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•ultimate goal: understand the exotic hadrons from lattice QCD 

•key: hadron scatterings (interactions)
Introduction

Pc [LHCb, 2019][Belle, 2003]X(3872)

Λ(1405) [Isgur, Karl, 1978]

•Finite-volume method

•HAL QCD method

: temporal info{ [Lüscher, 1991]

[Ishii, Aoki, Hatsuda 2007]
: temporal & spatial info

of correlation functions
 energy  phase shift

of correlation functions
  potential  phase shift

Lattice QCD hadron scatterings exotic hadrons
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•time-dependent equation

•R-correlator:
(Time-dependent) HAL QCD method [Ishii, Aoki, Hatsuda 2007]

[Ishii et al. 2011]

(leading-order (LO) approximation)

<latexit sha1_base64="U1KdfbLGQMyB9s0cjWSCENGjyts="></latexit>

⇡ V (r)�(3)(r� r0)
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Nambu-Bethe-Salpeter (NBS) 
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<latexit sha1_base64="EhNNk5CJEQrUpj2ja4J2QrJrzmk="></latexit>

R(r, t) =
hO1(r, t)O2(0, t)J̄(0)i

hO1(t)Ō1(0)ihO2(t)Ō2(0)i
<latexit sha1_base64="1rV2rnPV+56umuMXyKmyA+2jfSM="></latexit>

⇡
X

n

CJ̄,n 
Wn(r)e�(Wn�m1+m2)t

[Ishii et al. 2011]

e.g. NN potential
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•two types of exotic hadrons:  
with and without quark pair annihilations

Quark pair annihilations

•w/ quark pair annihilations: much more computational cost in lattice QCD

•w/o quark pair annihilations: 
,  *,  *, 

<latexit sha1_base64="HA/tF4mLI9+zxlPUkdZkpsFyrNU="></latexit>

QQq̄q̄
<latexit sha1_base64="4pGT8i9feS9HUid6n/6cMmVMW9Y="></latexit>

QQ̄qq̄0
<latexit sha1_base64="R6TsREww+ZhGFWb1UYRknTSWIhA="></latexit>

QQ̄qqq
<latexit sha1_base64="JqVZcPQuOfqvfrSiigJLsGCumKM="></latexit>

qq̄0qqq

Z Pc

* neglect  annihilationQQ̄

 situation is much different

•w/ quark pair annihilations:  
resonances, , , 

<latexit sha1_base64="WeQHS1PA/651x0Pq707CKkCOUcU="></latexit>

QQ̄qq̄
<latexit sha1_base64="4n6fEdA3GWXULhKARGDEpWDGBK0="></latexit>

qq̄qq̄
<latexit sha1_base64="OVAfSf+2/Q4IdVwpfibMKFIwPXo="></latexit>

qq̄qqq

Θ+

time time

<latexit sha1_base64="ttu++XJ3mJ/3IAWSg/Lf7NEcwNM="></latexit>

Tcc

<latexit sha1_base64="0kgLpeto6Bfboq5nRmEdJ9x5/lc="></latexit>

⇤(1405)
<latexit sha1_base64="R57+HCHD00whb/Yifey5mLk7hQo="></latexit>

X
<latexit sha1_base64="UfJgkgwN5UEwV5s55g5upC4I1Ws="></latexit>

f0/�
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Exotic hadrons w/o quark pair annihilations

mπ

138 MeV

146 MeV

 400 MeV≳

•  dibaryon 

•  dibaryon  

•H-dibaryon

ΩΩ

NΩ

•  

•  pentaquark
Zc(3900)

Pc

configuration generated 
using Supercomputer Fugaku (Japan) (hadron interactions: on-going)

≈
[Lyu et al., 2021]

[Lyu et al., 2022] 
[Chizzali et al., 2022]

[Lyu et al., 2023]

[Sugiura et al., 2018]

[KM, Akahoshi, Aoki, 2020][Ikeda, 2011(PoS)][Ikeda et al., 2016]

[Iritani et al., 2019]near-physical 
point

physical point
[Itou et al. (HAL QCD), in preparation]

[Gongyo et al., 2018]

[T. Aoki, S. Aoki, Inoue, 2023]

•The HAL QCD studies have been done 
in almost realistic setups recently 

[Sasaki et al., 2020]

•  dibaryon 

•  tetraquark 

•  + femtoscopy

ΩcccΩccc

T+
cc

Nϕ

•  

•  tetraquark
Θ+(1540)

Tbb
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[Akahoshi, Aoki, Doi, 2021]

•new technique to suppress the cost 
allowed such calculation in HAL QCD method

•hadron resonances/most of exotic hadrons:  
quark-pair annihilation diagrams appear

 computational cost is very high
 larger× O(L4)

•    (resonance)ππ ρ •P-wave  ( )   ( ) (stable)Nπ ΞK̄ Δ Ω
[KM, Akahoshi, Aoki, 
Doi, Sasaki, 2023]

•next step: exotic hadrons (  etc.)Λ(1405)

[Akahoshi, Aoki, 
Doi, 2021]

Exotic hadrons w/ quark pair annihilations



•lattice QCD using finite-volume method 
at  MeVmπ ≈ 200

•chiral unitary model

• : not a simple  baryonΛ(1405) Λ

8

Λ(1405)

[Oller and Meissner, 2001]

(Hyodo and Jido, Prog. Part. Nucl. 
Phys. 67 (2012), 55-98)

Λ(1405)
quark model
experiment

•this talk: study from HAL QCD approach

[Jido, Oller, Oset, Ramos, Meissner, 2003]

•one pole? two poles?

[Bulava et al. (BaSc Collab.), 2024]

virtual state below  + resonance below πΣ K̄N
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(almost) single-channel 
analysis

•  in flavor SU(3) limit Λ(1405) <latexit sha1_base64="TjnZ1iHLsNsEGiHjTW1/2oYYdhY="></latexit>mu = md = ms

•previous study in the chiral unitary model

E

NK̄

Σπ

Λ(1405)

Physical point 

 ?Λ(1405)

SU(3) limit

B8M8

 in flavor SU(3) limitΛ(1405)

<latexit sha1_base64="MQzJ5HC9W1lVidMGvEcUZ5a/fX4="></latexit>

mM +mB

two poles constituting Λ(1405)

one pole in singlet and the 
other in octet channels

SU(3) limit

Physical point 

(Jido et al., Nucl. Phys. A 725 (2003), 181-200)

understand the mechanism to generate 
these poles via the HAL QCD potential

goal in this work



10

Setups

•channels: 
baryonmeson

•neglect  and  coupling in this work8s 8a

•no coupling between  and  
•interactions for  and  are the same

<latexit sha1_base64="67bKgzkseVKMXXyjZ0eVIN7Uji8="></latexit>

8s
<latexit sha1_base64="qI8HnUB4PCh67Bm17B2eTQlQQrE="></latexit>

8a
<latexit sha1_base64="67bKgzkseVKMXXyjZ0eVIN7Uji8="></latexit>

8s
<latexit sha1_base64="qI8HnUB4PCh67Bm17B2eTQlQQrE="></latexit>

8a

<latexit sha1_base64="vEcQXriD2uEwo9u6SLmzSl/DE10="></latexit>

8⌦ 8 = 27� 10� 10⇤ � 8s � 8a � 1

cf. chiral perturbation theory 
w/ WT interaction:

<latexit sha1_base64="fpjCDiaUhyZAyVK4LEaNg5WoKXI="></latexit>✓
V8s8s(r) V8s8a(r)
V8a8s(r) V8a8a(r)

◆
⇡
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V8s8s(r) 0
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<latexit sha1_base64="MQzJ5HC9W1lVidMGvEcUZ5a/fX4="></latexit>

mM +mB

(Jido et al., Nucl. Phys. A 
725 (2003), 181-200)

•S-wave analysis
•LO approximation in the HAL QCD potential

<latexit sha1_base64="1Yhmg0zSgqxxEeNNQEo0L57t+Mo="></latexit>

U(r, r0) ⇡ V (r)�(3)(r� r0)



<latexit sha1_base64="4HtEYIe7RFmR4tprOU3+X3PZlT0="></latexit>

R(rep)(r, t) =
h(M(r, t)B(0, t))(rep)⇤̄(0)i
hM(t)M̄(0)ihB(t)B̄(0)i

•one bound state in each channel from : 
<latexit sha1_base64="ovByLtuOLCp1oAHV4TpBBb297Sc="></latexit>

h⇤(t)⇤̄(0)i
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Lattice setups

(cf.  MeV,  MeV in chiral unitary)mM = 368 mB = 1151•  fm,  lattices, a ≈ 0.12 324
<latexit sha1_base64="mC44wmXM3ozAaCmIRYxrK32nPaI="></latexit>

mM ⇡ 670 MeV

: 3-quark type 
(octet, singlet)

<latexit sha1_base64="U1Bc6DLFeDsQus7TF//cnvOtdpc="></latexit>

⇠
X

z

ū(z)d̄(z)s̄(z)

•R-correlators

•  

•
<latexit sha1_base64="a9feXPztKiEJBiw86aUCW94CMFs="></latexit>

mM +mB �m(octet)
bound = 156(8)stat MeV

<latexit sha1_base64="vNtO7dy0Kl3CS8ZbU2DV7KqJawI="></latexit>

mM +mB �m(singlet)
bound = 227(5)stat MeV

<latexit sha1_base64="/Pu6Ak65LCCmnd4Mhrr1DDUvShg="></latexit>

(rep = 1, 8s, 8a)

<latexit sha1_base64="XgS39QmON6JuAODbaxaHGLMgSe4="></latexit>

⇤(t)
<latexit sha1_base64="eY8KvYKRNeLTJIxpRBG6UnQwcws="></latexit>

⇤̄(0)

<latexit sha1_base64="eY8KvYKRNeLTJIxpRBG6UnQwcws="></latexit>

⇤̄(0)

<latexit sha1_base64="RneCdRB4LnQoyiOFfv3SfwbS4Mw="></latexit>

B(0, t)

<latexit sha1_base64="8kjOfyWuZhntoCgrFWRBqkLZlzM="></latexit>

M(r, t)

<latexit sha1_base64="Lth0JQp3tE0w3UMHW3LG8g5RNco="></latexit>

⇠ e�mboundt

<latexit sha1_base64="9Ndz22FuP0pYd0BDWfwoivrvDY4="></latexit>

mB ⇡ 1489 MeV
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LO potentials

<latexit sha1_base64="YsG4m+eWgFvMNHaJDGL0sCigIaQ="></latexit>

V (r) ⇡ 1

R(r, t)

✓
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� @
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+

1 + 3�2
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◆
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R-correlators 
<latexit sha1_base64="xxilXVMyNY3y989iX4vn+byo6jU="></latexit>

R(r, t)

•singular behavior because of the R-correlators crossing zero
no problem in principle,  
but difficult to obtain reliable results…

<latexit sha1_base64="vEQOPU5JaUbO45fsk5d96UzNtpE="></latexit>

V8s8s(r)
<latexit sha1_base64="vLlnFkQGNZOno6qQGq3Yi7X/PSo="></latexit>

V8a8a(r)

<latexit sha1_base64="4EHnYqnwVfW7TtKuY6fvrx6g/Lc="></latexit>

V1(r)



, : different potentials,  
but produce the same scattering 
amplitude

<latexit sha1_base64="yqGBnNwda10RBSRtjPDWslYD1F4="></latexit>

R(8s)(r, t)
<latexit sha1_base64="vKDARyw7GMsNDWXdpsxNjaLxbNE="></latexit>

R(8a)(r, t)
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Utilizing the two octet R-correlators

same situation for  at any  
<latexit sha1_base64="K1Kv+pzv9oNrRrTRAe4OJliZLjw="></latexit>

R(8mix)(r, t) = R(8s)(r, t)� cR(8a)(r, t) <latexit sha1_base64="8QmwUysTtriOq9h94yx1OshBPIs="></latexit>c

•assume  and  are degenerated 
in this work

<latexit sha1_base64="67bKgzkseVKMXXyjZ0eVIN7Uji8="></latexit>

8s
<latexit sha1_base64="qI8HnUB4PCh67Bm17B2eTQlQQrE="></latexit>

8a

•  is set such that  does not cross zero<latexit sha1_base64="8QmwUysTtriOq9h94yx1OshBPIs="></latexit>c
<latexit sha1_base64="Rn1cGgX1MxM/3PNB6hwIZIY42AA="></latexit>

R(8mix)(r, t)

<latexit sha1_base64="yqGBnNwda10RBSRtjPDWslYD1F4="></latexit>

R(8s)(r, t)
<latexit sha1_base64="vKDARyw7GMsNDWXdpsxNjaLxbNE="></latexit>

R(8a)(r, t)

<latexit sha1_base64="sOJShH3FxeCZOSNz5CJUxKVv/L0="></latexit>

V (r)
<latexit sha1_base64="Xqwc1M1AHf93opA0zM0bpqVE7zw="></latexit>

V 0(r)
<latexit sha1_base64="UxMXioh/mEL4DZX5zcsO8x6pwD8="></latexit>

M(s)
different

<latexit sha1_base64="HjoUOULQ0F9GnkzxdfgZAomEPZw="></latexit>

V (c)(r)
<latexit sha1_base64="3t+73EZNaCLHsCJgrwpk5HXkgcA="></latexit>

R(8mix)(r, t) ⌘ R(8s)(r, t)� cR(8a)(r, t)

•no coupling between  and  
•interactions for  and   
are the same

<latexit sha1_base64="67bKgzkseVKMXXyjZ0eVIN7Uji8="></latexit>

8s
<latexit sha1_base64="qI8HnUB4PCh67Bm17B2eTQlQQrE="></latexit>

8a
<latexit sha1_base64="67bKgzkseVKMXXyjZ0eVIN7Uji8="></latexit>

8s
<latexit sha1_base64="qI8HnUB4PCh67Bm17B2eTQlQQrE="></latexit>

8a

cf. chiral perturbation theory 
w/ WT interaction:
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•attractive for all   
•the shape drastically changes for different 

c

c
physical observables?

LO potentials from mixed R-correlators

•the zero points disappear 
in 0.2 ≲ c ≲ 0.8

<latexit sha1_base64="K1Kv+pzv9oNrRrTRAe4OJliZLjw="></latexit>

R(8mix)(r, t) = R(8s)(r, t)� cR(8a)(r, t)

<latexit sha1_base64="AqXh3s80AWAPzF5x0EZQxpEprDE="></latexit>

V (c)(r)
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Binding energy in octet channel
•solve Schrödinger equation 

 binding energy for each <latexit sha1_base64="8QmwUysTtriOq9h94yx1OshBPIs="></latexit>c

•effect of the coupling ,  
•difference between ,   
•non-locality effect

<latexit sha1_base64="67bKgzkseVKMXXyjZ0eVIN7Uji8="></latexit>

8s
<latexit sha1_base64="qI8HnUB4PCh67Bm17B2eTQlQQrE="></latexit>

8a
<latexit sha1_base64="67bKgzkseVKMXXyjZ0eVIN7Uji8="></latexit>

8s
<latexit sha1_base64="qI8HnUB4PCh67Bm17B2eTQlQQrE="></latexit>

8a

0.2 0.25 0.3 0.4 0.6 0.8
179(4) 177(5) 177(5) 163(7) 132(13) 99(15)

<latexit sha1_base64="8QmwUysTtriOq9h94yx1OshBPIs="></latexit>c
<latexit sha1_base64="Rh6iC4i+kURQxxvTbysJBT3dzTY="></latexit>

E(octet)
bind [MeV]

•consistent with the value from  (  ) 
 our analysis (and assumption) is more or less reliable

<latexit sha1_base64="322krj0QQEE8PmRasuFxQYax8AQ="></latexit>

h⇤octet(t)⇤̄octet(0)i
<latexit sha1_base64="YAaLyudrAbM7Wwy2dPiByNNYrWM="></latexit>

156(8)stat MeV

•systematic error possibly comes from:{

<latexit sha1_base64="OcsekejqV6xaU3Uja3ZQNwCDRI8="></latexit>

E(octet)
bind = 163(7)stat

✓
+16
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•we study  in flavor SU(3) limit from the meson-baryon 
scatterings using the HAL QCD method 

•R-correlator in each irrep. have zero point,  
producing potential with singular point 

•we utilize the mixed R-correlators in the octet channel 
 to obtain the non-singular potential 

•the potentials from different mixed R-correlators change the shapes, 
but give similar binding energies

Λ(1405)

Summary
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• the singular behavior is due to the zeros of the 3-point functions 
(wave functions) 

• such behavior does not happen in the usual QM  

 the singular behavior: effects beyond QM (QFT) 

• Future work: use separable potential instead of the local one 
to avoid the singular behavior

Future work

<latexit sha1_base64="SsOdVllfOUpp5LAr85PmrOaMRVo="></latexit>

U(r, r0) ' gv(r)v(r0)

non-locality in the HAL QCD method


