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Contents

• Time-dependent approaches to nuclear 
response

• Dipole response in neutron-halo systems
• Dipole response in medium-heavy exotic 

nuclei

• I do not talk about correlations with 
symmetry energy, slope parameter, etc.



Time-dependent approach

• Time-dependent equation

• Use of a wave-packet wave function
– Superposition of many energy eigenstates
– Energy resolution is limited by time duration

• Especially useful for investigation of bulk 
properties and continuum (scattering) 
states.
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Dipole response of weakly-bound nuclei at low excitation

6He, 11Li

Nakatsukasa, Yabana, Ito,
Eur. Phys. J. Special Topics 156, 249–256 (2008)
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Fig. 5. Time evolution of a state (real part
of the wave function) initially excited by the
dipole operator. The vertical scale for r = 10 ∼
100 fm is magnified by a factor of two compared
to that for r = 0 ∼ 10 fm. The dashed line
indicate the shape of the p-wave potential.
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Fig. 6. Calculated E1 strength distribution for 11Be.
See text for explanation.
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Fig. 7. Calculated E1 strength distribution for 6He
with a three-body model.

matrix element with the initial state. Then, we stop the calculation. From this time evolution,
we obtain E1 strength distribution (dotted line) shown in Fig. 6. There is a strong low-energy
peak known as the threshold effect. This peak is drastically reduced if we change the energy of
the 2s orbital. For instance, the solid line in Fig. 6 shows the result for the case that the energy
of the 2s orbital is −2MeV. Experimental data [15–17] indicate a similar shape but somewhat
smaller strength.

3.2 Three-body model

Now, we apply the same method to 6He, described by a three-body model with 4He and two
neutrons. The Schrödinger equation we solve is

ih̄
∂

∂t
Ψ(r1, r2, t) =

{
− 1
2m
∇21 −

1

2m
∇22 + VnC(r1) + VnC(r2) + Vnn(|r1 − r2|)

}
Ψ(r1, r2, t),

(15)
where we neglect the recoil term. The Woods-Saxon potential, VnC(r), consists of central and
spin-orbit parts. The orthogonality to the Pauli forbidden occupied state, 1s1/2, is taken into
account. The central part is adjusted to fit the experimental two-neutron separation energy
(0.975MeV). For Vnn(r), we adopt the Minnesota potential [18]. The wave function is con-
structed as

ΨJM (r1σ1, r2σ2; t) =
∑

l1,l2,L,S

ul1l2LS(r1, r2; t)

r1r2
[[Yl1(r̂1)⊗Yl2(r̂2)]L ⊗ [χ(σ1)⊗χ(σ2)]S ]JM .

(16)
The model space is defined by l1, l2 ≤ 10 and r1, r2 ≤ 90 fm.
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We can rewrite E1 strength function as

| ⟩&(#)⟨&(0)|

⟩& 0 = 456 ⟩./ Continuum effect
Equations to numerically solve
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3-body model

Dipole strength of borromean nuclei: 
real-time calculation

Simplified treatment, ignoring recoil term

( ) ( ) ( )2102121 ,0,, rrzztrr !!!! fy +==
Initial wave function: (Dipole operator) x (3-body ground state)

Time representation of response function
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Detail of assumed Hamiltonian
and numerical method

Core-neutron:          Central + Spin-Orbit (Woods-Saxon shape)
Neutron-neutron:    Minnesota force
Orthogonality to occupied orbitals (s1/2 for 6He, s1/2 and p3/2 for 11Li)
Recoil terms are ignored
Binding energy are set to 0.975MeV for 6He, 0.295MeV for 11Li

by adjusting depth of the central potential
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Lagrange mesh (Discrete Variables Representation) for differentiation
Taylor expansion for time-evolution
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Dipole strength from real-time calculation
6He

T. Aumann et.al, PRC59(1999)1252

T. Nakamura et.al, PRL96(2006)252502

11Li
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Dipole Strength of 6He, 11Li
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Low strength is sensitive
to the s-wave component (1s1/2)2

T. Nakamura et.al, PRL96(2006)252502
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Energy density functionals

• Universal description of ground and 
excited states

• Reasonable computational time
• Time-dependent density-functional theory 

to calculate nuclear response



Time-dependent density functional 
theory (TDDFT) for nuclei

• Time-odd densities (current density, spin 
density, etc.)

• Time-dependent Kohn-Sham-Bogoliubov eq.
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Canonical-basis TDHFB
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•Conserve the particle number and the total energy

•Conserve the orthonormality of canonical orbitals

•Reduce to TDHF for ��0

•Its static limit coincides with the HF+BCS

0)(')( =tktk
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d

0tot == E
dt
dN

dt
d

•Nambu-Goldstone modes appear as the zero-energy modes.

•The pairing vibrations in the normal phase coincide with the pp- and hh-RPA

In the small-amplitude limit,
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Real-time calculation of 
response functions

1. Weak instantaneous external 
perturbation

2. Calculate time evolution of

3. Fourier transform to energy domain

dtetFt
d
FdB tiw

pw
w

ò YY-= )(ˆ)(Im1)ˆ;(

)(ˆ)(ext tFtV d=
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ω [ MeV ] 

w
w
d
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Numerical calculation with 3D coordinate mesh space
with SkM* EDF



Ground-state deformation

• Systematic calculation with SkM*

S. Ebata, T. Nakatsukasa

2016 71st JPS meeting @ Touhoku Gakuin Univ.

3D HF+BCS Cal. w/ SkM* From N=Z to N=2Z, Z=6-92 even-even (Total # 1005)

Results
Ebata, Nakatsukasa, Phys. Scr. 92, 064005 (2017)

β2



Taking ‘prolate’, ‘oblate’ and ‘triaxial’ nuclei as the those
with β2�0.05 with γ< 1.5°, 58.5°�γ�60° and
1.5°�γ< 58.5°, respectively, 54% of even–even nuclei are
quadrupole deformed. Among them, the ratios of prolate,
oblate, and triaxial nuclei are 70%, 12%, and 18%,
respectively.

3.2. Octupole deformed nuclei

Figure 2 shows the absolute values of β3 for nuclei with finite
octupole deformation in their ground states. About 30 even–
even nuclei appear in the nuclear chart which are located in
the region of 84< N< 88 with 54< Z< 70, and
130< N< 136 with 84< Z< 92. These regions are con-
sistent with those in previous studies [11], and indicate that
the correlation among single-particle states with Δl= 3
induces spontaneous breaking of the rotational and parity
symmetries. Although our model allows any nuclear defor-
mation including β3m : m= 1, 2, 3, we have found only the
axial octupole deformation of the pear shape (β30> 0.000).

In table 1, we show the calculated deformation parameters
(β3, β2, γ) for octupole deformed nuclei with b ¹ 0.3 They are
qualitatively consistent with experimental data and former
works, although there are some differences. For instance, the
experimental data for 220Rn and 224Ra [13] suggest that both β2
and β3 are larger in

224Ra than in 220Rn, which is consistent with
our results. The deformation parameters obtained in the phe-
nomenological analysis of [14] are also consistent with our

results for 224Ra. However, for 226Ra and 224,226Th, our calcul-
ation predicts the ground states with no octupole deformation.
This is different from the result of [14]. The number of octupole
deformed nuclei in our work is smaller than the previous study
with the macroscopic–microscopic approach [12]. This may be
due to the presence of effective mass and the difference in
pairing interaction. Actually, the number of quadrupole
deformed nuclei is also smaller than [10]. We understand that
the pairing energy functional in the present study is slightly
stronger than the former works. The strength of the pairing
seems to be a key element for the octupole instability. A chart of
nuclear deformation of both quadrupole and octupole shapes
will give important information on the shell structure and pairing
correlations. A further analysis is in progress.

3.3. Octupole correlations

To investigate the potential energy surface as a function of
octupole deformation, constrained HF+ BCS calculations
were performed. Figure 3 shows the potential energy surface
of 144Ba with respect to the octupole deformation parameters.
An experimental signature for the octupole deformation of
144Ba has recently been measured [15]. The circle, square,
triangle and cross symbols correspond to the results calcu-
lated with using the octupole constraints for β3m : m= 0, 1, 2,
3, respectively. To calculate these potential surfaces, we

Figure 2. Same as figure 2, but for the absolute value of the octupole
deformation parameter β3.

Table 1.Octupole and quadrupole deformation parameters (β3, β2, γ)
for octupole deformed nuclei in this work.

β3 β2 γ

142Xe 0.061 0.12 0°
144Xe 0.086 0.17 0°
144Ba 0.110 0.16 0°
146Ba 0.124 0.20 0°
144Ce 0.076 0.12 0°
146Ce 0.115 0.17 0°
150Sm 0.075 0.20 0°
150Gd 0.056 0.10 0°
196Dy 0.078 0.07 0°
198Dy 0.117 0.08 0°
200Er 0.112 0.08 0°
202Er 0.129 0.07 0°
204Er 0.161 0.11 0°
200Yb 0.043 0.05 0°
202Yb 0.100 0.07 0°
204Yb 0.120 0.06 0°
216Pb 0.066 0.01 —
218Pb 0.088 0.01 —
220Pb 0.004 0.00 —
220Rn 0.160 0.13 0°
222Rn 0.159 0.15 0°
222Ra 0.170 0.16 0°
224Ra 0.168 0.18 0°
220Th 0.136 0.12 0°
222Th 0.161 0.14 0°
220U 0.112 0.10 0°
224U 0.165 0.16 0°
226U 0.183 0.18 0°

Figure 1. Absolute value of the quadrupole deformation parameter
β2 calculated with the SkM* parameter set. The red (blue) color
means that the nucleus has a well quadrupole-deformed (spherical)
shape. See the text for details.
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Ground-state deformation

• Systematic calculation with SkM*
Ebata, Nakatsukasa, Phys. Scr. 92, 064005 (2017)

β3

Octupole deformation



Ground-state deformation

S. Ebata, T. Nakatsukasa

2016 71st JPS meeting @ Touhoku Gakuin Univ.

3D HF+BCS Cal. w/ SkM* From N=Z to N=2Z, Z=6-92 even-even (Total # 1005)

Results

β2

Rare-earth region



Deformation effects for photoabsorption cross section

SkM* func*onal
(Γ = 2 MeV)

Intrinsic Q moment

K.Yoshida and TN, PRC83, 021404 (2011).



Deformation in open shell
Rare-earth region

Rowe & Wood,
Fundamental Nuclear models
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Sudden deformation onset in
Sr isotopes

Rowe & Wood,
Fundamental Nuclear models



Deformation in open shell
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Deformation evolution
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E1 oscillator strength and 
deformation

N = 40 − 58
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Deformed region
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E1 strength in Zr isotopes
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Neutron capture cross sections
296 J. Kopecky, RE. Chrierz / Ml giant resonance 
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Fig. 5. The parameterization of El data from the present experiment (open squares) and the (?:n) 
reaction *‘) (crosses). The plotted curves represent the Axel-Brink (eq. (6)) and fE1(Ey, 2”) (eq. (8)) 

approximations. For detailed discussion see ref. 34). 

however, be much broader due to the expected increase in the fragmentation by 
adding nucleons to the initial [(g9,J-ig7,J structure in “Zr. 

(ii) An energy dependence, stronger than EC, has been observed in several 
experiments on nuclei with 96 < A < 240 [ref. 35)], which can be interpreted as coming 
from the tail of a resonance dist~bution. 

The distribution of &,( EY) calculated from eq. (6), using a lorentzian resonance 
with E,= 8.8 MeV and various values of T’,, is displayed in fig. 6. The peak value 
of a0 was parametrized as described in sect. 3 and used as a fixed parameter. 

In the representation of the Ml giant resonance we use an energy independent 
width. In the absence of any known mechanism for a description of the damping 
of the Ml oscillation, the simplest form of the lorentzian was used. 

Inspection of fig. 6 shows that the most sensitive test of the&(E?) distribution 
is the strength of primary transitions with Ey < 3 MeV. Such transitions are difficult 
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SYSTEMATIC INVESTIGATION OF LOW-LYING DIPOLE . . . PHYSICAL REVIEW C 90, 024303 (2014)
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FIG. 15. (Color online) Neutron chemical potentials for Zr iso-
topes as a function of neutron number are shown by circles. At
N = 50 and 82, the neutron pairing gaps vanish, for which the
highest-occupied single-particle levels are shown by open circles.
The PDR fraction fPDR are also shown by squares, and their scale is
given in the right axis.

|λn| in Pd isotopes show a monotonic decrease, leading to
a monotonic increase in fPDR. Therefore, it seems that the
deformation affects the PDR strength through changing the
neutron chemical potential.

B. The K = 0 dominance in PDR strength

In GDR at high frequency E1 mode, the deformation
splitting was systematically observed in deformed nuclei.
The K = 0 component is lower in energy than the K = 1
component, leading to a double-peak structure in the prolate
nuclei. In oblate nuclei, the opposite situation is expected, so
that the K = 0 is higher than K = 1. In Figs. 12, 13, and 14, the
PDR strengths are decomposed into x, y, and z components.
Here, the z direction is chosen as the symmetry axis of the
deformation. The calculation indicates that, in the prolate
nuclei, the K = 0 (z) PDR components are larger than the
K = 1 components. This is consistent with Ref. [74], in which
it was interpreted to be due to the difference in the neutron
skin thickness with respect to the z and x-y directions. In

-16

-14

-12

-10

-8

-6

-4

-2

 0

0

1

2

3

4

5

6

7

8

Ch
em

ica
l p

ot
en

tia
l [

M
eV

]

f P
DR

 [%
]

Neutron Number
50 60 70 82 90

λn
fPDR

FIG. 16. (Color online) Same as Fig. 15, but for Pd isotopes.
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FIG. 17. (Color online) Neutron skin thickness in different direc-
tions for prolate deformed Sr, Zr, Pd, and Cd isotopes. The values
along z and the perpendicular directions are shown by empty and
filled symbols, respectively.

Ref. [74], for very neutron-rich Sn isotopes with N = 92–112,
the prolate deformation of the neutron density was calculated
to be larger than that of protons [(β2)n > (β2)p]. This leads to
a larger neutron skin in the z direction of the symmetry axis
than in the perpendicular directions (x-y). However, it turns
out that, in the present calculation, the situation in Sr and Zr
isotopes is very different from Sn isotopes in Ref. [74].

Figure 17 shows the neutron skin thickness with respect to
z and x-y directions for prolate deformed Sr, Zr, Pd, and Cd
isotopes. These are defined by the root-mean-square radius of
the z direction,

√
⟨z2⟩n −

√
⟨z2⟩p, shown by dashed lines, and

the same for the x and y directions shown by solid lines. It
turns out that in Sr and Zr isotopes, the neutron skin is thicker
in the x-y plane than in the z direction, while the situation is
opposite in Pd and Cd isotopes.

In Fig. 18, we show the calculated quadrupole deformation
β2 for protons and neutrons separately. In Pd and Cd isotopes,
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FIG. 18. (Color online) Neutron and proton quadrupole deforma-
tions, (β2)n and (β2)p , are respectively shown by filled and open
symbols, for prolate deformed Sr, Zr, Pd, and Cd isotopes.

024303-9

SYSTEMATIC INVESTIGATION OF LOW-LYING DIPOLE . . . PHYSICAL REVIEW C 90, 024303 (2014)

-16

-14

-12

-10

-8

-6

-4

-2

 0

0

1

2

3

4

5

6

7

8

Ch
em

ica
l p

ote
nt

ial
 [M

eV
]

f PD
R [

%]

Neutron Number
40 50 60 70 82 90

λn
fPDR

FIG. 15. (Color online) Neutron chemical potentials for Zr iso-
topes as a function of neutron number are shown by circles. At
N = 50 and 82, the neutron pairing gaps vanish, for which the
highest-occupied single-particle levels are shown by open circles.
The PDR fraction fPDR are also shown by squares, and their scale is
given in the right axis.

|λn| in Pd isotopes show a monotonic decrease, leading to
a monotonic increase in fPDR. Therefore, it seems that the
deformation affects the PDR strength through changing the
neutron chemical potential.

B. The K = 0 dominance in PDR strength

In GDR at high frequency E1 mode, the deformation
splitting was systematically observed in deformed nuclei.
The K = 0 component is lower in energy than the K = 1
component, leading to a double-peak structure in the prolate
nuclei. In oblate nuclei, the opposite situation is expected, so
that the K = 0 is higher than K = 1. In Figs. 12, 13, and 14, the
PDR strengths are decomposed into x, y, and z components.
Here, the z direction is chosen as the symmetry axis of the
deformation. The calculation indicates that, in the prolate
nuclei, the K = 0 (z) PDR components are larger than the
K = 1 components. This is consistent with Ref. [74], in which
it was interpreted to be due to the difference in the neutron
skin thickness with respect to the z and x-y directions. In
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tions for prolate deformed Sr, Zr, Pd, and Cd isotopes. The values
along z and the perpendicular directions are shown by empty and
filled symbols, respectively.

Ref. [74], for very neutron-rich Sn isotopes with N = 92–112,
the prolate deformation of the neutron density was calculated
to be larger than that of protons [(β2)n > (β2)p]. This leads to
a larger neutron skin in the z direction of the symmetry axis
than in the perpendicular directions (x-y). However, it turns
out that, in the present calculation, the situation in Sr and Zr
isotopes is very different from Sn isotopes in Ref. [74].

Figure 17 shows the neutron skin thickness with respect to
z and x-y directions for prolate deformed Sr, Zr, Pd, and Cd
isotopes. These are defined by the root-mean-square radius of
the z direction,

√
⟨z2⟩n −

√
⟨z2⟩p, shown by dashed lines, and

the same for the x and y directions shown by solid lines. It
turns out that in Sr and Zr isotopes, the neutron skin is thicker
in the x-y plane than in the z direction, while the situation is
opposite in Pd and Cd isotopes.

In Fig. 18, we show the calculated quadrupole deformation
β2 for protons and neutrons separately. In Pd and Cd isotopes,
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FIG. 18. (Color online) Neutron and proton quadrupole deforma-
tions, (β2)n and (β2)p , are respectively shown by filled and open
symbols, for prolate deformed Sr, Zr, Pd, and Cd isotopes.
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IV. DEFORMATION EFFECTS

It is well known that the nuclear deformation in the ground
state significantly affects the shape of the GDR peak [70–73].
For a well deformed nucleus, the GDR peak is split into two
peaks, which can be understood as a simple geometrical effect.
Namely, there are different frequencies associated with long
and short principal axes of deformation. On the other hand,
for the low-lying E1 mode, the geometrical effect is not
prominent. The authors of Ref. [74] have reported that the
deformation hinders the PDR strength for the prolate neutron-
rich Sn isotopes. They also found that the K = 0 component
of the calculated low-lying E1 strength is larger than the
K = 1 component, which was interpreted by the effect of
anisotropic neutron skins. Namely, the neutron skin thickness
in the z (K = 0) direction is expected to be thicker than in
the x-y (K = 1) directions. In this section, we investigate this
deformation effect for selected isotopes: strongly deformed
(Sr and Zr) and weakly deformed nuclei (Pd and Cd).

A. Deformation and PDR strength

In Fig. 12, fPDR are shown for Zr isotopes. In the present
calculation, Zr isotopes with N = 60–72 are deformed with a
prolate shape, and the one with N = 74 has a small triaxial
shape. The other nuclei are calculated to be spherical in the
ground state. Here, we can clearly identify the deformation
effects. The total PDR strength suddenly reduces at N = 58 →
60 at the onset of deformation (β2 ≈0.37). This is consistent
with Ref. [74], in that the deformation hinders the PDR
strength. However, at N = 72 → 76 where the deformation re-
duces and disappears, the PDR strength decreases again. Thus,
the deformation does not always hinder the PDR strength.

Very similar behaviors can be found for Sr isotopes as well,
in Fig. 13. In Sr isotopes, the ground state has a prolate shape
with β2 ≈0.37 for N = 60–72, and an oblate shape at N = 38
and 74. When the prolate deformation develops in the ground
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FIG. 12. (Color online) The PDR strength in Zr isotopes decom-
posed into x, y, and z components which are denoted by red, blue,
and green bars. In spherical nuclei, the three components are equal
to each other. In this figure, we include isotopes with the neutron
chemical potentials smaller than 2 MeV (N > 82).
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FIG. 13. (Color online) Same as Fig. 12, but for Sr isotopes. The
arrows indicate the oblate-shape nuclei.

state, the PDR strength reduces. The largest PDR strength is
seen in N = 72, then it drops at N > 72 as the ground state is
going back to the spherical shape.

In weakly deformed isotopes, the deformation effect on the
PDR is much milder. In Fig. 14, we show Pd isotopes. The
ground state of Pd isotopes is deformed with a prolate shape
at N = 58–74; however, their deformation β2 = 0.1–0.2 is
significantly smaller than that of Zr isotopes. The PDR strength
gradually increases toward N = 82, then jumps up beyond
that. In Cd isotopes, we observe behaviors almost identical to
Pd.

We have found that the isotopic dependence of the PDR
strength is consistent with the behavior of the neutron chemical
potentials. In Figs. 15 and 16, the neutron chemical potentials
−λn are shown for Zr and Pd isotopes, respectively. In Zr
isotopes, the sudden change of the deformation, in fact,
causes the change in λn as well. The chemical potential
|λn| monotonically decreases with increasing neutron number,
except for two places. These exceptional increases of |λn| take
place at N = 58 → 60 and at N = 72 → 76. These neutron
numbers perfectly agree with those showing the drops of the
PDR strength in neutron-rich Zr isotopes. In contrast, the
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FIG. 14. (Color online) Same as Fig. 12, but for Pd isotopes.
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produces fractional occupation probabilities of p1/2 (52.4%)
and f5/2 orbits (18.2%).

B. Medium-heavy nuclei in the neutron-rich side
(28 ! Z ! 50 and N " Z)

In Fig. 9, we show the neutron number dependence of
fPDR for isotopes with Z = 28–50. The characteristic cusps
can be seen at N = 50 and 82, which correspond to the
neutron magic numbers. While the neutrons are filling the
g9/2 intruder orbit (40 < Z ! 50), the PDR fraction stays
approximately constant with respect to the neutron number.
Especially, the isotopes with Z = 36–50 (Kr–Sn) have roughly
identical values of fPDR at N ! 50. Beyond N = 50, the
neutrons start occupying the d5/2 orbit; then, the rapid increase
in fPDR is clearly observed in Fig. 9. These are universal for
all the isotopes shown in Fig. 9, although the cusp behavior is
weakened by increasing the proton number. These are similar
to the cusps at N = 14 and 28 in lighter neutron-rich isotopes.

In addition, for the isotopes with Z = 32–44, the convex
cusps also appear at around N = 58–60 and around N =
72–74, while the concave ones can be seen at N = 60–62.
These cusps are most prominent around the proton subshell
(Z ≈ 40), while they become weaker approaching the magic
numbers, Z → 28 and Z → 50. This suggests that these may
be associated with the ground-state deformation.

Let us briefly comment on the deformation effect. In Ne
and Mg neutron-rich isotopes, the present results suggest that
the onset of deformation in the ground state increases fPDR.
However, the behavior in the present mass region is more com-
plex. fPDR decrease at the onset of deformation around; then,
they decrease again near N = 74, which corresponds to the
disappearance of the deformation back to the spherical shape.
In Sec. IV, we discuss the effect of deformation in more details.

The next jump in fPDR at N = 82 → 84 is clearly identified.
This suggests that the definition of the “low-ℓ orbits” is
different between light and heavy systems. The nuclei around
N = 82 are all calculated to be spherical, thus it cannot be the
effect of deformation. The single-particle orbit just above the
N = 82 shell gap is f7/2. In light nuclei, when the Fermi level
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FIG. 9. (Color online) The PDR fraction fPDR as functions of the
neutron number for even-even isotopes with Z = 28–50 and N " Z.

is located at the f7/2 intruder orbits (20 < N ! 28), the PDR
fraction does not increase (see Fig. 8). The behavior of fPDR

in the heavy isotopes seems to be very different from that in
light systems. The f orbit may be regarded as the low-ℓ orbit
for heavy nuclei with N > 82.

Finally, the effect of pairing should be noted. In Ref. [57],
similar studies with the HF+RPA were reported for isotopes
with Z ! 40. The neutron shell effect on fPDR is qualitatively
identical. However, the HF calculation for heavy isotopes
shows peculiar changes in the ground-state deformation from
one nucleus to the next, which leads to irregular behaviors
in fPDR in the region of N > 56. These irregular behaviors in
Ref. [57] are hindered in the present study. This is due to the
pairing correlation, which produces the fractional occupation
probabilities, suppressing the sudden changes in deformation
from nucleus to nucleus. Now, some systematic trends in
the region 56 < N < 82 can be observed in Fig. 9. For
instance, increasing the proton number from Z = 28, the kink
behavior around N = 60 becomes sharper toward Z = 38 (Sr)
and 40 (Zr); then, beyond Z = 40, it becomes weaker and
disappears near Z = 50 (Cd and Sn). A similar systematic
behavior can be also observed for kinks around N = 72.

C. Neutron skin thickness and PDR fraction

The classical picture of the PDR is a vibration of neutron-
skin against the core part, from which, the correlation between
skin-thickness and PDR is expected. In this section, we
perform a systematic investigation and present the correlation
between fPDR and the skin thickness "rrms for many isotopes.
The neutron skin thickness is defined by the difference in
root-mean-square radius of neutrons and protons, "rrms ≡√

⟨r2⟩n −
√

⟨r2⟩p.
Figure 10 shows fPDR as a function of the neutron skin

thickness. For Ge, Se, Kr, Sr, and Zr isotopes, a similar
investigation was performed with the HF+RPA [57]. A
consistent behavior with Ref. [57] is confirmed in the left
panel of Fig. 10. There is a linear correlation between fPDR and
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FIG. 10. (Color online) The PDR fractions as functions of the
neutron skin thickness for even-even isotopes with Z = 28–50. The
open circles (triangles) indicate those with N = 50 (82).
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! = c = 1. The single-particle Hamiltonian h(t) is defined
as usual: a derivative of the energy functional E[ρ,κ] with
respect to the density, hµν(t) ≡ ∂E/∂ρνµ

These are the basic equations to determine the time
evolution of the canonical states, |φk(t)⟩ and |φk̄(t)⟩, their
occupation ρk(t), and pair probabilities κk(t). We use the 3D
Cartesian coordinate-space representation for the canonical
states, φk(r⃗ ,σ ; t) = ⟨r⃗ ,σ |φk(t)⟩ with σ = ± 1/2. Thus, each
canonical state is represented by three discrete indexes
(ix,iy,iz) for the 3D mesh points; (x,y,z) = (ix,iy,iz) × d.

C. Real-time calculation of strength functions

The E1 strength function in the linear response can be
obtained in the real-time calculation with a perturbation of
the E1 field. The ground state is prepared by the HF+BCS
calculation using the imaginary-time method. Then, we add a
weak impulse external field Vext(r⃗ ,t) = −ηF̂K (r⃗)δ(t) to start
the time evolution. Here, F̂K (r⃗) is the E1 operator with recoil
charges,

F̂K (r⃗) =
{

(Ne/A)rY1K (r̂) for protons,
−(Ze/A)rY1K (r̂) for neutrons. (9)

Thus, at time t = 0+, the initial state of the time evolution
is given by φk(r⃗ ,σ ; t = 0+) = eiηF̂K (r⃗)φ0

k (r⃗ ,σ ), ρk(t = 0+) =
ρ0

k , and κk(t = 0+) = κ0
k , where the superscript “0” indicates

the quantities at the ground state. Then, the expectation value
of F̂ is calculated as a function of time,

FK (t) ≡
∫

dr⃗{(Ne/A)rY1K (r̂)ρp(r⃗ ,t)

− (Ze/A)rY1K (r̂)ρn(r⃗ ,t)}, (10)

where ρτ (r⃗ ,t) =
∑

k∈τ ρk(t)
∑

σ |φk(r⃗ ,σ ; t)|2. The parameter
η controls the strength of the external field. To calculate
the linear response, it should be small enough to validate
the linearity. Note that the strength function S(E; E1) is
independent of magnitude of the parameter η as far as the
linear approximation is valid. In the present study, we adopt the
value of η = 3 × 10−5(e fm)−1 for the E1 operator. The time
step dt is 0.0005 MeV−1 and the time evolution is calculated
up to T = 10 MeV−1.

The E1 strength function is calculated with the following
formula [67]:

S(E; E1) ≡
∑

K=−1,0,1

∑

n

|⟨n|F̂K |0⟩|2δ(E − En)

= − 1
πη

ImF(E), (11)

where En is the excitation energy of the state |n⟩ and F(E) is
defined by

F(E) =
∑

K

∫ ∞

0
w(t)eiEtFK (t)dt. (12)

Here, we introduce a smoothing function w(t), for which
the ideal choice would be unity, w(t) = 1. However, because
of the finite duration of the numerical time evolution, the
integration must stop at t = T . This requires w(t) to be a
function almost vanishing at t = T , and leads to the finite

energy resolution, +E ∼2πT . In the following calculations,
we choose w(t) ≡ e−,t/2, where , is a smoothing parameter
and is set to 1 MeV. This corresponds to the discrete strength
smeared with the Lorentzian function with the width of ,. For
spherical nuclei, different K components in Eq. (11) are all
identical. Thus, the actual numerical calculation is performed
only for one of the K values, and the final result is obtained
by multiplying it by 3. For axially symmetric nuclei, when
the symmetry axis is chosen as the z axis, the K = 1 and −1
components are identical. The sum of them is simply called
“K = 1 component” in the following.

D. Definition of PDR fraction

To quantify the low-lying E1 strength in a systematic in-
vestigation, we use the summed energy-weighted E1 strengths
in the low-energy region m1(Ec). The ratio of this to the total
sum-rule value m1,

fPDR = m1(Ec)
m1

≡
∫ Ec E × S(E1; E)dE∫

E × S(E1; E)dE
, (13)

is referred to as “PDR fraction,” hereafter. The cutoff energy
Ec = 10 MeV is adopted in the present calculation. Figure 1
shows the E1 strength function of 26Ne and, the low-lying
E1 strength in the current definition is highlighted. The
PDR fraction, defined in this way, depends on Ec and
smoothing parameter ,. The present choice of Ec can be
reasonably justified for relatively light nuclei; however, for
heavier deformed isotopes, it is difficult to make a clear
separation between the PDR and GDR. Nevertheless, although
its absolute magnitude depends on Ec, the relative quantities
are sensible and are useful for discussion of the low-lying E1
strengths.

E. Determination of the model space: Box-size dependence

The canonical orbits φk(r⃗ ,σ ) are represented in the 3D
coordinate space discretized with mesh d in a sphere of radius
R. It is trivial that the numerical calculation is easier for a
smaller model space (smaller R and larger d). However, the
calculation with a too-small model space could produce a
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FIG. 1. (Color online) Calculated E1 strength distribution and
PDR strength (filled area) for 26Ne. A vertical dashed line indicates
Ec = 10 MeV.
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IV. DEFORMATION EFFECTS

It is well known that the nuclear deformation in the ground
state significantly affects the shape of the GDR peak [70–73].
For a well deformed nucleus, the GDR peak is split into two
peaks, which can be understood as a simple geometrical effect.
Namely, there are different frequencies associated with long
and short principal axes of deformation. On the other hand,
for the low-lying E1 mode, the geometrical effect is not
prominent. The authors of Ref. [74] have reported that the
deformation hinders the PDR strength for the prolate neutron-
rich Sn isotopes. They also found that the K = 0 component
of the calculated low-lying E1 strength is larger than the
K = 1 component, which was interpreted by the effect of
anisotropic neutron skins. Namely, the neutron skin thickness
in the z (K = 0) direction is expected to be thicker than in
the x-y (K = 1) directions. In this section, we investigate this
deformation effect for selected isotopes: strongly deformed
(Sr and Zr) and weakly deformed nuclei (Pd and Cd).

A. Deformation and PDR strength

In Fig. 12, fPDR are shown for Zr isotopes. In the present
calculation, Zr isotopes with N = 60–72 are deformed with a
prolate shape, and the one with N = 74 has a small triaxial
shape. The other nuclei are calculated to be spherical in the
ground state. Here, we can clearly identify the deformation
effects. The total PDR strength suddenly reduces at N = 58 →
60 at the onset of deformation (β2 ≈0.37). This is consistent
with Ref. [74], in that the deformation hinders the PDR
strength. However, at N = 72 → 76 where the deformation re-
duces and disappears, the PDR strength decreases again. Thus,
the deformation does not always hinder the PDR strength.

Very similar behaviors can be found for Sr isotopes as well,
in Fig. 13. In Sr isotopes, the ground state has a prolate shape
with β2 ≈0.37 for N = 60–72, and an oblate shape at N = 38
and 74. When the prolate deformation develops in the ground
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FIG. 12. (Color online) The PDR strength in Zr isotopes decom-
posed into x, y, and z components which are denoted by red, blue,
and green bars. In spherical nuclei, the three components are equal
to each other. In this figure, we include isotopes with the neutron
chemical potentials smaller than 2 MeV (N > 82).
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FIG. 13. (Color online) Same as Fig. 12, but for Sr isotopes. The
arrows indicate the oblate-shape nuclei.

state, the PDR strength reduces. The largest PDR strength is
seen in N = 72, then it drops at N > 72 as the ground state is
going back to the spherical shape.

In weakly deformed isotopes, the deformation effect on the
PDR is much milder. In Fig. 14, we show Pd isotopes. The
ground state of Pd isotopes is deformed with a prolate shape
at N = 58–74; however, their deformation β2 = 0.1–0.2 is
significantly smaller than that of Zr isotopes. The PDR strength
gradually increases toward N = 82, then jumps up beyond
that. In Cd isotopes, we observe behaviors almost identical to
Pd.

We have found that the isotopic dependence of the PDR
strength is consistent with the behavior of the neutron chemical
potentials. In Figs. 15 and 16, the neutron chemical potentials
−λn are shown for Zr and Pd isotopes, respectively. In Zr
isotopes, the sudden change of the deformation, in fact,
causes the change in λn as well. The chemical potential
|λn| monotonically decreases with increasing neutron number,
except for two places. These exceptional increases of |λn| take
place at N = 58 → 60 and at N = 72 → 76. These neutron
numbers perfectly agree with those showing the drops of the
PDR strength in neutron-rich Zr isotopes. In contrast, the
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FIG. 14. (Color online) Same as Fig. 12, but for Pd isotopes.
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IV. DEFORMATION EFFECTS

It is well known that the nuclear deformation in the ground
state significantly affects the shape of the GDR peak [70–73].
For a well deformed nucleus, the GDR peak is split into two
peaks, which can be understood as a simple geometrical effect.
Namely, there are different frequencies associated with long
and short principal axes of deformation. On the other hand,
for the low-lying E1 mode, the geometrical effect is not
prominent. The authors of Ref. [74] have reported that the
deformation hinders the PDR strength for the prolate neutron-
rich Sn isotopes. They also found that the K = 0 component
of the calculated low-lying E1 strength is larger than the
K = 1 component, which was interpreted by the effect of
anisotropic neutron skins. Namely, the neutron skin thickness
in the z (K = 0) direction is expected to be thicker than in
the x-y (K = 1) directions. In this section, we investigate this
deformation effect for selected isotopes: strongly deformed
(Sr and Zr) and weakly deformed nuclei (Pd and Cd).

A. Deformation and PDR strength

In Fig. 12, fPDR are shown for Zr isotopes. In the present
calculation, Zr isotopes with N = 60–72 are deformed with a
prolate shape, and the one with N = 74 has a small triaxial
shape. The other nuclei are calculated to be spherical in the
ground state. Here, we can clearly identify the deformation
effects. The total PDR strength suddenly reduces at N = 58 →
60 at the onset of deformation (β2 ≈0.37). This is consistent
with Ref. [74], in that the deformation hinders the PDR
strength. However, at N = 72 → 76 where the deformation re-
duces and disappears, the PDR strength decreases again. Thus,
the deformation does not always hinder the PDR strength.

Very similar behaviors can be found for Sr isotopes as well,
in Fig. 13. In Sr isotopes, the ground state has a prolate shape
with β2 ≈0.37 for N = 60–72, and an oblate shape at N = 38
and 74. When the prolate deformation develops in the ground
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FIG. 12. (Color online) The PDR strength in Zr isotopes decom-
posed into x, y, and z components which are denoted by red, blue,
and green bars. In spherical nuclei, the three components are equal
to each other. In this figure, we include isotopes with the neutron
chemical potentials smaller than 2 MeV (N > 82).
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FIG. 13. (Color online) Same as Fig. 12, but for Sr isotopes. The
arrows indicate the oblate-shape nuclei.

state, the PDR strength reduces. The largest PDR strength is
seen in N = 72, then it drops at N > 72 as the ground state is
going back to the spherical shape.

In weakly deformed isotopes, the deformation effect on the
PDR is much milder. In Fig. 14, we show Pd isotopes. The
ground state of Pd isotopes is deformed with a prolate shape
at N = 58–74; however, their deformation β2 = 0.1–0.2 is
significantly smaller than that of Zr isotopes. The PDR strength
gradually increases toward N = 82, then jumps up beyond
that. In Cd isotopes, we observe behaviors almost identical to
Pd.

We have found that the isotopic dependence of the PDR
strength is consistent with the behavior of the neutron chemical
potentials. In Figs. 15 and 16, the neutron chemical potentials
−λn are shown for Zr and Pd isotopes, respectively. In Zr
isotopes, the sudden change of the deformation, in fact,
causes the change in λn as well. The chemical potential
|λn| monotonically decreases with increasing neutron number,
except for two places. These exceptional increases of |λn| take
place at N = 58 → 60 and at N = 72 → 76. These neutron
numbers perfectly agree with those showing the drops of the
PDR strength in neutron-rich Zr isotopes. In contrast, the
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FIG. 14. (Color online) Same as Fig. 12, but for Pd isotopes.
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produces fractional occupation probabilities of p1/2 (52.4%)
and f5/2 orbits (18.2%).

B. Medium-heavy nuclei in the neutron-rich side
(28 ! Z ! 50 and N " Z)

In Fig. 9, we show the neutron number dependence of
fPDR for isotopes with Z = 28–50. The characteristic cusps
can be seen at N = 50 and 82, which correspond to the
neutron magic numbers. While the neutrons are filling the
g9/2 intruder orbit (40 < Z ! 50), the PDR fraction stays
approximately constant with respect to the neutron number.
Especially, the isotopes with Z = 36–50 (Kr–Sn) have roughly
identical values of fPDR at N ! 50. Beyond N = 50, the
neutrons start occupying the d5/2 orbit; then, the rapid increase
in fPDR is clearly observed in Fig. 9. These are universal for
all the isotopes shown in Fig. 9, although the cusp behavior is
weakened by increasing the proton number. These are similar
to the cusps at N = 14 and 28 in lighter neutron-rich isotopes.

In addition, for the isotopes with Z = 32–44, the convex
cusps also appear at around N = 58–60 and around N =
72–74, while the concave ones can be seen at N = 60–62.
These cusps are most prominent around the proton subshell
(Z ≈ 40), while they become weaker approaching the magic
numbers, Z → 28 and Z → 50. This suggests that these may
be associated with the ground-state deformation.

Let us briefly comment on the deformation effect. In Ne
and Mg neutron-rich isotopes, the present results suggest that
the onset of deformation in the ground state increases fPDR.
However, the behavior in the present mass region is more com-
plex. fPDR decrease at the onset of deformation around; then,
they decrease again near N = 74, which corresponds to the
disappearance of the deformation back to the spherical shape.
In Sec. IV, we discuss the effect of deformation in more details.

The next jump in fPDR at N = 82 → 84 is clearly identified.
This suggests that the definition of the “low-ℓ orbits” is
different between light and heavy systems. The nuclei around
N = 82 are all calculated to be spherical, thus it cannot be the
effect of deformation. The single-particle orbit just above the
N = 82 shell gap is f7/2. In light nuclei, when the Fermi level
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FIG. 9. (Color online) The PDR fraction fPDR as functions of the
neutron number for even-even isotopes with Z = 28–50 and N " Z.

is located at the f7/2 intruder orbits (20 < N ! 28), the PDR
fraction does not increase (see Fig. 8). The behavior of fPDR

in the heavy isotopes seems to be very different from that in
light systems. The f orbit may be regarded as the low-ℓ orbit
for heavy nuclei with N > 82.

Finally, the effect of pairing should be noted. In Ref. [57],
similar studies with the HF+RPA were reported for isotopes
with Z ! 40. The neutron shell effect on fPDR is qualitatively
identical. However, the HF calculation for heavy isotopes
shows peculiar changes in the ground-state deformation from
one nucleus to the next, which leads to irregular behaviors
in fPDR in the region of N > 56. These irregular behaviors in
Ref. [57] are hindered in the present study. This is due to the
pairing correlation, which produces the fractional occupation
probabilities, suppressing the sudden changes in deformation
from nucleus to nucleus. Now, some systematic trends in
the region 56 < N < 82 can be observed in Fig. 9. For
instance, increasing the proton number from Z = 28, the kink
behavior around N = 60 becomes sharper toward Z = 38 (Sr)
and 40 (Zr); then, beyond Z = 40, it becomes weaker and
disappears near Z = 50 (Cd and Sn). A similar systematic
behavior can be also observed for kinks around N = 72.

C. Neutron skin thickness and PDR fraction

The classical picture of the PDR is a vibration of neutron-
skin against the core part, from which, the correlation between
skin-thickness and PDR is expected. In this section, we
perform a systematic investigation and present the correlation
between fPDR and the skin thickness "rrms for many isotopes.
The neutron skin thickness is defined by the difference in
root-mean-square radius of neutrons and protons, "rrms ≡√

⟨r2⟩n −
√

⟨r2⟩p.
Figure 10 shows fPDR as a function of the neutron skin

thickness. For Ge, Se, Kr, Sr, and Zr isotopes, a similar
investigation was performed with the HF+RPA [57]. A
consistent behavior with Ref. [57] is confirmed in the left
panel of Fig. 10. There is a linear correlation between fPDR and
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FIG. 10. (Color online) The PDR fractions as functions of the
neutron skin thickness for even-even isotopes with Z = 28–50. The
open circles (triangles) indicate those with N = 50 (82).
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• Magic numbers: N(Z) =14, 28, 50, 82, …
• Extended distribution of neutrons(protons)

– Weak binding orbitals
– Low-l orbitals (ℓ = 0, 1, 2, …)
– Skin thickness
– Shell structure / effecHve mass

Origin of “Magic numbers”



Shell structure

• Effective mass: 0.6 (SkI3), 0.8 (SkM*)
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!rrms for N = 50–58 with a roughly identical slope. In fact,
the slope, dfPDR/d!rrms, gradually decreases as the proton
number increases. This can be clearly seen in the right panel
of Fig. 10 for isotopes with Z = 40–50. As the proton number
increases, the neutron Fermi level is more deeply bound, and
the slope at N = 50–58 decreases from Mo to Sn. The slope
dfPDR/d!rrms in Sn isotopes is roughly half of those shown in
the left panel of Fig. 10. Beyond N = 82, dfPDR/d!rrms again
increase and stay almost constant (a linear correlation). The
observed slopes at N > 82 are almost identical to those in the
left panel with Z = 28–38 at N = 50–58.

The properties of the correlation between the PDR strength
and the neutron skin thickness turn out to be rather complex,
depending on both the proton and the neutron numbers.
Nevertheless, in the present calculation, we observe a uni-
versal behavior which is the maximum gradient for Ni iso-
topes, (dfPDR/d!rrms)max ≈ 0.26 fm−1. The maximum values
appears at N > 50 and N > 82 in which the neutron Fermi
levels are located at weakly bound d5/2 and f7/2 orbits,
respectively. It should be noted that a similar maximum value
of (dfPDR/d!rrms)max ≈ 0.2 fm−1 was previously observed in
the HF+RPA calculation in the lighter mass region at N > 28,
in which the neutrons are filling weakly bound p orbits [57].

D. Analysis with the SkI3 energy functional

The PDR properties predicted by the relativistic mean-field
(RMF) theories are often quantitatively different from those
obtained with the nonrelativistic Skyrme energy functionals,
although they show qualitative agreements [68]. For instance,
in the present calculation with the SkM∗ functional, the PDR
strength fPDR for 132Sn is less than 2%, while it is more than 4%
in the relativistic calculation with the DD-ME2 [68], FSUGold,
and NL3 [34] functionals. The experimental data suggested
the value of about 4% [12]. To investigate the origin of the
difference, we adopt the SkI3 Skyrme parameter set which has
the same density dependence of the spin-orbit form factor as
that of the RMF [69].

Figure 11(a) shows the neutron number dependence of fPDR

in Sn isotopes, which are obtained by Cb-TDHFB calculation
with SkM∗ (filled circle) and SkI3 (filled square). We can see

a clear difference between them. The result of SkI3 shows
rapid increase of fPDR as a function of neutron number in
the regions of 58 < N < 70 and N > 82. It shows constant
values of fPDR ≈ 4% in 70 ! N ! 82, corresponding to the
neutron Fermi level in the intruder h11/2 orbit. These behaviors
produce prominent kinks at N = 70 and 82 in Fig. 11(a). This
is consistent with the RMF results of Refs. [34,68].

The single-particle levels of 134Sn obtained with the SkM∗

and the SkI3 parameter sets are shown in Fig. 11(c). The
level spacings in the region of 50 < N < 82 are much larger
in SkI3 than in SkM∗. Note that the effective mass (m∗/m)
in SkI3 is 0.58 which is significantly smaller than 0.79 in
SkM∗. In addition, the level orderings of g7/2 and d5/2 are
different. These properties lead to a prominent subshell effect
on the PDR with SkI3. Namely, after the full occupation of the
g7/2 orbit at N = 58, while the neutrons start to fill the low-ℓ
(d and s) orbits, fPDR shows a rapid increase. Then, beyond
N = 70, fPDR stops increasing, since the neutrons now fill the
intruder orbit h11/2. These effects are much weaker in SkM∗

because the single-particle levels are much denser and the
subshell effects are smeared out.

In Fig. 11(b), we show fPDR as a function of the neutron skin
thickness. It shows a clear discrepancy between the results
with SkM∗ and SkI3, which is associated with the different
subshell effects. Apparently, the PDR strength is not uniquely
determined by the neutron skin thickness, but is affected
by the choice of the energy functional and the associated
single-particle structure. In contrast, the rapid increase of fPDR

at N > 82 is a universal feature. The slopes dfPDR/d!rrms
are also similar to each other, although the slope in SkI3,
dfPDR/d!rrms ≈ 0.37 fm−1, is slightly steeper than that in
SkM∗.

In summary, the PDR strength significantly depends on
the single-particle shell structure, and thus has a functional
dependence. In fact, even in the relativistic calculations, the
ones adopting the point-coupling energy functionals show
results very similar to the present calculation with SkM∗

[40]. This strong shell effect of the PDR may be useful
for investigating the neutron single-particle levels in unstable
nuclei.
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!rrms for N = 50–58 with a roughly identical slope. In fact,
the slope, dfPDR/d!rrms, gradually decreases as the proton
number increases. This can be clearly seen in the right panel
of Fig. 10 for isotopes with Z = 40–50. As the proton number
increases, the neutron Fermi level is more deeply bound, and
the slope at N = 50–58 decreases from Mo to Sn. The slope
dfPDR/d!rrms in Sn isotopes is roughly half of those shown in
the left panel of Fig. 10. Beyond N = 82, dfPDR/d!rrms again
increase and stay almost constant (a linear correlation). The
observed slopes at N > 82 are almost identical to those in the
left panel with Z = 28–38 at N = 50–58.

The properties of the correlation between the PDR strength
and the neutron skin thickness turn out to be rather complex,
depending on both the proton and the neutron numbers.
Nevertheless, in the present calculation, we observe a uni-
versal behavior which is the maximum gradient for Ni iso-
topes, (dfPDR/d!rrms)max ≈ 0.26 fm−1. The maximum values
appears at N > 50 and N > 82 in which the neutron Fermi
levels are located at weakly bound d5/2 and f7/2 orbits,
respectively. It should be noted that a similar maximum value
of (dfPDR/d!rrms)max ≈ 0.2 fm−1 was previously observed in
the HF+RPA calculation in the lighter mass region at N > 28,
in which the neutrons are filling weakly bound p orbits [57].

D. Analysis with the SkI3 energy functional

The PDR properties predicted by the relativistic mean-field
(RMF) theories are often quantitatively different from those
obtained with the nonrelativistic Skyrme energy functionals,
although they show qualitative agreements [68]. For instance,
in the present calculation with the SkM∗ functional, the PDR
strength fPDR for 132Sn is less than 2%, while it is more than 4%
in the relativistic calculation with the DD-ME2 [68], FSUGold,
and NL3 [34] functionals. The experimental data suggested
the value of about 4% [12]. To investigate the origin of the
difference, we adopt the SkI3 Skyrme parameter set which has
the same density dependence of the spin-orbit form factor as
that of the RMF [69].

Figure 11(a) shows the neutron number dependence of fPDR

in Sn isotopes, which are obtained by Cb-TDHFB calculation
with SkM∗ (filled circle) and SkI3 (filled square). We can see

a clear difference between them. The result of SkI3 shows
rapid increase of fPDR as a function of neutron number in
the regions of 58 < N < 70 and N > 82. It shows constant
values of fPDR ≈ 4% in 70 ! N ! 82, corresponding to the
neutron Fermi level in the intruder h11/2 orbit. These behaviors
produce prominent kinks at N = 70 and 82 in Fig. 11(a). This
is consistent with the RMF results of Refs. [34,68].

The single-particle levels of 134Sn obtained with the SkM∗

and the SkI3 parameter sets are shown in Fig. 11(c). The
level spacings in the region of 50 < N < 82 are much larger
in SkI3 than in SkM∗. Note that the effective mass (m∗/m)
in SkI3 is 0.58 which is significantly smaller than 0.79 in
SkM∗. In addition, the level orderings of g7/2 and d5/2 are
different. These properties lead to a prominent subshell effect
on the PDR with SkI3. Namely, after the full occupation of the
g7/2 orbit at N = 58, while the neutrons start to fill the low-ℓ
(d and s) orbits, fPDR shows a rapid increase. Then, beyond
N = 70, fPDR stops increasing, since the neutrons now fill the
intruder orbit h11/2. These effects are much weaker in SkM∗

because the single-particle levels are much denser and the
subshell effects are smeared out.

In Fig. 11(b), we show fPDR as a function of the neutron skin
thickness. It shows a clear discrepancy between the results
with SkM∗ and SkI3, which is associated with the different
subshell effects. Apparently, the PDR strength is not uniquely
determined by the neutron skin thickness, but is affected
by the choice of the energy functional and the associated
single-particle structure. In contrast, the rapid increase of fPDR

at N > 82 is a universal feature. The slopes dfPDR/d!rrms
are also similar to each other, although the slope in SkI3,
dfPDR/d!rrms ≈ 0.37 fm−1, is slightly steeper than that in
SkM∗.

In summary, the PDR strength significantly depends on
the single-particle shell structure, and thus has a functional
dependence. In fact, even in the relativistic calculations, the
ones adopting the point-coupling energy functionals show
results very similar to the present calculation with SkM∗

[40]. This strong shell effect of the PDR may be useful
for investigating the neutron single-particle levels in unstable
nuclei.

 0

 2

 4

 6

 8

 10

 50  58  66  74  82  90

f PD
R 

[%
]

Neutron Number 

(a)

50Sn - SkM*
50Sn - SkI3  

0 0.15 0.3 0.45
Neutron skin  [fm]

(b)

-20

-15

-10

-5

0

En
er

gy
 [M

eV
]

SkM* SkI3

(c)
λn=-3.6

λn=-2.0

g9/2

d5/2

g7/2
s1/2
d3/2

h11/2

g9/2

g7/2

d5/2

d3/2

s1/2

h11/2

50

82

50

82

FIG. 11. (Color online) (a) The PDR fraction of Sn isotopes as a function of neutron number, calculated with the SkM∗ energy functional
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• Magic numbers: N(Z) =14, 28, 50, 82, …
• Extended distribution of neutrons(protons)

– Weak binding orbitals
– Low-l orbitals (ℓ = 0, 1, 2, …)
– Skin thickness
– Shell structure and effective mass
– 3-body-induced (Density-dependent) spin-orbit 

interaction (Nakada’s talk on Wednesday)

Origin of “Magic numbers”



Summary
• Time-dependent approach to nuclear 

dynamics
– Few-body model
– Time-dependent density functional model

• E1 Giant resonance
– Simple dynamics (p vs n)
– Exotic nuclei: T-dep. of symmetry energy

• Low-energy E1 strength
– Suitable for exotic nuclei
– Sensitive to properties, such as skin, pairing, 

deformation, & shell effect


