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Outline

1 Introduction: TMD factorization from rapidity factorization:
Drell-Yan hadronic tensors from TMD factorization.

2 Rapidity-only factorization at the tree level:
Rapidity factorization from functional integral
Classical fields from retarded propagators at p2

⊥/p2
∥ ≪ 1.

Full list of power corrections for DY hadronic tensor at 1
Q2 leading-Nc

level
Back-of-the envelope estimates of angular asymmetries for
Z-boson production.

3 Rapidity-only TMD factorization and evolution:
Rapidity factorization beyond the tree level.
Rapidity-only cutoff vs UV+rapidity regularization
Rapidity evolution of TMDs in the Sudakov region.
Argument of coupling constant by BLM.
Rapidity-only factorization at one loop.

4 Conclusions and outlook
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TMD factorization

TMD factorization formula for particle production in hadron-hadron scattering
looks like

dσ
dηd2q⊥

=
∑

flavors

e2
f

∫
d2k⊥Df/A(xA, k⊥)Df/B(xB, q⊥ − k⊥)C(q, k⊥)

+ power corrections + “Y− terms′′

Df/A(xA, k⊥) is the TMD density of a parton f in hadron A with fraction of
momentum xA and transverse momentum k⊥,
Df/B(x, q⊥ − k⊥) is a similar quantity for hadron B,
Ci(q, k) are determined by the cross section σ(ff → µ+µ−) of production of
DY pair of invariant mass q2 in the scattering of two partons.

Examples: Drell-Yan process with Q being the mass of DY pair and Higgs
production by gluon-gluon fusion

TMD approach is relevant when the transverse momentum q⊥ ≪ Q
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Long-term project: TMD factorization valid at small and moderate x

dσ
dηd2q⊥

=
∑

flavors

e2
f

∫
d2k⊥Df/A(xA, k⊥)Df/B(xB, q⊥ − k⊥)C(q, k⊥)

+ power corrections + “Y− terms′′

The quantities Df/A(xA, k⊥), Df/B(xB, q⊥ − k⊥), and C(q, k⊥) are defined with
cutoffs. The dependence on the cutoffs cancels in their product order by order in
αs.
At moderate xA, xB: CSS/SCET approach. The TMDs Df/A(xA, k⊥) are defined
with a combination of UV and rapidity cutoffs.
At xA, xB ≪ 1: kT -factorization approach. The TMDs are defined with rapidity-only
cutoffs.

It is impossible to extend CSS to small x. (Recently: LO BFKL from SCET)

It is possible to study TMD factorization at moderate x using small-x methods
(rapidity-only factorization etc.) (A. Tarasov, G. Chirilli, I.B, 2015-2023)

Example: full list of power corrections ∼ 1
Q2 for DY hadronic tensor, see below.

They are not obtained (yet?) by CSS or SCET
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TMD factorization from rapidity factorization (A. Tarasov and I.B.)

Sudakov variables:

p = αp1 + βp2 + p⊥, p1 ≃ pA, p2 ≃ pB, p2
1 = p2

2 = 0

“Central” fields
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The result of the integration over “central” fields in the background of projectile
and target fields is a series of TMD operators made from projectile (or target)
fields multiplied by powers of 1

Q2 ⇒ power corrections
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Classical example: DY hadronic tensor

DY cross section is given by the product of leptonic tensor and hadronic tensor.
The hadronic tensor Wµν is defined as

Wµν(pA, pB, q) =
1

(2π)4

∫
d4x e−iqx⟨pA, pB|Jµ(x)Jν(0)|pA, pB⟩

pA
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pA, pB = hadron momenta, q = the momentum of DY pair, and Jµ is the
electromagnetic or Z-boson current.

There are four tensor structures WT , WL, W∆, W∆∆
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TMD representation for Wi

The hadronic tensor in the Sudakov region q2 ≡ Q2 ≫ q2
⊥ can be studied by

TMD factorization. For example, functions WT and W∆∆ can be represented as

Wi =
∑

flavors

e2
f

∫
d2k⊥D(i)

f/A(xA, k⊥)D(i)
f/B(xB, q⊥ − k⊥)Ci(q, k⊥)

+ power corrections + Y− terms (1)

There is, however, a problem with Eq. (1) for the functions WL and W∆.

WT and W∆∆ are determined by leading-twist quark TMDs,
but W∆ and WL start from terms ∼ q⊥

Q and ∼ q2
⊥

Q2 determined by
quark-quark-gluon TMDs.

The power corrections ∼ q⊥
Q were found more than two decades ago but there

was no calculation of power corrections ∼ q2
⊥

Q2 until recently.
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Part 1: power corrections from tree diagrams in
background fields
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Goal: TMD factorization formula

TMD factorization formula structure :

⟨p′A, p′B|J(x1)J(x2)|pA, pB⟩ =
∑

TMD operators

∫
dz−1 dz−2 dw+

1 dw+
2 Ci(x1, x2; z−i ,w

+
i ;σp, σt)

× ⟨p′A|Ô
σp
i (z−2 , x2⊥ ; z−1 , x1⊥)|pB⟩⟨p′B|Ôσt

i (z+2 , x2⊥ ; z+1 , x1⊥)|p′B⟩

q2
⊥ ≪ Q2 ⇒ no dynamics in the transverse space (to be demonstrated below)

Ôσp
i - “projectile” TMD operators with β < σp cutoff, e.g

O(z1−, z1⊥ , z2−, z2⊥) ≡ ψ̄(z1−, z1⊥)[z1−,−∞]z1⊥
Γ[−∞, z2+]z2ψ(z2+, z2⊥)

Ôσp
i - “target” TMD operators with α < σt cutoff, e.g

O(z1+, z1⊥ , z2+, z2⊥) ≡ ψ̄(z1+, z1⊥)[z1+,−∞]z1⊥
Γ[−∞, z2+]z2⊥

ψ(z2+, z2⊥).

Standard notation for straight-line gauge link

[x, y] ≡ Peig
∫ 1

0 du (x−y)µAµ(ux+(1−u)y) − gauge link

Convenient notations

[x+, y+]z⊥ ≡ [x+, 0−, z⊥; y+, 0−, z⊥], [x−, y−]z⊥ ≡ [x−, 0+, z⊥; y−, 0+, z⊥]
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Means: “double operator expansion”

Intermediate step: double operator expansion

Ĵ(x1)Ĵ(x2) =
∑
I,J

∫
dz−1 dz−2 dw+

1 dw+
2 CIJ(x1, x2; z−i ,w

+
i ;σp, σt)

× Ôσp
I (z−2 , x2⊥ ; z−1 , x1⊥)Ôσt

J (z+2 , x2⊥ ; z+1 , x1⊥)

To find relevant operators and coefficients, it is convenient to consider “matrix”
elements of the l.h.s. and r.h.s. in suitable background field

Suitable field A: solution of classical YM equations with boundary condition that
at the remote past the field is a sum of projectile and target fields

⟨Ĵ(x1)Ĵ(x2)⟩A =
∑
I,J

∫
dz−1 dz−2 dw+

1 dw+
2 CIJ(x1, x2; z−i ,w

+
i ;σp, σt)

× ⟨Ôσp
I (z−2 , x2⊥ ; z−1 , x1⊥)Ôσt

J (z+2 , x2⊥ ; z+1 , x1⊥)⟩A

In the tree approximation

⟨Ôσp
I Ôσt

J ⟩A = ÔI(A)ÔJ(A)
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Classical solution A and ψA

Solution of classical YM equations

/PψA = 0, DνF a
µν =

∑
f

gψ̄AtaγµψA

Boundary conditions :
Aµ(x)

x+→−∞
= Āµ(x−, x⊥), ψA(x)

x+→−∞
= ψa(x−, x⊥)

Aµ(x)
x−→−∞

= B̄µ(x+, x⊥), ψA(x)
x−→−∞

= ψb(x+, x⊥)

The projectile and target fields satisfy YM equations

(/P + mf )ψa = 0, DνFa
µν = gψ̄ataγµψa

(/P + mf )ψb = 0, DνFa
µν = gψ̄btaγµψb

Method of solution:
Start with ψA + ψB and Āµ + B̄µ in the gauge A+ = 0, A− = 0
Correct by computing Feynman diagrams (with retarded propagators) with
sources ( ̸P + m)(ψA + ψB) and Jν = DµFµν(U + V)
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ψC in the tree approximation

It is convenient to choose projectile/target fields as
Projectile fields: β = 0⇒ A(x−, x⊥), ψA(x−, x⊥)
Target fields: α = 0⇒ B(x+, x⊥), ψB(x−, x⊥)

Classical background fields: ψC , Cµ
ψC = sum of tree diagrams in external A, Ã, ψA, ψ̃A and B, B̃, ψB, ψ̃B fields
with sources
Jψ = (̸P + m)(ψA + ψB), Jν = DµFµν(A + B)
and
J̃ψ = (̸P + m)(ψ̃A + ψ̃B), J̃ν = DµFµν(Ã + B̃)
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Classical solution ≡∑
tree diagrams with retarded propagators

The fields A, ψ and Ã, ψ̃ do not depend on x+ ⇒
if they coincide at x+ =∞⇒ they coincide everywhere.

Similarly,
B, ψb and B̃, ψ̃b do not depend on x− ⇒
if they coincide at x− =∞ they should be equal.

Since Ã = A and B̃ = B the sources and background fields are the same to the
left and to the right of the cut
⇒
ψC and Cµ are given by the sum of tree diagrams with retarded Green functions
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Classical fields in the leading order in p2
⊥/p2

∥ ∼ q2
⊥/Q2

The solution of such YM equations in general case is yet unsolved problem
(goes under the name “glasma”⇔ scattering of two “color glass condensates”).

Fortunately, for our case of particle production with q⊥
Q ≪ 1 we can use this small

parameter and construct the approximate solution.

At the tree level transverse momenta are ∼ q2
⊥ and longitudinal are ∼ Q2 ⇒

ψ,A = series in
q⊥
Q

: ψ = ψ(0) + ψ(1) + ..., A = A(0) + A(1) + ...

NB: After the expansion

1
p2 + iϵp0

=
1

p2
∥ − p2

⊥ + iϵp0
=

1
p2
∥
− 1

p2
∥ + iϵp0

p2
⊥

1
p2
∥ + iϵp0

+ ...

the dynamics in transverse space is trivial.

Fields are either at the point x⊥ or at the point 0⊥ ⇒ TMDs
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Leading-Nc power corrections

Power corrections are ∼ leading twist ×
(

q⊥
Q or q2

⊥
Q2

)
×
(
1 + 1

Nc
+ 1

N2
c

)
.

NB: almost all q̄Gq TMDs not suppressed by 1
Nc

are determined by the q̄q TMDs
due to QCD equations of motion

Leading twist: ϱ ≡
√

s/2

1
8π3s

∫
dx−d2x⊥ e−iαϱx−+i(k,x)⊥ ⟨A| ˆ̄ψ(x−, x⊥) ̸p2ψ̂(0)|A⟩ = f1(α, k2

⊥)

Power correction:

1
8π3s

∫
dx−dx⊥ e−iαϱx−+i(k,x)⊥

× ⟨A| ˆ̄ψ(x−, x⊥) /̂A(x−, x⊥)/p2γiψ̂(0)|A⟩

= kif1(α, k⊥)− αki
[
f⊥(α, k⊥) + ig⊥(α, k⊥)

]
,

(Mulders & Tangerman, 1996)
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Result for Wµν for unpolarized hadrons

Result:
Wµν(q) = W1

µν(q) + W2
µν(q) + W3

µν(q)

The first, gauge-invariant, part is a “gauge completion” of leading-twist result

W1
µν(q) = W1F

µν(q) + W1H
µν (q),

W1F
µν(q) =

∑
f

e2
f W fF

µν(q), W fF
µν(q) =

1
Nc

∫
d2k⊥Ff (q, k⊥)WF

µν(q, k⊥),

W1H
µν (q) =

∑
f

e2
f W fH

µν(q), W fH
µν(q) =

1
Nc

∫
d2k⊥Hf (q, k⊥)WH

µν(q, k⊥)

where Ff and Hf are (αq ≡ xA, βq ≡ xB)

F(q, k⊥) = f1αq, k⊥)f̄1βq, (q− k)⊥) + f1 ↔ f̄1
H(q, k⊥) = h⊥1 (αq, k⊥)h̄⊥1 (βq, (q− k)⊥) + h⊥1 ↔ h̄⊥1
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Gauge-invariant structures qµWF
µν = qµWH

µν = 0

WF
µν(q, k⊥) = LT + “gauge− invariant completion′′

= −g⊥µν +
1

Q2 (q
∥
µq⊥ν + q∥νq⊥µ ) +

q2
⊥

Q4 q∥µq∥ν +
q̃µq̃ν
Q2 [q2

⊥ − 4(k, q− k)⊥]

−
[ q̃µ

Q2

(
g⊥νi −

q∥νqi

Q2

)
(q− 2k)i

⊥ + µ↔ ν
]

q̃ ≡ αqp1 − βqp2

m2WH
µν(q, k⊥)

= −
[
k⊥µ (q− k)⊥ν + k⊥ν (q− k)⊥µ + g⊥µν(k, q− k)⊥

]
+ 2

q̃µq̃ν − q∥µq∥ν
Q4 k2

⊥(q− k)2
⊥

−
( q∥µ

Q2

[
k2
⊥(q− k)⊥ν + k⊥ν (q− k)2

⊥
]
+

q̃µ
Q2

[
k2
⊥(q− k)⊥ν − k⊥ν (q− k)2

⊥
]
+ µ↔ ν

)
− q̃µq̃ν + q∥µq∥ν

Q4

[
q2
⊥ − 2(k, q− k)⊥

]
(k, q− k)⊥ −

q∥µq̃ν + q̃µq∥ν
Q4 (2k − q, q)⊥(k, q− k)⊥
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Second gauge-invariant part

W2
µν(q) =

2
NcQ2

∫
d2k⊥

×
{[

q̃µ(q− k)ν +
2
βqs

q̃µp1ν(k, q− k)⊥ +
2
αqs

q̃µp2ν(q− k)2
⊥ + µ↔ ν

]
×

(
βq{f1 f̄⊥ + f̄1f⊥} − αq{hh̄⊥1 + h̄h⊥1 }

)
+

[
q̃µk⊥ν +

2
sβq

k2
⊥q̃µp1ν +

2
sαq

(k, q− k)⊥q̃µp2ν + µ↔ ν
]

×
(
− αq{f⊥ f̄1 + f̄⊥f1}+ βq{h⊥1 h̄ + h̄⊥1 h}

)
+

4q̃µq̃ν
Q2

[
m2

(
α2

q{f3 f̄1 + f̄3f1}+ β2
q{f1 f̄3 + f̄1f3}+ αqβq

[
{eē + ēe}+ {hh̄ + h̄h}

])
+ (k, q− k)⊥

(
− αqβq

[
{f⊥ f̄⊥ + f̄⊥f⊥}+ {g⊥ḡ⊥ + ḡ⊥g⊥}

]
+ β2

q{h⊥1 h̄⊥3 + h̄⊥1 h⊥3 }+ α2
q{h⊥3 h̄⊥1 + h̄⊥3 h⊥1 }

)]
f⊥, f3, h, h⊥3 , g⊥, e are the quark-antiquark TMDs of a non-leading twist.
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Third part

W3
µν(q) =

2
NcQ2

∫
d2k⊥

×
{

g⊥µν ×
[
a bunch of quark−antiquark and quark−antiquark−gluon TMDs

]
+

[
k⊥µ (q− k)⊥ν + k⊥ν (q− k)⊥µ + g⊥µν(k, q− k)⊥

]
× same

}
Similarly to LT contribution, is not EM gauge invariant⇒ needs “gauge

completion” by 1
Q3 and 1

Q4 power corrections, for example

g⊥µν →WF
µν , k⊥µ (q− k)⊥ν + k⊥ν (q− k)⊥µ + g⊥µν(k, q− k)⊥ →WH

µν

NB: basis of operators for 1
Q2 corrections (ϱ ≡

√
s/2)

EOM :
/A⊥(x)ψ(x) = −i/∂⊥ψ(x)− i 1

ϱ/p1∂+ψ(x)−i 1
ϱ/p2D−ψ(x)

/B⊥(x)ψ(x) = −i/∂⊥ψ(x)− i 1
ϱ/p2∂−ψ(x)−i 1

ϱ/p1D+ψ(x)

−i 1
ϱ/p1D±ψ(x) = my choice, /A⊥(x)ψ(x) = Vladimirov, Scimemi et al
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Application: angular coefficients of Z-boson production

In CMS and ATLAS experiments s = 8 TeV, Q = 80− 100 GeV and Q⊥
varies from 0 to 120 GeV.

Our analysis is valid at Q⊥ = 10− 30 GeV and Y ≃ 0 (xA ∼ xB ∼ 0.1) so that
power corrections are small but sizable.

Angular distribution of DY leptons in the Collins-Soper frame (cϕ ≡ cosϕ,
sϕ ≡ sinϕ etc.)

dσ
dQ2dydΩl

=
3

16π
dσ

dQ2dy

[
(1 + c2

θ) +
A0

2
(1− 3c2

θ) + A1s2θcϕ +
A2

2
s2
θc2ϕ

+ A3sθcϕ + A4cθ + A5s2
θs2ϕ + A6s2θsϕ + A7sθsϕ

]
Back-of-the envelope estimation: take only f1 contribution at large Nc, use
“factorization hypothesis” for TMD f1(x, k⊥) ≃ f (x)g(k⊥) and calculate integrals
over k⊥ in the leading log approximation using f1(x, k2

⊥) ≃
f (x)
k2
⊥
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Comparison of A0 with LHC results

Logarithmic estimate of A0 (mz -Z-boson mass, m - proton mass)

A0 =
Q2
⊥

m2
z

1 + 2 lnm2
z/Q2

⊥
lnQ2

⊥/m2

1 +
Q2
⊥

m2
z

lnm2
z/Q2

⊥
lnQ2

⊥/m2

(∗)

10 15 20 25 30 35

0.05

0.10

0.15

0.20

Q⊥

Figure: Comparison of prediction (∗) with lines depicting angular coefficient A0
in bins of Q⊥ and Y < 1 from CMS (arXiv:1504.03512) and ATLAS
(arXiv1606.00689)
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Comparison of A2 with LHC results

Logarithmic estimate of A2

A2 =
Q2
⊥

m2
z

1

1 +
Q2
⊥

m2
z

lnm2
z/Q2

⊥
lnQ2

⊥/m2

(∗∗)

10 15 20 25 30 35

0.02

0.04

0.06

0.08

0.10

0.12

Q⊥

Figure: Comparison of prediction (∗∗) with lines depicting angular coefficient
A2 in bins of Q⊥ and Y < 1 from CMS (arXiv:1504.03512) and ATLAS
(arXiv1606.00689)
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Conclusions to Part 1

1 Power corrections ∼ 1
Q2 for DY hadronic tensor⇒ “gauge-invariant

completion” of the LT result.
2 Bookkeeping: full list of 1

Q2 power corrections

3 Back-of-the-envelope estimates of angular distributions for DY
Z-boson production are in good agreement with LHC data.
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Part 2: logarithms and evolution
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Rapidity-only cutoffs and matching of logs

“Central” fields
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pB
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit> “Target” fields : |↵| < �t

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

↵
<latexit sha1_base64="YU74jYa3ZAsEON6emOeuL2by/+o=">AAAB7XicbZC7SgNBFIbPxluMt3jpbAaDYBV2tdDOgIWWEcwFkiWcnUySMbOzy8ysEJe8g42FIrZ2Vj6JnaVv4uRSaOIPAx//fw5zzgliwbVx3S8ns7C4tLySXc2trW9sbuW3d6o6ShRlFRqJSNUD1ExwySqGG8HqsWIYBoLVgv7FKK/dMaV5JG/MIGZ+iF3JO5yisVa1iSLuYStfcIvuWGQevCkUzj/uvy/f99JyK//ZbEc0CZk0VKDWDc+NjZ+iMpwKNsw1E81ipH3ssoZFiSHTfjqedkgOrdMmnUjZJw0Zu787Ugy1HoSBrQzR9PRsNjL/yxqJ6Zz5KZdxYpikk486iSAmIqPVSZsrRo0YWECquJ2V0B4qpMYeKGeP4M2uPA/V46J3Ujy+dgslFybKwj4cwBF4cAoluIIyVIDCLTzAEzw7kfPovDivk9KMM+3ZhT9y3n4Aq0aS2A==</latexit>

�
<latexit sha1_base64="XYqW/YhKWccngXSjdGh7CR5FtWc=">AAAB7HicbVA9SwNBEN3zM4lfUUubwyBYSLiLhZYBG8sIXhJIjrC3N5cs2ds7dueEcKSxsbSxUMTWzj9j56/RzUehiQ8GHu/NMDMvSAXX6Dhf1srq2vrGZqFY2tre2d0r7x80dZIpBh5LRKLaAdUguAQPOQpopwpoHAhoBcOrid+6A6V5Im9xlIIf077kEWcUjeR1A0DaK1ecqjOFvUzcOanUiw/hx/f9WaNX/uyGCctikMgE1brjOin6OVXImYBxqZtpSCkb0j50DJU0Bu3n02PH9olRQjtKlCmJ9lT9PZHTWOtRHJjOmOJAL3oT8T+vk2F06edcphmCZLNFUSZsTOzJ53bIFTAUI0MoU9zcarMBVZShyadkQnAXX14mzVrVPa/WbkwaDpmhQI7IMTklLrkgdXJNGsQjjHDySJ7JiyWtJ+vVepu1rljzmUPyB9b7D4WbkiA=</latexit>

↵� =
Q2

?
s

<latexit sha1_base64="cALKZldSLcQSlCJbcGIEKHdqnVY=">AAACCXicbVC7SgNBFJ31bXytWmoxGBSrsBsRbUTBRrsIJhGym3B3cmOGzO4OM7NCWNLa+Cs2Foqk9Q/s/BsniYWvAwOHc+7hzj2RFFwbz/twpqZnZufmFxYLS8srq2vu+kZNp5liWGWpSNVNBBoFT7BquBF4IxVCHAmsR73zkV+/Q6V5mlybvsQwhtuEdzgDY6WWSwMQsgtBhAboCc2vWoFEJZvlILUxqgctt+iVvDHoX+J/keLZ3vblsHl4Wmm570E7ZVmMiWECtG74njRhDspwJnBQCDKNElgPbrFhaQIx6jAfXzKgu1Zp006q7EsMHavfEznEWvfjyE7GYLr6tzcS//MamekchzlPZGYwYZNFnUxQk9JRLbTNFTIj+pYAU9z+lbIuKGDGllewJfi/T/5LauWSf1AqX9k2PDLBAtkiO2Sf+OSInJELUiFVwsg9eSTP5MV5cJ6cV2c4GZ1yvjKb5Aect0/fP5v9</latexit>

�p
<latexit sha1_base64="eY8pZ4NBBco8r3CpG0YL25ANpUM=">AAAB73icdVBNSwMxEM3Wr1q/asWTl2ARPC3Z1rX2VvDisYL9gHYp2TTbhia7a5IVSunVkycvCoro0b/jzX9j2lVQ0QcDj/dmmJnnx5wpjdC7lVlYXFpeya7m1tY3Nrfy24WmihJJaINEPJJtHyvKWUgbmmlO27GkWPictvzR6cxvXVGpWBRe6HFMPYEHIQsYwdpI7a5iA4F7cS9fRLaLnKpbhSkpI0OQc1Rxj6FjozmKtcLL9b27e1Pv5d+6/YgkgoaacKxUx0Gx9iZYakY4nea6iaIxJiM8oB1DQyyo8ibze6fwwCh9GETSVKjhXP0+McFCqbHwTafAeqh+ezPxL6+T6ODEm7AwTjQNSbooSDjUEZw9D/tMUqL52BBMJDO3QjLEEhNtIsqZEL4+hf+TZsl2ynbp3KSBQIos2AP74BA4oAJq4AzUQQMQwMEteACP1qV1Zz1Zz2lrxvqc2QE/YL1+AGzwkyE=</latexit>

�t
<latexit sha1_base64="Lk5+QJRtoL8wrwtGD8eqHH+td7Y=">AAAB73icdVDLSgMxFM20Pmp9VcWVm2ARXA0zHbV1V3DjsoJ9QDuUTJppQ5PMmGSEMvQn3LhQxK2f4S+4EFz5KZo+BBU9cOFwzr3ce08QM6q047xZmezC4tJybiW/ura+sVnY2m6oKJGY1HHEItkKkCKMClLXVDPSiiVBPGCkGQzPJn7zmkhFI3GpRzHxOeoLGlKMtJFaHUX7HHV1t1B07Irnet4pdGxnCkOOTkrHpTJ050qxmn39eN59J7Vu4aXTi3DCidCYIaXarhNrP0VSU8zION9JFIkRHqI+aRsqECfKT6f3juGBUXowjKQpoeFU/T6RIq7UiAemkyM9UL+9ifiX1050WPFTKuJEE4Fni8KEQR3ByfOwRyXBmo0MQVhScyvEAyQR1iaivAnh61P4P2mUbNezSxcmDQfMkAN7YB8cAheUQRWcgxqoAwwYuAF34N66sm6tB+tx1pqx5jM74Aesp08W95Rf</latexit>

B
<latexit sha1_base64="WXwOSspdQ3Pg9yBVC9nAjHZTxYY=">AAAB6HicdZDLSgMxFIYzXmu91cvOTbAIroa5qK0riy502YK9QDuUTJppYzOZIckIdegTuHGhiFsfwJVP4s6lb2J6EVT0h8DP959Dzjl+zKhUlvVuzMzOzS8sZpayyyura+u5jc2ajBKBSRVHLBINH0nCKCdVRRUjjVgQFPqM1P3+2SivXxMhacQv1SAmXoi6nAYUI6VR5bSdy1tm0bVd9xhapjWWNgdHzqFTgPaU5E9ebz7OX7bTcjv31upEOAkJV5ghKZu2FSsvRUJRzMgw20okiRHuoy5pastRSKSXjgcdwj1NOjCIhH5cwTH93pGiUMpB6OvKEKme/J2N4F9ZM1FB0UspjxNFOJ58FCQMqgiOtoYdKghWbKANwoLqWSHuIYGw0rfJ6iN8bQr/NzXHtF3TqVj5kgUmyoAdsAv2gQ0KoAQuQBlUAQYE3IJ78GBcGXfGo/E0KZ0xpj1b4IeM508A7JC7</latexit>

B
<latexit sha1_base64="WXwOSspdQ3Pg9yBVC9nAjHZTxYY=">AAAB6HicdZDLSgMxFIYzXmu91cvOTbAIroa5qK0riy502YK9QDuUTJppYzOZIckIdegTuHGhiFsfwJVP4s6lb2J6EVT0h8DP959Dzjl+zKhUlvVuzMzOzS8sZpayyyura+u5jc2ajBKBSRVHLBINH0nCKCdVRRUjjVgQFPqM1P3+2SivXxMhacQv1SAmXoi6nAYUI6VR5bSdy1tm0bVd9xhapjWWNgdHzqFTgPaU5E9ebz7OX7bTcjv31upEOAkJV5ghKZu2FSsvRUJRzMgw20okiRHuoy5pastRSKSXjgcdwj1NOjCIhH5cwTH93pGiUMpB6OvKEKme/J2N4F9ZM1FB0UspjxNFOJ58FCQMqgiOtoYdKghWbKANwoLqWSHuIYGw0rfJ6iN8bQr/NzXHtF3TqVj5kgUmyoAdsAv2gQ0KoAQuQBlUAQYE3IJ78GBcGXfGo/E0KZ0xpj1b4IeM508A7JC7</latexit>

A
<latexit sha1_base64="icfy43BD5ey/fNeF3/LvAVneWhs=">AAAB6HicdZDLSgMxFIYzXmu91cvOTbAIroZMa61dWXGhyxbsBdqhZNJMG5vJDElGqEOfwI0LRdz6AK58EncufRPTVkFFfwh8/P855JzjRZwpjdCbNTM7N7+wmFpKL6+srq1nNjbrKowloTUS8lA2PawoZ4LWNNOcNiNJceBx2vAGp+O8cUWlYqG40MOIugHuCeYzgrWxqiedTBbZBeSUCiU4hTwygJyDYuEQOjaaKHv8cv1+9rydVDqZ13Y3JHFAhSYcK9VyUKTdBEvNCKejdDtWNMJkgHu0ZVDggCo3mQw6gnvG6UI/lOYJDSfu944EB0oNA89UBlj31e9sbP6VtWLtH7kJE1GsqSDTj/yYQx3C8dawyyQlmg8NYCKZmRWSPpaYaHObtDnC16bwf6jnbCdv56ooW0ZgqhTYAbtgHzigCMrgHFRADRBAwQ24A/fWpXVrPViP09IZ67NnC/yQ9fQBGA6Qyw==</latexit>

|�| < �p
<latexit sha1_base64="bixgM0cWmb33yBC/1himNFXGsp8=">AAAB+XicdVC7SgNBFJ31GeNrjVjZDAbBKswmrjFgEbCxjGAekF3C7GSSDJl9MDMbCJu0Vn6AhU0KRWz9Ezv/xklWQUUPXDiccy/33uNFnEmF0LuxtLyyurae2chubm3v7Jp7uYYMY0FonYQ8FC0PS8pZQOuKKU5bkaDY9zhtesPLud8cUSFZGNyocURdH/cD1mMEKy11THPieFThyYUjWd/Hnahj5lHBRlbFrsCUlJAmyDot22fQKqAF8tXc7PbePrirdcw3pxuS2KeBIhxL2bZQpNwEC8UIp9OsE0saYTLEfdrWNMA+lW6yuHwKj7XShb1Q6AoUXKjfJxLsSzn2Pd3pYzWQv725+JfXjlXv3E1YEMWKBiRd1Is5VCGcxwC7TFCi+FgTTATTt0IywAITpcPK6hC+PoX/k0axYJUKxWudBgIpMuAQHIETYIEyqIIrUAN1QMAIPIBH8GQkxsx4Nl7S1iXjc2Yf/IDx+gEAqZbO</latexit>

A \B
<latexit sha1_base64="nCgO2GEgfLv0P2Axee3eNT34QyI=">AAAB7nicdVDLSgMxFM3UV62v+ti5CRbB1ZDpA+3KqgtdVrCt0A4lk6ZtaCYTkoxQh36EGxeKuHXlyi9x59I/MW0VVPTAhcM593LPvYHkTBuE3pzUzOzc/EJ6MbO0vLK6ll3fqOsoVoTWSMQjdRlgTTkTtGaY4fRSKorDgNNGMDgZ+40rqjSLxIUZSuqHuCdYlxFsrNQ4ahEs4XE7m0NuCXnlUhkiN19C5WLREuQhVChCz0UT5A5frt9Pn7eSajv72upEJA6pMIRjrZseksZPsDKMcDrKtGJNJSYD3KNNSwUOqfaTSdwR3LVKB3YjZUsYOFG/TyQ41HoYBrYzxKavf3tj8S+vGZvugZ8wIWNDBZku6sYcmgiOb4cdpigxfGgJJorZrJD0scLE2A9l7BO+LoX/k3re9Qpu/hzlKghMkQbbYAfsAQ/sgwo4A1VQAwQMwA24A/eOdG6dB+dx2ppyPmc2wQ84Tx/i+JLw</latexit>

A
<latexit sha1_base64="icfy43BD5ey/fNeF3/LvAVneWhs=">AAAB6HicdZDLSgMxFIYzXmu91cvOTbAIroZMa61dWXGhyxbsBdqhZNJMG5vJDElGqEOfwI0LRdz6AK58EncufRPTVkFFfwh8/P855JzjRZwpjdCbNTM7N7+wmFpKL6+srq1nNjbrKowloTUS8lA2PawoZ4LWNNOcNiNJceBx2vAGp+O8cUWlYqG40MOIugHuCeYzgrWxqiedTBbZBeSUCiU4hTwygJyDYuEQOjaaKHv8cv1+9rydVDqZ13Y3JHFAhSYcK9VyUKTdBEvNCKejdDtWNMJkgHu0ZVDggCo3mQw6gnvG6UI/lOYJDSfu944EB0oNA89UBlj31e9sbP6VtWLtH7kJE1GsqSDTj/yYQx3C8dawyyQlmg8NYCKZmRWSPpaYaHObtDnC16bwf6jnbCdv56ooW0ZgqhTYAbtgHzigCMrgHFRADRBAwQ24A/fWpXVrPViP09IZ67NnC/yQ9fQBGA6Qyw==</latexit>

C
<latexit sha1_base64="WZXHA2fLRIEMrtFT33twVkvC2Qo=">AAAB6HicdZDLSgMxFIYz9VbrrV52boJFcFWSCrZdWehCly3YC7RDyaRpG5vJDElGqEOfwI0LRdz6AK58EncufRMzrYKK/hD4+P9zyDnHCwXXBqE3J7WwuLS8kl7NrK1vbG5lt3eaOogUZQ0aiEC1PaKZ4JI1DDeCtUPFiO8J1vLG1SRvXTGleSAvzCRkrk+Gkg84JcZa9Wovm0N5hBDGGCaAiyfIQrlcKuASxElklTt9uX4/e96La73sa7cf0Mhn0lBBtO5gFBo3JspwKtg00400CwkdkyHrWJTEZ9qNZ4NO4aF1+nAQKPukgTP3e0dMfK0nvmcrfWJG+neWmH9lncgMSm7MZRgZJun8o0EkoAlgsjXsc8WoERMLhCpuZ4V0RBShxt4mY4/wtSn8H5qFPD7OF+ooV0FgrjTYBwfgCGBQBBVwDmqgAShg4AbcgXvn0rl1HpzHeWnK+ezZBT/kPH0AAq+QvQ==</latexit>

C
<latexit sha1_base64="WZXHA2fLRIEMrtFT33twVkvC2Qo=">AAAB6HicdZDLSgMxFIYz9VbrrV52boJFcFWSCrZdWehCly3YC7RDyaRpG5vJDElGqEOfwI0LRdz6AK58EncufRMzrYKK/hD4+P9zyDnHCwXXBqE3J7WwuLS8kl7NrK1vbG5lt3eaOogUZQ0aiEC1PaKZ4JI1DDeCtUPFiO8J1vLG1SRvXTGleSAvzCRkrk+Gkg84JcZa9Wovm0N5hBDGGCaAiyfIQrlcKuASxElklTt9uX4/e96La73sa7cf0Mhn0lBBtO5gFBo3JspwKtg00400CwkdkyHrWJTEZ9qNZ4NO4aF1+nAQKPukgTP3e0dMfK0nvmcrfWJG+neWmH9lncgMSm7MZRgZJun8o0EkoAlgsjXsc8WoERMLhCpuZ4V0RBShxt4mY4/wtSn8H5qFPD7OF+ooV0FgrjTYBwfgCGBQBBVwDmqgAShg4AbcgXvn0rl1HpzHeWnK+ezZBT/kPH0AAq+QvQ==</latexit>

C
<latexit sha1_base64="WZXHA2fLRIEMrtFT33twVkvC2Qo=">AAAB6HicdZDLSgMxFIYz9VbrrV52boJFcFWSCrZdWehCly3YC7RDyaRpG5vJDElGqEOfwI0LRdz6AK58EncufRMzrYKK/hD4+P9zyDnHCwXXBqE3J7WwuLS8kl7NrK1vbG5lt3eaOogUZQ0aiEC1PaKZ4JI1DDeCtUPFiO8J1vLG1SRvXTGleSAvzCRkrk+Gkg84JcZa9Wovm0N5hBDGGCaAiyfIQrlcKuASxElklTt9uX4/e96La73sa7cf0Mhn0lBBtO5gFBo3JspwKtg00400CwkdkyHrWJTEZ9qNZ4NO4aF1+nAQKPukgTP3e0dMfK0nvmcrfWJG+neWmH9lncgMSm7MZRgZJun8o0EkoAlgsjXsc8WoERMLhCpuZ4V0RBShxt4mY4/wtSn8H5qFPD7OF+ooV0FgrjTYBwfgCGBQBBVwDmqgAShg4AbcgXvn0rl1HpzHeWnK+ezZBT/kPH0AAq+QvQ==</latexit>

C
<latexit sha1_base64="WZXHA2fLRIEMrtFT33twVkvC2Qo=">AAAB6HicdZDLSgMxFIYz9VbrrV52boJFcFWSCrZdWehCly3YC7RDyaRpG5vJDElGqEOfwI0LRdz6AK58EncufRMzrYKK/hD4+P9zyDnHCwXXBqE3J7WwuLS8kl7NrK1vbG5lt3eaOogUZQ0aiEC1PaKZ4JI1DDeCtUPFiO8J1vLG1SRvXTGleSAvzCRkrk+Gkg84JcZa9Wovm0N5hBDGGCaAiyfIQrlcKuASxElklTt9uX4/e96La73sa7cf0Mhn0lBBtO5gFBo3JspwKtg00400CwkdkyHrWJTEZ9qNZ4NO4aF1+nAQKPukgTP3e0dMfK0nvmcrfWJG+neWmH9lncgMSm7MZRgZJun8o0EkoAlgsjXsc8WoERMLhCpuZ4V0RBShxt4mY4/wtSn8H5qFPD7OF+ooV0FgrjTYBwfgCGBQBBVwDmqgAShg4AbcgXvn0rl1HpzHeWnK+ezZBT/kPH0AAq+QvQ==</latexit>

|↵| < �t
<latexit sha1_base64="uEyMv7SkB68hy3YGMuOlgVEgTlw=">AAAB+nicdVBLSgNBEO2Jvxh/E93ppjEIrsIko0kWLgJuXLhIwHwgGYaaTidp0vOhu0cJSU7gGdy4UMStN/AG7ryFR7DzEVT0QcHjvSqq6nkRZ1JZ1ruRWFpeWV1Lrqc2Nre2d8z0bl2GsSC0RkIeiqYHknIW0JpiitNmJCj4HqcNb3A+9RvXVEgWBldqGFHHh17AuoyA0pJrpsdt4FEfxmdtyXo+uMo1M1a2VCgWTwrYylozaJI/tfO2jXMLJVM2qx+vl/u3Fdd8a3dCEvs0UISDlK2cFSlnBEIxwukk1Y4ljYAMoEdbmgbgU+mMZqdP8JFWOrgbCl2BwjP1+8QIfCmHvqc7fVB9+dubin95rVh1S86IBVGsaEDmi7oxxyrE0xxwhwlKFB9qAkQwfSsmfRBAlE4rpUP4+hT/T+r5bM7O5qs6DQvNkUQH6BAdoxwqojK6QBVUQwTdoDv0gB6NsXFvPBnP89aEsZjZQz9gvHwCPZuXlg==</latexit>��t

<latexit sha1_base64="/8YMX2KTL5tnXpfi32GN/mDxAkw=">AAAB8HicdVDLSgMxFM20Pmp9VcWVm2AR3DjMTNW2u4IblxXsQ9qhZNK0DU0yQ5IRytCvcONCEbf+hb/gQnDlp2j6EFT0wIXDOfdy7z1BxKjSjvNmpdILi0vLmZXs6tr6xmZua7uuwlhiUsMhC2UzQIowKkhNU81IM5IE8YCRRjA8m/iNayIVDcWlHkXE56gvaI9ipI10ddRWtM9RR3dyeccunpQcz4WO7UxhSMErH5dPoTtX8pX068fz7jupdnIv7W6IY06Exgwp1XKdSPsJkppiRsbZdqxIhPAQ9UnLUIE4UX4yPXgMD4zShb1QmhIaTtXvEwniSo14YDo50gP125uIf3mtWPdKfkJFFGsi8GxRL2ZQh3DyPexSSbBmI0MQltTcCvEASYS1yShrQvj6FP5P6p7tFmzvwqThgBkyYA/sg0PggiKogHNQBTWAAQc34A7cW9K6tR6sx1lryprP7IAfsJ4+AYWIlJk=</latexit>

��p
<latexit sha1_base64="cCajqj3/1bkfC0Kk1s/W6beDveM=">AAAB8HicdVA9SwNBEN3zM8avGLGyWQyCjcde4hnTBWwsI5gPSY6wt9lLluzeHbt7QjjSWtnZpFAkrT/Hzn/jJlFQ0QcDj/dmmJnnx5wpjdC7tbS8srq2ntnIbm5t7+zm9vINFSWS0DqJeCRbPlaUs5DWNdOctmJJsfA5bfrDy5nfvKNSsSi80aOYegL3QxYwgrWRbk87ivUF7sbdXAHZLnIqbgUuSAkZgpyzsnsOHRvNUajmp/cT9+Ch1s29dXoRSQQNNeFYqbaDYu2lWGpGOB1nO4miMSZD3KdtQ0MsqPLS+cFjeGyUHgwiaSrUcK5+n0ixUGokfNMpsB6o395M/MtrJzq48FIWxommIVksChIOdQRn38Mek5RoPjIEE8nMrZAMsMREm4yyJoSvT+H/pFG0nZJdvDZpILBABhyCI3ACHFAGVXAFaqAOCBDgETyBZ0taE+vFmi5al6zPmX3wA9brB9d+k1g=</latexit>

Matching: lnσp

in the projectile
TMDs and lnσt

in the target
TMDs should
cancel with lnσp

and lnσt in
the coefficient
functions.

A ∩ B, k⊥ ∼ m⊥:
Glauber gluons
A ∩ B, k⊥ ≪ m⊥:
soft gluons

A ∩ B gluons ≡
soft/Glauber (sG)
gluons cancel out
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Rapidity-only cutoff

Typical diagram in the background
field Ψ(βB, pB⊥) = ϱ

∫
dz+dz⊥ Ψ(z+, z⊥)eiϱβBz+−i(pB,z)⊥

⟨[x+,−∞]xΓψ(y+, y⊥)⟩Ψ = g2cF

∫
d−βBd−pB⊥e−ipByΓΨ(βB, pB⊥)

×
∫ ∞

0
d−α

∫
d−p⊥
p2
⊥

βBse−i
p2
⊥
αs ϱ∆

++i(p,∆)

αβBs + (p− pB)2
⊥ + iϵ

← divergent as α→∞

⟨[x+,−∞]xΓψ(y+, y⊥,−δ−)⟩Ψ = g2cF

∫
d−βBd−pB⊥e−ipByΓΨ(βB, pB⊥) σ ≡ 1

ϱδ−

×
∫ ∞

0
d−α

∫
d−p⊥
p2
⊥

βBse−i
p2
⊥
αs ϱ∆

++i(p,x−y)⊥

αβBs + (p− pB)2
⊥ + iϵ

e−i ασ ← convergent as α→∞

y

x

Figure: Point-splitting visualization of “smooth” rapidity-only cutoff.
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Rapidity-only cutoff vs UV+rapidity regularization

Typical divergent integral (ε = d
2 − 2, d−np ≡ dnp

(2π)n )

−iµ−2ε
∫

d−αd−βd−p⊥
1

β − iϵ
1

αβs− p2
⊥ + iϵ

s(β − βB)

α(β − βB)s− p2
⊥ + iϵ

(
1− ei(p,x)⊥

)
= µ−2ε

∫
d−p⊥
p2
⊥

(
1− ei(p,x)⊥

)∫ βB

0

d−β
βB

βB − β
β − iϵ

= − 1
8π2

Γ(ε)

(x2
⊥µ

2)ε

∫ βB

0

dβ
βB

βB − β
β − iϵ

Regularization with A−(z+)→ A−(z+)e±δz+

− 1
8π2

Γ(ε)

(x2
⊥µ

2)ε

∫ βB

0

dβ
βB

βB − β
β − iδ

≃ 1
8π2

(
− 1
ε
+ lnµ2 x2

⊥
4

+ γE

)(
ln

βB

−iδ
− 1

)
Rapidity-only cutoff

−i
∫

d−αd−βd−p⊥
1

β − iϵ
e−iα

σ

αβs− p2
⊥ + iϵ

s(β − βB)

α(β − βB)s− p2
⊥ + iϵ

(
1− ei(p,x)⊥

)
=

∫
d−p⊥
p2
⊥

(
1− ei(p,x)⊥

)∫ ∞

0
d−α

βBs
αβBs + p2

⊥
e−iα

σ =
1

16π2 ln2 (− iβBσs
x2
⊥
4

eγE
)
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Rapidity evolution of TMDs

Quark TMD operator

O(z1+, z1⊥ , z2+, z2⊥) ≡ ψ̄(z1+, z1⊥)[z1+,−∞]z1Γ[−∞, z2+]z2ψ(z2+, z2⊥)

Sudakov regime: Q2 ≫ Q2
⊥ ⇔ z12+z12− ≪ z2

12⊥

a)

y

x

b)

d)

g) h)

e)

i)

f )

c)

Figure: Diagrams for leading-order rapidity evolution of quark TMD in the Sudakov
regime.
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Conformally invariant evolution at the LO (G.A. Chirilli & I.B.,2019)

Evolution equation (λ ≡ σ(x− y)2
⊥

s
4 )

λ
d

dλ
O(x+, y+;λ)

=

[∫ ∞

x+
dx′+

1
x′+ − y+

e
i λ

√
2/s

x′+−y+O(x+, y+;λ) −
∫ ∞

y+
dy′+
O(x+, y+;λ)−O(x+t, y′+;λ)

y′+ − y+

+

∫ ∞

y+
dy′+

1
y′+ − x+

e
i λ

√
2/s

y′+−x+O(x+, y+;λ) −
∫ ∞

x+
dx′+
O(x+, y+;λ)−O(x′+, y+;λ)

x′+ − x+

]

If we use rapidity cutoff at σ = 8ς
|x−y|⊥

√
s ⇔ λ = ς|x− y|√s,

the solution

O(x+, y+;σ) = e
− α̃s

2

(
ln2 2(x−y)2

⊥ς2

x+y+
−ln2 2(x−y)2

⊥ς2
0

x+y+

)
e4α̃sψ(1) ln ς

ς0

∫
dx′+dy′+ O(x′+, y′+;σ0)

× (x+y+)
−α̃s ln

ς
ς0

[ iΓ
(
1− α̃s ln

ς
ς0

)
(x+ − x′+ + iϵ)1−α̃s ln

ς
ς0

−
iΓ
(
1− α̃s ln

ς
ς0

)
(x+ − x′+ − iϵ)1−α̃s ln

ς
ς0

]

×
[ iΓ

(
1− α̃s ln

ς
ς0

)
(y+ − y′+ + iϵ)1−α̃s ln

ς
ς0

−
iΓ
(
1− α̃s ln

ς
ς0

)
(y+ − y′+ − iϵ)1−α̃s ln

ς
ς0

]
is obviously invariant under the inversion x+ → x+

x2
⊥

, y+ → y+
y2
⊥

.
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Argument of coupling constant by BLM (G.A. Chirilli & I.B.,2022)

A problem with leading-order rapidity evolution: what is the argument of coupling
constant?
In CSS approach - no problem, argument is defined by renormgroup

With rapidity-only evolution (BFKL, BK and the like) - argument of αs may be
obtained from the NLO calculations. BLM approach: calculate the small part of
the NLO result, namely quark loop contribution to gluon propagator, and
promote −2

3 nf to the full b = 11
3 Nc − 2

3 nf .

c) d)

b)a)

x

Figure: Quark loop correction to quark TMD evolution

Result: BLM optimal scale is logarithmically halfway between transverse
momentum (b−1/2

⊥ ) and energy (σβBs) of TMD both for quarks and gluons
Ian Balitsky Rapidity-only TMD factorization

Beyond Eikonal Workshop 23 May 2024
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Coefficient function for TMD factorization at one loop

Particle production by gluon fusion

p

p

q

A

B
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Goal: one-loop TMD factorization formula for hadronic tensor.

Result of calculations:

W(pA, pB; q) =

∫
db⊥ ei(q,b)⊥Dg/A(xA, b⊥;σa)Dg/B(xB, b⊥;σb)

× exp
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⊥sσpσt
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π2

2

]}
+ NLO terms ∼ O
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Reminder: rapidity factorization of functional integral
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Matching: lnσp

in the projectile
TMDs and lnσt

in the target
TMDs should
cancel with lnσp

and lnσt in
the coefficient
functions.

A ∩ B, k⊥ ∼ m⊥:
Glauber gluons
A ∩ B, k⊥ ≪ m⊥:
soft gluons

A ∩ B gluons ≡
soft/Glauber (sG)
gluons cancel out

Formal rescaling: s = ζs0, ζ →∞, Q2
⊥-fixed

Rapidity cutoffs : αa ≫ σt ≫
Q2
⊥

βbs
∼ ζ−1, βb ≫ σp ≫

Q2
⊥

αas
∼ ζ−1,

σpσts
Q2
⊥
∼ ζ−1/2
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Coefficient function in the functional-integral language

After integration over central fields

1
16

(N2
c − 1)⟨p′A, p′B|g2Fa

µνFaµν(x2)g2Fb
λρFbλρ(x1)|pA, pB⟩

=

∫
dA dψA Ψ∗

p′A
(ti)ΨpA(ti)Ψ

∗
p′B
(ti)ΨpB(ti)

[
Oσp

ij (x
−
2 , x2⊥ ; z−1 , x1⊥)Oij;σt(x+2 , x2⊥ ; x+1 , x1⊥)

+

∫
dz−1 dz1⊥dz−2 dz2⊥dw+

1 dw1⊥dw+
2 dw2⊥

αsNc

2π
C1(x1, x2; z−i , zi⊥ ,w

+
i ,wi⊥ ;σp, σt)

× Oσp
ij (z

−
2 , z2⊥ ; z−1 , z1⊥)Oij;σt(z+2 , z2⊥ ; z+1 , z1⊥) + ...

]
where A = A ∪ B, ΨpA , ΨpB are proton wave functionals, and

Oσp
ij (x

−, x⊥; y−, y⊥) ≡ g2F+i(x−, x⊥)[x−,−∞−]x⊥ [−∞−, y−]y⊥F+j(y−, y⊥)

Oσt
ij (x

+, x⊥; y+, y⊥) ≡ g2F−i(x+, x⊥)[x+,−∞+]x⊥ [−∞+, y+]y⊥F−j(y+, y⊥)

are gluon TMD operators
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Coefficient function in the functional-integral language

Calculation of coefficient function C1 in the background field A = Ā + B̄ + C̄∫
dz−2 dz2⊥dz−1 dz1⊥dw+

1 dw1⊥dw+
2 dw2⊥

αsNc

2π
C1(x1, x2; z−i , zi⊥ ,w

+
i ,wi⊥ ;σp, σt)

× F−i,a(z+2 , z2⊥)F
−j,a(z+1 , z1⊥)F

+i,a(z−2 , z2⊥)F
+j,a(z−1 , z1⊥)

=
N2

c − 1
16

g4⟨F̃a
µν F̃aµν(x2)Fb

λρFbλρ(x1)⟩A = Ā+B̄

− ⟨Ôij,σp(x−2 , x2⊥ ; x−1 , x1⊥)Ôij;σt(x+2 , x2⊥ ; x+1 , x1⊥)⟩A = Ā+B̄

(for the purpose of calculating leading-twist coefficient function the “correction
field” C can be neglected)
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Diagrams for ⟨F̃a
µν F̃aµν(x2)Fb

λρFbλρ(x1)⟩A in background fields

“Virtual” diagrams

(b) (c) (d)(a)

x1x 2

k b

k a

“Real” diagrams

(a)

x1x 2

z 1

z 2

(b) (c)

k ’a k a

k ’b k b
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Diagrams for subtracted TMD matrix elements

“Projectile” TMD matrix elements.

The e−i β
σp regularization is depicted by point splitting: positions of F′s are separated from

the beginnings of gauge links. (Violations of gauge invariance are power corrections).

(a) (b) (d)(c)

x ’1

x ’2x1
p

x2
p

“Target” TMD matrix elements. The e−i α
σt regularization is depicted by point splitting.

(a) (b) (c) (d)

x ’1

x ’2

x1
t

x2
t
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(Intermediate) Result

W (x1, x2) − W eik(x1, x2)

=

∫
d−α′

ad−k′a⊥d−β′
bd−kb⊥d−αad−k′a⊥d−βbd−k′b⊥e−iα′

aϱx−2 −iαaϱx−1 e−iβ′
bϱx+2 −iβbϱx+1

× e−i(ka+kb,x1)⊥−i(k′a+k′b,x2)⊥F+,b
i (α′

a, k
′
a⊥)F

−i,a(β′
b, k

′
b⊥)F

+,b
j (αa, ka⊥)F

−j,a(βb, kb⊥)

× g2[I − Iσp,σt
eik ](αa, α

′
a, βb, β

′
b, ka⊥ , k

′
a⊥ , kb⊥ , k

′
b⊥ , x1, x2)

with

[I − Iσp,σt
eik ](α′

a, αa, β
′
b, βb, k′a⊥ , k

′
a⊥ , kb⊥ , k

′
b⊥ , x2, x1)

= − ln
(−iα′

a)k
′2
a⊥

(−iαa)k′2a⊥
ln

(−iβ′
b)k

′2
b⊥

(−iβb)k2
b⊥

+ ln2 x2
12⊥sσpσt

4

− ln
(−iα′

a)e
γ

σt
ln

(−iβ′
b)e

γ

σp
− ln

(−iαa)eγ

σt
ln

(−iβb)eγ

σp
+ π2

where (−iαa) ≡ −i(αa + iϵ) etc. Power corrections ∼ ζ−1 and ∼ ζ−1/2 are neglected.

This formula is not yet the final result for the coefficient function. The coefficient function
was defined as a result of integration over C-fields with α > σt and β > σp. Since we did
not impose these restrictions while calculating the loop integrals, we need to subtract sG
contributions (with α < σt, β < σp) to these integrals.
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× e−i(ka+kb,x1)⊥−i(k′a+k′b,x2)⊥F+,b
i (α′

a, k
′
a⊥)F

−i,a(β′
b, k

′
b⊥)F

+,b
j (αa, ka⊥)F

−j,a(βb, kb⊥)

× g2[I − Iσp,σt
eik ](αa, α

′
a, βb, β

′
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′
a⊥ , kb⊥ , k

′
b⊥ , x1, x2)
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[I − Iσp,σt
eik ](α′

a, αa, β
′
b, βb, k′a⊥ , k

′
a⊥ , kb⊥ , k

′
b⊥ , x2, x1)

= − ln
(−iα′

a)k
′2
a⊥

(−iαa)k′2a⊥
ln

(−iβ′
b)k

′2
b⊥

(−iβb)k2
b⊥

+ ln2 x2
12⊥sσpσt

4

− ln
(−iα′

a)e
γ

σt
ln

(−iβ′
b)e

γ

σp
− ln

(−iαa)eγ

σt
ln

(−iβb)eγ
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+ π2
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Result for the coefficient function

Result of sG subtraction:

term − ln
(−iα′

a)k′2
a⊥

(−iαa)k′2
a⊥

ln
(−iβ′

b)k′2
b⊥

(−iβb)k2
b⊥

disappears⇒ no dynamics in the transverse plane

W (x1, x2) − W eik(x1, x2) − W sG(x1, x2)

=

∫
d−α′

ad−β′
bd−αad−βbe−iα′

aϱx−2 −iαaϱx−1 e−iβ′
bϱx+2 −iβbϱx+1

× F+,b
i (α′

a, x2⊥)F
−i,a(β′

b, x2⊥)F
+,b
j (αa, x1⊥)F

−j,a(βb, x1⊥)

× g2C1(α
′
a, αa, β

′
b, βb; x1, x2)

where

C1(α
′
a, αa, β

′
b, βb; x2, x1) = I − Iσp,σt

eik − Iσp,σt
sG

= ln2 x2
12⊥sσpσt

4
− ln

(−iα′
a)e

γ

σt
ln

(−iβ′
b)e

γ

σp
− ln

(−iαa)eγ

σt
ln

(−iβb)eγ

σp
+ π2

The coefficient function in the coordinate space is made of (+) - prescriptions since∫
dα eiαz[ ln (− i

α

σ
+ ϵ

)
=

θ(−z)
z

+ δ(z)
∫ 1/σ

0

dz′

z′
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Result for the coefficient function

Our formula

1
16

(N2
c − 1)⟨p′A, p′B|g2Fa

µνFaµν(x2)g2Fb
λρFbλρ(x1)|pA, pB⟩

=

∫
DΦA Ψ∗

p′A
(ti)ΨpA(ti)Ψ

∗
p′B
(ti)ΨpB(ti)

[
Oσp

ij (x
−
2 , x2⊥ ; z−1 , x1⊥)Oij;σt(x+2 , x2⊥ ; x+1 , x1⊥)

+

∫
dz−1 dz−2 dw+

1 dw+
2
αsNc

2π
C1(x1, x2; z−i ,w

+
i ;σp, σt)

× Oσp
ij (z

−
2 , x2⊥ ; z−1 , x1⊥)Oij;σt(z+2 , x2⊥ ; z+1 , x1⊥) + O(α2

s )
]

is not yet TMD formula since A = A ∪ B and soft/Glauber gluons sG = A ∩ B connect
“projectile” and “target” gluons.

It is well known that Glauber gluons cancel and soft gluons form soft factors.

With rapidity-only cutoffs, soft factors are power corrections⇒ one-loop TMD formula

1
16

(N2
c − 1)⟨p′

A, p
′
B|g2Fa

µνFaµν(x2)g2Fb
λρFbλρ(x1)|pA, pB⟩

= ⟨p′A|Ô
σp
ij (x

−
2 , x2⊥ ; x−1 , x1⊥)|pA⟩⟨p′

B|Ôij;σt(x+2 , x2⊥ ; x+1 , x1⊥)|pB⟩

+

∫
dz−1 dz−2 dw+

1 dw+
2
αsNc

2π
C1(x1, x2; z−i ,w

+
i ;σp, σt)

× ⟨p′A|Ô
σp
ij (z

−
2 , x2⊥ ; z−1 , x1⊥)|pA⟩⟨p′B|Ôij;σt(z+2 , x2⊥ ; z+1 , x1⊥)|pB⟩
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Matching of coefficient function and TMDs

The solution of TMD evolution equations compatible with this first-order result is

C(x1⊥ , x2⊥ ;α
′
a, αa, β

′
b, βb;σp, σt) = e

αsNc
2π C1(x12⊥ ,α′

a,αa,β
′
b,βb;σp,σt)

⇒ hadronic tensor is

W(α′
a, αa, β

′
b, βb, x1⊥ , x2⊥) =

∫
d−α′

ad−αad−β′
bd−βb e

αsNc
2π C1(x12⊥ ,α′

a,αa,β
′
b,βb;σp,σt)

× ⟨p′A|Ô
σp
ij (α

′
a, αa, x2⊥ , x1⊥)|pA⟩⟨p′

B|Ôij;σt(β′
b, βb, x2⊥ , x1⊥)|pB⟩ + ...

Reminder

C1(α
′
a, αa, β

′
b, βb; x1, x2;σp, σt)

= ln2 x2
12⊥sσpσt

4
− ln

(−iα′
a)e

γ

σt
ln

(−iβ′
b)e

γ

σp
− ln

(−iαa)eγ

σt
ln

(−iβb)eγ

σp
+ π2
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Forward case (≡ particle production by gluon fusion)

W(pA, pB; q) =

∫
db⊥ ei(q,b)⊥W(pA, pB;αq, βq, b⊥),

W(pA, pB;αq, βq, b⊥) =
π2

2
Q2Gσp

ij (αq, b⊥; pA)G ij;σt(βq, b⊥; pB)

× exp
{αsNc

2π

[
ln2 b2

⊥sσpσt

4
− 2

(
ln
αq

σt
+ γ

)(
ln
βq

σp
+ γ

)
+
π2

2

]}
+ NLO terms ∼ O

(
α2

s ) + power corrections (2)

where Gσp
ij ,Gσt

ij are gluon TMDs:

⟨pA|Ôσp
ij (z

−, 0−, b⊥)|pA⟩ = −g2ϱ2
∫ 1

0
du uGσp

ij (u, b⊥) cos uϱz−,

⟨pB|Ôσt
ij (z

−, 0−, b⊥)|pB⟩ = −g2ϱ2
∫ 1

0
du uGσt

ij (u, b⊥) cos uϱz−.
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Matching of coefficient function and TMDs

The r.h.s. of this evolution formula (2) does not depend on cutoffs σp and σt as long as

σp ≥ σ̃p =
4b−2

⊥
αqs and σt ≥ σ̃t ≡ 4b−2

⊥
βqs . Thus, the result of double-log Sudakov evolution

reads

W(pA, pB;αq, βq, b⊥) =
π2

2
Q2G σ̃p

ij (αq, b⊥; pA)G ij;σ̃t(βq, b⊥; pB)

× exp
{
− αsNc

2π

[(
ln

Q2b2
⊥

4
+ 2γ

)2 − 2γ2 − π2

2

]}
+ O

(
α2

s ) terms + power corrections

This result is universal for moderate x and small-x hadronic tensor. The difference lies in
the continuation of the evolution beyond Sudakov region.

Double-log Sudakov evolution should stop at βBσ0s ≃ b−2
⊥ . After that:

If βB ≡ xB ∼ 1 - DGLAP-type evolution from σ0 =
b−2
⊥

xBs to σfin =
m2

N
s :

summation of
(
αs ln

b−2
⊥

m2
N

)n

If βB ≡ xB ≪ 1 - BFKL-type evolution from σ0 =
b−2
⊥

xBs to σfin =
b−2
⊥
s : summation of(

αs ln xB
)n
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Conclusions

1 Conclusion to part 2: rapidity-only TMD factorization works!

The rapidity evolution of quark and gluon TMDs is conformally
invariant in the leading order (with proper rapidity-only cutoff).
Rapidity-only evolution with BLM prescription for running coupling
gives the same universal formula for Sudakov double logs at both
small and moderate x for both quark and gluon TMDs.
Rapidity factorization at the one-loop level gives Sudakov-type
double logs for both small and intermediate xB

2 Outlook
Matching to DGLAP and BFKL/BK evolutions
Conformal invariance of rapidity-only factorization

Thank you for attention!
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Backup slide: soft factor

Leading-order diagrams

x’’1 x’’2

x ’1 x ’2x 1 x 2

Result of calculation: 1
4π2 Li2

(
− x2

12⊥
2δ+δ−

)
∼ O

(
∆2

⊥
2δ+δ−

)
∼ O

(
σpσts
Q2
⊥

)
∼ O(ζ−1/2)

Soft factor with rapidity-only regularization does not have perturbative
contributions which can mix with the TMD evolution
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