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Motivation: Proton Spin Problem

1
e Jaffe-Manohar sumrule: — =S¢+ Sg + Lq + Lg

2
where the helicity of quarks (Sq) and gluons () are
1 1
5, =5 [ 836 and S6(@) = [ drAG(E Q%)
0
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525 -I—S(;-I—L + Lg

Motivation: Proton Spin Problem |
S(Qz—%/dacAEa:Q
e More recently, the proton spin carried by quarks and

gluon are estimated to be

1
S, (Q% =10 GeV?) ~ ! dx AX(x,10 GeV?) € [0.15,0.20
! 2 0.001
1

Sa(Q? =10 GeV?) ~ /O . dx AG(x,10 GeV?) € [0.13,0.26]

0

1
/d:cAG (z, Q%)
0

e They do not add to 1/2. The missing spin can come from:
o Qrbital angular momenta, Lq and L.
o Small-x region of A2 and AG. Scattering experiments can only access
finitely small x. The limit will improve with EIC.
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[Cougoulic, Kovchegov, Tarasov, YT, 2204.11898]

Small-x Helicity Evolution

e Through insertions of sub-eikonal vertices into the Wilson line, we found
> Two types of vertices contribute to helicity evolution:

s Type 1: ~ 08,0 F'2 > VI and 66,4 gyt ysep » vl

T e 2 N 500 D — VZG[ ]
| Yp ( ) Vpol[l] v, G[1] Vq[l]

> Three polarized dipole amplitudes:

B QU zs) = 5o | & (%) Re (Ttr [V 1] 4+ Ter (vl )

s z8 To+ X o o
o Gttt gy [ (245 me e o] 4 1 fop g

(3710) o+ X1\ 28 i G[2 ia\ |
B Gz, 2s) = x—%o/d? b A B (Vi) v
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[Cougoulic, Kovchegov, Tarasov, YT, 2204.11898]

Small-x Helicity Evolution

e Through insertions of sub-eikonal vertices into the Wilson line, we found
> Three polarized dipole amplitudes:

B Q3 25) = ey P (%) Re <T tr [VQVfOIM q + T tr [VfOI[l]VQT]>

2N
=T 2 _ z$ 2 [ Zo + Iy pol[1]t pol[1] 77
B G(xiy,28) S(z1y, 28) = SNZ-1) /d (—2 ) Re <TTr [UQUl ] +TTr [Ul Ug]>
S €9(z10) [ o (Zo+x\ 28 i G[2] ia\ 1

> Helicity PDFs can be written as
min{ 473 |

1
N.N dz dx?
[ | AE(x,Q2) - _ f / — / leo [Q(xfo,zs)+2G2(:cfo,zs)]
A?/s

273
1
zs

2N, ] Q*
B AGEQY)= 2 [(1”%“%) G2 (et 20 = —)Lf .

s Z
07 Q
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[Adamiak et al, 2308.07461]

Small-x Helicity Phenomenology

e Global analysis performed on polarized DIS and SIDIS data (226 data pts).
e Evolution begins at x, = 0.1, which is sensible as it resums «a; In?(1/x).

e |Initial condition inspired by the Born-level calculation:

1
F(x3,,28) = a In 2 P +bln —— x10A2

for amplitude F € {Q , 0, O G , G,} and flavor non-singlet (24 parameters).
e The evolution describes the data well, but there remains high uncertainties

in the predictions, e.g. the total parton spin:
0.1
Sq + S ~ / dz (%AZ + AG) (z) = —0.64 £ 0.60
10-5
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[Adamiak et al, 2308.07461]

Small-x Helicity Phenomenology

e Global analysis performed on polarized DIS and SIDIS data (226 data pts).
e Evolution begins at x, = 0.1, which is sensible as it resums «a; In?(1/x).

e |Initial condition inspired by the Born-level calculation:

1
F(x3,,28) = a In 2 P +bln —— :L'10A2

for amplitude F € {Q , 0, O G , G,} and flavor non-singlet (24 parameters).

e The evolution describes the data well, but there remains high uncertainties

in the predictions, e.g. the total parton spin:
0.1

Sq + S ~ / dz (%AZ + AG) (z) = —0.64 £ 0.60

10—5
e The initial condition can benefit from additional physical constraints.
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[Adamiak et al, 2308.07461]
[Dumitru, Miller, Venugopalan, 1808.02501]

Small-x He||C|ty Phenomenology [Dumitru, Skokov, Stebel, 2001.04516]

[Dumitru, Paatelainen, 2010.11245]

e The evolution describes the data well, but there remains high uncertainties
in the predictions, e.g. the total parton spin:

0.1
Sq + S ~ / dz (%AZ + AG) (z) = —0.64 £ 0.60
10—5
e The initial condition can benefit from additional physical constraints.

e With Xy = 0.1 at the initial condition, we are fairly close to the valence quark
regime (compared to the single-log, unpolarized evolution with x, = 0.01).

e Model the proton target as 3 valence quarks (uud) and allow for a gluon
emission and absorption.
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[Dumitru, Miller, Venugopalan, 1808.02501]
[Dumitru, Skokov, Stebel, 2001.04516]

Valence Quark Model [Dumitru, Paatelainen, 2010.11245]

e Polarized dipole amplitudes involve helicity-dependent averaging over
(target) proton state:

- 1 <P+a£78[4| |P+’B’SL>
(-+-) = §SLZ (P, P.Sp|PT,P.85L)

with (K*,K,S;|PT,P,8.) = 65,5, 2P 2n6(Pt — K*) (21)%6*(P — K)

e The proton state can be written as

1 dmldzvzdxg /d2q1d2q2d2Q3
Pt . P,S.) = Amd(1 — z1 — o — 2m)2 62
| s L, L> \/8 (47T)3\/x1$72.’133 ™ ( L1 Z2 1‘3) (271')6 ( 7T) 0 (21 +22+23)
X Z Z q’(w1,g1;$2,g2;$3,g3)S(Ul,fl;Uz,f2;03,f3)

{f1,f2,f3}={u,u,d} 01,02,03

X Y €irigis |01 PT, 21 P+ q i1, 01, fi) |€2 P, 22 P + q,,i2, 02, f2) |&sPT, 23 P + q,, 43,03, f3)
i17i27i3

Yossathorn (Josh) Tawabutr Valence-Quark Model for Small-x Helicity Evolution Beyond-Eikonal Workshop, Trento 2024



[Dumitru, Miller, Venugopalan, 1808.02501]
[Dumitru, Skokov, Stebel, 2001.04516]

Valence Quark Model [Dumitru, Paatelainen, 2010.11245]

e The proton state can be written as

1 dmldzvzdxg /d2q1d2q2d2Q3
Pt P.S/) = 4mé(1 —x1 — z2 — 2m)* 8
| s L, L> \/8 (471')3 T1T2T3 ™ ( L1 Z2 1‘3) (271')6 ( 7T) (21 +g2 +23)
X Z Z Q(w17g1;x2ag2;x3ag3) S(Ulafl;025f2;037f3)

{f1,f2,f3}={u,u,d} 01,02,03

X Y €irigis |01 PT, 21 P+ i1, 01, fi) |@2 P, 22 P + q,,42, 02, f2) |&sPT, 23 P + q,, 43,03, f3)
i17i27i3
e We assume that the valence quark wave function is separable: v = @ - §,
with normalization

da:ldxgdxg d2Q1d2q2dZQ3 2¢2
/ W 471—5(]- —T1 — T2 — $3)/ (27-(-)6 (27T) 0 (21 + Qz +23)

2
X Z Z ‘¢($17g1;$2ag2;$3,g3)5(01,f1;02,f2;03,f3) =1
{f1,f2,f3}={u,u,d} 01,02,03
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[Dumitru, Miller, Venugopalan, 1808.02501]
[Dumitru, Skokov, Stebel, 2001.04516]

Valence Quark Model [Dumitru, Paatelainen, 2010.11245]

e The proton state can be written as

1 d(EldCBQdZL'g /d2q1d2q2d2q3 2¢2
Pt P 47d(1 — x1 — 20 — 2m)“d
| S} = V6 J (4r)3/z1z073 mOll =y —&3—2s) (2m)° (2m)°0°(g, + 4, +4)
X Z Z Q(w17g1;x2ag2;x3ag3) S(Ulafl;025f2;037f3)

{f1,f2,f3}={u,u,d} 01,02,03
X Y €irigia [21PT, @1 P + q 01,01, f1) |22PT, 20P + q,,i2,02, fo) |23P T, 23P + q,, 43, 03, f3)
11,12,13

e The flavor-spin wave function, S, is taken to be totally symmetric:

S(Ula f1;02, f2; 03, f3) \/‘ { 2501 $L60'2 5.9 03,—SL — 601,«51:502,—31,503751, - 501,—$L502,3L o3, SL] CEhi T

.S [260'17$L 602,—$L5037$L - 60’17$L50'2,SL 503,—3L - 60’17_SL 602,51, 603,3L] i

+ [260'1,—SL50'2,SL 603,31, - 501,51, 50’2,—SL 603,SL - 601 ,SL 50’2,SL 60’3,—SL] 5f1’d6f2’u5f3,u}
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Sub-Eikonal Gluon Exchange

e Start with type-1 polarized Wilson line:

. P+ o0
_ 9 / dx™ Vg[oo, 27| Flz(x_,g) Vzlz™, —o0]

—0o0

1758

= S

Split dipole amplitude, Qf, for each flavor finto
Qs = Q% + Q4

according to the exchanged parton. Then,

Q% (22, 25) = 2;7'0 2 (%) Re <T tr [VQVLGM]T] +Ttr [VleVOTD

Yossathorn (Josh) Tawabutr Valence-Quark Model for Small-x Helicity Evolution Beyond-Eikonal Workshop, Trento 2024



o0

. P+
el = % / dz~ Vy[oo, 27| F*2(x~,z) Vg[r™, —00)

— 00

Sub-Eikonal Gluon Exchange

e The gluon field in the operator relates to color charge/current such that
—V2A*(2) = p*(z) = ZW (@)t g (z) &  plAT(a7,p) =5z ,p)
—V2A(3) = JI(z wa Vil (e) o  plA(e,p) = J(z",p)

e The quark field can be written in terms of creation & annihilation operators:

= dp+d p —1 T 1p-x ipTz —ipx
'(/),fa(.’l,‘ ’2):/ 32P+Z|:p15u5 Pt ez +dfzSU (p)ep B—j|

which act on the quark states within the proton.

14
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oo
. P+
Vgc:m _ % / dz~ Vy[oo, 27| F*2(x~,z) Vg[r™, —00)

Sub-Eikonal Gluon Exchange ... = /s (523 o es[] + o [])

2N, 2

e Based on the diagrams shown below, a gluon-exchange contribution to Qf
reads

%

25 [ o (Tt clt]\ _ _i9*P* abi-/d2_f’73_ "
N d(—z >Re<Ttr[VQVl ]>_ 0 o [1— emiPe0]

o o0

x /da:—/dy—Re<Tﬁ“(x‘,z_7)jj”(y‘,—z_))>

AY
A

A

000000000000000

0000000000000

y

000pO00000000000000

00000000000000000

Y Y

) Jo | )
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o0
—
vl = 202 [ doViloo, s F(e",2) Vala™, —od

Sub-Eikonal Gluon Exchange ... = /s (523 o es[] + o [])

2N, 2

e Finally, we evaluate the quark fields acting on the proton state to get

QSO (g2 55) = GCO) (g2 5g) = 9°Crp dp 1 1 — e—ipyo
f 10 10

6 J (2m)? p1
(o1a20%s 1 [ d°q1d’q2d®qs ;) \oco
/ (47‘{')3 471'6(1—1'1 — T2 —553) .fL'_l/ (27‘_)6 (27'(') 5 (qlJ_-i—qu—{-qu_)

X [I¢>(w1,g1;wz,g2;w3,g3)l2 — ®(z1,9,; %2, 4,5 %3, ¢;) D7 (21,4, + P T2, 4, — D 903,23)}

e The adjoint type-1 dipole amplitude, G, has exactly the same
gluon-exchange term as that of Qf
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V;Gm = ];—: / dz~ V][00, 27 ] [Di(z_ z)—D (z‘,z)] V,[27, —o0]

Sub-Eikonal Gluon Exchange cuetz- =50 fa (202) 2 (i [ron s (o)

9510

e The results for G, contains 2 terms, one ~ A*A" and the other ~ A*A*.

o The latter eventually leads to (p*0*) ~> s. =0.

St

o The former is proportional to the results for Qf

e Eventually, we have

_ dxi1dzodx 1
— e "2Z10] / W Ard(1 — 1 — 29 — T3) —

T

. o 2
(0) /.2 ig*CF d“p P Zyo

— s 1

G2 (@10 29) 6 / Gn)? vty |

X/d2Q1d2CI2d2CJ3
(2m)6

(2m)%6%(q11 + g2 +q31)

X [I@(-’m,gl;wz,gz; 23,4,)|* — ®(21,9,; %2, 4, €3,4,) ®* (21,4, + p; T2, 4, — P; w3,g3)}
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Quark Exchange

e No contribution for G,.

e For Qf, the quark-exchange Wilson line is

2 + oo o0
g°P — — — — Al o 7 — a —
V;[ll — & /dml /dazz Vﬁ[oo,xé ] tb ¢,B(CB2 ,&) Ugb [112 y Lq ] [’7+75] o d)a(xl ,Q) 13 V£[$1 ’_OO]

2s

such that
a/.2 28 2 [ Lo+ Iy q[1]t all]y 1
Qf(xlo,zs)—2Nc d (—2 )Re<Ttr[VQVl }-i—Ttr[Vl VQ]>

e Here, the quark fields in the sub-eikonal Wilson line yield creation and

annihilation operators without the need to write out the charge or current.
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Q¥(a0, 25) = o= / > (%Qﬂ) Re (Ttr [VoVy'] + o [ty ])

dzy / dzy Vgloo, 23 |t° Y(wy ,2) Uy e, 27 [179°] 15 Waler, 2)° Ve loy, —oo]

—00 —
1

g°P*
2s

Quark Exchange

e The non-zero contributions come from the diagrams:

> > >
> > >

———<——(TBTTOOEEEO——<——

o
=]
=3
o
o
=3
o
o
o
o
=3
)

0000000000

000000Q0000000000[00

0000000000000000,

>

—
A
y
A

-

e Opverall, we have that
AC dridxodx 1 d?q,d?q,d?
QQ(O)(xm,zs) g,ﬁNF [46f“ 6f’d] / W 476(1 — 1 — x2 — 3) - / % (2m)26%(q11 + q21 + g31)
d2 1 —ip-x 2 %*
X {/ @n) 7 © %10 [|<I>(w1,g1;wz,g2;w3,g3)\ — ®(z1,9,3%2,4,%3,4,) (71,4, +P; T2, 4, — D} :v3,g3)]

J_
d’p 1 *
+ / (271’) 9 [ |@($17Q1§$27Q2§-’1’3ag3)|2 ¥ (Nc2 + 1) @($17Q1§w27g2§1’3,ﬂ3)‘p (xlagl +Ba $2,Q2 —Pp; 1337@3)]}
pj
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[Cougoulic, Kovchegov, Tarasov, YT, 2204.11898]

Quark Exchange
e For G, in order to satisfy the quark-exchange terms of

~ z8 o+ Z o o
Gaty 25) S(ato ) = g =) / 2 (%) Re (TTr [Uo07”™] + T [vr0g])

at large NC&Nf, we need

Ga(a?, 25) = 22130 P2 (220 ;f %) Re <T tr [ngf[l”] +Ttr [Wf[”VJ } >

where

2 p+ ¥ >
g°P _ _ _ _ - _
willl = e / dz] /dxz Vyloo, z3 1 vs(22,y) (Y7 5] 5 Y821, y) Vylz1, —00]

S o
T4
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Quark Exchange

e \We need
G(z2y, 28) = ;3 d? (%) Re <Ttr [ngf“”] +Ttr [Wf“]vgb
where ~ ~
Wq[”—gzp+ dry | dzy Vyloo, 3 vs(xy,y) [vTs] . ¥s(ar,y) Vylzr, —o0]
v T g 1 2 VylO0, T [Wp\ T, Y) [V V5]ap ¥WB\Z1,Y) VylTi )
e For each contributing diagram, the result for G differs from that of Q0. by color
f
factors. Overall, we have
~ 4Cp [ dzidzed 1 [ d2q1d%gsd?
G0 (z3, zs) = $g)6NF 932472;;3:53 4mé(1 — x4 —xz—xs)x—l/W(%)%Z(qu‘FQM+‘J3l)
d2p 4 —ip-Tq, d . . 2 P p . P* . .
/Wp_ﬁ_e - |:| (5131,21,3732,Q27$37g3)| - (xlvglax27gzax37g3) (331,@1 +Zja$2,g2—£,$3,g3)]
d2p 1 2 *
- /(ZT)QE [|¢’($1,g1;$2,g2;$3,<_13)| _4¢($1,Q1;$2,Q2;$3,Q3)q’ (371,311'1'1_9;1172@2—2;133&3)]
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Results: Qf

94CF / (d2p i [1 _ e‘iﬂ'-@lo]

G ~
Q7w 29) = GO0l 20) = ST [ 505
dzidxadx 1 [ d2a1d%q-d>
/ 1(47r§3 3 471'6(1 — T — T2 — 13) $_1/ q1(2:)26 q3 (271')262(Q1J_ +gol + q3_l_)

X [I‘P(wl,gl; 2,4, %3,4,)|° — ®(21, 4,5 22,4, %3, 4;) D" (21,4, + P 22,4, — ; :vs,g?,)}

4 2 2 2
q(0) /2 _ 9CF tfu cfay [ dridzodas 1 [ d*q1d°q2d*q3 22
Qf " (z1,28) = — 36N, [467% — 677 ~ @ 4mé(1 — 1 — T2 — T3) . (2r)s (2m)*0%(q1L + g2 +q31)

d’p 1 _, . "
4 {/ mnZ 2 © ~ [IQ(wl,gl;xz,QQ;:rs,g3)l2 — (21,4, %2, 4, T3,4,) ¥ (21,4, +P; T2, 4, — P; x3,g3)]
1
d’p 1 2 2 %
@n? 17 [2|@($1,g1;wz,g2;w3,g3)l + (NG +1) (21,4, 22, 4,5 %3,9,) @7 (21, 4, +P; T2, 4, —Q;ws,gg)]
1
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Results: G

~ 4 d2 1 .
Q?(O)(ﬁo,zs) = GO (a3, 25) = o / ( 5 — [1 — e7*2%10]

6 2)2 Py
dxidxodx 1 d*qud*qad?
X% / W Amd(1 — x1 — 2 — x3) B / q1(2:)26 15 (2m)%6%(q1L + g21 + q31)

X [I‘P(wl,gl; 2,4, %3,4,)|° — ®(21, 4,5 22,4, %3, 4;) D" (21,4, + P 22,4, — ; :vs,g?,)}

~ £ dzidxodx 1 [ d%q,d?q,d%q
Ga(0) (.2 — 3 YF 1082008 4os e i _/ 1 3 (9242
(-’5107 ZS) 96NC (47!')3 s ( T1 4D -’173) T (27{')6 ( ﬂ') (ql_l_ + Q21 + q3_L)
d’p 4 _. )
x {/ (27r)2 p—ze B0 [|‘I’($1,g1;$2,g2;$3723)|2 = <I>(:E1,gl;m2,g2;m3,g3)<b (:1:1,21 + p; T2, 4, — P; $3,g3)]
1
d’p 1 5 .
~ ) @z p? [|@(x17gl;$2,22;$3,23)| —49(z1,4,;%2, 4,323, 9,) D7 (71,9, +P; 22,9, — P; m3,g3)]
L
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Results: G,

. 4 2
0) (.2 __ Y CF/ d°p P Zio,  —ipa, /le B ity e iy e LY
Gy (E75:29) 5 @n)? pla, [ e 0] E w6(1 — 1 — 22 — z3) xl
d2 d2 d2
X / Q1(27:1)26 1 (2m)26%(q1L + q21 +q31)

X [|<I>(:c1,g1; 2,4, %3, 4,)|” — ®(21,4,; 2,4, 73, 4,) D* (21, ¢, + P; %2, 4, — D3 ws,gs)]

24
Yossathorn (Josh) Tawabutr Valence-Quark Model for Small-x Helicity Evolution Beyond-Eikonal Workshop, Trento 2024



Momentum-Space Wave Function (@)

e \We use the non-relativistic limit of the proton wave function from [Schiumpf,
hep-ph/9212250] (also used in [Dumitru, Méntysaari, Paatelainen, 2103.11682]), which
> separates the flavor-spin part from the momentum-space part
> models the momentum-space wave function as Gaussian in transverse
momenta with the width fixed by a scale related to longitudinal
momentum fraction ;
®(zi,qiL) = N exp [—# ; qzﬂ;——]\ﬂ

1

where § and M were fixed in [Schlumpf, hep-ph/9212250] by form factor.
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Discussions

e For each type-1 amplitude (Qfand G), we have 2 kinds of contribution:

>

>

p 1
Terms ~ / - — e 2% which gives In ! and the constant term
(2m)? p? B A2

2
Terms ~/ op i which upon putting zsz?, > 1 gives In 2% and
(2m)2 p L A2

the constant term

Coefficients of the log terms can be numerically determined.

Coefficients of the constant terms relate among all type-1 amplitudes.
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Discussions

e For the type-2 amplitude, G,, we only have the term ~ /

and the constant term.

which yields In 2 A2

e Overall, this greatly reduces the number of parameters for flavor singlet
amplitudes from 15 to at most 5, which come from the coefficients of the
constant terms in the 5 amplitudes: 0 , 0 , O, G, G, specifically from the

terms independent of the dipole size, x,,,.

e The infrared scale, A, can be determined from fit to our numerical integral.
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Conclusion

e The valence quark model provides physical inputs to put additional
constraints to the initial conditions at moderate x, = 0.1 for flavor-singlet

dipole amplitudes in helicity evolution.

e Flavor non-singlet results should be the same for quark exchange and

qualitatively similar for gluon exchange.
e For complete results, stay tuned.

e Future work: apply these initial conditions to small-x helicity global analysis
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