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DIS hadronic tensor (with strong and electromagnetic interactions only)
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e To extract the polarized structure functions g, and g,, we need the
antisymmetric part of the leptonic tensor.

@ Sub-eikonal corrections provide anti-symmetric terms of the hadronic
tensor using the high-energy OPE.

e Study TMD evolution from low to large xp.
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Propagation in the shock wave: Wilson line (Spectator frame)

- Boosted Field /\/I\/

Boost of the fields X = a0t
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Propagation in the shock wave: Wilson line (Spectator frame)

pt,Ad =0

Scalar propagator
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Propagation in the shock wave: Wilson line (Spectator frame)
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Scalar propagator
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Propagation in the shock wave: infinite boost

Infinite boost: particle does not have time to deviate from straight line

Eikonal interactions give an infinite Wilson line

U, = [oon; + z1, —oon; + 24| np-np=1

[x, y] — Pe'8 fol du(x—y)H Ay (ux+(1—u)y) pt = p+n’f +p‘n‘2‘ +pli
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Propagation in the shock wave: infinite boost

>

X Wilson Line

Quark propagator with eikonal interactions
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Shock-wave with finite width

—& £,
A (x",x = A O ax T xy)
) = AIATOT T AT x

AL(xxtx) — AL() X xt,x))

+ T+
f

A is the boost parameter

o p'=ptnl +pnh+p

e small p* gluons are classical fields large p* gluons are quantum fields.
e Longitudinal size classical fields: et = Zl’% with [, trans. mom. classical fileds
1

o Distance traveled by quantum fields: z+ = 2{% with &, trans. mom. classical fields
1

e We areinthe case |l | ~ |k.|:
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Shock-wave with finite width

-E, g,
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Shock-wave with finite width
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Shock-wave with finite width: quark propagator
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A is the boost parameter

sub-eikonal terms go like +
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Quark propagator with sub-eikonal corrections
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o Leading-eikonal term
@ Sub-eikonal terms G.A.C JHEP 01 (2019), JHEP 06 (2021)

Operators O, ; and O~ * measure the deviation from the straight line.
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Quark propagator with sub-eikonal corrections
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Quark propagator with sub-eikonal corrections
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0, confirmed by T. Altinoluk, G. Beuf, A. Czajka and A. Tymowska (2021) considering
forward matrix elements
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Quark propagator in the background of quark fields

G.A.C JHEP 01 (2019)
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Sub-eikonal corrections for gluon propagator: F~' components

Light-cone gauge

0 + L
(AS ()AL (9))a = [— /0 R _x+)] JE—

2 <2
i no ny iZLyt )
leale 57 (85 = 2 )00t ) (s — et ) ) 4 a2 g
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2 .
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In the background-Feynamn gauge see paper G.A.C. 2019
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Sub-eikonal corrections for gluon propagator: F~' components

gt = [- [0 -yt [ gy +)]e—z~p+<x—-y—>

2pt
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@ Applied to the single inclusive gluon production cross section at central
rapidities and the light-front helicity asymmetry, in pA collisions.
» T. Altinoluk, N. Armesto, G. Beuf, M. Martinez and C. A. Salgado (2014)
» T. Altinoluk,a N. Armesto,a G. Beuff and A. Moscoso (2015)

e Study rapidity evolution of gluon transverse momentum dependent
distribution (TMD) changes from nonlinear evolution at small xz < 1 to
linear evolution at moderate xz ~ 1.

» |. Balitsky and A. Tarasov (2015-2016)
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Sub-eikonal corrections for gluon propagator

G.A.C JHEP 01 (2019)
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Sub-eikonal corrections for gluon propagator
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F;; components are necessary to study, for example, spin dynamics
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Gluon propagator in the background of quark fields
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Particle starts its propagation inside the shock-wave

Scalar Propagator G.A.C JHEP 01 (2019)
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For the quark and gluon propagators see G.A.C JHEP 01 (2019)
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High-Energy Operator Product Expansion

DIS amplitude is factorized in rapidity: n

y L
Z2
Y >n ®
—- IZZZ:ZZ?{'Z:I
Y <n i

A A d221d222 PP
PTG, NP) = [ 2 10 vz, 22 (Ple{ T D)) + ..
12
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High-Energy Operator Product Expansion

y X
Y >n ® ’
—-
Y <n
4 4 d’z1d’z, LO U AL
(PITGu (s OYP) = [ =52 10 ey, ) Ple{ 3, 0L} IP) +
12

e If we use a model (MV or GBW) to evaluate (P|tr{{/? UI7}|P) we can
calculate the DIS cross-section.

e Energy dependence to the DIS cross section = evolution of
(P|tr{U2 UM |P) with respect to the rapidity parameter 7.
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Leading order: BK equation

d . . -
%tr{UxU;} = Kpotr{ U, U} + ... =

d PN oA
% <tr{ Ux U; })shockwave = <KLOtr{ Ux U; })shockwave
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Non linear evolution equation: Balitsky-Kovchegov equation

U(xy) = 1 - 0G0 (1))

Ux,2) +U(zy) — Ulx,y) — Ulx.2) A(w)}

e LLA for DIS in pQCD = BFKL
» (LLA: oy < 1,a4n ~ 1): describes proliferation of gluons.

o LLA for DIS in semi-classical-QCD =- BK eqgn
» background field method: describes recombination process.

e Note:ifx; — z, ory, — z, divergences cancel out.
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Quark propagator with sub-eikonal corrections

T - + ™ + E;

Quark propagator for g, structure function

. 2
W0 s = mrgery | Fras (07 +X)

[s
X{f v/é?*U(:,) + é(VWSM + vﬁQ(u)v,f) } (y*v’ + YL)

8 V2s
2 ¥ — 2 )2 B B
= - [( x+Z)L . (» y+Z)¢ —2(x —y )]

G. A. Chirilli (Univy 0) High-energy sub-eikonal corrections ECT* - May 21, 2024 16/39



Quark propagator with sub-eikonal corrections

_f — + + + + B

Quark propagator for g; structure function

IO s = s e (77 +40)
x {i \/§7>+U(ZL> + %(WJF’VS \;Z—L) +91 0z ), ) } (y*y_ + ,ﬁ)

e Eikonal interaction
@ Sub-eikonal interaction
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Quark propagator with sub-eikonal corrections
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Quark propagator with sub-eikonal corrections
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Impact Factor with sub-eikonal corrections: quark operator

Z
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Impact Factor with sub-eikonal corrections: quark operator

yFip =1yt =0  bad components
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Impact Factor with F;; operator

N v a
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OPE with sub-eikonal corrections

Zy Z,

T{D ()L (D)7 ()}
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Sub-eikonal Impact Factors
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Symmetry of the sub-eikonal Impact Factors

Sub-eikonal Impact Factors are electromagnetic gauge invariant

oIt (x,y;21,22) =0
DT (x,y;21,22) = 0

and SL(2, C) Mdbius invariant (inv. x* — %)

/ Fod I (xy0,0) = / d*od* 2 IV (x,y121, 22)

/ d*od* I (x,y;21,22) = / d*nd 2 I (x,y;21,22)
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High-Energy OPE with sub-eikonal corrections
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Fierz identity

e eeesseecsPeccsaccen ZZJ_
A A :
A \
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Fierz identity

— ﬂ
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High-Energy OPE with sub-eikonal corrections

T{O () ()P ()7 & ()}
= /dadzzILo(Zu,Zu,x y) [TY{UT Ui}

12, At 7 > PSR -~ 1 PN 1 P
+-Te (Tr{UZT] U} Ore, + Te{U, U130 — ETr{U;lez} - ETr{Uz,Q{zz}ﬂ

1 Y U o
+- / Pud* T (211,215 %,y) [Tr{UL U.,}0s., + Tr{U., U1, } OL
1 . 2 . 1 . 2 N
o Te{U} (0s., — 2N.F2,)} — N Tr{ 0., (ngz —2N.F1)}
+0(ay) + O(X72)

Eikonal term of the high-energy OPE: |. Balitsky (1996)
Sub-eikonal terms of the high-energy OPE: G.A.C. (2021)
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Parametrization of the forward matrix elements

Quark distributions G.A.C. (2021)

Al = (x—y)

) S x k
/ PA B ((p S| [Ql(xL)Tr{UxU;f} n a.c.} P,S)) = %(ql 122+ Aj qlT(ki,x))

[ead@0ups|[ 1(ie00l} +ac]Ip8) = 3 (@080 + 2 Fan @ )

(S,4)

/ P AAH (] [Q5(xJ_)Tr{UxU;} + a.c] P, S)) = %(AqsL(ki,x) - TJ'%T(kﬁ_,x))

(S, k)

/ PA AR (P, 5| [Tr{Qs(xJ_)UyT} n a.c} P, S)) = %(AqSL(ki,x) -2 lzm(ki,x))
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Parametrization of the forward matrix elements

Gluon distributions G.A.C. (2021)
St~ 2 PH 4 SH A =x—y)
/der (Ak)L(p, 5| Tr{f(xl)UT}—i—ac] P, S)) = %[)\ lGL(k o+ & )lGT(k )]
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Evolution equation of sub-eikonal corrections

(Tr{U} U} Q1)

L

z { ..... goocen *Z* 2y,

Zq,

Diagrams at one loop: quantum quark field
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Evolution equation of sub-eikonal corrections

(Tr{U}U:}O1)

z; XL oz,

zZy

s [Td Tr{U} U, 1 .
aujugen = 5 [ [0 wiug 0 - Srvion|

€

and

“da [ o Tr{U U}

X—Z

X |:Tr{U;UZ} Qsz - ]VTI'{U; (QSZ - 2Nc]:z) }]

(Tr{U} U} 0s,) = 47r2

Sanity check: operators of different parity do not mix
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Evolution equation of sub-eikonal corrections

Zo,

z;{ ----- e }z*,z2L

Z1,

Diagrams at one loop: classical quark field (BK diagrams)

P +°°d_01 2 %
Ou(Tr{U,U}) = zﬂz/o a /d C—2i0 -2

X [Tr{ UUNYTH{U,UL} — NTr{ UnyT}] 01

It gives automatically Leading-Log resummation contribution.
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Evolution equation of sub-eikonal corrections
Z
z, + {Z* 2

Z1J_
Diagrams at one loop: quantum quark field
z; z, Z, z,
..... Ppesces \\ //......)......
Z) Z) X
h Yo Yo
a) b)

Figure: Diagrams with 0y, and Qs, quantum.
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Evolution equation of sub-eikonal corrections

z, z, z. z,

..... s e eeeen ;,\\ //;,.
\Z\Lm/ S

Yo Yo

. s [Td d* 1 .
({Uj0LY) = 5 /0 = / ﬁ[Tr{U;UZ}QIZ - ﬁcTr{U;le}]

and

Foo da

<TI‘{U QSx}) = 4 2

x [Tr{U; U.}0s. — IVTr{UyT (0s: — 2Nc]:z)}]

Sanity check: operators of different parity do not mix
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Evolution equation of sub-eikonal corrections

I 172
Y
Z2

Diagrams with F;; quantum
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Evolution equation of sub-eikonal corrections

5 172
¥
&N

Diagrams with F;; quantum
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Evolution equation of sub-eikonal corrections

Diagrams with F;; quantum

(Tr{F Uf}) = —%Tr{Uxt“U;tb} / m%"‘ / d*z
X[(f—axv (ot o)

(x—230—27

‘(<x(:>§<zy_—yz)>i + o) (e t)

2
a2 / 24 (et(q,y—n _ ei(q,x—z))(;(z) (c — x) e
91

21w _
Qab ZJ_ —g/ dzl*/ dZZ*q/}(Zl*aZJ_)’ysﬁl [Zl*yoopl]ztaUztb [_OOP17Z2*]1¢(ZZ*,ZJ_)
0o

P
Q% (z1) —g/ dm/ A2 (214,21 ) iP1 (210, 00p1 ] UL 17 [—00p1, 224 (224, 21
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Evolution equation of sub-eikonal corrections

Diagrams with F;; quantum

ood—a d*z

(Te{FUf})

e

1 - - . -
+ ﬁ (Tr{ UnyT QIZUZT }+ Tr{U U UI 012} — Tr{UUS U0} — Te{U] UXQ{ZUZ})
X—2,7— 1

-znz-y) }

=210 -23% (x—27

N2 Tr{UTU}(Q le)} —%[
x [Tr{ Ui (0s. — 2F.)}Tr{Ul UL} + To{U, (0L, — 2F))yTe{UfU.}

1 . . . B
- (Tr{UxU;f U.0L} + Te{U} UL U} + Te{U, Ul 0s,UT} + Tr{U} U, U Q5Z}>
C

1
TNz Tr{UfU} (05 + Q;)} }
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Evolution equation of sub-eikonal corrections

Z B .

z, + {Z* . i b ja
i ¥

Zy) E JEan

Diagrams with F;; or 0, (and QOs) classical: BK-type diagrams
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Evolution equation of sub-eikonal corrections

Diagrams with F;; or 0, (and Qs) classical: BK-type diagrams

- +too g
(Tr{Q1 Ul}) = =

272 Jo (x—230—23%

X [Tr{Ulex}Tr{U; U.} — N, Tr{U;QIX}]

- as  [T®da (x —y)?
ey = 55 [T [P
% [Tr{UZT 05} TH{U} U} — N, Tr{U] QSx}]
+°°da (x — y)l
(k=230 -1
x {Tr{UZT}'x} Tr{UU,} — N, Tr{U;f]-"x}}

(Tr{F Uf}) = zﬁz
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Evolution equation of sub-eikonal corrections

2,

z { ..... PR }Z* Zy,

Z1y

quark-to-gluon diagrams
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Evolution equation of sub-eikonal corrections

22,

z, { ----- Lene }z*,z2L
Z1,

quark-to-gluon diagrams
Xos X1
e o —
yo

a) b)
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Evolution equation of sub-eikonal corrections

Xy X1

{Tr{U viv.al )

(Te{U,U]}01) = / Tda / {

_ X—2,2—Y
)+ I\TCTr{UXUyT}(Hm +Hfu)} Ml Lt )T

+Tr{U, Ul U X
v—2i(x-27

lxz
x [Tr{UxU;fUZXITu} +Te{uUiuxl )+ —Tr{U Ui} (M, + A )}

+(X*Z) x(¥—32) [Tr{U UTU sz} —Tr{UZU;U sz} - —Tr{U U, }(Hsz H;—u)} }

-2ik—23%
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Evolution equation of sub-eikonal corrections

Xy X1

{Tr{U vivxl )

(Tr{UUI}0s,) = 47r2/ da/ {

_ (x—z,z2—y)1
+Tr{UUlUX )~ ETr{UJ Uy} (’stz + %stx)} + O-22(—22

x [Tr{UxU;fUZX;ru} +Te{v.Ufuxl ) - —Tr{U UT}(HS,cz +H5u)}
LE=9x (-9

-2ik—23%

{Tr{U viuxl )y - Te{uuiual )+ —Tr{U UT}( Hm)] } .
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Evolution equation of sub-eikonal corrections

z, + {Z* %L
Zq,
quark-to-gluon diagrams
7 7 X X1 z. Z

Y1 yi
a) b)
Xy X | P2 2z« zi Zx
w,u W,,Zy
Yi Xoy L
c) d)
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Evolution equation of sub-eikonal corrections

Yo Yi
a)
yi XYy
c) d)
dcv
+ 7 2
(Tr{ U0 X)) = 47r2 d’z

1 1
X{M{Tf{UzU;}< 1xz+7"1u> IVCTT{U;(XlszFXlu)}}
(x—zz-y)
0 -2ik-x7%
LE=9x6-9

(—2ik-x»i

1
00 (4 ) = 0 (e + 0

[Tty (o, )+ (e )]
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Evolution equation of sub-eikonal corrections

Yo Vi
a)
N Xey1
°) d)
da
(Tre{U]0s.}) = 4 : &z

X{OCIZ)ZL{Tr{UZU;}( SXZ+HSZ,Y> NicTr{UyT(X5xz+X5u)}j|

% {Tr{U UT}( swe T H5zx> N%Tr{U; (Xsz + Xszx) })}
+% {T t{U, UT}< Tz Hfu) + NicTr{UyT (X — Xm)}} }
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S3 +o0 _ o
Xi(x1,y1) = —/ §g2/ dztdwt (2, y )z, —oopi]y iy [oony, wt]p(w™,x))
—0o0

§3 [too _ o
Xleson) =@ [ bt Bt )t comluin” [oom. 2wl )

—00

S3 +o00 _ _
XS(XJ_7)’J_):_82V§/ dztdw (2, y1 )T, —oopi]y vy foony, w | (w ™, x L)

—00

s3 +o0o B B
XST(XLM)Z—gZ\/g/ dzmdw T P(w T, x ) [w ', comi ] vy [—oont, 2 (v 1)

—0o0
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X-dipole operators

T{Ui X} or  Tr{U]Xs.}

X,
esessapessssesy
Z {

f"'""’"'""J_
L

sssesscscscccccccccegeecscssossscsscscsce

[ Ay
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/S3 +oo _
H?_(XL,)’L) = _g2 g/ dz+dw+ ¢(w+7yL)[W+a Oonl]y l’y_ [00”1,Z+]x1/)(2+,xﬁ

—0o0

3 +oo _ B 3
HI(x1,y1) = —gz\/ §/ dzmdw™ p(wT, y 1) [w™, com ]y Yy [oont, 2 wb(z T, x 1)

—0o0

_ [s3 [T - .
Hi(xl,yl) =g §/ dztdwt Y(wt,y ) wh, —oon]yivT [—oony, 2 lwb(z,x1)

—0o0

_ [s3 [T - _
HS (XL»}’L) = _gZ §/ dZ+dUJ+ w(er,}’L)[UJJr, _Oonl]y ’YS’Y [-OO”],Z+]X’(/J(Z+,XL)

—00

TMD operators that usually appear in SIDIS and Drell-Yan processes.

X, Xy

i }

\ n

1 !
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Conclusions

e Quark and Gluon propagator with sub-eikonal corrections is good
for

» spin-dependent TMDs: SIDIS, Weizsacker-Williams TMD at low-x
» spin g; structure function at low-x

e New Impact factors have been derived;

e New evolution equations which describe the high-energy spin
dynamics;

e New quark and gluon distributions;

e TMD type of operators appeared in DIS process.
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e Disentangle the double from the single log of energy and compare
with Bartels-Ermolaev-Ryskin (and the extension obtained by
Boussarie, Hatta, and Yuan (2019));

e Compare with NNLO calculation by Moch, Vermaseren and Vogt
(2014);

» Analytic continuation of local super-multiplet.

e Compare with results obtained by Kovchegov’s group
(20015-2021);

@ Include NLO and running coupling corrections.
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Light-ray operator
Analytic continuation of light-ray operators atj = 1
i—2 ~a I'2—j oo —j rra a
LWV = % / du 1T 2, (0)[0, un]® F"  (un)
x= Tl 0
OPE in light-ray operators in QCD (Balitsky, Braun (1989))

2-point function in BFKL limit (Balitsky; Balitsky, Kazakov, Sobkov
(2013-2018))

2-point function in triple Regge limit (Balitsky 2018)

A lot of activity on light-ray operators in CFT (e.g. Kravchuk,
Simmons-Duffin (2018))
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n-th moment of the structure function

The Q2 behavior of DIS structure function is obtained from the anomalous
dimension of twist-two operators

d _ _
P PV RS = (oL VRS

Dipole DIS cross-section can be written as

2 2+ll/
)= [ (2)

—¢*=0>> P} ands = (P+q)> > Q*

R(v) BFKL pomeron intercept.

The n-th moment of the structure function is

1 1+ico F(7) 0? v
dx n—1_~*p PAR / d v =_
/0 B-xB g ('vaQ ) %_ioo ’yn_ 1 _N(/Y) P2

Integrating over ~-parameter we get the anomalous dimensions of the leading
and higher twist operators at the unphysical point n = 1.
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Analytic continuation

1 o 3-+ioo F() (2
1 2y = w—R( \p2
Ad@% WW@Q)_Amomw—mﬂ<ﬂ)

= Residues w = R(v); expand X(~) for small v and solve for

asNe

2 TW
o) = 2N 4 02, F@@%~(Q)

Tw P?

Thus, we get the analytic continuation of anomalous dimension at the
unphysical point j — 1 of twist-2 gluon operator F¢, V=!F*,
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Light-ray operator

Analytic continuation of light-ray operators atj = 1

a =2 a € CTR—)) [T ab b €
Fe (x)VDTFL 5 (x) o du w7 F¢, (0)[0,un]® F > (un)

OPE in light-ray operators in QCD (Balitsky, Braun (1989))

2-point function in BFKL limit (Balitsky; Balitsky, Kazakov, Sobkov
(2013-2018))

2-point function in triple Regge limit (Balitsky 2018)

A lot of activity on light-ray operators in CFT (e.g. Kravchuk,
Simmons-Duffin (2018))
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Light-ray operator

Analytic continuation of light-ray operators atj = 1

a =2 a € CTR—)) [T ab b €
Fe (x)VDTFL 5 (x) o du w7 F¢, (0)[0,un]® F > (un)

OPE in light-ray operators in QCD (Balitsky, Braun (1989))

2-point function in BFKL limit (Balitsky; Balitsky, Kazakov, Sobkov
(2013-2018))

2-point function in triple Regge limit (Balitsky 2018)

A lot of activity on light-ray operators in CFT (e.g. Kravchuk,
Simmons-Duffin (2018))
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Super-multiplet of local operators in N'=4 SYM

Ojes) = [udy ¥ 6 (upy +x.)
Ol(x)) = / duwiNg VNG (upy +x1)
Oflxr) = /d“Fa+iV’52F“+i(uP1 +x1)

Multiplicatively renormalizable operators

S = 0j+ 0, - 50,

o [ R
2= G- A -0
o J+2 i DG +2)
=% AT g

i
S3
with anomalous dimensions

B =40 - 1) e+ 00]), P = =

A. V. Belitsky, et al (2004)
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Analytical continuation of the local super-multiplet

fj(xl) :/ duul_j]:(upl +x1),
0

o0
Aj(xL) :/ duu_jA(upl +x1),
0

P/ (x)) :/ duu D (up, +x1)
0

with

Fupy,x1) = /dvF“_u(upl +vpr +x)[u+v, v])’ﬁbe_"(vpl +x1),
Alupy,x)) = %/dv( — X (upy + vp1 + x0)[u+ v, V| s (vpy 4 x1)

+24(vp1 + x0)[v, u 4 v]®Po N (upy + vp +xl)> ,
Bun) = [dv o +pr +x0)lu+ v s+ 1)

I. Balitsky, V. Kazakov, and E. Sobko (2013)
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multiplicatively renorm. light-ray operators

Forward matrix elements

. . | — . 1
ﬁz;ﬂ+lziN—jU—U—@
J(1+1)

o

6

]-'J

)

]+2 i G+DG+2)
5 N 5 .

Notice the different coefficients between the S-operators and the S-operators.

g:ﬁ_

Correlation function in CFT at high-energy, j — 1

C(ij)sj;l —27

(F D G = (S8 00) = 60— =ggmm

A canonical dimension d plus anomalous dim.
w: normalization point.
C(A,j): unknown structure constant. Calculate it in the BFKL limit.
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Wilson frame vs quasi-pdf frame

In the BFKL limit the two-point correlation function is UV divergent.

Regularization: point splitting =

o Wilson frame Balitsky (2013, 2019), Balitsky, Kazhakov, Sobko
(20013-2018)
» Motivation: Give an example of actual calculation of correlation
function;
e quasi-pdf frame G.A.C. Quark and Gluon quasi-pdf at low-x (in
preparation)
» Motivation: check of the calculation comparing with expected CFT
general result;

X+ H [X)
“Wilson frame X )
“‘quasi-pdf-frame’’
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