R71maLE8LElmChmb0VkiBUmxmZUsCF4iy8vk+ZZ2bsoV27PS9VaFkcejuAYTsGDS6jCDdShAQQEPMMrvDnKeXHenY95a87JZg7hD5zPH4vrkEI=</latexit>

Bq

<latexit sha1_base64="6AwsLHNdlA/ffKlEAxVGSVHhjeo=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2OIF48RzAOTNcxOZpMhM7PLzKwQlvyFFw+KePVvvPk3ziZ70MSChqKqm+6uIOZMG9f9dgorq2vrG8XN0tb2zu5eef+gpaNEEdokEY9UJ8CaciZp0zDDaSdWFIuA03Ywvsn89hNVmkXy3kxi6gs8lCxkBBsrPdQf054SKBhO++WKW3VnQMvEy0kFcjT65a/eICKJoNIQjrXuem5s/BQrwwin01Iv0TTGZIyHtGupxIJqP51dPEUnVhmgMFK2pEEz9fdEioXWExHYToHNSC96mfif101MeO2nTMaJoZLMF4UJRyZC2ftowBQlhk8swUQxeysiI6wwMTakkg3BW3x5mbTOqt5l9eLuvFKr53EU4QiO4RQ8uIIa3EIDmkBAwjO8wpujnRfn3fmYtxacfOYQ/sD5/AE5fpCk</latexit>

Bbg

<latexit sha1_base64="6AwsLHNdlA/ffKlEAxVGSVHhjeo=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2OIF48RzAOTNcxOZpMhM7PLzKwQlvyFFw+KePVvvPk3ziZ70MSChqKqm+6uIOZMG9f9dgorq2vrG8XN0tb2zu5eef+gpaNEEdokEY9UJ8CaciZp0zDDaSdWFIuA03Ywvsn89hNVmkXy3kxi6gs8lCxkBBsrPdQf054SKBhO++WKW3VnQMvEy0kFcjT65a/eICKJoNIQjrXuem5s/BQrwwin01Iv0TTGZIyHtGupxIJqP51dPEUnVhmgMFK2pEEz9fdEioXWExHYToHNSC96mfif101MeO2nTMaJoZLMF4UJRyZC2ftowBQlhk8swUQxeysiI6wwMTakkg3BW3x5mbTOqt5l9eLuvFKr53EU4QiO4RQ8uIIa3EIDmkBAwjO8wpujnRfn3fmYtxacfOYQ/sD5/AE5fpCk</latexit>

Bbg

<latexit sha1_base64="KWzY2bLzO31lK/gWLvxnXW12sCk=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVaa9UdivuDGSZeDkpQ45ar/TV7ccsjVAaJqjWHc9NjJ9RZTgTOCl2U40JZSM6wI6lkkao/Wx26IScWqVPwljZkobM1N8TGY20HkeB7YyoGepFbyr+53VSE974GZdJalCy+aIwFcTEZPo16XOFzIixJZQpbm8lbEgVZcZmU7QheIsvL5PmecW7qlzWL8rV2zyOAhzDCZyBB9dQhXuoQQMYIDzDK7w5j86L8+58zFtXnHzmCP7A+fwBxp2M7w==</latexit>a
<latexit sha1_base64="adOIQCTI0OqwoYiop2oX+Oy/oE0=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVg16p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDyCGM8A==</latexit>

b <latexit sha1_base64="CpuGTudZT3v+ouFHRmGxxqyJ/Cc=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVWa9UdivuDGSZeDkpQ45ar/TV7ccsjVAaJqjWHc9NjJ9RZTgTOCl2U40JZSM6wI6lkkao/Wx26IScWqVPwljZkobM1N8TGY20HkeB7YyoGepFbyr+53VSE974GZdJalCy+aIwFcTEZPo16XOFzIixJZQpbm8lbEgVZcZmU7QheIsvL5PmecW7qlzWL8rV2zyOAhzDCZyBB9dQhXuoQQMYIDzDK7w5j86L8+58zFtXnHzmCP7A+fwByaWM8Q==</latexit>c

<latexit sha1_base64="pbrTBi+I5TdMb2KRSYVNYXSeyj4=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNnZ3mTM7OwyMyuEkC/w4kERr36SN//GSbIHTSxoKKq66e4KUsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZIphg2WiES1A6pRcIkNw43AdqqQxoHAVjC8m/qtJ1SaJ/LBjFL0Y9qXPOKMGivVw16p7FbcGcgy8XJShhy1XumrGyYsi1EaJqjWHc9NjT+mynAmcFLsZhpTyoa0jx1LJY1R++PZoRNyapWQRImyJQ2Zqb8nxjTWehQHtjOmZqAXvan4n9fJTHTjj7lMM4OSzRdFmSAmIdOvScgVMiNGllCmuL2VsAFVlBmbTdGG4C2+vEya5xXvqnJZvyhXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MHyymM8g==</latexit>

d
<latexit sha1_base64="a0LNiNj9XuoHPJay2BWGHqBh+mg=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVsVcquxV3BrJMvJyUIUetV/rq9mOWRigNE1Trjucmxs+oMpwJnBS7qcaEshEdYMdSSSPUfjY7dEJOrdInYaxsSUNm6u+JjEZaj6PAdkbUDPWiNxX/8zqpCW/8jMskNSjZfFGYCmJiMv2a9LlCZsTYEsoUt7cSNqSKMmOzKdoQvMWXl0nzvOJdVS7rF+XqbR5HAY7hBM7Ag2uowj3UoAEMEJ7hFd6cR+fFeXc+5q0rTj5zBH/gfP4AzK2M8w==</latexit>e

<latexit sha1_base64="XfwCK5zZDdPU0ydowFOpTzy/11w=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVw16p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDzjGM9A==</latexit>

f

+ ...
◆ collinear matching and SCET calculations: these

diagrams = zero in dim. reg. due to negligible
transverse momentum transferred from b.g. field

Bq(1)+bg;virt
ij (xB , b⊥) = −2αsNc

∫ 1

0

dz

z

∫
d−2p⊥eip⊥b⊥

∫
d−2k⊥e−ik⊥b⊥ Vij;lm(z, p⊥ − k⊥, k⊥)

×
∫

d2z⊥ei(k−p)⊥z⊥ Bbg
lm(xB , z⊥) − 4αsNc

∫ 1

0

dz

1 − z

∫
d−2k⊥

k2
⊥

Bbg
ij (xB , b⊥)

Bq(1)+bg;virt
ij (xB , b⊥) = −αsNc

2π

(
1

ϵ2
IR

+ 1
ϵIR

(
1
ξ

+ ln( ρ

xBP + )
)

− π2

12

)
×

∫
d2z⊥

∫
d−2p⊥eip⊥(b−z)⊥

(
µ2

IR
p2

⊥

)ϵIR gilpjpm + piplgmj

p2
⊥

Bbg
lm(xB , z⊥)

+ αsNc

2π

( 1
ϵUV

β0

2Nc
+ 67

18 − 5Nf

9Nc

) ∫
d2z⊥

∫
d−2p⊥eip⊥(b−z)⊥

(
µ2

UV
p2

⊥

)ϵUV
Bbg

ij (xB , z⊥)
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Virtual emission kernel

Vij;lm(z, l⊥, k⊥) ≡ gil(2ljkm − lmkj) + (2likl − llki)gmj

k2
⊥(zk2

⊥ + (1 − z)(l + k)2
⊥)

22



Soft factor

S(b⊥) = 1
N2

c − 1 ⟨0|Tr[S†
n̄(b⊥)Sn(b⊥)S†

n(0⊥)Sn̄(0⊥)]|0⟩

◆ Regulating UV singularities at g2 order

S(1)(b⊥) = αsNc

2π

(
2

ϵ2
UV

+ 4( 1
ϵUV

+ Lb)
(

− 1
η

+ ln µ

ν

)
− L2

b − π2

6

)
◆ Full matrix element

fij(xB , b⊥) =
√

S(b⊥)Bij(xB , b⊥)
23



Renormalization

◆ UV rapidity singularity (1/η) cancels in combination of soft and beam functions

◆ 1/ϵUV is to be removed by the universal UV renormalization factor

ZUV = 1 − αsNc

2π

[ 1
ϵ2

UV

+ 1
ϵUV

ln
(

µ2
UV

(xBP +)2

)]

◆ Infrared singularities 1/ρ & 1/ϵIR are absorbed into matrix elements of b.g. fields

24



Full result

The full result contains CSS and parts of DGLAP and BFKL

fij(xB , b⊥, µ
2
UV, ζ) = fij(xB , b⊥, µ

2
IR, ρ) − 4αsNc

∫
d−

2
p⊥e

ip⊥b⊥

∫ 1

0

dz

z(1 − z)

∫
d−

2
k⊥

[
Ra

ij;lm(z, p⊥, k⊥)

+Rb
ij;lm(z, p⊥, k⊥)

]∫
d

2
z⊥e

−i(p⊥−k⊥)z⊥ flm(
xB

z
, z⊥, µ

2
IR, ρ) +

αsNc

2π

(
−

1
2

(L
µUV
b

)2 + L
µUV
b

ln
µ2

UV
ζ2 −

π2

12

)
×fij(xB , b⊥, µ

2
IR, ρ) −

αsNc

π
L

µIR
b

∫ 1

0

dz
[ 1

(1 − z)+
+

1
z

]
fij(

xB

z
, b⊥, µ

2
IR, ρ)

−
αsNc

2π

∫
d

2
z⊥

∫
d−

2
p⊥e

ip⊥(b−z)⊥
( 1

2
ln2 µ2

IR
p2

⊥
+ ln

µ2
IR

p2
⊥

ln
ρ

ζ
−

π2

12

) gilpjpm + piplgmj

p2
⊥

flm(xB , z⊥, µ
2
IR, ρ)

+
αsNc

2π

∫
d

2
z⊥

∫
d−

2
p⊥e

ip⊥(b−z)⊥
( β0

2Nc

ln
µ2

UV
p2

⊥
+

67
18

−
5Nf

9Nc

)
fij(xB , z⊥, µ

2
IR, ρ) + O(α

2
s) .

ζ = xB P +, Lµ
b

= ln
b2

⊥µ2

4e−2γE 25



Collinear matching

b⊥ → 0

→
Bbg

ij
(xB , p⊥) → (2π)2δ2(p⊥)Bbg

ij
(xB)

additional factorization condition kb.g. ≪ kq

• Convenient to decompose

fij(xB , b⊥) = xBP
+

[
−

gij

2
f1(xB , b⊥) +

(gij

2
+

bibj

b2
⊥

)
h1(xB , b⊥)

]
f1(xB , b⊥, µ

2
UV, ζ) = f1(xB , 0⊥, µ

2
IR)

−
αsNc

π
L

µIR
b

∫ 1

0

dz

z
Pgg(z)f1(

xB

z
, 0⊥, µ

2
IR)

DGLAP

+
αsNc

2π

(
−

1
2

(L
µUV
b )2 + L

µUV
b ln

µ2
UV
ζ2 −

π2

12

)
f1(xB , 0⊥, µ

2
IR)

CSSPgg(z) = 1
(1−z)+

+ 1
z

− 2 + z − z2

◆ Collinear singularity in previously finite diagrams
◆ Reduces to standard collinear matching result/SCET (expansion in leading collinear twists)
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Small-x limit

• Full results contains all subeikonal orders; expanding to leading order of eikonal expansion

Bbg
ij (xB , p⊥) =

∫ ∞

−∞
dz−e−ixBP +z−

∫
d2b⊥e−ib⊥p⊥ ⟨P |F m

−i(z−, b⊥)[z−, ∞]ma
b [∞, 0−]an

0 F n
−j(0−, 0⊥)|P ⟩bg

→
∫

d2b⊥e−ib⊥p⊥ ⟨p|Tr(Ub∂iU
†
b )(U0∂jU†

0 )|p⟩bg { lim
xB→0

fij(xB , p⊥) = pipj

p2
⊥

H1(p⊥)

• Additional factorization condition: k−
q ≫ k−

b.g.

• Single log-terms lead to BFKL (all collinear twists)
KBFKL(p⊥, k⊥) = − αsNc

π

∫
d2b⊥eik⊥b⊥ L

µIR
b

+ αsNc
π

(2π)2δ2(k⊥) ln
µ2

IR
p2

⊥

f1(xB , p⊥, µ
2
UV, ζ) = H1(p⊥, µ

2
IR, ρ) + ln

ρ

ζ

∫
d−

2
k⊥KBFKL(p⊥, k⊥)H1(p⊥ − k⊥, µ

2
IR, ρ)

+
αsNc

2π

∫
d

2
b⊥

(
−

1
2

(L
µUV
b

)2 + L
µUV
b

ln
µ2

UV
ζ2 −

π2

12

)∫
d−

2
k⊥e

ik⊥b⊥ H1(p⊥ − k⊥, µ
2
IR, ρ)

− 4αsNc

∫ 1

0

dz

z(1 − z)

∫
d−

2
k⊥

[
Ra

ii;lm(z, p⊥, k⊥) + Rb
ii;lm(z, p⊥, k⊥)

] (p − k)l(p − k)m

(p − k)2
⊥

H(0)
1 (p⊥ − k⊥, µ

2
IR, ρ)

+
αsNc

π

( 1
2

ln2 µ2
IR

p2
⊥

−
π2

12

)
H1(p⊥, µ

2
IR, ρ) +

αsNc

2π

( β0

2Nc

ln
µ2

UV
p2

⊥
+

67
18

−
5Nf

9Nc

)
H1(p⊥, µ

2
IR, ρ) + . . . 27



Outlook: lattice QCD

TMDPDF quasi-TMDPDF

→

◆ Perturbatively derivable matching coefficients:

fquasi(x, b⊥, µ, ζ, xP z) = C(xP z, µ)fphys.(x, b⊥, µ, ζ)

◆ Applied to standard CSS TMDPDF/SCET

◆ Our aspiration: extension to our scheme → initial conditions for small x evolution
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Outlook: phenomenology

◆ TMD factorization

dσ

dQdyd2q⊥
=

∑
ij

Hij(Q, µ)
∫

d2b⊥eiq⊥b⊥ fi(xa, b⊥, µ, ζa)fj(xb, b⊥, µ, ζb) + O( q2
⊥

Q2 )

◆ Our all twist TMDPDF (all twists) instead of CSS TMDPDFs (leading twists)
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Summary

gluon TMDPDF(xB , b⊥) operator

NLO(2-gluon) background Introducing IR and UV cutoffs

TMDPDF(xB , b⊥, σ) valid for all xB

xB → 0

Small-x factorization/BFKL

b⊥ → 0

Large-x factorization/CSS
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