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U. Mosel:
set the stage for a discussion how pion production and 

absorption are handled in neutrino generators.  
build the bridge from production to final state interactions

cover the full reaction from the start ((nu,e +A)  makes a pion) 
through the intermediate steps (pion-nucleus interactions) to 

the final free pion coming out from the nucleus. Say something 
also about resonance physics and DIS.

 
 

General remark:
Can’t separate production and final state interaction 1/26



History
Los Alamos Meson Physics Facility

1970-1995
Pion beams 100-600 MeV
made by 800 MeV protons

TRIUMF 1970-
500 MeV Protons

chaos detector

PSI
pions from 10 to 500 MeV/c

 

Many experiments of relevance
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Baryon Resonance Analysis from SAID *
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Abstract We discuss the analysis of data from πN elastic scattering and single pion photo- and electropro-

duction. The main focus is a study of low-lying non-strange baryon resonances. Here we concentrate on some

difficulties associated with resonance identification, in particular the Roper and higher P11 states.
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1 Introduction

Many of the SAID fits to scattering data have
been motivated by ongoing studies of the N∗

properties[1]. Most of these (for instance, EBAC[2],
Giessen[3], DMT[4], Jülich[5]) have used, as input,
amplitudes extracted from elastic πN scattering
data[6, 7]. Our pion photoproduction multipoles are
also determined using a K-matrix formalism based
upon πN partial-wave amplitudes[8, 9, 10]. Further,
the pion-electroproduction analysis is anchored to our
Q2 = 0 photoproduction results, with additional fac-
tors intended to account for the Q2 variation[11].

One of the most convincing ways to study the
spectroscopy of non-strange baryons is through πN
partial-wave analysis (PWA). The main sources of the
Review of Particle Physics (RPP) N∗ Listings[1] are
the PWA of the KH, CMB, and GW/VPI groups.
The analysis of πN scattering data remains crucial
in this effort. Double-polarization quantities (R and
A) measured long after the KH and CMB analyses
were completed have found discrepancies in these ear-
lier fits, which weakens claims for the existence and
properties of some of the weaker (mainly isospin 3/2)
resonances.

In the GW DAC πN PWA, we determine πN am-
plitudes by the fitting πN elastic data (up to W =
2.50 GeV) and π−p→ ηn data (up to W = 1.63 GeV).
Resonances are then found through a search for poles
in the complex energy plane. We consider mainly
poles which are not far away from the physical axis.
It is important to emphasize that these resonances

are not put in by hand, contrary to the Breit-Wigner
(BW) parametrization. The poles arise, in a sense,
dynamically as a result of the enforced (quasi-) two-
body unitarity cuts and the fit to the observable on
the real energy axis. We have, however, also given the
results of a BW parametrization, mapping χ2[WR, Γ]
while searching all other partial-wave parameters by
fitting data over a relatively narrow energy range, say
100–200 MeV. Some subjectivity in the BW study is
involved, such as: (i) energy binning, (ii) the strength
of constraints (such as dispersion relations), and (iii)
the choice of partial waves to be searched. We should
stress that the standard PWA reveals resonances with
widths of order 100 MeV, but not too wide (Γ >
500 MeV) or possessing too small a branching ratio
(BR < 4%), tending (by construction) to miss nar-
row resonances with Γ< 30 MeV. The partial waves
of solution KA84[12] and the single-energy solutions
(SES) associated with our SP06 results agree rea-
sonably well over the full energy range of the SP06
(Figs. 4–7 from[6]). However, this does not lead to
agreement on the resonance content. For instance,
our study [6] does not support several N∗ and ∆∗ re-
ported by PDG[1]. It is important here to remember
that during last 25 years, the πN database has in-
creased by a factor of 3–4, and these data were not
available to the KH and CMB groups.
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FIG. 8: The predicted thin target ⌫µ flux at the MINERvA detector for the low energy, ⌫µ focused,

beam configuration. The ratio plot shows the e↵ect of correcting the flux simulation using thin

target hadron production and attenuation data as described in the text. The error band includes

uncertainties due to hadron interactions, beam geometry and beam focusing.

This is due to a large suppression, relative to the simulation, of ⇡+ yields in the thick target

data in the range 10 . pz . 40GeV. We quantified the level of agreement by computing
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FIG. 9: The predicted thick target ⌫µ flux at the MINERvA detector for the low energy, ⌫µ

focused, beam configuration. The ratio plot shows the e↵ect of correcting the flux simulation using

thick and thin target hadron production and attenuation data as described in the text. The error

band includes uncertainties due to hadron interactions, beam geometry and beam focusing.
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What nus do

system. As the neutrino energy increases, the Compton wavelength becomes short enough to resolve
individual nucleons in the nucleus, and coherence of many nucleons is no longer important. Then, the
kinematical relation is given by ν = Q2/(2MN) ≃ q⃗ 2/(2MN) if the nucleon were at rest. For a rough
estimate on the nucleon kinematics in a nucleus, we may assume that the binding effect is effectively
included into a modified nucleon mass M ∗N, then the relation is ν ≃ (p⃗ + q⃗ )

2/(2M ∗N) − p⃗
2/(2M ∗N)

with the nucleon momentum p⃗. It becomes q⃗ 2 − 2 q pF ≤ 2M ∗Nν ≤ q⃗
2 + 2 q pF if it is expressed by

the nucleon’s Fermi momentum pF . This is the quasi-elastic region shown in Fig. 1. As the energy
increases, nucleon resonances start to appear, and this kinematical region is roughly given by the
invariant-mass squared as M2

N < W
2 = (p + q)2 < 4 GeV2. This is the resonance region in Fig. 1. In

the region W2 = (p + q)2 ≥ 4 GeV2, the nucleon is broken up into hadron pieces, and it is the deep-
inelastic-scattering region. Here, the reaction is described by introducing partons with incoherent
impulse approximation for scattering processes from individual partons. For discussing partons with
the DGLAP Q2 evolution equations, the running coupling constant αs(Q2) should be small enough.
It requires Q2 should be large, typically Q2 ≥ 1 GeV2 or a few GeV2. In addition, there is a region
which does not fit into any of these three categories in Fig. 1. It is the region, W2 ≥ 4 GeV2 and
Q2 < 1 GeV2. Here, there is a guideline to describe the axial-vector part of structure functions by the
partial conservation of the axial-vector current in the limit Q2 → 0, whereas the current is conserved
in the vector part. All these kinematical regions need to be understood precisely for an application to
neutrino reactions, and such an effort is in progress for calculating neutrino-nucleus cross sections in
any kinematics as shown in Fig. 1 [2].

Actual cross sections are shown in Fig. 2 for electron-proton scattering as the function ofW2 [3].
Resonances bumps are clear in the small W2 region, and the cross sections are continuous at W2 ≥ 4
GeV2, which is the DIS region. If the cross sections are plotted as a function of Q2 at fixed W2,
they are almost constant. This fact suggests the existence of point-like partons. In this article, we
discuss mainly the DIS region and comment on a possible extension to the Q2 < 1 GeV2 region
and also a connection to the resonance region. Charged-lepton DIS measurements have been done
extensively for the proton target, and its structure functions F2 and FL (or R = FL/FT ) are determined
experimentally. Using the parton picture together with the DGLAP evolution and higher-order αs
corrections, we can extract parton distribution functions (PDFs) from a global analysis of the F2 data
and other high-energy reaction data of the proton. Then, the PDFs are used for predicting nucleon’s
structure functions in the neutrino DIS and subsequently neutrino-nucleon cross sections.

In neutrino oscillation experiments, for example, in T2K, the target is water which contains the
oxygen nucleus. Therefore, nuclear corrections are properly calculated for precise neutrino-nucleus
(oxygen) cross sections. If we consider a nucleus as a collections of partons in the same way with
the nucleon, this precise cross-section calculation means that nuclear parton distribution functions
(NPDFs) need to be determined instead of the well-known nucleonic PDFs. In the following, we
discuss neutrino-nucleus DIS and NPDF determination in Sec. 2.

Fig. 1. Kinematical regions of neutrino-
nucleus scattering.

Fig. 2. Electron-proton scattering cross sections [3].
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hints from electron scattering

QE- quasielastic ⌫ +N ! µ+N

RES- resonance-probably dominant source ⌫+N ! µ+(N⇤,�) ! N+⇡, or ⇡,⇡

DIS- deep inelastic ⌫ +N ! ⇡ +X, but X could contain pions
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Kumano slides

Quasi elastic scattering can lead to
Everything that a pion can do 5/26



Quasi-elastic scattering
x = 1, ⌫ = 1M, Q

2
= 2M

2
M is nucleon mass ! 1
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Nucleon (initial at rest) has energy  
can make it to detector  

The Collision

p

pX

p1

k = Eν(1, Ω)
φb(Eν)

kʹ
l

q = k – kʹ = ∑pi + pX – p = (ω, q)
i

Useful discussion of 
kinematics by Donnelly
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FIG. 4: Nuclear transparency TA for C, Fe and Au as a func-
tion of the proton kinetic energy Tp compared to the corre-
lated Glauber calculations (solid lines). The data indicated by
circles are from the NE18–experiment at SLAC [22], squares
and diamonds are Jlab data of [23] and [1] and from Bates
[3] (triangle down). The result indicated by stars is obtained
with the correlated spectral function of [8].

theory the results are about 5% higher than the results
using IPSM. This can be traced back to the larger in-
fluence of SRC predicted by the CBF theory, the corre-
lated strength of which is in agreement with the strength
found at high E and k by experiment [32]. From the
ϵSRC quoted above, which corresponds to a depletion in
the single-particle state of 0.1, and the contribution of
SRC in the CBF theory (0.22) one could naively have
expected a larger difference between the two analyses.
The deviation is not so large due to strength from SRC
which also contributes to the single-particle region.
It should be noted that the results for the momentum

distribution and the nuclear transparency factor might
depend slightly on the kinematics chosen. In general the
yield obtained in perpendicular kinematics exceeds the
one measured in parallel kinematics due to additional re-
action mechanisms present in perpendicular kinematics
[33]. In the single-particle region (below the Fermi mo-
mentum) a difference of 6 % is expected [34, 35].
In the region of Q2 = 0.15 - 0.6 (GeV/c)2 refs. [36]

and [37] found an excess of the transverse response 40 %
in 12C for Em > 0.025 GeV compared to a free proton.
At higher Q2 the transverse response quickly decreases.
For the data point at Q2 = 0.59 GeV/c)2 this would
lead to an increase of the transparency factor of ≈ 9 %.
To search for this effect in the data we extracted the
transparency factor from the 1p-state alone (Em < 0.025
GeV). We find a decrease of TA by 4 %, i.e. a two times
smaller effect. At Q2 = 0.8 (GeV/c)2 the effect is 1 %
and decreases futher for higher Q2.
The error given in table II is the quadratic sum of

the statistical and systematic uncertainties where the
latter dominates with 3.9% in total. It consists of the
already mentioned uncertainties in the target thickness
(0.3%), the charge measurement (1%), proton transmis-

sion (1.1%) as well as the uncertainties in several correc-
tion factors that have to be applied to the experimental
yield like dead time and detector efficiency (2%). The
stability of the result against different cuts in the data
was conservatively estimated to 2%. For the simulation,
in particular the phase space, an error of 2% was taken
into account. The influence of the choice of the kinemat-
ical offsets was tested with the above mentioned second
set of offsets corresponding to a difference in energy of
0.1%. It leads to differences in the result of less than
0.5%. For the fluctuations from run to run an uncer-
tainty of 0.5% was estimated. The systematic error does
not contain the model-dependent uncertainty. For the
choice of the spectral function an error of 2% is taken
into account which reflects mainly the agreement between
data and simulation discussed above. The error in the
correction factor ϵSRC of 3% has to be applied only in
the case of the analysis using the IPSM spectral function.
To estimate the influence of the off-shell cross section the
analysis was repeated using the cc2-version of [17] and the
cc-version of [21, 32]. The latter leads to almost the same
result as the cc1-version of [17]. An error of 2% was taken
into account. The contribution of bremsstrahlung to the
data amounts to 33%. The uncertainty in the correction
due to internal (external) bremsstrahlung was estimated
to 2% (1%). Summing these uncertainties quadratically
leads to a model-dependent uncertainty of 4.7% (3.6%)
for the analysis using the IPSM (CBF) spectral function.

The measured nuclear transparency TA (solid symbols)
for 12C is shown in Fig. 4 as a function of the kinetic en-
ergy of the proton together with previous results obtained
at SLAC [22] (circles) and Jlab [1, 23] (squares and dia-
monds). The error bars shown in the figure contain the
statistical and systematic uncertainty but not the model-
dependent error. This applies also to the data points of
the previous works. Since the previous experiments were
analyzed using the same assumption and ingredients the
model-dependent error is the same for them, while it is
somewhat lower in the case of using the CBF spectral
function.

The solid lines drawn in Fig. 4 are the result of the
theory presented in this paper. For comparision also re-
sults from previous experiments [1, 22, 23] for iron and
gold are shown. For all three nuclei and large proton ki-
netic energy (> 1.5 GeV) the theory describes the data
well within the error bars. At low energy there is remark-
able agreement between theory and the experimental re-
sults obtained using the CBF spectral function. The two
data points at the lowest Tp for 12C could indicate a de-
viation from the prediction, but considering the model-
dependent error bar no firm conclusion can be drawn.
With the standard analysis the experimental results are
≈ 5% too low but in agreement with previous analyses
using the same ingredients. On the other hand the data
points for gold seem to exceed the theory. For these anal-
yses a correction factor 1/ϵSRC = 0.78 was used [22, 23].
If one would have used the CBF spectral function the
results would be lowered by ≈ 7% and thus closer to the

E97-006 nucl-ex/0506007, 
PRC 72, 054602 (2005) 
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Nucleon can make one or more pions 



Quasi-elastic scattering
x = 1, ⌫ = 1M, Q

2
= 2M

2
M is nucleon mass ! 1
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Nucleon energy is ideal for making a � in

NN ! N�. Then � ! N⇡ Resonance production

Now have three particles in the final state

<latexit sha1_base64="UXvR4r9jvPln3jVT8avjekQ7HPE="></latexit><latexit sha1_base64="UXvR4r9jvPln3jVT8avjekQ7HPE="></latexit><latexit sha1_base64="UXvR4r9jvPln3jVT8avjekQ7HPE="></latexit><latexit sha1_base64="xc0jiuDiUo5UrsLzzpLxGBWojJQ="></latexit><latexit sha1_base64="hQYXwVF/XyPv34tqpsGoYokBe94="></latexit><latexit sha1_base64="hQYXwVF/XyPv34tqpsGoYokBe94="></latexit><latexit sha1_base64="28iZSW0Nz6cPxyjrUu1stSV3wUM="></latexit><latexit sha1_base64="UXvR4r9jvPln3jVT8avjekQ7HPE="></latexit><latexit sha1_base64="UXvR4r9jvPln3jVT8avjekQ7HPE="></latexit><latexit sha1_base64="UXvR4r9jvPln3jVT8avjekQ7HPE="></latexit><latexit sha1_base64="UXvR4r9jvPln3jVT8avjekQ7HPE="></latexit><latexit sha1_base64="UXvR4r9jvPln3jVT8avjekQ7HPE="></latexit><latexit sha1_base64="UXvR4r9jvPln3jVT8avjekQ7HPE="></latexit>

THE NN-- 2tNN REACTIONS  129 

    

   

    

    

 

It 

  

     

(a)  (b) 

FIG. 4.12. (a) Schematic picture of the pion rescattering amplitude for NN--+ 
NNz. (b) Schematic picture of the 27r exchange amplitude, the imaginary part of 

which describes the inelasticity in NN scattering. 

ing to the P 11  pion-nucleon channel, has to be removed in order to avoid 
double counting of one-pion exchange which has already been incorpor-
ated into the two-nucleon wave function. 

The information contained in the inelasticity is complementary to 
that from the gd NN reaction. With the exception of the threshold 
region this latter process represents only a small fraction of the overall 
inelasticity, the major part coming from NN7t continuum states. 

Let us consider now the NN inelasticities in more detail. For each 
NN partial wave, they are expressed in terms of the inelasticity parameter 

cos R defined by  = nN e2i Re 6 .  

Here SN is the  NN-3  NN S-matrix and (5 is the corresponding phase shift 
in a given partial wave. For laboratory kinetic energies TLab  :5- 1 GeV, the 
NN inelastic channels are dominated by single-pion production. Unitarity 
requires that 

1 - ISN I 2  = 1 - cos2R = I.4t(NN—> NN7r)I 2  x (kinematical factors) (4.61) 
where Al is the  NN-*  NNr production amplitude. In peripheral partial 
waves, one expects that It is dominated by the OPE rescattering 
contribution as illustrated by Fig. 4.12(a). At intermediate energies, the 
NN- > NA NNz process dominates, so that the first-order approxima-
tion to .41(NN—> NN7r) is essentially given by the p-wave rescattering 
mechanism discussed in Section 4.6.3. 

At a more elaborate level, one can use dispersion relation techniques 
to evaluate the inelasticity. For that purpose, consider the two-pion 
exchange amplitude in Fig. 4.12(b), where the shaded region represents 
the a- N amplitude without the nucleon pole contribution. This amplitude 
is referred to as At Zlastic• Below the threshold for multiple-pion produc-
tion, it can be related to the NN inelasticity by unitarity as follows 
I./ANN-4 NN2r)1 2 = (kinematic factor) x Im (NNI AlVastic  INN). (4.62) 

In the practical evaluations of X p:relastic, one employs dispersion theoreti- 

Many ways to make 
NNpi final state

could you tell this
event to be QE?

blob is �
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Relevant in dip region Is this pi production or fsi? 

These diagrams to be added first and then squared.
Could be big effect

QE R

+
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History of Pion-Nucleus Physics
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• (a) Feel mean field potential 

• (b) Width increases due to pion absorption

• (c) Multiple scatter

• (d) Width decreases due to Pauli blocking

Quasi elastic makes � and makes ⇡
What does � do?

What is mass and width of � in the nucleus?
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devel opment and sect . 3 t he numer i cal r esul t s. We achi eve an excel l ent descr i pt i on
of a+ el ast i c scat t er i ng. Usi ng our l ocal , ener gy dependent t r eat ment of i s we
achi eve an excel l ent descr i pt i on of ~r + el ast i c scat t er i ng f r omal l t he nucl ei and
ener gi es consi der ed. At t he l ower ener gy of 114 MeVour t heor y i s mor e successf ul
i n descr i bi ng angul ar di st r i but i ons t han i s t hat of r ef s. s. t s) . Thi s i s due t o a sl i ght l y
di f f er ent par amet er i zat i on of t heaNscat t er i ng dat a. The f i t t ed val ues of par amet er s
VandMar e di spl ayed i n f i g. 2 and ar e i ndependent of A. We al so consi der ~r -
el ast i c scat t er i ng: wi t h sui t abl e Coul omb modi f i cat i ons we obt ai n r esul t s qual i t a-
t i vel y si mi l ar t o t hose f or ~r + scat t er i ng. I n cont r ast wi t h f i xed scat t er er cal cul at i ons
[ e. g . , r ef . t e) ] , our comput ed angul ar di st r i but i ons do depend on t he choi ce of Tr Nd
f or mf act or . Physi cal ar gument s f or t he r easonabl eness of our choi ce ar e pr esent ed.
Det ai l ed compar i sons bet ween our wor k and t he i sobar - hol e cal cul at i ons of Hi r at a
et a1. 3) ar e made. Sect . 4 cont ai ns a summar y and di scussi on of our r esul t s .

I n t hi s sect i on we der i ve t he r esonant cont r i but i on URt o t hepi on- nucl eus opt i cal
pot ent i al . Thi s i s depi ct ed i n f i g. 3a. The ef f ect s of d- r ecoi l and t he d- nucl eus
i nt er act i on ar e i ncl uded i n t hed- pr opagat or of t hi s f i gur e . Exampl es of t er ms whi ch
i ncor por at e t he speci f i c ef f ect s of t r ue pi on absor pt i on ( f i g . 3b) , l ocal - f i el d cor r ec-
t i ons ( f i g . 3c) , and Paul i bl ocki ng ( f i g . 3d) ar e al so shown. Al l of t hese ef f ect s ar e
i ncl uded i mpl i ci t l y i n t he d- nucl eus i nt er act i on of f i g. 3a, and so we do not eval uat e
t he t er ms of f i gs . 3bß.

To eval uat e URf r omf i g. 3a one needs t o know t he nucl ear wave f unct i on, t he
~r Nd i nt er act i on, and t he d- pr opagat or . I n t hi s wor k we consi der onl y nucl ei f or
whi ch densi t y- dependent Har t r ee- Fock ( DDHF) cal cul at i ons of t he nucl ear gr ound
st at e ~~) have been per f or med. I n t hese cal cul at i ons ~~h) i s a si ngl e Sl at er det er -

N
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2. Theor et i cr i l devel opment

( o)

 

( b)

 

( c)

 

( d)
Fi g. 3. ( a) Resonant cont r i but i on URt o t hepi on- nucl eus opt i cal pot ent i al . Thef ul l d- nucl eus i nt er act i on
i s depi ct ed by t he wavy l i ne. ( b) At er mcont r i but i ng t o URwhi ch i ncor por at es t r ue pi on absor pt i on .
( c) At er mcont r i but i ng t o URwhi ch i ncor por at es l ocal - f i el d cor r ect i ons . ( d) At er m cont r i but i ng t o
URwhi ch i ncor por at es Paul i bl ocki ng of t he decay of t hed. Thehat ched nucl eon l i ne r ef er s t o occupi ed
st ât es i n t he nucl eus : t he mi nus si gn denot es t hat d- decay t o t hese nucl eon st at es must be subt r act ed

f r omt he d- pr opagat or i n f r ee space, wher e t her e i s no Paul i bl ocki ng.

(a)      (b)             (c)              (d)



Literature: Delta in Medium
• Kissinger & Wang PRL 30, 1071, Ann. Phys. 99,374

• Oset & Weise PL B82, 344; Nucl. Rhys A319,477

• Lenz, Moniz, Hirata, Koch  PL B70, 281 (1977); Ann.Phys. 120, 205

• Freedman, Henley, Miller, PL B103, 397; Nucl. Phys. A389, 457 (1982)

• Idea is the same: Delta propagates in medium, but many technical 
differences
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Fr om. ( 1. 4) and ( 1. 5) , Xer t sat i sf i es
[ M+w- Me+Zi Te( M+w) - y( M+w) l e- ~e] Xax( r ~ k~~ w)

_~x( r ) exP ( ~~ ' ~) ~

 

( 1. 7)

The sol ut i on of t hi s equat i on i s si mpl i f i ed consi der abl y by t he assumpt i on t hat ~e
i s wel l r epr esent ed by a l ocal i nt er act i on. Many ef f ect s cont r i but i ng t o ~e ar e
non- l ocal ( Paul i bl ocki ng, t r ue absor pt i on, et c. ) z- 5) , so t hat i t may appear t hat
non- l ocal i t y i s an essent i al f eat ur e of ~e. However , a si mi l ar si t uat i on appl i es f or
t he nucl eon- nucl eus i nt er act i on, whi ch never t hel ess i s wel l descr i bed by a l ocal
pot ent i al . Al ocal pot ent i al r epr esent at i on of ~e may be an equal l y good appr oxi ma-
t i on. Thi s pot ent i al , f or N=Z nucl ei , i s t aken t o be pr opor t i onal t o t he nucl ear
densi t y wi t h cent r al val ue V+i W. We t r eat Vand Was f r ee par amet er s wi t h
val ues chosen t o f i t bot h t he gl obal f eat ur es of t heexper i ment al angul ar di st r i but i on
i n pi on el ast i c scat t er i ng as wel l as exper i ment al t ot al cr oss sect i ons . [ I ncl usi on of
a d- nucl eus spi n~r bi t pot ent i al i s i mpor t ant i n mai nt ai ni ng t he ener gy i ndepen-
dence of V+i Wand i n i mpr ovi ng t he f i t t o dat a at hi gher ener gi es above t he Tr N
r esonance 13) : we do not use such a pot ent i al , however . Thi s i s di scussed f ur t her
bel ow. ] The ul t i mat e j ust i f i cat i on of our pr ocedur e l i es i n i t s abi l i t y t o descr i be t he
af or ement i oned dat a wi t h val ues of Vand Wt hat ar e i ndependent of t he t ar get ,
as wel l as i n our abi l i t y t o make meani ngf ul compar i sons wi t h t he r esul t s of ot her
wor ker s.

I n r ef . 19) we st udi ed ~r + el ast i c scat t er i ng f r om 160, ZBSi and °° Ca at a pi on
l abor at or y ki net i c ener gy T =163 MeV. I n t hi s paper we gi ve a mor e compl et e
account of our t heor y and i t s appl i cat i on t o sever al t ar get nucl ei ( 160, ao~~ aeCa
and 2°BPb) at pi on ener gi es f r om114 t o 240MeV. Sect . 2 cont ai ns t he t heor et i cal

~~/- 10 ,
_20~

- ,
~ - 30_ - ao

 

~ v
- 50 v
- 60

 

~~~~ V
_70
- 80 i

 

v

 

v

 

i ~ i
100 1 140 ~ 180 ' 220

 

260
T. , ( MeV)

Fi g. 2. Dependence of t he cent r al st r engt h V+i Wof t he d- nucl eus pot ent i al on pi on l abor at or y ki net i c
ener gy TVal ues det er mi ned by f i t s t o exper i ment al dat a ar e denot ed by poi nt a wi t h er r or bar s .

1982

Width ~unchanged 
due to cancellations

Delta less massive in medium
energy dependent

from many nuclei incl. Pb

10/26



What does ⇡ do?
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FIG. 2.2. Total cross-sections for z+p and 7r -p scattering as a function of the 
total c.m. energy W and the pion lab momentum k iab . 

The 7EN scattering lengths and scattering volumes defined in eqn 
(2.36) have the following empirical values: 

200 

150 

100 

50 

a l  = 0.173(3)m 1 ; 

a 11  = —O. 081(2)m; 3 ; 
am  = —0.045(2)m 3 ; 

a 3  = —0.101(4)mV. 

a 13  = -O. 030(2)m; 3 ; 
a 33  = 0.214(2)m 3 . 

(2.37) 

The threshold parameters for d- and f-waves are also empirically known. 
The d-wave parameters are very small, of the order 5 x 10-3m,-5 , and the 
f-wave parameters are even less important. They do not significantly 
influence nuclear pion physics and will be neglected in the following. 

In view of the dominance of s- and p-waves at low and intermediate 
energies it is useful to express the aN scattering amplitude in the general 

Strong FSI

EW



Elastic Pi-Nucleus
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Tr - NUCLEUS 
ELASTIC SCATTERING 
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FIG. 7.5. Angular distributions for elastic scattering of 162 MeV Jr-  by Si, 58Ni, 
and 208Pb. The solid curves result from an optical model calculation including 
Coulomb interactions; they nearly coincide with results obtained using the 
diffractive formula (7.36) with R = roili and ro ----- 1.3 fm. (From Zeidman et al. 

1978.) 

This is the familiar diffraction law according to which the minima 
correspond to phase differences of Jr. The average exponential decrease 
is also immediately obvious from Fig. 7.5. 

Outside the resonance region the diffractive character of the angular 
distributions is still apparent but less pronounced (see Fig. 7.6). In 
particular, the minima are systematically more shallow both above and 
below the resonance. This reflects the influence of the non-vanishing real 
part of the JrN amplitude in this region, as opposed to the diffractive 
structure with deep minima caused by the purely imaginary amplitude at 
resonance. 

Black disk 
scattering

a(z -  7Li) — cr(a--6Li) 
a(z+ 7Li) — a(z+  'Li) R = (7.35) 

228  PION-NUCLEUS SCATTERING AND REACTIONS 

systematically shifted downward with nuclear mass number A by an 
amount (5ER  = —15 Ai MeV. This shift is partly of kinematical origin and 
partly due to the modified propagation of the A(1232) inside the nucleus. 
The width of the resonant structure in ato, considerably exceeds the decay 
width of the free A(1232) resonance. This spreading increases systemati-
cally with nuclear mass number. It is mainly due to multiple-scattering 
effects. In addition it reflects the Fermi broadening and the coupling of 
the A(1232) to reaction channels specific to the nuclear many-body 
system. These effects will be discussed in Section 7.4. 

The short pion mean free path at resonance suggests that the gross 
behaviour of the total cross-section in the peak region corresponds to 
scattering from a black disc with atot =2,7rR2  cc Ai, where R is the nuclear 
strong interaction radius. This is confirmed by the data. 

At a more specific level the role of the A-resonance is particularly 
apparent in the isospin dependence of the total cross-sections in light 
nuclei. As an example, consider the difference between the 6Li and 7Li 
cross-sections for .7r +  and Jr -  scattering. If 7Li  is thought of as a 6Li core 
plus a valence neutron, this difference is basically due to the extra 
neutron, with corrections due to multiple-scattering and absorption 
effects. The ratio 

minimizes such corrections and should therefore be determined by the 
valence neutron alone. The experimental mean value for this quantity in 
the resonance region is g? = 0.36 ± 0.05, in good agreement with the free 
neutron value g? = i at resonance (Wilkin et al. 1973). 

7.3.2 Angular distributions for elastic scattering 
The short mean free path of the pion in the A-region produces 
pronounced Fraunhofer diffraction patterns in the elastic scattering from 
nuclei. This appears clearly from Fig. 7.5. In the region close to the 
maximum of o-,,,, the angular distributions have a characteristic shape 
reminiscent of the scattering from a black disc 

do-  2  
dS2 — R  

Ji (qR0) 
 0 

2 

e -AB ,  (7.36) 

where R is an effective strong interaction radius and J i (z) is a cylindrical 
Bessel function. The exponential damping factor is a general feature of 
the standard black-disc formula for systems with a diffuse surface. A 
series of deep minima occurs at angles 0, with a regular spacing such that 

qR(O ni+i — 0,0-- z.  (7.37) 

(From Ciulli et a/. 1981.) 
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FIG. 7.7. Total, reaction and elastic pion cross-sections for 160. The curves 
correspond to a phase shift analysis, with Coulomb effects removed. Open points 
represent a +- 160; solid points represent the average of a+- 160 and .7r --160. 
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L 

FIG. 7.8. Inelasticity parameters for the partial waves in z- 160 elastic scattering 
from a phase shift analysis at various energies. Coulomb effects have been 

removed. (Adapted from Ciulli et al. 1981.) 

Elastic is ~1/3 of total
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This result should be kinematically corrected for the fact that the :TN 
and z—nucleus centre-of-mass do not coincide. The corresponding angle 
transformation (7.17) is identical to the one familiar from elastic 
scattering with bc, = 0. It is accounted for by the replacement 

cos 0 cos 0   M + co . (7.105) 

Consequently, doldS2 for transitions with AS =0 has in this ap-
proximation a characteristic minimum at an angle 

co 
cos Omin  —  (7.106) M + 

Such minima are frequently observed in many natural parity excitations 
in lighter elements as exemplified in Fig. 7.19 for 2 +-excitations in 12C 
and in 14C. The observed minima occur near the value Ofnin  --- 76° 
expected from eqn (7.106) in the resonance region. Attenuation and 
distortion of the in- and outgoing pion waves modify the impulse 
approximation result. However, both detailed calculations and data 
demonstrate that the proportionality of the cross-sections to cos2 0 and 
sin2 0 persists as a general feature. 

The structure of the cross-section (7.104) suggests that AS = 0 and 
AS = 1 transitions can be identified by their cos20 and sin2 0 
proportionality. This is difficult at fixed energy, since the squared form 
factors 1.4t(Q)1 2  and  192(Q) 1 2  vary rapidly with angle and distort the simple 
pattern. This problem can be eliminated by varying the energy at fixed 

1214 C (R,Tt)ANGULAR DISTRIBUTIONS AT T, =164 MeV 
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80 °  20° 
 

40° 
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FIG. 7.19. Inelastic differential cross-sections for 12C(n + , a ± ') 12C(4.4 MeV) and 
14C(.71-- , .T - ') 14C(7.0 MeV). The solid curves represent distorted wave calcula- 

tions. (From Dehnhard 1982.) 
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Distorted wave calculations
DWPI Eisenstein & Miller 

Comput.Phys.Commun. 11 (1976) 95-112R.A. Eisenstein, G.A. Miller/Inelastic scattering ofpions from nuclei 97

to first order only, the T-matrix element is Here

Tj~1~1~’ ~(l’m’I’M’lJq>(lmIMIJq) F (r) = c-~-~- =—c-~- . (9)
mM X
m’M’ cc0 cc0

X (~L,~I IH’~IJI~~~~ ~ As a consequence of keeping terms only to first order,
im IM I’m’ IM the above forms are obtained for either a rotational or

vibrational nucleus. The volume-conserving term in
2.2. T-matrix elements ap0/ac is neglected.

The transition operator is obtained by noting that
Typical treatments of this~matrixelement (transi- the full coordinate space optical potential is given,

tion operator) may be divided into two categories: after factorizing the first order multiple scattering
macroscopic and microscopic. In a macroscopic treat- theory [9—11]by
ment, the nucleus is allowed to vibrate or rotate by
making the radius parameter R be a functionof angle. V~(r)=A ç~p(r,c), (10)
The density is then expanded about a spherical distri- where t~ is the ir—nucleon t-matrix (in general non-
bution, and the correction terms give the coupling local) andA is the number of nucleons in the target
between the ground and excited states. (see e.g. refs. nucleus. In the notation of ref. [1]
[4—8]).In the microscopic model, one uses shell 2 2
model wave functions obtained from a detailed nuclear Vn%L1 = [(lic) /2E] [A1p +A2 V~pV+A3 V p]~,Li,(11)
structure calculation. While the code DWPI is specia- whereE is the ir energy in the c.m. frame and ~tiis the
lized to the macroscopic case at present, it is indicated x wavefunction. The termA4 V

4p is neglected in (11).
in Appendix 1 how a microscopic treatment can be The part of the optical potential giving rise to flu-
easily incorporated, clear excitation is contributed by the deformed part
In the usual macroscopicmodels, one starts with of the density (öp) and is written

a ground state density such as a Woods—Saxon or
gaussian, where p

0 is chosen so that ~I’M’~~IM~ ~M lAt~t5pIIM) (12)

fp(r, c,a)d
3r = 1 (5) At~n ~F~(r))‘x~z(P)(I’M’Iax~l1M).

Then c is written with an explicit angular dependence For the case 10, (12) reduces to
as A t~ ~ ~-1 F~(r)~ ~M’_~( 1)M ~xMfr)’ (13)
~=~0 (i+ ~~Y~(f)). (6)

X,2 The T-matrix elements are obtained by using (12)
In this way the nucleus is characterized by dynamical in (4). The iT wavefunctions are (see ref. [1])
couplings between the ground state and the vibrational u~(r)
(or rotational) levels. The is a linear combination of ~4~’)(r) ~1 1 1’lmO) . (14)
operators b~ and ~ which destroy and create a flu- r
clear excitation (phonon),of angular momentum X and The superscript (+) indicates outgoing waves, (—) in-
projection ~z.Specifically, coming waves. The reduction of the matrix element

= ‘~X 1b + (_\~bt 1 (7\ in (4) has been carried out in ref. [8]. Using techniques
X~2 ~‘X L ~ / X—i~ - ‘ / described there, but for the more general case when
Using(6) to expand a given p(r, c) about c

0 to first I#0, the T-matrix is found to be:
order in (c — c0) the following expressinn is obtained: -- -.

7,’ ((3/~/4~)()2I+I ~‘!‘ W(I’l ‘Ii;JA) Fi,’~,
p(r, c) = p (r, c0) + ~p ‘ , (15 a)

(8) F,i’~ (_Yil —l~q~’~>[AiIi+A2I2+A3I3]1i’~..
p(r,c0)+  ~a~~F~(r)Y~~(i). (l5b)

 (�)
lm is incoming pion-nucleus wave function of orbital ang. mom. lm

�IM is incoming nuclear state of angular momentum IM

 (+)
l0m0 is outgoing pion-nucleus wave function of oam l0m0

�I0M 0
is incoming nuclear state of angular momentum I 0M 0

“Distorted wave” means not a plane wave-

initial (final) state interactions are included
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Are distorted wave calculations relevant for determining 
neutrino energies?
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momentum transfer Q. For AE = 0, cos 0 is given by 
Q 2 

cos 19 = 1 – 2  , 

2q 
(7.107) 

so that 

cos20 = (1 – ki. ) 2, 2q / 

sin2 0 = —
2q2 

i\
2 2q2 ) . 

With increasing energy cos2 0 increases, while sin2 0 decreases, so that the 
two terms vary in opposite directions. Assume for the moment that the 
energy-dependent factor V33 (co)1 2  can be treated as a constant. This is 
justified by more detailed investigations which demonstrate that this 
energy dependence is systematically compensated by absorptive effects. 
The energy variation of the AS = 0 and AS = 1 transitions is then given 
by the factors (7.108). Two examples of fixed-Q cross-sections in 13C are 
shown as a function of energy in Fig. 7.20. Both the cross-section for the 
i -  state (AS = 0) and the 3+ state (AS = 1) clearly show the expected 
behaviour. 

■ 

(7.108) 

13 C WO CROSS SECTIONS AT FIXED CI 
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FIG. 7.20. Inelastic differential cross-sections for 13C(z, .7e) scattering at fixed 
momentum transfer Q to the 3 -  state at 3.7 MeV (Q = 1.1 fm - ') and to the 9-2± 
state at 9.5 MeV (Q = 1.4 fm -1 ). The dashed curves represent the pure cos2 0 and 
sin2 0 shapes arbitrarily normalized. The solid curve is obtained from a distorted 

wa ,e calculation. (From Seestrom—Morris et al. 1981.) 

7.5.2 Quasifree scattering 
Let us now consider inelastic scattering with large energy transfer. The 
corresponding energy spectrum of the final pion (the so-called inclusive 
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spectrum) systematically shows throughout the periodic table a broad 
quasifree peak near the energy loss AEfree = Q2/2M corresponding to the 
free-nucleon recoil at a given momentum transfer Q. An example is given 
in Fig. 7.21. The quasifree process r  + (N)bound ---> + N' is the domin-
ant contribution to the inelastic scattering cross-section. As is apparent 
from Fig. 7.22 inelastic scattering is the principal component in the 
reaction cross-section for light nuclei even in the strongly absorptive 
resonance region. In very heavy nuclei, quasifree reactions still account 
for about 25 per cent (for Jr ±) and 55 per cent (for z - ) of the total 
reaction cross-section. 

The quasifree inelastic scattering has an exact counterpart in 
quasifree single-exchange scattering (7r ± , .7r° '). For N = Z nuclei and in 
the resonance region this process has the same 1 : 5 ratio with respect to 
the inelastic scattering as the corresponding free 7rN cross-sections in the 
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FIG. 7.21. Inclusive differential cross-sections for 160(7r, sr') in the quasifree 
region as a function of the kinetic energy T.  of the outgoing pion and for various 
lab scattering angles 0 from Ingram (1979.) The arrows indicate the location of 

 

T„, for the free aN--->  process at the same angle O. The curves represent 
A—hole model calculations. (From Thies 1982.) 

15/26



Strong pion final state interactions

0.5 1.0 1.5 2.0 2.5 3.0

50

100

150
d�
d⌦ (mb/sr)

<latexit sha1_base64="FB9S+7yVZeb+CFFzgs5qGzAeYuw="></latexit><latexit sha1_base64="FB9S+7yVZeb+CFFzgs5qGzAeYuw="></latexit><latexit sha1_base64="FB9S+7yVZeb+CFFzgs5qGzAeYuw="></latexit><latexit sha1_base64="FB9S+7yVZeb+CFFzgs5qGzAeYuw="></latexit>

✓ radians
<latexit sha1_base64="e0BTFxXPnADI7e7Jo2tLp7VNojg="></latexit><latexit sha1_base64="e0BTFxXPnADI7e7Jo2tLp7VNojg="></latexit><latexit sha1_base64="e0BTFxXPnADI7e7Jo2tLp7VNojg="></latexit><latexit sha1_base64="e0BTFxXPnADI7e7Jo2tLp7VNojg="></latexit>

Pion back scatters , loses energy
this could happen several times

and then . . .
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completely dominated by the r -3  behaviour of the AN NN tensor 
force. There is no problem of convergence at this point, but the 
calculation based on eqn (4.58) using the OPE interaction (4.59) with 
point-like N and A overestimates a(ed—> pp) by a rather large factor 
(see Fig. 4.11), although the shape of the cross-section already has the 
correct behaviour. 

It is well known from the discussion of the nucleon—nucleon 
interaction that one-pion exchange with point-like nucleon sources alone 
grossly overestimates the tensor force at intermediate and short dis-
tances, as discussed in Section 3.10.8. For example, the isovector tensor 
force at a distance r = 0.9 fm is about a factor of two weaker than the 
OPE tensor force with point-like sources. There are several reasons for 
this. First, isovector two-pion exchange (the p-meson channel) contrib-
utes to the tensor force with opposite sign as compared to OPE. Second, 
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FIG. 4.11. The absorption cross section cr(ed—> pp) as described by the OPE 
A-model compared to results of a rescattering approach with a realistic tensor 
interaction and including the s-wave rescattering and the impulse approximation 

contributions. (From Riska et al. 1977; Maxwell et al. 1980.) 
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7.7.2 Total absorption cross-sections 

Total pion—nuclear absorption cross-sections have been measured as a 
function of energy for selected nuclei throughout the resonance region 
(Fig. 7.31). The results at these energies are supplemented by selected 
low-energy data (Fig. 7.3) and by the threshold information obtained 
from absorptive widths of pionic atoms. In the threshold region, the 
exothermic absorption channels dominate the Tr—nucleus total cross-
section. Even outside this region Cabs  is important, in particular for heavy 
nuclei, for which it becomes about one-third of the total cross-section at 
the  L\-resonance energy. The cross-sections for light nuclei with A 30 
show the typical Li-resonance behaviour familiar from the zd absorption 
process, but this feature is nearly absent for heavy elements. 
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FIG. 7.31. Pion absorption cross-section for various nuclei as a function of 
incident kinetic energy L. (From Ashery et al. 1981b.) 

The ratio of aabs  to the inelastic cross-section increases systematically 
from light to heavy nuclei as seen in Fig. 7.22. This suggests that the basic 
absorption process in heavy elements is preceded by one or more 
quasifree scattering steps. 

7. 7.3 Implications of two-nucleon absorption models 
Since pion absorption by a single nucleon is strongly suppressed, the 
leading process involves at least two nucleons. The prototype two-body 

see also K. Mahn
Phys. Rev. C 95, 045203 (2017)



What else can pion do?

- 

• 
.0" 

Al 
ii■ Alr -  SINGLE CHARGE EXCHANGE - 

(ESTIMATE)  

PION-NUCLEUS REACTION CROSS SECTIONS 
1 

- 

TT + 

T  165 MeV 

- 

- 

r  1 

1 

- - 

- 

- 

256  PION—NUCLEUS SCATTERING AND REACTIONS 

io 4  

10 3  

10 2  

10 
2  5  10 20  50 100 200 A 

FIG. 7.22. Inelastic, absorption, and single-charge exchange (SCE) cross-sections 
for 165 MeV .7r +  reactions with various nuclei as a function of nuclear mass 
number A. The SCE cross-sections are semi-empirical estimates. The total 

cross-section at°, is shown for comparison. (From Ashery et al. 1981b.) 

resonance region. The dominant quasifree nature of the single-charge 
exchange process is experimentally established, although not as systemat-
ically as for inelastic scattering. 

On closer scrutiny one finds various modifications of the simplest 
kinematical picture. The momentum distribution of the bound nucleons 
causes a broadening of the quasifree peak. In addition, the nucleon has 
an effective mass M*  < M  in the nuclear medium, so that its recoil energy 
increases as Q2 

AEfree < AE — 2M* .  (7.109) 

Finally, the .7rN scattering amplitude for the bound nucleon is modified, 
in particular by the coupling to absorptive channels. These many-body 
effects are systematically included when the  A'—hole model is used to 
describe the process. The comparison with data such as in Fig. 7.21 
demonstrates that all the main features of the energy loss spectrum are 
generally well accounted for in the quasifree region. 

7.6 Charge exchange reactions 

7.6.1 General features 
The isospin t = 1 of the pion permits two types of charge exchange 
reactions on nuclei.161 

Single 
charge exchange

⇡+n $ ⇡0p
⇡+n ! �+

⇡�p $ ⇡0n
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Table 7.2. Relative 2r1V—>.rrN cross-sections as- 
suming isospin I = 3 dominance 

cr(z - n--->z-n) = a(z ± 13--->z ± P) 9  
o(z - p-->/en) = a(z± n--->z°p) 2 
cqz - P —>IT - P) = cr(z± n—> z ± n) 1 

order nature. For example, if a positive pion, entering the nucleus, is to 
emerge as a negative pion by exchanging charge with the nucleons, then 
the process must take place in at least two stages, converting two 
different neutrons into protons. 

Hence the simplest mechanism for double-charge exchange on two 
nucleons N 1  and N2 is a two-step process with successive charge exchange 

(z ±  
The experimental data in Fig. 7.24 on inclusive pion double-charge 
exchange strongly suggest that such two-step processes give the dominant 
features of the spectra. These are well described by a four-body phase 
space distribution of two nucleons and a pion in the presence of a heavy 
nucleus which provides the momentum balance. The angular distributions 
are nearly isotropic as expected from two uncorrelated steps of single-
charge exchange anywhere in the nuclear volume. 

An important special reaction channel in SCE and DCE concerns 
the excitation of the isobaric analogue state (IAS) and double isobaric 
analogue state (DIAS). The  JAS  and DIAS are generated by the nuclear 
isospin raising operators /,_ and (/+ )2, respectively, applied to the original 

FIG. 7.24. Inclusive double-charge exchange spectra for 2T +160—>ir -  X at 
T7r , = 180 MeV. The solid curves correspond to the four-body phase space of one 
pion, two nucleons, and the final nucleus normalized to the total integrated DCE 

cross-section. (From Wood et al. 1985.) 
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These pions interact and can: 
scatter elastically from nucleus

scatter inelastically from nucleus
back scatter from nucleon

be absorbed
charge exchange once or twice 20/26
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What is a resonance - is it a three quark state?

NO
� has width thus
|�i = Z(�0 + |N⇡i+ · · · )
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What is a resonance - is it a three quark state?
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Pionic corrections to the MIT bag model: The (3,3) resonance
S. Theberge and A. W. Thomas

TRIUMI', 4004 8'esbrook Mall, Vancouver, British Columbia V6T233, Canada

Gerald A. Miller
Institute for 1Vuclear Theory and Physics Department FM-15, University of 8'ashington, Seattle, JYashington 98195

(Received 27 May 1980)

By incorporating chiral invariance in the MIT bag model, we are led to a theory in which the pion field is coupled
to the confined quarks only at the bag surface. An equivalent quantized theory of nucleons and 6 's interacting with
pions is then obtained. The pion-nucleon scattering amplitude in this .model is found to give a good fit to
experimental data on the (3,3) resonance, with a bag radius of about 0.72 fm.

I. INTRODUCTION

The problem of understanding pion-nucleon
(wN) scattering in the energy region of the (3, 3)
resonance has had a long and fascinating history.
Chew" showed that a field theory which involves
pions and nucleons interacting via a Yukawa
coupling could be used to explain the appearance
of this resonance in mN scattering. The Chew
theory consisted of summing (within the static
model) the series of graphs of Fig. 1. Chew and
I ow' showed that a resonant scattering amplitude
could also be obtained by solving a nonlinear inte-
gral equation (the Low equation) that was the fore-
runner of dispersion relations (e.g. , Refs. 4 and
5). An expansion of the Low equation in powers of
the coupling constant is the same as summing the
series of Fig. 1, but it was also pointed out that
there are an infinite number of solutions of the
I ow equation. ' There has been much recent in-
terest in pion-nucleus scattering as a probe of
nuclear structure. The consequent need to under-
stand ~N scattering in a very precise fashion has
led to a recent series of very sophisticated appli-
cations and modifications of the original Chew-
I ow theory. "
Shortly after the work of Chew and I,ow a vast

number of mN resonances and other new par'ticles
were discovered. In order to find some order
among all the particles Gell-Mann and Ne'eman'
introduced the eightfoM way. In this model the
mN P33 resonance is essentially a stable particle
(the &), which consists of three quarks. The
corresponding wN t matrix can be calculated by
defining Fig. 2(a) to be a K matrix. In this way
the t matrix includes all the self-energy graphs
of Fig. 2 with an on-energy-shell pion. There have
been several recent calculations" "of ~N scatter-
ing using models of this kind.
The observed rN resonances can therefore be

"explained" either in terms of pions and nucleons

(Fig. 1), or in terms of 4's that consist of quarks
(Fig. 2). In the present work we unify these ap-
parently contradictory views of the (3, 3) reso-
nance.
In our model, as in the work of Chodos and

Thorn, "the Stony Brook group, ""and Jaffe,"
the baryon is regarded as consisting of three
quarks confined in a bag that is surrounded by a
cloud of pions (hence the name cloudy bag). We
use the MIT bag model, ""which has been very
successful in describing hadronic structure.
In its simplest form the MIT bag model gives a

degenerate nucleon and &, consisting of three
massless up or down quarks moving freely in a
spherical region of space of radius A, called a
bag. 'The confinement of the quarks is guaranteed
by demanding that no color-electric or -magnetic
fields penetrate the surface of this region, that
the quark wave functions are zero outside the bag,
and that the pressure exerted by the quarks on the
bag surface is balanced by an external pressure.
The radius of the MIT bag is typically of the order
of 1.2 fm, which yields an average nucleon and 4
mass of about 1.1 GeV. This degeneracy is re-
moved by including the color-magnetic interaction
between the quarks —essentially a spin-spin force.
For a summary of the many achievements of this
model we refer to several recent review arti-

17y 19' 22 2&

The MIT bag model raises a number of fascina-
ting problems when looked at in the context of
nuclear physics. In particular, there has been
little effort to include the coupling of the pion to
the nucleon in the MIT model, even though it is
well established that the long-range part of the
N-N force is given by one-pion exchange. " Even
given some NN~ coupling, it is rather difficult to
see how two nucleon bags in a nucleus, which
would be touching, could easily interact through
pion exchange. There is also the controversial
question of the stability of nuclear matter against

2838 1980 The American Physical Society
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FIG. 2. The 6 model. The wiggly line is the bare h.

FIG. 1. The Chew series. Nucleons are represented
by solid lines and pions by dashed ones.

percolation" if the nucleon bag h6,s the MIT radi-
us.
In an attempt to overcome these objections,

Brown and Rho (BR) showed how the ideas of
PCAC (partial conservation of axial-vector cur-
rent) and the "Princeton bag"" could be used to
derive an NNw coupling. They obtained an equiva-
lent Yukawa theory in which the parameters. of the
nucleon and the ENw vertex could be related to the
bag-model parameters. At large internucleon
separation, this automatically yields the usual
one-pion-exchange force. In an earlier report"
we extended the BR model by observing that the
equivalent Yukawa theory should include both nu-
cleon and & bag states, and the appropriate inter-
action vertices.
In the present work we derive (Sec. II) the cloudy

bag model in a much more rigorous way, by im-
posing chiral invariance on the MIT bag model.
One advantage of the new derivation is that one
obtains exact expressions for the NNn, ANn, and
44m vertex functions and coupling constants in a
very straightforward manner.
In Sec. III formal expressions are obtained for

the nucleon wave function and the mN scattering
amplitude. The complete renormabzation pro-
cedure is also discussed in some detail. An ex-
plicit expression for the wN scattering amplitude
in the P» channel, based on this formalism, is
obtained in Sec. IV.
Numerical results are presented and discussed

in Sec. V. There are two parameters in our mod-
el: R, the bag radius, and ~, the difference be-
tween the renormalized ~ and nucleon masses.
The quantity u~ is not necessarily the resonance
energy (293 MeV) because the terms of Fig. 1 con-
tribute to nN scattering. We find that the best fit
to experimental data is obtained with R = 0.72 fm
and ~~= 294 MeV. With these parameters the ef-
fects of the pionic terms are relatively small:
the 4 terms contain about Sly of the strength of .

the resonance. However, the pionic terms do
contribute a non-negligible background. If they
are completely neglected, but otherwise the same
parameters are used, the position of the calculated
resonance is shifted upward by 50 MeV.
Our results are summarized and plans for fu-

ture work are discussed in Sec. VI.

As demonstrated by Chodos and Thorn, "it is
possible to incorporate both the Dirac equation
for massless quarks and the two-boundary condi-
tions of the MIT bag model in a single Lagrangian
density

S= d4xS x (2 2)

be invariant under the variations of the fields and
bag surface

q, (x)-q, (x)+ 5q, (x),
q, (x)-q, (x)+ 5q, (x),
8„-8„+&4,,
&,-&, -Cn &&, ,

(2.3a)
(2.3b)
(2.3c)
(2.M)

(where n" is an outward normal to the bag sur-
face), we find

iyq, (x)= 0, x cV
iy nq, (x)=q,(x), x cS

(I = -—n I(~ tT.(x(q.(x})=P, E ES(
( a

(2.4a)
(2.4b)

(2.4c)

(where Pn is the Dirac Pressure exerted on the
bag surface).
The first boundary condition (2.4b) guarantees

that there is no current flow through the bag sur-
face, and the nonlinear relation (2.4c) expresses
conservation of momentum at the bag boundary.
Taking the static limit fn= (O, r)], we find that Eq.
(2.4b) leads in the familiar way"'" to a set of
quantized energy levels for the quarks, and (2.4c)
provides a relation between 8 and R.

A. Chiral symmetry

Thus far we have been able to confine the quarks
and guarantee energy and momentum conservation.
Unfortunately, the necessary reflection of the
quarks at the bag boundary violates chiral invari-
ance, and the axial current associated with (2.1) is
far from being conserved. Formally, this is
equivalent to the observation that under the global
chiral transformation

Z(x) = —Q q, (x) 8'q, (x) B-8„--,' Q q, (x)q, (x)&, .
(2.1)

In this equation q, (x) is the usual Dirac field
(color a), 9 a phenomenological energy density,
8„afunction which is one inside the confinement
volume and zero outside [8„=8(R -r) in the static
case], and finally &, is a surface 5 function. By
demanding that the action

Early work by Chew
obtained resonance 

peak without any
three-quark state
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percolation" if the nucleon bag h6,s the MIT radi-
us.
In an attempt to overcome these objections,

Brown and Rho (BR) showed how the ideas of
PCAC (partial conservation of axial-vector cur-
rent) and the "Princeton bag"" could be used to
derive an NNw coupling. They obtained an equiva-
lent Yukawa theory in which the parameters. of the
nucleon and the ENw vertex could be related to the
bag-model parameters. At large internucleon
separation, this automatically yields the usual
one-pion-exchange force. In an earlier report"
we extended the BR model by observing that the
equivalent Yukawa theory should include both nu-
cleon and & bag states, and the appropriate inter-
action vertices.
In the present work we derive (Sec. II) the cloudy

bag model in a much more rigorous way, by im-
posing chiral invariance on the MIT bag model.
One advantage of the new derivation is that one
obtains exact expressions for the NNn, ANn, and
44m vertex functions and coupling constants in a
very straightforward manner.
In Sec. III formal expressions are obtained for

the nucleon wave function and the mN scattering
amplitude. The complete renormabzation pro-
cedure is also discussed in some detail. An ex-
plicit expression for the wN scattering amplitude
in the P» channel, based on this formalism, is
obtained in Sec. IV.
Numerical results are presented and discussed

in Sec. V. There are two parameters in our mod-
el: R, the bag radius, and ~, the difference be-
tween the renormalized ~ and nucleon masses.
The quantity u~ is not necessarily the resonance
energy (293 MeV) because the terms of Fig. 1 con-
tribute to nN scattering. We find that the best fit
to experimental data is obtained with R = 0.72 fm
and ~~= 294 MeV. With these parameters the ef-
fects of the pionic terms are relatively small:
the 4 terms contain about Sly of the strength of .

the resonance. However, the pionic terms do
contribute a non-negligible background. If they
are completely neglected, but otherwise the same
parameters are used, the position of the calculated
resonance is shifted upward by 50 MeV.
Our results are summarized and plans for fu-

ture work are discussed in Sec. VI.

As demonstrated by Chodos and Thorn, "it is
possible to incorporate both the Dirac equation
for massless quarks and the two-boundary condi-
tions of the MIT bag model in a single Lagrangian
density

S= d4xS x (2 2)

be invariant under the variations of the fields and
bag surface

q, (x)-q, (x)+ 5q, (x),
q, (x)-q, (x)+ 5q, (x),
8„-8„+&4,,
&,-&, -Cn &&, ,

(2.3a)
(2.3b)
(2.3c)
(2.M)

(where n" is an outward normal to the bag sur-
face), we find

iyq, (x)= 0, x cV
iy nq, (x)=q,(x), x cS

(I = -—n I(~ tT.(x(q.(x})=P, E ES(
( a

(2.4a)
(2.4b)

(2.4c)

(where Pn is the Dirac Pressure exerted on the
bag surface).
The first boundary condition (2.4b) guarantees

that there is no current flow through the bag sur-
face, and the nonlinear relation (2.4c) expresses
conservation of momentum at the bag boundary.
Taking the static limit fn= (O, r)], we find that Eq.
(2.4b) leads in the familiar way"'" to a set of
quantized energy levels for the quarks, and (2.4c)
provides a relation between 8 and R.

A. Chiral symmetry

Thus far we have been able to confine the quarks
and guarantee energy and momentum conservation.
Unfortunately, the necessary reflection of the
quarks at the bag boundary violates chiral invari-
ance, and the axial current associated with (2.1) is
far from being conserved. Formally, this is
equivalent to the observation that under the global
chiral transformation

Z(x) = —Q q, (x) 8'q, (x) B-8„--,' Q q, (x)q, (x)&, .
(2.1)

In this equation q, (x) is the usual Dirac field
(color a), 9 a phenomenological energy density,
8„afunction which is one inside the confinement
volume and zero outside [8„=8(R -r) in the static
case], and finally &, is a surface 5 function. By
demanding that the action

another model
Can also obtain 
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FIG. 3. The physical nucleon Ifrom Eq. (3.16)].

Equation (3.16) is illustrated in Fig. 3. To the
stated order, there is a probability Z,

SNNVNN+ Q ~V 4Ng-j y k k k k 3 ]7
(m~+ (k)2, —m2()

that the physical nucleon is a. bare three-quark
state. In addition, there is some probability that
the nucleon looks like either a nucleon or a & bag
with a pion "in the air. "
Finally we note that the mass shift can be ob-

tained by considering the matrix element
(NiHz iN), which is zero because

(NiH, iÃ)=(NiH H, iN-& (3.18a)
—o- &N iH1 —6m„iN&, (3 18b)

where the last equation is obtained from (3.5).
The use of the relation (N iN) =Z'~' in (3.18a) then
gives

FIG. 4. Nucleon and 6 self-energy terms.

The boundary condition is imposed by writing

(3.22)iN, k&. = a', iN&+ iX&. ,

where
i X), has only outgoing waves in the asymp-

totic region. As usual this amounts to letting E
become (E+iz) and taking the limit e- 0+.
By following analogous steps to those in Sec.

IIIA, one can find an integral equation for iNk&, :

iN, k), = a', iN)+ (m„+(d, + iq -H) g V, () iN& .
0' e 06 Qr ~ 4 )

(3.23)
For ingoing boundary conditions we simply re-
place +i& by -ie, so that the S matrix is
S(N'k', Nk) = (N'k' iNk),

-2vttt(tv -tv, ) (N'2' QV, ,').
(3.24)

6m„=Z-'~'&N
To the lowest order in H~, we find

(3.19) Therefore the exact expression for the ~N t ma-
trix in the CBM is

g(vt"eP* vt'vt"'
) (3.20) t(N k'Nk)= (N', 'k', Q V;t N). (3.25)

which corresponds to the first two self-energy
diagrams shown in Fig. 4(a).

'The operator g () V~~ is simply related to the pion
current, i.e. ,

B. Pion-nucleon scattering [H, a', ]—(u, a', =Q V", a, = (3.26)

Following Wick,"we suppose that the scattering
wave function for a pion (k) incident on a. nucleon
leading to outgoing scattered waves is iN, k)..
For this case the Schrodinger equation is

To obtain the Low equation for any other model
simply replace Jk by the corresponding operator
for the other model. Equation (3.25) is used to
obtain the mN phase shifts in Secs. IV and V.

H
i
N, k).= (m„+&,)

i
N, k).. (3.21)

C. The Low equation

If we now use the integral equation for (N'k'i in Eq. (3.25) we find

t(N k ,Nk) (¹ QV t '.'N)v(N =Q(V ) (vt 'v .— tt) ' QNvV "N), (3.27)

where the relation [J~,a~.]= 0 has been used. To simplify the quantity a„,iN) consider Ha~. iN&:
H a, .iN) = a, ,m„iN)+ [H, a~.] iN) .

Using the definitions of H (2.35) and V~N" [(2.42) and (2.43)] we find

a, ,
i
N) = (mN —&~ —H) ' Q (V', . ) iN& .

(3.28)

(3.29)

Using (3.29) in Eq. (3.27) gives

+ HC  - Cloudy Bag Model Hamiltonian



What is a Delta?
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& '=[I+X' '(m)+Z' '(m)] ' (4.15b) t(E)=(v +U )+(v „+5)G,(E)t(E). (4.17)
Once again Z, is the probability that the physical
nucleon looks like the three-quark bag. (Techni-
cally it also includes the possibility that the nu-
cleon looks like a bag with mo~e than one virtual
pion, but, by assumption this is small. )

Here vcL (CL=Chew Low) is the Chew driving
term of Fig. 9(a), and v~ involves formation and
decay of a n bag [Fig. 9(b)],

(keg(o&(E)g (k) (4 18

with
The 6 S«&(E)= [E—m", & —Z„'o(E)]-&. (4.19)

As we have defined it, the phys'ical & is a reso-
nance in the wN P33 scattering amplitude. Thus
we are led to consider the series of diagrams
generated by the perturbative expansion of the
exact scattering amplitude (3.25). This is done by
using the formally exact expression for the wave
function ~N'k'), m'" = m'')+ Z'0 5 HOs (4.20)

As the higher-order & self-energy terms
[&»&o(E)—see e.g. , Figs. 8(g) and 8(h)] contain
many virtual pions, they should be essentially in-
dependent of energy in the low-energy region.
Thus we can define

(X k) =a', ~l&t)Z"'+, a, ~zk) .
(4.16)

and hence

5 (o&(E) (E m&»&)-& (4.21)

As Eq. (3.25) represents the solution to the Low
equation, the correct solution of the linear equa-
tion (4.16) along with a solution of Eq. (3.10) for
the physical nucleon must yield a solution of the
Low equation. As we discuss below, our t matrix
is indeed a solution of the Low equation.
Some terms of order coupling constant to the

fourth (or lower) are shown in Fig. 8. Note that
the nucleon mass renormalization is assumed
done, in the manner described above.
By the criterion suggested by Chew for treating

low energy pion-nucleon scattering, all of the
graphs in Fig. 8 [except Fig. 8(g)] are formally
of order coupling constant squared. That is, all
those with four vertices, except Fig. 8(g), have
one pion which can be on shell in an intermediate
state. Terms like Fig. 8(g) can easily be retained
as an essentially energy-independent shift in the
bare-& mass. If apart from such higher-order
self-energy graphs we adopt Chew's one-meson
approximation, the rN t matrix is easily seen to
be the solution of effectively a two-potential pro-
blem

Although we could solve Eq. (4.17) as it stands,
the problem is greatly simplified by using the ap-
proximation"" for the nucleon propagator in v«
[Fig. 9(a,)]:

(E —m„-cu» —(u», ) ' = (u —&u» —&u», ) '

(~ —~»)(~ —~» )+ y~»~»' ~»~»'(~ —~» —~» )
(4.22)
(4.22')

Note that the correction term in (4.22) vanishes
when either the incident or outgoing pion is on
shell. For fully one-shell kinematics our crossed
Born term is proportional to Il~». , and gives the
pole term of the Low equation (3.34). In the usual
Chew model, Eq. (4.22') leads to the standard
Chew-Low effective range formula. " Kith this
approximation 'Ucz, ls also separable, and t is the
solution of the Schrodinger equation for a rank-2
separable potential, which can be written analy-
tically. "
In fact, with the usual Chew-Low normalization

conventions, "
»»(k', k; ~) = 4'„u»(k',k; &u), (4.23)

(o)

/A/VW
(e)

(c) with P» the usual projection operator, "and
)
k'u»(k')u»(k)k f~, (,&( ) (4 24)(2(d»i2co»)&i 3m,

(4.25)
The potential gc„with approximation (4.22) is

vcL(k', k; ~)= 4»P„vc„(k',k; (u),

(g)

FIG. 8. Terms of Eq. (3.25) after renormalization. FIG. 9. Born terms of Eq. (4.17).

Pion-nucleon scattering in
resonance  region
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FIG. 12. A possible higher-order vertex correction to
the NN~ coupling constant obtained in this work.

As we have emphasized our model keeps both
pionic and 6 terms. One may investigate the rela-
tive importance of the two kinds of effects by set-
ting f„,or f „,equal to zero T.his is shown in
Fig. 11. If f„„,=0, the position of the calculated
resonance peak moves up by about 50 MeV. Thus
pionic terms are important. If f~„,=0 the calcu-
lated resonance goes away; hence, 4 terms are
much more important than pionic terms.

50—

0 IOO 200
T A~) (MeV )

VI. CONCLUSION

By incorporating chiral invariance in the MIT
bag model, we obtain a theory in which the pion
field is coupled to the confined quarks only at the
bag surface. This leads us naturally to a theory
of bare (bag-state) nucleons and 6's interacting
with a quantized pion field. Renormalization of

FIG. 11. Best fit in the cloudy bag model (dashed
curve) to the experimental P33 total cross section (solid).
The dash-dotted line shows the effect of arbitrarily setting
fez, (f&z,) to zero, with all other parameters unchanged.

200

ticular, the inclusion of crossing and inelasticities
would probably increase the size of the source
somewhat. From our experience with the Chew-
Low model, this could increase R by as much as
20'~/~. Thus if forced to quote some estimate of the
possible systematic error in the determination of
A in the CBM, we would guess 0.72 + 0.14 fm.
%e also note that the NNm coupling constant for

the CBM solution is about 10%%u, lower than the ex-
perimental value f„„,2=0.06. [Recall that f „,is
given in terms of f~„,, by demanding that (f~„,/f„,)' be '2. ] Since we do not claim better than
perhaps 20/o accuracy in the determination of the
bag radius, this level of agreement is acceptable
for the moment. Future work may involve the ex-
plicit calculation of vertex corrections like Fig.
12.
The essential feature of the CBM is that one

must keep both couplings f~, and f„„,nonzero.
Nevertheless, it is interesting to turn one of these
off to obtain either an elementary 6 model or an
equivalent Chem-I ow model. In both cases only
one good solution could be found. For the ele-
mentary 6 model" ~ was 265 MeV, and R was
0.16 fm. In the effective Chew-Lom ease, R was
0.22 fm. These two cases 'are shown in Fig. 13.

I50—

IOO—

50—

20050 l00 l50
T(LAB) (MeV

FIG. 13. Best-fit calculations using the CBM form
factor but retaining only the delta graphs (dash-dot-dot
curve, R = 0.16fm), or only Chew-type graphs (dot-dash,
R = 0.22 fm)—the solid line is the experimental result,
and the dashed curve is the full CBM curve of Fig. 11.

mainly Delta



Delta is simplest  resonance others 
are more complicated

|N⇤
(1440)i = Z(|3 quark radial excitationi+ |N⇡⇡i+ |�⇡i) + · · ·
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Resonance structure affects pion production cross sections
Use data instead of theory

But
Worry:

Different reaction mechanisms can reach the same final state
In that case have quantum interference

Must add amplitudes and then square

Once pion is made it can do all the things discussed previously



Deep inelastic scattering

⇡�
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now examine this feature in greater detail by analysing the r-space 
distribution of the transition amplitude. Its one-pion exchange current 
contribution is shown in Fig. 9.8 for values q2  = 0 and q2  = 15 frn -2 . At 
large q2  it is strongly dominated by the Kroll-Ruderman part given by 
eqn (8.99). One sees that at zero momentum transfer, characteristic of 
the radiative capture process np-> dy, the OPE exchange current 
contributes only at large distances between the nucleons, while the region 
inside of 1 fm is unimportant. Even at q2  = 15 fm-2  most of the 
contributions come from distances of about 1 fm and larger, whereas the 
inner region is still suppressed by the two-nucleon wave function. As a 
consequence, short-distance effects such as form factors and p-meson 
exchange are only of moderate importance. 

In conclusion, the deuteron electrodisintegration is an example of a 
process in which the relevant transition amplitude is comparatively long 
ranged even at high momentum transfers. In such a situation, the 
soft-pion concept based on chiral symmetry appears to be valid even 
outside its anticipated range of applicability with effectively point-like 
nucleons. Similar arguments hold for the magnetic form factors of 3He 
and 3H. 

9.8 High-energy neutrino reactions 

The close relationship between the axial current and the pion source 
function, discussed so far in the low-energy and long-wavelength domain, 
is a general feature which persists also in reactions with high energy and 
momentum transfers. Particularly illustrative examples are weak proc-
esses of the type 

v + N--> / + X,  (9.114) 
in which a high-energy neutrino reacts with a hadronic target N (nucleon 
or nucleus) to produce a lepton 1 =  (e,  ,u) in the forward direction 
together with a hadronic final state X (Fig. 9.9). As a consequence of 
PCAC the cross-sections for such processes are proportional to the 

neutrino 
 

lepton 
V  

FIG. 9.9. Illustration of the forward neutrino reaction y + N-->/ + X. 
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corresponding cross-sections for the reactions 
(9.115) 

independent of the detailed properties of the final state X. Here z(q) 
denotes an incident pion with four-momentum e = 1(4, – kit , where ley' 
and Ictt are the neutrino and lepton four-momenta. We will now derive 
this result. 

Given the effective weak interaction Hamiltonian (9.1) the matrix 
element for the process (9.114) is 

X =—Gw a17'  (1 – y 5)u  1 n (XI .i – A IN),  (9.116) 1/2  
where u„ and u1  are the neutrino and lepton spinors. For simplicity we 
neglect the lepton mass. In the forward direction along the z-axis, the 
lepton current matrix element takes the form according to Table A6.1, 

a17 1 ( 1  – 75)u, = ui'(1 – az  (9.117) 

Consequently the lepton current is collinear with the momentum transfer 

„Az _ (1,0 ..._ IA 
'I - l'1' 1  ''v  (9.118) 

with q,, q'4  = 0. Therefore the matrix element (9.116) can be written 
Gw  

X =  

 

u(1–  az )uv  (XI q4 (V 12 – A") IN).  (9.119) 
v2 q 0  

The divergence of the vector and axial vector currents give the relations 

qi, (XI V' 4  IN) = 0,  (conserved vector current) 
 

(9.120) 
qt, (XI A '4  IN) = – if„ (XI J" IN) , (PCAC) (9.121) 
where J is the pion source function. According to the discussion in 
Section 9.4.2, there is no pion pole contribution in the limit of vanishing 
lepton mass. The matrix element (XI J" IN) is proportional to the 
T-matrix for the process z + N–> X, so that 

Gw  f„ ±  
X = w ci0 ui  (1–  a-- z )u,, (XI J" IN) 

= (factors) • T(z(q) + N ---> X).  (9.122) 
This result is known as Adler's theorem. 1121  Here the pion moves in the 

Use CVC , PCAC:

Use data for pion cross sections

EW



Summary

• Pion does many things

• Can be made from resonance decay or final state 
interactions

• Separation between production and final state 
interaction is not absolute


