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Introduction: TMD factorization from rapidity factorization:
m Drell-Yan hadronic tensors from TMD factorization.
Rapidity-only factorization at the tree level:
m Rapidity factorization from functional integral
= Classical fields from retarded propagators at p? /pj < 1.
m Full list of power corrections for DY hadronic tensor at é leading-N,
level
m Back-of-the envelope estimates of angular asymmetries for
Z-boson production.
Rapidity-only TMD factorization and evolution:
m Rapidity factorization beyond the tree level.
m Rapidity-only cutoff vs UV+rapidity regularization
m Rapidity evolution of TMDs in the Sudakov region.
m Argument of coupling constant by BLM.
m Rapidity-only factorization at one loop.

Conclusions and outlook
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TMD factorization

TMD factorization formula for particle production in hadron-hadron scattering
looks like

do 2 [ »
m = Z ef/d kLDf/A(xAvkL)Df/B(XBa‘ZJ_ —k1)C(q, k1)

flavors

+ power corrections + “Y — terms”

m Dy/4(xa, k1) is the TMD density of a parton f in hadron A with fraction of
momentum x4 and transverse momentum k_,

® Ds/p(x,q1 — k1) is a similar quantity for hadron B,

m Ci(q,k) are determined by the cross section o (ff — ™t ™) of production of
DY pair of invariant mass ¢? in the scattering of two partons.

Examples: Drell-Yan process with Q being the mass of DY pair and Higgs
production by gluon-gluon fusion

TMD approach is relevant when the transverse momentum ¢, < Q
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Long-term project: TMD factorization valid at small and moderate x

do s [ »
m = Z ef/d kLDf/A(xAvkL)Df/B(xBaqL —k1)C(g, k1)

flavors

+ power corrections + “Y — terms”

The quantities D4 (xa, k1), Dy/p(xs,q1 — k1), and C(q, k1) are defined with
cutoffs. The dependence on the cutoffs cancels in their product order by order in
.

At moderate x4, xz: CSS/SCET approach. The TMDs D, /4 (x4, k1) are defined
with a combination of UV and rapidity cutoffs.

At x4, xp < 1: kp-factorization approach. The TMDs are defined with rapidity-only
cutoffs.

It is impossible to extend CSS to small x. (Recently: LO BFKL from SCET)

It is possible to study TMD factorization at moderate x using small-x methods
(rapidity-only factorization etc.) (A. Tarasov, G. Chirilli, 1.B, 2015-2023)

Example: full list of power corrections ~ é for DY hadronic tensor, see below.
They are not obtained (yet?) by CSS or SCET
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TMD factorization from rapidity factorization

Sudakov variables:

p = api+pp2+pi, P12~ pa, P2 =pp, P

—to
Il
!
(SN
|
]

pA

“Projectile” fields : |8] < o,

“Central” fields

PB “Target” fields : || < oy

The result of the integration over “central” fields in the background of projectile
and target fields is a series of TMD operators made from projectile (or target)
fields multiplied by powers of é = power corrections
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Classical example: DY hadronic tensor

DY cross section is given by the product of leptonic tensor and hadronic tensor.
The hadronic tensor W,,,, is defined as

1 —igx
W (pa,pB,q) = W/d“xe “(pa,pBlJ,.(x)J,(0)|pa, pB)

pba

1S
Y

PB

pa,pe = hadron momenta, ¢ = the momentum of DY pair, and J,, is the
electromagnetic or Z-boson current.

There are four tensor structures Wy, Wi, Wa, Wana
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TMD representation for W;

The hadronic tensor in the Sudakov region ¢> = 0 >> ¢% can be studied by
TMD factorization. For example, functions Wy and Waa can be represented as

= > ef/dsz_ /A(XAJCJ_) f/B(xBan_ —k1)Ci(q,k1)

flavors
-+ power corrections + Y — terms (1)

There is, however, a problem with Eq. (1) for the functions W, and Wa.

Wr and Wana are determined by leading-twist quark TMDs,
2
but Wa and W, start from terms ~ % and ~ "Q—iz determined by

quark-quark-gluon TMDs.
The power corrections ~ % were found more than two decades ago but there

was no calculation of power corrections ~ @ until recently.
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Part 1: power corrections from tree diagrams in
background fields
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Goal: TMD factorization formula

TMD factorization formula structure :

PhoPsl )T ()lpasps) = > dzy dzy dw dwy €i(x1, 2,5, wit 3 0, 07)

TMD operators *
X (PO (2 320520 s 31 ) Ipe) (Pl OF (25 s %232 ) Plg)
g% < Q% = no dynamics in the transverse space (to be demonstrated below)
@f” - “projectile” TMD operators with 3 < o), cutoff, e.g
O(zi—,21,,22-,22,) = dfi(zlf,zu)[zl,,700]ZILF[700,zz+]Z2w(zz+,zzL)

@f” - “target” TMD operators with o < o, cutoff, e.g

O(z14,21, 204,22, ) = '(Z(ZH»yZlL)[ZH»,7OO]Z|LF[7007ZZ+]:2LQ/)(ZZ+7ZZL)-
Standard notation for straight-line gauge link

[x,y] = Peisodu (=) Aulurt(1-u)) _ gauge link

Convenient notations

Peooyeley = P02y, 0,20, sy = [, 04,205, 04,2 ]
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Means: “double operator expansion”

Intermediate step: double operator expansion
J(x)J(xy) = Z/dzfdz;dwfrdwfﬁy(xl,xg;zf,wi*;ap,a,)
1,J

AT (. — - ATt (A A+
x 07"z %2, 32,1, )07 (23, %2, 52, %1,)

To find relevant operators and coefficients, it is convenient to consider “matrix”
elements of the L.h.s. and r.h.s. in suitable background field

Suitable field A: solution of classical YM equations with boundary condition that
at the remote past the field is a sum of projectile and target fields

Tx)I(x2))a = Z/dzl_dzz_dwfrdwjeiy(xl,xz;zi_,w;L;a,,,a,)
1J

X <@7p (Z277x2L;ZT7X1L)@;’(Z2+7XZL;Z;rvle»A

In the tree approximation
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Classical solution A and ¢,

Solution of classical YM equations

Pon = 0, 2"F8, = > gdal" s
f

Au(x) szioo A/,(xi,XL), IZJA(X) Xizioo 'lfjt1(x :XL)
A,u(x) ! _é_oo B/;,(XJF,XJ_), ’I/JA()C) * _;_OO ?/)h(XJr,XJ_)

The projectile and target fields satisfy YM equations

Boundary conditions :

(P+mp)a = 0, DVFj, = gat™y,ta
(P+mp), = 0, DFj, = gpt™yutp

Method of solution:
m Start with v, + ¢ and A, + B, inthe gauge A" = 0,A~ =0
m Correct by computing Feynman diagrams (with retarded propagators) with
sources (P + m)(va + 1) and J, = DHFF (U + V)
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¢ in the tree approximation

It is convenient to choose projectile/target fields as
Projectile fields: 5 =0= A(x",x1), ¥a(x",x1)
Target fields: a« = 0 = B(x",x1 ), ¥p(x~,x1)

Yo

T

|

Classical background fields: ¢ ¢, C,

e = sum of tree diagrams in external A, A, s, 1,y and B, B, i3, U fields
with sources

Jy = (P+m) (s +p),  J, = D'FF(A+ B)

and

Jp = (P+m)(a+9Pp), T, =D'F'"(A+ B)

Ian Balitsky
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Classical solution = ) tree diagrams with retarded propagators

The fields A, ¢ and A, ¢ do not depend on x+ =
if they coincide at x* = oo = they coincide everywhere.

Similarly, o
B, 1, and B, v, do not depend on x~ =
if they coincide at x~ = oo they should be equal.

Since A = A and B = B the sources and background fields are the same to the
left and to the right of the cut
=

¥c and C,, are given by the sum of tree diagrams with retarded Green functions
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Classical fields in the leading order in pi/pﬁ S a%

The solution of such YM equations in general case is yet unsolved problem
(goes under the name “glasma” < scattering of two “color glass condensates”).

Fortunately, for our case of particle production with % < 1 we can use this small
parameter and construct the approximate solution.

At the tree level transverse momenta are ~ ¢* and longitudinal are ~ Q* =

,A = series in % oY= 1,/)(0) + 1;‘)(1) +oy A=A0 L A0 4

NB: After the expansion

1 | R S

- = : = -5 - 4 ; +
PP iy pt—pitiepo  pt o pl+iepo pt+iepo

the dynamics in transverse space is trivial.

Fields are either at the point x, or at the point 0; = TMDs
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Leading-N,. power corrections

Power corrections are ~ leading twist x ("é or ”QL2> X (1+ 5 + %)

NB: almost all §Gg TMDs not suppressed by - ;. are determined by the gg TMDs
due to QCD equations of motion

Leading twist: 0= +/s/2

/dx Py e HEIL (AR k1) il (0)]A) = fi(an k)

8m3s
Power correction:

o3 dxfde_ efiagx’Jri(k,x)L
TS

X (A[D (™ x)AG x)p, b (0)]A)

= kifi(a, k) — Olk,'[ 1 (k) + igl(a,kl)],

(Mulders & Tangerman, 1996)
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Result for W, for unpolarized hadrons

Result:
Wuw(g) = Wi (q) + W;,(q) + W,,(q)

The first, gauge-invariant, part is a “gauge completion” of leading-twist result

W,'w(q) = Wir(q) + Wil (),

1

WlF ZefoF ’ Wf;i( ) = ﬁc/dszFf(‘LkJ_)W;fu(%kJ_),
1/ .

Wit (q Zefwf” Wii(q) = ]VC/deLH"(%kL)WfV(q,kL)

where F/ and H' are (o, = x4, B, = xp)

F(Qaki_) = f]aqakl)f.lﬁqa (qik)J_) + f] Hf]
H(q,k1) = hi (ag,k)hi (Bg, (g —k) 1) + hi < hit

Ian Balitsky
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Gauge-invariant structures  ¢"W/, = ¢"W/!, =0

117%

Wil,(q, k1) = LT+ “gauge — invariant completion”
! 4 Gy

= —gh, + @(ql‘,qi +qlar) + Qfﬁqﬂqﬂ + éz’ 4 —4(k,q— k)]
5 Il
m qvdqi i ~

- [7}2 <§’zﬁ -, )(f/ —2K)) +pev q = agp1 — Byp2
0 0

mZWﬁIL/ (qa kJ_)

[k g = R + kb (g — Kk + g (kg — k) 1] + 2924

(B0t vkt -03] + 2
~ I
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Second gauge-invariant part

2
W;zw(q) = NcQz/dsz_
X {{é (q—k) +it~1 piv(k,q — k) +i21 po(qg—k)3% + ;u—w}

i v ﬂqs nP1v\K,y L ays P 2v L
X (/Bq{flﬁ_ +AfL} — ag{hhi + Ehﬁ})
2 2
o1l 2 0. 2 -

+ |:qltkl/ + sﬁqkﬂﬂplu + sy (kyq — k) 1Gupaw + 1> 1/}

x (= aglfihi + 7R} + Bthth+ i)
2 (24871 + i} + B2UAR +Fifs} + g [{ee + ee} + (h+ k)] )

+ (kg = K)o (— agBg[{fufe +uf1) + {ergs +2og1)]

+ Bi{hihy + hihy} + o {hyhi + Eﬁhf})]

444y

—I—Q2

fL.f5.h.hi, g1, e are the quark-antiquark TMDs of a non-leading twist.
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Third part

2
3 _ 2
W;Lu(q) - NL-QZ /d kJ_

X { gtl, X [a bunch of quark—antiquark and quark—antiquark—gluon TMDS}

+ [kL(‘] k) + ki (q — k) +giy(k,q —k)1] x same}

Similarly to LT contribution is not EM gauge invariant = needs “gauge
completion” by Yol and > power corrections, for example

gu,, - Wt

1 € ul €1 € H
pv ky (q - k)y +k1/ (C] - k)y +gp,1/(kaq - k)J_ — W;u/
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Third part

2
3 _ 2
W;Lu(q) - NL-QZ /d kJ_

X { gtl, X [a bunch of quark—antiquark and quark—antiquark—gluon TMDS}

+ [kL(‘] k) + ki (q — k) +giy(k,q —k)1] x same}

Similarly to LT contribution is not EM gauge invariant = needs “gauge
completion” by Yol and - power corrections, for example

gu,, - Wk

1 € ul €1 € H
pv ky (q - k)y +k1/ (C] - k)y +gp,1/(kaq - k)J_ — W;u/

NB: basis of operators for é corrections (0 = +/s/2)

AL )W) = —id p(x) = igp 010 (x)—ip,D-1(x)

EOM: BL(0)(x) = —id $(x) — iy, 0-1h(x)~igp, Dot (x)

—itp Dit(x) = mychoice, A4 (x)y(x) = Vladimirov, Scimemi et al
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Application: angular coefficients of Z-boson production

In CMS and ATLAS experiments s = 8 TeV, Q = 80 — 100 GeV and O,
varies from 0 to 120 GeV.

Our analysisisvalidat 9, =10 —-30GeVand Y ~ 0 (x4 ~ xg ~ 0.1) so that
power corrections are small but sizable.

Angular distribution of DY leptons in the Collins-Soper frame (c4 = cos ¢,

s = sin ¢ etc.)

do 3 do Ao
_99 2 Y )+ 32)+A
d0%dydSy 16 dgidy |\ T G0+ 7 (1= 3¢p) + Avsaneo +

+ Aszsgcy + Agcy + A5S§S2¢ + Ags205¢ + A7S9S¢}

A

2
SoC
202¢>

Back-of-the envelope estimation: take only f; contribution at large N,, use
“factorization hypothesis” for TMD f; (x, k1 ) ~ f(x)g(kL) and calculate integrals
over k in the leading log approximation using fi (x,k3 ) ~ %

L
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Comparison of A, with LHC results

Logarithmic estimate of A (m. -Z-boson mass, m - proton mass)

2/
4 @ (+)
0 = m% 14 Q% nm?/Q%
m? In Q% /m?
020
0151
010}
005 _—
_—
| — —
| . . . . .
10 15 20 25 30 35 0

Figure: Comparison of prediction (x) with lines depicting angular coefficient Ay
in bins of 0, and Y < 1 from CMS (arXiv:1504.03512) and ATLAS
(arXiv1606.00689)
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Comparison of A, with LHC results

Logarithmic estimate of A,

o 1
S + G /e, "
m? In in /m?

012 S
o1of .
008 L
006
004f L
0.02} /7

E —

AT I » = 0 s 0,

Figure: Comparison of prediction (xx) with lines depicting angular coefficient
Ay inbins of 0, and Y < 1 from CMS (arXiv:1504.03512) and ATLAS
(arXiv1606.00689)
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Conclusions to Part 1

Power corrections ~ é for DY hadronic tensor = “gauge-invariant
completion” of the LT result.

Bookkeeping: full list of é power corrections

Back-of-the-envelope estimates of angular distributions for DY
Z-boson production are in good agreement with LHC data.
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Part 2: logarithms and evolution
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Rapidity-only cutoffs and matching of logs

pa “Projectile” fields : || < o, Match|ng In o,
in the projectile
V< “Central” fields TMDs and In (o}
in the target
ﬁ TMDs should
" “Target” fields : |a] < oy cancel with Ino,
a. and Inoy, in
A the coefficient
C functions.

e
B

_9 ANB, k; ~my:
1 Glauber gluons

gt T .................. l AN B, /\’L <m,:
FAfB 54 soft gluons

ANBgluons =
soft/Glauber (sG)
C gluons cancel out

—p Ip

Ian Balitsky Rapidity-only TMD factorization



Rapidity-only cutoff

Typical diagram in the background
field U(s,ps,) = ofdetdes W(zt, 2. )elehss —ipn)

(e, —ool DY (v vy ))e = ger / d Bpdpg, e " TV (Bp,pp, )

2

P

oo a —i—L oAT+i(p,A)

se as .

X / a‘oz/—lzL L TR < divergent as o — oc
0 Pl aBps+ (p—pp)i +ie

o . ) |
(", =, TY (T, y1, =0 o = gch~/d‘53d‘phe PTG (B, p, ) S
= dp. ﬂ;gse*"%L)Aﬁri(p‘x,y)L
X / JW/T e v & convergent as a — 0o
’ Pl ofBps+ (p—pp)i +ie
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Rapidity-only cutoff vs UV+rapidity regularization

Typical divergent integral (s = § —2, d"p = 3.53)

o 1 1 s(B — Bp) i)
" /dadﬁdpJ‘B —ieafs —pi +iea(B — Bp)s fpi + ie (1 ¢ )
_ M,ZE/a‘r#(l _ i) Mappp—p 1 T(e) [™dBps—p

P o B B—ie _W(XZLNZ)E o B B—ie

Regularization with A=(z7) — A~ (z7)e"

B8 dp By — B I I )X By
el BN — — P ) (I 2 -1
/() Bp B —id 8773( € o 4 +E ( ! —i0 )

1 I'(e)
872 (\i/lz)

Rapidity-only cutoff

[ ein s(8 — Bg) ot
—i [ dadpd, 1 —P)s
/ 6pL/)’*ieaﬂs—pi—Q—iea(/)’—ﬂg)s—pi—i—ie( )
LT /w Bys e 1,2
= [ Z5E5(1 — M) doa—""——e'c = In? ( — iBgos—Le e
/ pﬁ_ ( ) 0 ofBps +pi 1672 ( Bs 4 )
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Rapidity evolution of TMDs

Quark TMD operator

O@14,21, 224,22, ) = Y(@14,21,) 214, —00]; I[—00, 224 |0, ¥(224, 22, )

Sudakov regime: Q%> QF & zi24z12- K 2y,

Yovioieee e e,
..... Paips N f“‘{ I
a) b) c)
............ )j L7 R
ot ’ R
d) e) f)
9) h) i)

Figure: Diagrams for leading-order rapidity evolution of quark TMD in the Sudakov
regime.
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Conformally invariant evolution at the LO

Evolution equation (A = o(x — y)3 %)
d
A;O(X+7Y+§A)
o i > O@(xg,y15N) — Oxpt,y 5 A
_ |:/ dx; . i elx+—y+ O(x+,y+;)\) _/ dyq_ ()C+ Y+ /) — (x+ Vi )
Xy Y+ e

| RSV / &, O(xp,y+5A) — O,y )

Xy —xy

If we use rapidity cutoff at o = ‘Hﬁiiﬁ S A =clx — y]\/s,
the solution

22 22
& 2(x—=y)5 < 2(x=y)7
i (lnz =07 2 (=7 5

S
O(xy,ysi0) = e e ) e /dx'+dy'+ O, ¥, 1 00)

(1 —ang) (1 —éans)
- 1-&@3}

Ay ln ‘
x (x+y ) [ <
( o (xgp — x| —ie)

iT(1—aIng) iT(1—ang) ]

R e
Xy — X+ ie) e

X

1—ayIn =

< - In~
T e =y —ig

v+ =¥ +ie)

is obviously invariant under the inversion x; — 3, y, — 4.
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Argument of coupling constant by BLM

A problem with leading-order rapidity evolution: what is the argument of coupling
constant?

In CSS approach - no problem, argument is defined by renormgroup

With rapidity-only evolution (BFKL, BK and the like) - argument of o, may be
obtained from the NLO calculations. BLM approach: calculate the small part of
the NLO result, namely quark loop contribution to gluon propagator, and
promote —2n, to the full b = LN, — Zn,.

%‘%@w

Figure: Quark loop correction to quark TMD evolution

Result: BLM optimal scale is logarithmically halfway between transverse
—1/
momentum (bﬁ’z) and energy (o ps) of TMD both for quarks and gluons
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Coefficient function for TMD factorization at one loop

Particle production by gluon fusion

s2Q° > Qlzm?
C=EQT =M, Qi=d

Goal: one-loop TMD factorization formula for hadronic tensor.

Result of calculations:

W(pa,ps;q) = /de_ ¢ WOLDy 1 (x4, b1304)Dyyp(x5, b1 5 0p)
asN, [ 5 biscrpo, XA XB 772] }
Al 1,2 2159000 _ 51, X4 In 28 T

xexp{ o | 7 (Hat+7)(n0p+7)+2

+ NLO terms ~ O(af) -+ power corrections
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Reminder: rapidity factorization of functional integral

pba Projectile” fields : |3
>v % “Central” fields
- m—
P8 “Target” fields : o] < oy
@ H
A C
c w-%
ol e T
AMB B
la] <oy B
o
c 8] < op c
A
—Op R”T’

Formal rescaling: s = (s, { — oo, 0% -fixed

2

Rapidity cutoffs : a, > o, >> =Ll By>a,> LA ¢
Qg

Ian Balitsky

Matching: In o,
in the projectile
TMDs and Ino;
in the target
TMDs should
cancel with Ing,

and Ino, in
the coefficient
functions.

ANB, kg ~my:
Glauber gluons

ANB k, <mj:
soft gluons

ANBgluons =
soft/Glauber (sG)
gluons cancel out

Op0S
POt NCl/z

0%




Coefficient function in the functional-integral language

After integration over central fields
N2 = 1) Pl (12) B P (x1) pa pi)
= / el dipey Wy (1) W, (6) W (1) Wy (1) | OF (a3 202, 527,21, ) OV (07, xa 36 v
+ /dzl_dzudzz_dzhdwfrdwlldw;rdwh2—@11 (X1,%2;27 520, Wiy Wi, 5 0py 07)

Tp [ — R z, +
XOU (Z27Z2iazl7zll) v (Z27Z2L5Z17Z1L) + ...

where & = AUB, ¥,,, ¥, are proton wave functionals, and

) _ooi]lu [_ooiayi]yLF+j(y7>yJ_)

+]XL [7OO+7y+])’LF*j(y+vYL)

O (x7,x15y7,y1) = EFulx,x1)x

Og’(x+7xL§y+7)’L) = ngfi(x—,—vxL)[x-i_v*oo

are gluon TMD operators
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Coefficient function in the functional-integral language

Calculation of coefficient function ¢ in the background field A = A+ B+ C

- - + + asNe - o
/a’z2 dzp | dz; dzy  dw{dwy  dwy dwy | . Ci(x1, X252 ,2i s Wi, Wiy ;0p, 01)

X FH ez JF U T2y 2, JFP (e )
Nc271 4/10a pauv b bAp
= Tg <FH1/F (XZ)F)\pF (x1)>A = A+B

- <@lj’ap(x2_7x2L;xl_vxli)éij;m(x;rvsz;xrvle))A = A+B

(for the purpose of calculating leading-twist coefficient function the “correction
field” C can be neglected)
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Diagrams for (F¢, F** (x;)F} F"*(x1)) 4 in background fields

“Virtual” diagrams

X2

(a) (b) (© (d)

“Real” diagrams
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Diagrams for subtracted TMD matrix elements

“Projectile” TMD matrix elements.

Thee '™ regularization is depicted by point splitting: positions of F’s are separated from
the beginnings of gauge links. (Violations of gauge invariance are power corrections).

“Target” TMD matrix elements. The e~'= regularization is depicted by point splitting.

Ian Balitsky
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(Intermediate) Result

W(x1,x) — WE(x,x)

= / daldK , dBydky, da,dk ., dBydk ,, e @ —ieany g=iBlen —ifox
x ¢~ hethom) it )L 0 0 K P8 Ky, )E (ko )F By, ko, )
X gz[l - I:if;gl}(au: O‘;7 Be, 5},;7 ktu ) kz/u ) klu ’ klluyxlvx2)

with

[I - Igi'i:al](aiu Qg, ﬂl/n ﬁbvk/auvk/akavakzLaXZaxl)

. 2 . 2
- —In (_la;)k/h In (_lﬁ}/;)k/iu 12 x%stapo't
(—ia k2, (—iBp)kE | 4
—io e _iB" e _j o _j y
e g | (cieder | (BT |
oy Op Oy Tp

5

where (—ia,) = —i(a, + i€) etc. Power corrections ~ (' and ~ ¢~'/? are neglected.
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(Intermediate) Result

W(x,x) — WK(xy,x,)
= / daldK , dBydky, da,dk ., dBydk ,, e @ —ieany g=iBlen —ifox
x e lheto s AL D (0] K VF8E K, ) (ke JF By, )
X gz[l - I:ii:m}(aa: O(;, Be, 5};7 ktu ) kz/u ) klu ’ klluyxlvx2)
with
[I - I;f(’al](aé7 Qg, ﬂllﬂ ﬂlﬁ k/aL ) k/aL ) kbL ) kéLaxLxl)

. 2 . 2
(_la;)k/h (=iB)K,, 12 x%stapUt

= — n -
(—ia k2, (—iBp)kE | 4
—ia e —iBeY g Y g Y
_ o leer (CiB)et ) (Ciaa)eT (ZiB)el o
oy Op Oy Tp

where (—ia,) = —i(a, + i) etc. Power corrections ~ ¢! and ~ ¢ !/? are neglected.

This formula is not yet the final result for the coefficient function. The coefficient function
was defined as a result of integration over C-fields with a > o, and 5 > ¢,,. Since we did
not impose these restrictions while calculating the loop integrals, we need to subtract sG
contributions (with o < o4, 8 < 0,,) to these integrals.
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Result for the coefficient function

Result of sG subtraction:

o k/?. _ il k/2 . . X
term —1In ( l,a“) 5+ In ¢ 1,5”) +L disappears = no dynamics in the transverse plane
(—ioy)k i (71[%)1{,,L

W(x,x) — W, x) — WO (xy,x)
= / Ao d By aud Bye™ s —iouen g=iBjexy —ifex!
a
X F‘r’./y(\“(//“xnl )Fﬁi?a(ﬁllﬂsz)F/’l)((\”*'\‘l\ )Fij’u(ﬁhle)
x g€ (0, g, B, Bi X1, %2)

where

Ci (), gy By B X, x1) = 1 — 1307 — I

—ia e —iB"\eY i 2 _ Y
_ o lewer ) (FiBer | (Fider | (ZiB)e” | o

2
X1, S0p0% -
4 oy op oy op

= In®

The coefficient function in the coordinate space is made of (+) - prescriptions since

_ /o 3.1
/daei‘”[ln(—ig—i-e) = M—i—é(z)/ diz,
g Z 0

Z
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Result for the coefficient function

Our formula

1 v
R(NZ — 1)(ph, pp|&°Fi, F (x2)g°F3 ,F"* (x1) |pa, )

= /@Cbg/ \Ij;f« (1), (li)\ll;é(t,-)\I/l,B (#) [O;” (x;,xh;zf,xu)oij:m (x;,xZL ;XT7X1L)

a N, - 4
o Ql(xth?Zi s W ;0’,,,0’,)

X O;II(Z277XZL;Zlivxll)olj;ar(Z;ixZL;Z;rvxu) + 0(053)}

+ /dzfdz;dwrrdw;r

is not yet TMD formula since &7 = A U B and soft/Glauber gluons sG = A N B connect
“projectile” and “target” gluons.

It is well known that Glauber gluons cancel and soft gluons form soft factors.
With rapidity-only cutoffs, soft factors are power corrections = one-loop TMD formula
1
16 V& = (P, pil&*F, F (x2)8 F5, F7 (x1) |pa, pi)
= (PAlOF (5 2 sy 21, ) pa) (P OF 7 (o 32 sxf 3, ) |pa)

+ /dzfdz;dwf%z’wz+

agN, .
o Ci(x1,x2;2; , W/ 5 0p,01)
+

< (PAOF (&3 32,520 51 ) Ipa) (Pl OF (& 32,52 1, ) )
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Matching of coefficient function and TMDs
The solution of TMD evolution equations compatible with this first-order result is

, , agNe ’ '3
Q:(XIL ) X2, 5 Oy Qg /Bb7 /Bb; Op, Ur) = e-’r ¢ (XIZL 1 0arBy:Bri,01)

= hadronic tensor is

/ / / / BN @ (i, 0, Qas By Bi0p,0
W (o, o, By, By, X1, X2, ) = /d‘aadaad‘ﬁbdﬂbe“ 10312 20,08, Bicpor)

X @2‘@;;)(0‘:170‘!17')6%_7x1;)‘pA><pll.’3‘@lj;m(ﬁiln6b7x2;7'x1J_)|pB> +
Reminder

Q:I (O[:” Oy, 51/75 ﬁb;){f],xz; o—p7 UI)

2 . . . .
_ ln2 leLso—pO—’ — In (_lo/'zll)e’y In (_1/8]’7)3’}’ —In (_l&ﬂ)e’y In (—lﬁ[,)e"/ + ﬂ_Z

4 oy op oy op
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Forward case (= particle production by gluon fusion)

W(pAva;q) = /dbl ei(qyb)LW(pA7pB;aqv/Bq7bl)7

2
™ - o
W(pa:psi g, By b1) = 50 G (g b pa) 67 (Bys bus ps)

asNe T, 5 bﬁ_sa oy « B, w2
Sl P o (n =4 In 22 i}}
Xexp{ 27r[n 4 (nat+'y)(n0p+'y)+2
+ NLO terms ~ O(af) + power corrections (2)
where g,.}”’, ;' are gluon TMDs:

1
(PalOF" (27,07, b1)Ipa) = *gzgz/o du uGy' (u,b.) cosugz™,

1
(pslOF (27,07 ,b1)Ipp) = —8292/ duuGy'(u,b1) cosugz .
0
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Matching of coefficient function and TMDs

The r.h.s. of this evolution formula (2) does not depend on cutoffs o, and o, as long as
_2 -2
0p 2 Gy = % ando; > 6, = % Thus, the result of double-log Sudakov evolution

reads

2
™ Gp ij;&
W(pa,ps; ag, By, b1) = Engijl(ame_;pA)g'h "(Bg»b1;pB)

27,2
OCSNC [(ln Q bl

2
: + 27)2 — 24— %] } + O(a}) terms + power corrections
T

X exp{ —
This result is universal for moderate x and small-x hadronic tensor. The difference lies in
the continuation of the evolution beyond Sudakov region.

Double-log Sudakov evolution should stop at Szogs ~ bf. After that:
m If g = x ~ 1 - DGLAP-type evolution from oy = % to of, = @ :
summation of (a;In '%2)"
-2 -2
m If Bp = xp < 1 - BFKL-type evolution from oy = % to o = % : summation of
(as lan)n
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Conclusions

Conclusion to part 2: rapidity-only TMD factorization works!

m The rapidity evolution of quark and gluon TMDs is conformally
invariant in the leading order (with proper rapidity-only cutoff).

m Rapidity-only evolution with BLM prescription for running coupling
gives the same universal formula for Sudakov double logs at both
small and moderate x for both quark and gluon TMDs.

m Rapidity factorization at the one-loop level gives Sudakov-type
double logs for both small and intermediate xp

Outlook

m Matching to DGLAP and BFKL/BK evolutions
m Conformal invariance of rapidity-only factorization

Thank you for attention!
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Backup slide: soft factor

Leading-order diagrams

2 2
Result of calculation: ﬁLiz(f%) ~ 0(%) ~ 0(”5—‘21’3) ~ 0(¢717?)

Soft factor with rapidity-only regularization does not have perturbative
contributions which can mix with the TMD evolution
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