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PREAMBLE

? Atomic nuclei are complex many-body systems, whose response
to an external probe involves a variety of different reaction
mechanism

? At large momentum transfer, the formalism based on
factorisation provides a unified framework for the interpretation
of the nuclear cross section in terms of nucleon cross section and
nuclear spectral functions

? The spectral function is a fundamental quantity of many-body
theory, trivially related to the two-point Green’s function. The
formalism based on the spectral function allows for a consistent
treatment of a variety of reaction mechanisms, and a model
independent identification of correlation effects.

? Being inherently modular, the formalism is ideally suited for
implementation in simulation codes
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OUTLINE

? Elastic electron-nucleus scattering as an archetype example of
factorisation : inferring microscopic dynamics from nuclear
properties

? The lepton-nucleus cross section in the impulse approximation
regime: factorisation and the nucleon spectral function

? Extended factorisation: Meson-Exchange Currents (MEC) and
the extended factorisation scheme

? Summary & Prospects
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ELASTIC SCATTERING: e+ A→ e′ + A, λ� RA ∼ A1/3

(
dσ

dΩ

)

eA

=

(
dσ

dΩ

)

Mott

|F (q)|2 ,

I The Mott x-section described the electromagnetic interaction of a
relativistic electron with a point target
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FzG. 10. The angular distribution of scattered electrons from a
beryllium foil, 50-mils thick, at 125 Mev. The experimental curve
has been corrected empirically for the broadening observed in the
elastic curves at larger scattering angles. (See Fig. 6.) The dashed
curve is the corrected curve. A theoretical curve based on the
erst Born approximation for an exponential charge distribution
is shown. Also shown is the point charge calculation of Feshbach.
Arbitrary normalization of all curves is made at 35'.

Thus, multiple scattering corrections in the target foil
are unnecessary for the accuracy involved in this work.
The multiple scattering in the aluminum windows is
of the order of 0.4' and can be neglected since it is 4
times as small as the rms scattering angle in the gold
foil. The beryllium 50-mil foil has an rms scattering
angle of 0.6' which is negligible also.
The errors resulting from double (large-angle) scat-

tering are estimated to be 0.15 percent at 90' for two
mjls of gold at 125 Mev and 0.01 percent at 150' under
the same conditions. For 50 mils of Be at 125 Mev the
errors are 1.5 percent at 150' and 0.04 percent at 90'.
Hence, all double scattering corrections are ignored
since they are very small effects.
The geometrical corrections for the aperture can be

estimated from the effective aperture which is approxi-
mately 0.8 square inch at twelve inches. A calculation
similar to that of I yman et al. leads to corrections of a
few tenths of a percent, which are thus negligible for
our purposes.
The angular resolution of our scattering resu]. ts de-

pends on the size of the beam spot on the target foil
and on the efIective aperture of the entrance port o
the analyzing magnet. Each of these contributions is
about the same at the present time and each contributes
about. 2', fairly independently of angles between 35
and 140', for a target foil setting of 45'. Hence, our

angular acceptance width is about ~4', or a total of 8'.
Structure in the scattering curves within such small
angular ranges would not be resolved in our experi-
ments. On the other hand, such fine structure is not
expected.
Radiative straggling and electron-electron straggling

aGect the shape of the elastic-scattering peaks. Since in
all the cases we have studied, with the exception of Be,
the elastic profile is the same at all angles, no relative
corrections for these eGects need to be made. As a
matter of fact, the same argument applies to the
Schwinger correction.
With the exception of Be, all corrections are extremely

small and will be ignored. In the case of Be (Fig. 6) the
elastic profile changes as a function of angle, because
of the combination of the recoil effect and the energy
loss straggling in the target. Both sects are appreciable
for Be. The correction has been taken into account
empirically by measuring the areas under the elastic
curves taken at various angles. At 90' the area is
approximately 1.5 times the area at 35' when both
curves are normalized to the same peak values. Hence,
a correction of 50 percent is applied to the counting
rate at 90'. At 35 the correction is zero, and a smooth
curve has been drawn in Fig. 10 (the dashed line) to
represent the corrected data at intermediate angles.
Since the cross section varies rather violently with
angle, the largest correction of 50 percent produces
only a mild effect.
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FIG. 11.The angular distribution of electrons scattered from a
2-mil gold foil at 125 Mev. The point charge calculation of Fesh-
bach is indicated. Theoretical points based on the 6rst Born
approximation for exponential charge distributions are shown.
Values of em=2.0, 2.2, 2.36, 2.8&&10 "cm are chosen to demon-
strate the sensitivity of the angular distribution to change of
radius. All curves are normalized arbitrarily at 35'.

V. RESULTS

The relative angular distributions have been meas-
ured in Be, Au, and Pb at 125 Mev and in Ta at 150
Mev. In addition, as mentioned previously, check runs

Hofstadter et al, A.D. 1953
Gold target, Ee = 125 MeV
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FROM NUCLEAR SYSTEMATICS TO MICROSCOPIC DYNAMICS
I The deviations from the Mott x-section provide information on target

size and shape
F (q) =

∫
d3r ρch(r)

I The observation that the central density of atomic nuclei is largely
A-independent for A > 16, indicates that nuclear forces are strongly
repulsive at short range

Nuclear charge densities Nucleon-nucleon potential

I The repulsive core is a prominent feature of the nucleon-nucleon
potential, giving rise to strong short-range correlations
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THE LEPTON-NUCLEUS X-NECTION

? Consider, for example, the cross section of the process

`+A→ `′ +X

at fixed beam energy

dσA ∝ LµνWµν
A

I Lµν is fully specified by the lepton kinematical variables
I The determination of the nuclear response

Wµν
A =

∑
X

〈0|JµA
†|X〉〈X|JνA|0〉δ(4)(P0 + k − PX − k′)

involves

• the ground state of the target nucleus, |0〉
• all relevant hadronic final states, |X〉
• the nuclear current operator

JµA =
∑
i

jµi +
∑
j>i

jµij
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THE NON RELATIVISTIC REGIME

? In the low-energy regime quasi elastic scattering leading to final states
involving nucleons only, i.e.

|X〉 = |(A− 1)? p〉 , |(A− 2)? pp〉 . . .

is the dominant reaction mechanism

? at low to moderate momentum transfer, typically in the range
|q| <∼ 500 MeV, the non relativistic approximation cal be employed to
carry out highly accurate ab initio calculations based on realistic nuclear
Hamiltonians, strongly constrained by phenomenology

H =
∑
i

pi
2

2m
+
∑
j>i

vij +
∑
k>j>i

Vijk ,

and consistent nuclear current operators JµA
? The non relativistic approach has been widely employed to describe the

electromagnetic and weak responses of isoscalar nuclei with A ≤ 12
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THE IMPULSE APPROXIMATION (IA) REGIME

? at large momentum transfer, the final state and the current operator can
no longer be described within the non relativistic approximation

? for λ� dNN ∼ 1.6 fm, the average nucleon-nucleon distance in the
target nucleus, nuclear scattering reduces to the incoherent sum of
scattering processes involving individual nucleons

Σ
i

2 2
q,ω q,ω

i
x

? Basic assumptions

. JµA(q) ≈
∑
i j
µ
i (q) (single-nucleon coupling)

. |X〉 → |p〉 ⊗ |n(A−1),pn〉 (factorization of the final state)

? As a zero-th order approximation, Final State Interactions (FSI) and
processes involving two-nucleon Meson-Exchange Currents (MEC) are
neglected (more on this later)
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THE IA CROSS SECTION

? Factorisation allows to rewrite the nuclear transition amplitude in the
form

〈X|JµA|0〉 →
∑
i

∫
d3k Mn(k)〈k + q|jµi |k〉

I The nuclear amplitude Mn describes initial sate properties,
independent of momentum transfer

I The matrix element of the current between free-nucleon states can
be computed exactly using the fully relativistic expression

? Nuclear x-section

dσA =

∫
d3kdE dσN P (k, E)

? The spectral function P (k, E) describes the probability of removing a
nucleon of momentum p from the nuclear ground state, leaving the
residual system with excitation energy E

? The lepton-nucleon cross section dσN can be obtained—at least in
principle—from proton and deuteron data
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NUCLEAR SPECTRAL FUNCTION

? The analytic structure of the two-point Green’s function—dictated by
the Källèn-Lehman representations—is reflected by the spectral function

P (k, E) =
∑
h∈{F}

Zh|Mh(k)|2Fh(E − eh) + PB(k, E)

? According to the independent particle model (IPM)

. Spectroscopic factors Zh → 1

. Momentum dependence Mh(k) = 〈h|ak|0〉 → φh(k), the
momentum-space wave function of the single-particle state h

. Energy distribution Fh(E − eh)→ δ(E − eh)

. Smooth contribution PB(k, E)→ 0: pure correlation effect

? The spectral function of uniform nuclear matter can be obtained from
accurate non-relativistic calculations
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P (k, E) OF ISOSPIN-SYMMETRIC NUCLEAR MATTER
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OBTAINING P (k, E) FROM ELECTRON SCATTERING DATA

I Consider the (e, e′p) Reaction

e+A→ e′ + p+ (A− 1)

in which both the outgoing electron and
the proton, carrying momentum p′, are
detected in coincidence, and the recoiling
nucleus can be left in a any (bound or
continuum) state |n〉with energy En

e e′

p′

q,ω

I In the absence of final state interactions (FSI)—which can be taken into
account as corrections—the measured missing momentum and missing
energy can be identified with the momentum of the knocked out
nucleon and the excitation energy of the recoiling nucleus, En − E0

pm = p′ − q , Em = ω − Tp′ − TA−1 ≈ ω − Tp′

and the differential cross section is given by
dσA

dEe′dΩe′dEp′dΩp′
∝ σepP (pm, Em)
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12C(e, e′p) AT MODERATE MISSING ENERGY

? At moderate missing energy the recoiling nucleus is left in a
bound state, e.g. |11B(3/2

−
), p〉, |11B(1/2

−
), p〉

I Missing energy spectrum of
12C measured at Saclay in the
1970s

QUASI-FREE (e, e’p) 473 

8% PG 180 M&J/” 

MISSIffi ENERGY (McV) 

Fig. 9. Missing energy spectra from “C(e, e’p), (a) 0 S P 5 36 MeV/c, (b) SO $ P 5 180 MeV/c and 
(c) 0 s P s 60 MeV/c for 20 5 E 5 60 MeV. 

3OG E< 50 MeV 

0 50 la, ls0 2co 250 300 
RECOIL MOMENTUM (M&/c) 

Fig. 10. Momentum ~s~ibution from “C(e, e’p); (a) I5 s E 4 21.5 MeV and (b) 30 5 E s 50 MeV. 
The solid and dashed lines represent DWIA and PWIA ~lcula~ons respectively, with nonfiction 

obtained by a fit to the data. 

shells of “C. The lp, shell, at a separation energy of 16 MeV (fig. 9), exhibits 
the expected I = 1 distribution having a zero at P = 0 and a single maximum at 
PW 100 MeVJc. The two lines occurring in S(E, P) at 18 and 21 MeV correspond 

I P - state momentum
distribution.

? The spectroscopic factors turn
out to be significantly less
than unity
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(e, e′p) STUDIES OF THE CORRELATION STRENGTH
I 3He(e, e′p) at large |pm| and Em in JLab hall A: strong

energy-momentum correlation observed.

elastic scattering data to world data [10]. We measured the
3He!e; e0p"X cross section at three beam energies, keeping
j ~qj and ! fixed in order to separate response functions and
understand systematic uncertainties. The data reported in
this Letter were all obtained at a beam energy of
4806 MeV.

The missing energy resolution, about 1 MeV (!), is less
than the 2.23 MeV separation between the 3He!e; e0p"d
peak and the threshold for the 3He!e; e0p"pn breakup
channels. The radiative corrections to the measured cross
sections were performed by using the code MCEEP [11].
The radiative tail is simulated and folded into the (Em; pm)
space based on the prescription of Borie and Drechsel [12].
The radiative corrections in the continuum amount to
10%–20% of the cross section. In particular, the radiative
corrections remove the tail of the 2bbu process from the
3bbu data, allowing a clear separation of the channels. An
exception is for low missing momentum, below
100 MeV=c, where the 3bbu strength is less than the
strength of the radiative tail of the much stronger 2bbu
peak.

Table I shows the central proton spectrometer settings
for the experimental kinematics presented in this Letter.
The data taken at these settings are grouped into numerous
(Em; pm) bins for presentation; Fig. 2 shows the cross
sections corrected for radiative processes as a function of
missing energy for several selected bins. The energy scale
in the horizontal axis has been shifted in these plots so that
the 3bbu channel starts at zero. As pm increases, we can see
that the broad peak in the cross section moves to higher
missing energies. The arrow in the figure indicates where
one would expect the peak in the cross section due to
disintegration processes involving two active nucleons
plus a spectator; the expected peak position for pm #
820 MeV=c is just off scale, at Em $ 145 MeV. The large
peak in the data roughly aligned with the arrow suggests
that two-nucleon disintegration processes are dominant.

Several calculations are presented in Fig. 2. The simplest
calculation is a plane-wave impulse approximation
(PWIA) calculation using Salme’s spectral function [13]
and the !cc1 electron-proton off-shell cross section [14].
Also shown in Fig. 2 are the results of microscopic calcu-
lations of the continuum cross section by J. M. Laget [15],
including a PWIA calculation with correlations but no FSI,

and successive implementation of various interaction ef-
fects. The calculation is based on a diagrammatic expan-
sion of the reaction amplitude, up to and including two
loops [16]. Both single and double NN scattering, as well
as meson exchange (" and #) and ! formation are in-
cluded. The bound-state wave function is a solution of the
Faddeev equation used by the Hannover group [17] for the
Paris potential [18]. Nucleon and meson propagators are

TABLE I. Proton spectrometer kinematic settings.

pm Pp $p
(MeV=c) (MeV=c) (%)

150 1493 54.04
300 1472 59.83
425 1444 64.76
550 1406 69.80
750 1327 78.28
1000 1171 89.95

FIG. 2 (color online). Cross-section results for the
3He!e; e0p"pn reaction versus missing energy Em. The vertical
arrow gives the peak position expected for disintegration of
correlated pairs. The dotted curve presents a PWIA calculation
using Salme’s spectral function and !cc1 electron-proton off-
shell cross section. Other curves are recent theoretical predic-
tions of Laget [19] from the PWIA (dash dotted line) to
PWIA & FSI (long dashed line) to full calculation (solid line),
including meson-exchange current and final-state interactions. In
the 620 MeV=c panel, the additional short dashed curve is a
calculation with PWIA & FSI only within the correlated pair.

PRL 94, 082305 (2005) P H Y S I C A L R E V I E W L E T T E R S week ending
4 MARCH 2005

082305-3

n(k) =

∫
dE P (k, E)

relativistic and no angular approximations (Glauber) have
been made in the various loop integrals. The FSI in these
calculations use a global parameterization of the NN scat-
tering amplitude, obtained from experiments at LANL,
SATURNE, and COSY [19]. Further details of the model
can be found in [20].

Figure 2 shows that the calculated cross sections exhibit
a correlation peak that is dominant at low pm, but that FSI
strongly enhance the cross section at large pm. The calcu-
lations indicate the FSI are mainly between the two active
nucleons—Fig. 1(b). The additional calculation included
in the 620 MeV=c panel of Fig. 2 has FSI with the specta-
tor nucleon—Fig. 1(c)—turned off. Neither the shape nor
magnitude of the peak is much affected. This result indi-
cates that triple rescattering is negligible. MEC effects are
also small.

To obtain the total 3bbu strength, and to facilitate com-
parison to the 2bbu, we divided the cross section by the
elementary off-shell electron-proton cross section !ep

[14], multiplied by a kinematic factor K, and integrated
over missing energy to obtain the effective momentum
density distribution

"!pm" #
Z

! d6!
dEedEpd!ed!p

=K!ep"dEm: (2)

Figure 3 shows the distribution obtained. Uncertainties
from missing tails of the 3bbu peak, within this integration
range, due to limited experimental acceptance are negli-

gible on the scale of Fig. 3. The 3bbu distribution tends to
have a much larger relative strength for high missing
momentum than does the 2bbu distribution—the ratio of
3bbu to 2bbu strength increases with pm by about 3 orders
of magnitude, from about 100 to 800 MeV=c. An increase
of the relative strength with pm is consistent with what is
expected from correlations, as described in the simple
picture in the introduction, but we already know from the
discussion of Fig. 2 that FSI are important.

The PWIA curves in Fig. 3 show an order of magnitude
enhancement of the 3bbu over the 2bbu at high missing
momentum. The two-body correlations are more clearly
seen in 3bbu than in the 2bbu since the available phase
space is reduced when two nucleons are forced to form the
deuteron. The differences between the PWIA calculations
and full calculations further indicate the greater impor-
tance of final-state interactions in the 3bbu. Thus, the larger
FSI in the 3bbu mask the larger role of correlations. The
generally good agreement of the full calculations and the
data shown in Figs. 2 and 3 relies mainly on the interplay of
correlations and final-state interactions, and indicates no
need for physics beyond that already present in a modern
conventional nuclear physics model. The conclusions pre-
sented here have been confirmed by subsequent, indepen-
dent calculations [21].

The conclusions described above might appear to be no
longer valid for pm $ 1 GeV=c as the magnitude of the
3bbu appears to fall towards that of the 2bbu. However, the
center of the 3bbu correlation peak moves outside of the
integration range at pm $ 800 MeV=c, as shown in Fig. 2.
Thus, the experimental integration only includes a fraction
of the 3bbu strength at large pm. A crude correction to
account for the missing strength, using the fraction of
strength of the full calculation of Laget in the region Em <
140 MeV, causes the 3bbu distribution to roughly flatten
out, starting near 750 MeV=c, at a level nearly 2 orders of
magnitude greater than that of the 2bbu. The large correc-
tion also leads to our stopping the calculation at 1 GeV=c;
the comparison between data and theory is no longer
meaningful when only a small fraction of the tail of the
distribution is considered. Given these data along with the
theoretical calculations, it remains fair to conclude that the
correlations in the wave function preferentially lead to the
3bbu channel, and that the reaction mechanism is reason-
ably well understood in a modern, conventional nuclear
physics model.

The comparison of the data of this experiment with the
existing calculation suggests that the region near
300 MeV=c might prove to be the most enlightening
with respect to the role of correlations. Here the full and
PWIA curves are very similar to each other and to the data,
and in the theory the correlation peak dominates the cross
section. Separated response functions, which are possible
with data from the other kinematics of this experiment, can
provide us with more complete tests of the theory.

FIG. 3 (color online). Proton effective momentum density
distributions in 3He extracted from 3He!e; e0p"pn (open black
circles) and 3He!e; e0p"d (open black triangles), compared to
calculations from Laget [19]. The 3bbu integration covers EM
from threshold to 140 MeV.

PRL 94, 082305 (2005) P H Y S I C A L R E V I E W L E T T E R S week ending
4 MARCH 2005

082305-4
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LARGE |pm| AND Em STRENGTH IN OXYGEN

I |pm|-evolution of missing energy spectrum in Oxygen. Hall A data

VOLUME 86, NUMBER 25 P H Y S I C A L R E V I E W L E T T E R S 18 JUNE 2001

The systematic uncertainty in cross section measurements
is about 5%. This uncertainty is dominated by the uncer-
tainty in the 1H!e, e" cross section to which the data were
normalized [28].

Figure 1 shows the measured cross section as a func-
tion of missing energy at Ebeam ! 2.4 GeV for various
proton angles, 2.5± # upq # 20±. The average missing
momentum increases with upq from 50 to 340 MeV#c.
The prominent peaks at 12 and 18 MeV are due to
1p-shell proton knockout and are described in [21],
where it was shown that they can be explained up to
Pm ! 340 MeV#c by relativistic distorted wave impulse
approximation (DWIA) calculations. However, the spectra
for Em . 20 MeV exhibit very different behavior. At the
lowest missing momentum, Pm $ 50 MeV#c, the wide
peak centered at Em $ 40 MeV is due predominantly to
knockout of 1s1#2-state protons. This peak is less promi-
nent at Pm $ 145 MeV#c and has vanished beneath a flat
background for Pm $ 200 MeV#c. At Em . 60 MeV or
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FIG. 1. Average cross sections measured at different outgoing
proton angles as a function of missing energy. The cross section
shown at each angle is the average between the cross sections
measured at either side of "q at that angle. The curves show the
s-shell single-particle strength calculated by Kelly folded with
the Lorentzian parametrization of Mahaux. The dashed line
shows the Ryckebusch et al. calculations of the !e, e0pn" and
!e, e0pp" contributions to !e, e0p" including meson-exchange
currents (MEC), intermediate D creation (IC), and central
correlations, while the dot-dashed line also includes tensor
correlations.

Pm . 200 MeV#c, the cross section does not depend on
Em and decreases only weakly with Pm.

We compared our Em . 25 MeV results to single-
particle knockout calculations by Kelly [29] to determine
how much of the observed cross section can be explained
by 1s1#2-state knockout. Kelly performed DWIA calcu-
lations using a relativized Schrödinger equation in which
the dynamical enhancement of lower components of Dirac
spinors is represented by an effective current operator
[30]. For the 1s1#2 state, Kelly used a normalization factor
of 0.73 with respect to the single-particle strength and
spread the cross section and the response functions over
missing energy using the Lorentzian parametrization of
Jeukenne and Mahaux [31].

At small Pm, where there is a clear peak at 40 MeV,
this model describes the cross section (see Fig. 1) and the
separated RL and RT responses well [24]. The extracted
magnitude of !ST 2 SL" [24] is consistent with the de-
crease in !ST 2 SL" with Q2 seen in the measurements
of Ulmer et al. [7] at Q2 ! 0.14 !GeV#c"2 and by Dutta
[16] at Q2 ! 0.6 and 1.8 !GeV#c"2. This suggests that, in
parallel kinematics, transverse non-single-nucleon knock-
out processes decrease with Q2. At larger Pm, where there
is no peak at 40 MeV, the DWIA cross section is much
smaller than the data (see Fig. 1). Relativistic DWIA cal-
culations by other authors [32,33] show similar results.
This confirms the attribution of the large missing momen-
tum cross section to non-single-nucleon knockout.

Figure 1 also shows !e, e0pn" and !e, e0pp" contribu-
tions to the !e, e0p" cross section calculated by Ryckebusch
et al. [34] in a Hartree-Fock (HF) framework. The cross
section for the two particle knockout has been calculated
in the “spectator approximation” assuming that the two nu-
cleons escape from the residual A 2 2 system without be-
ing subject to inelastic collisions with other nucleons. This
calculation includes pion exchange currents, intermediate
D creation, and central and tensor short-range correlations.
According to this calculation, in our kinematics, two-body
currents (pion-exchange and D) account for approximately
85% of the calculated !e, e0pn" and !e, e0pp" strength.
Short-range tensor correlations contribute approximately
13% while short-range central correlations contribute only
about 2%. Since the two-body currents are predominantly
transverse, the calculated !e, e0pn" and !e, e0pp" cross sec-
tion is mainly transverse. The flat cross section predicted
by this calculation for Em . 50 MeV is consistent with
the data, but it accounts for only about half the measured
cross section. Hence, additional contributions to the cross
section such as heavier meson exchange and processes in-
volving more than two hadrons must be considered.

Figures 2 and 3 present the separated response func-
tions for various proton angles. Because of kinematic
constraints, we were able to separate only the responses
for Em , 60 MeV. The separated response functions can
be used to check the reaction mechanism. If the excess
continuum strength at high Pm is dominated by two-body

5672

I The determination of the spectral function at large missing energy and
missing momentum is hindered by significant FSI and MEC effects
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THE LOCAL DENSITY APPROXIMATION (LDA)

? Bottom line: accurate theoretical
calculations show that the tail of the
momentum distribution, arising
from the continuum contribution to
the spectral function, turns out to be
largely A-independent for A > 2

? Spectral functions of nuclei can be obtained within the Local Density
Approximation (LDA)

PLDA(k, E) = PMF(k, E) +

∫
d3r ρA(r) PNMcorr (k, E; ρ = ρA(r))

using the Mean Field (MF), or shell model, contributions obtained from
(e, e′p) data

? The continuum contribution PNMcorr (k, E) is computed for uniform
nuclear matter at different densities using accurate theoretical
approaches

15 / 27



COMPARISON TO e+ A→ e′ +X DATA

? Deuteron (SLAC data) ? Nuclear matter (A→∞
extrapolation of SLAC data)
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? e+ 12C→ e′ +X quasi elastic cross section computed within the
IA including corrections arising from FSI.
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? Recall: no adjustable parameters involved
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eA VS νA CROSS SECTION: THE ISSUE OF FLUX AVERAGE

. Electron scattering

. MiniBooNe CCQE cross section

I Theoretical calculations carried out using the same spectral
function and vector form factors employed to describe the
electron scattering cross section and setting MA = 1.03

I Reaction mechanisms other than single-nucleon knock out
contribute to the cross section
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CORRECTIONS TO THE IA: MESON-EXCHANGE CURRENTS
MEC: Pion exchange

q q

q

(a) (b) (c)

p’
1

k
1

p’
2

p’
1

p’
2

p’
1

p’
2

p
2

p
1

p
2

k
1

p
2

p
1

k
2

k
2

k
1

Seagull  
or 

contact 
term

Pion  
in 

flight 
term

Noemi Rocco (INFN) MEC in electron-nucleus interactions October 23, 2015 16 / 33

MEC: �-isobar exchange

p 1 p 2

p1 ’ p2 ’
q

k 2
p b
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The Rarita-Schwinger (RS) expression for the � propagator reads

S��(p, M�) =
/p + M�

k2 � M2
�

 
g�� � ����

3
� 2p�p�

3M2
�

� ��p� � ��p�

3M�

⌘

WARNING
If the condition p2

� > (mN + m⇡)2 the real resonance mass has to be
replaced by M� �! M� � i�(s)/2 where �(s) = (4f⇡N�)2

12⇡m2
⇡

k3p
s (mN + Ek).
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THE EXTENDED FACTORISATION ansatz
? Highly accurate and consistent calculations of processes

involving MEC can be carried out in the non relativistic regime
? Fully relativistic MEC used within independent particle models,

such as the Fermi gas model
? Using relativistic MEC and a realistic description of the nuclear

ground state requires the extension of the IA scheme to
two-nucleon emission amplitudes

I Rewrite the hadronic final state |n〉 in the factorized form

|n〉 → |p,p′〉 ⊗ |n(A−2)〉 = |n(A−2),p,p
′〉

〈X|jµij |0〉 →
∫
d3kd3k′Mn(k,k′) 〈pp′|jµij |kk

′〉 δ(k+k′+q−p−p′)

The amplitude

Mn(k,k′) = 〈n(A−2),k,k
′|0〉

is independent of q , and can be obtained from non relativistic
many-body theory
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TWO-NUCLEON SPECTRAL FUNCTION

? Calculations have been carried out for uniform isospin-symmetric
nuclear matter

P (k1,k2, E) =
∑
n

|Mn(k1, k2)|2δ(E + E0 − En)

n(k1,k2) =

∫
dE P (k1,k2, E)

? Relative momentum distribution

n(Q) = 4π|Q|2
∫
d3q n

(
Q

2
+ q,

Q

2
− q

)

q = k1 + k2 , Q =
k1 − k2

2
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MEC CONTRIBUTION TO e+ 12C→ e′ +X
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MEC CONTRIBUTION TO νµ +
12C→ µ− +X (PRELIMINARY!)
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INELASTIC CONTRIBUTION TO νµ +
12C→ µ− +X

? Factorization ansatz + LDA spectral function
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SUMMARY & PROSPECTS

? The formalism based on nuclear spectral functions—extensively
applied to study electron-nucleus scattering—is approaching the
level of maturity needed to perform meaningful calculations of
neutrino-nucleus interactions

? Being based on intrinsic properties of the target, the formalism
can be applied to obtain a consistent description of a variety of
reaction channels, and appears to be easily implementable in
generators

? Needed developments include a study of processes leading to
the collective excitations of the nuclear target and the treatment
of final state interactions in inelastic channels

? In the winter of 2017, JLab experiment E12-14-012 has collected
Ar(e, e′p) and Ti(e, e′p) data, to be used to obtain the argon
spectral functions. The first paper, reporting inclusive titanium
data has been accepted for publication in PRC
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THE E12-14-012 EXPERIMENT: WHY ARGON AND TITANIUM?

? The reconstruction of neutrino and antineutrino energy in liquid
argon detectors will require the understanding of the spectral
functions describing both protons and neutrons

? The Ar(e, e′p) cross section only provides information on proton
interactions. The information on neutrons can be obtained from
the Ti(e, e′p), exploiting the pattern of shell model levels

16

Physics Motivation
Experimental Goals

Experimental conditions
Titanium idea

Physics motivation

Use few hours of beam time investigating the feasibility of running
on a titanium target, as suggested by the PAC.
The neutron spectral function of argon is needed to model
quasielastic neutrino scattering. In pion production both neutrons
and protons take part in charged-current interactions.

40
18Ar

p’s n’s

48
22Ti

p’s n’s

C. Mariani for E12-14-012 Collaboration Spectral function of 40Ar through the (e, e0p) reaction
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FIRST RESULTS FROM JLAB E12-14-012
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Backup slides
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GFMC RESULTS

? Electromagnetic responses of 12C at |q|=570 MeV

d2σ

dΩe′dEe′
∝
(
Q2

|q|2

)2 [
εRL(|q|, ω) +

1

2

|q|2

Q2
RT (|q|, ω)

]
ε =

(
1 + 2

|q|2

Q2
tan

θe
2

)−1

R
C
p
,E

Ê

O b

O b b

R
x
x
C
p
,E

Ê

R
C
p
,E

Ê

O b

O b b

R
x
x
C
p
,E

Ê

? Note that, even at moderate momentum transfer, the non relativistic
approach fails to describe the transverse response in the region of large
energy transfer, where the contribution of inelastic processes is large
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? Within the factorization ansatz underlying the IA, the target
response reduces to

Wµν
A = N

∫
d3k dE

m

Ek
P (k, E)wµν

wµν =
∑

x

∫
d3px〈k, n|jµ|x,px〉〈px, x|jν |n,k〉δ(4)(k + q̃ − px)

? wµν is the tensor describing the interaction of a free neutron of
momentum k at four momentum transfer

q̃ ≡ (ω̃,q) , ω̃ = ω +MA − ER − Ek

? The substitution ω → ω̃ < ω accounts the fact that an amount
δω = ω − ω̃ of the energy transfer goes into excitation energy of
the residual system.

? The spectral function P (k, E) describes the probability of
removing a nucleon of momentum k from the target nucleus,
leaving the residual system with excitation energy E
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SPECTRAL FUNCTION AND MOMENTUM DISTRIBUTION OF 16O

? n(k) =
∫
dE P (k,E)

? shell model states account for ∼ 80% of the strenght
? the remaining ∼ 20% , arising from NN correlations, is located

at high momentum and large removal energy
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DETERMINATION OF THE SPECTROSCOPIC FACTOR

? The spectroscopic factor of the p-state with j = 3/2 is obtained
from

Zp =
(2j + 1)

Z

∫

∆k

d3k

(2π)3

∫

∆E

dE Pexpt(|k|, E) = 0.625

with
∆k ≡ [0–310] MeV , ∆E ≡ [15–22.5] MeV

? Models based on the mean field approximation predict Zp = 1

? The deviation of Zp from unity implies that dynamical effects not
taken into account within the independent particle picture
reduce the average number of protons occupying the j = 3/2
p-state from 4 to 2.5

? The result obtained from the LDA analysis is within 2% of the
experimental value

32 / 27



EARLY STUDIES OF THE CORRELATION STRENGTH

I The (e, e′p) cross section at large Em and pm , tipically
Em >∼ 50 MeV and pm >∼ 250 MeV, gives access to the correlation
strength. Strong energy–momentum correlation clearly observed.

J. Mougey / Coincidence experiments at CEBAF 

E,  (MeVl 
Fig. 5. Missing energy spectra form 3He(e, e’p), showing evi- 
dence for an interaction on a two-nucleon correlated pair 

(from ref. [7]). 

istic and off-shell effects. Complete studies of selected 
cases, in particular of disintegration of few nucleon 
systems, are considered in the CEBAF physics program. 

Thanks to the high energy and duty cycle of the 
CEBAF beam, (e, e’n) reactions can be studied with 
counting rates comparable to those presently achieved 
for (e, e’p). From polarization measurements in quasi- 
free scattering of longitudinally polarized electrons off 
neutrons from a deuteron target - reactions ‘H(Z,e’n)p, 
polarized deuteron target, and 2H(Z, e’ii)p, neutron 
polarization measurement - one should substantially 
improve our knowledge of the neutron electric form 
factor GE. The (e, e’N) reaction on nuclei can also be 
used to study how the electromagnetic properties of 
nucleons, sensitive to quark distributions, are modified 
inside the nuclear medium. 

3.2. (e, e’2N) reactions 

Coincidence studies of two-nucleon emission 
processes provide the most direct access to two-nucleon 
densities and correlation functions in nuclear medium. 
At short distances, they should give insights on two- 
nucleon clustering in nuclei - exchange of heavy me- 
sons ( p, w, . . . ), 6-quark clusters, . . . - and the origin 
of high momentum components in nuclear wave func- 
tions. Especially promising is the (e, e’2p) reaction as 
the absence of dipole moment in the (pp) system strongly 
suppress the contribution of two-body currents in the 

transverse cross section. Counting rate estimates under 
CEBAF conditions (2 to 100 events h-’ for the 
3He(e, e’2p)n reaction at 2 GeV) have shown the feasi- 
bility of the experiment although a longitudinal/trans- 
verse separation would be very difficult to achieve. 
Moreover, the use of three spectrometers would put 
constraints on kinematics. A broad survey of two- 
nucleon emission processes using the LAS (see section 
4) may be an appropriate way of starting this program. 

3.3. (e, e’K ‘) reactions and the formation of hypernuclei 

Photo- or electroproduction of kaons can be used to 
produce hypemuclei [9], i.e. nuclei in which one nucleon 
is replaced by a hyperon, usually a A, of strangeness 
S = - 1. In the nuclear medium, the hyperon can be 
viewed as an impurity living long enough (- 1OW”) to 
interact with its environment, being not restricted by 
the Pauli principle (except maybe at the quark level). At 
present most of our knowledge about the structure of 
hypemuclei comes from hadronic reactions, mainly the 
strangeness exchange (K-, n-) one, over which electro- 
magnetic production has the important advantages of 
cleaner mechanism and minimal distortion. Another 
specific feature of electromagnetic production is that, 
due to the vector spin nature of the photon, non-natural 
parity (spin-flip) states can be excited as well as natural 
parity (non-spin-flip) ones. Finally, the kinematics is 
different: recoiless A-production is not possible in (y, 
K+), in contrast with (K-, T-). Therefore, high 
momentum transfers and high-spin state excitations are 
favored. For example, the electromagnetic interaction 
can directly convert a proton from an outer shell into a 
hyperon in a deep lying state. 

Serious experimental problems have to be solved 
before considering an extensive program on hypernuclei 
at CEBAF: counting rates are low, of the order of 
SO-100 events/day per level in the most favorable 
configuration in which both the kaon and the scattered 
electron are detected at very forward angles ( < 15 o ). 
To clearly separate hypernuclear levels, in particular 
partners within a spin doublet, an energy resolution of 
- 100 keV is required. Several experimental setups are 
under study, including one in which both the K+ and 
the scattered electron are detected near 0 O, and a 
missing mass resolution of 100-200 keV looks achieva- 
ble. Kaon electro- and photoproduction on proton and 
deuteron to study kaon form factor, the KN and AN 
systems and possibly strangeness + 1 baryons and - 1 
dibaryons are part of the LAS physics program. 

4. Experimental equipment for coincidence experiments 

At present, coincidence experiments are planned in 
all three CEBAF experimental halls. 
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ENERGY DEPENDENCE OF THE CORRELATION STRENGTH

? The correlation strength arises from processes involving high
momentum nucleons, with |pm| >∼ 400 MeV, in which the residual
system is left in a continuum state,

? The relevant missing energy scale can be easily understood considering
that momentum conservation requires

Em = Ethr +
√
|pm|2 +m2 −m

? Scattering off a nucleon belonging to a correlated pair entails a strong
energy-momentum correlation

34 / 27



COMPARISON TO THE MEASURED CORRELATION STRENGTH

? The correlation strength in carbon has been investigated in JLab
Hall C by the E97-006 Collaboration
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3  sr
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]
? Measured correlation strength (Rohe et al, 2005)

6
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3  sr
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]
Figure 6. Momentum distribution of the data
(circles) compared to the theory of refs. [3] (dots),
[4] (solid) and [24] (dashed). The lower integra-
tion limit is chosen as 40 MeV, the upper one to
exclude the ∆ resonance.

Experiment 0.61 ±0.06
Greens function theory [3] 0.46
CBF theory [2] 0.64
SCGF theory [4] 0.61

Table 1
Correlated strength (quoted in terms of the num-
ber of protons in 12C.)

shape of the spectral function for C, Al, and Fe
ist quite similar. For Au a larger contribution
from the broader resonance region is obvious and
the maximum of the spectral function is shifted
to higher Em. The correlated strength for Al, Fe
and Au is 1.05, 1.12 and 1.7 times the strength
for C normalized to the same number of pro-
tons. This increase cannot be solely explained
by rescattering but MEC’s have probably taken
into account. Another contribution may be com-
ing from the stronger tensor correlations in asym-
metric nuclear matter [26,27].
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H. Müther, Phys. Rev. C 70 (2004) 024309.
24. O. Benhar, A. Fabrocini, S. Fantoni and I.

Sick, Nucl. Phys. A 579 (1994) 493.
25. C. Barbieri and L. Lapikás, Phys. Rev. C 70

(2004) 054612.
26. P. Konrad, H. Lenske, U. Mosel, Nucl. Phys.

A 756 (2005) 192.
27. Kh. S. A. Hassaneen and H. Müther, Phys.
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CORRECTIONS TO THE IA: FINAL STATE INTERACTIONS (FSI)
I The measured (e, e′p) x-sections provide overwhelming evidence

of the occurrence of significant FSI effects

q,ν q,ν

+
dσA =

∫
d3kdE dσN P (k, E)Pp(|k + q|, ω − E)

I the particle-state spectral function Pp(|k + q|, ω − E) describes
the propagation of the struck particle in the final state

I the IA is recovered replacing

Pp(|k + q|, ω − E)→ δ(ω − E −
√
|k + q|2 +m2)
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FSI, CONTINUED

I effects of FSI on the inclusive cross section
? shift in energy transfer due to the mean field of the spectator

nucleons
? redistributions of the strength due to the occurrence of rescattering

of the knocked out nucleon

I high energy (eikonal) approximation
? the struck nucleon moves along a straight trajectory with constant

velocity
? the fast struck nucleon “sees” the spectator system as a collection

of fixed scattering centers

δ(ω−E−
√
|k + q|2 +m2)→

√
T|k+q|δ(ω̃−E−

√
|k + q|2 +m2)

+(1−
√
T|k+q|)f(ω̃ − E −

√
|k + q|2 +m2))

I the nuclear transparency T is measured by (e, e′p) experiments,
and the folding function f can be computed within nuclear
many-body theory using as input nucleon-nucleon scattering
data

37 / 27



“FLUX-AVERAGED” ELECTRON SCATTERING X-SECTION

I The electron scattering x-section off Carbon at θe= 37◦ has been
measured for a number of beam energies

I reaction mechanisms ohter than single-nucleon knock-out
contribute to the “flux averaged” cross section
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THE MEAN-FIELD APPROXIMATION

? Nuclear systematics offers ample evidence supporting the
assumption that the interaction potentials appearing in the
Hamiltonian can be eliminated in favour of a mean field, i.e.





A∑

j>i=1

vij +

A∑

k>j>i=1

Vijk



→

A∑

i=1

Ui

? This assumption lies at the basis of the Independent Particle
Model (IPM)

Bottom line: the shell model is not the whole story !
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Spectral lines corresponding to
shell model orbitals clearly
seen in high resolution
experiments
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Wroclaw, November 23rd, 2007 – p.4/37

? In the IPM ground-state protons and
neutrons occupy the lowest energy levels,
comprising the Fermi sea, with unit
probability.
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SPECTROSCOPIC FACTORS OF 208Pb
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NIKHEF results: 208Pb(e,e"p)207Tl 

for nucleons at surface:
binding energy ≈ excitation energy for nuclear vibrations
            fragmentation  especially at Fermi edge (surface)

nucleons in the interior: deep hole states
larger binding energies             more difficult to excite
           zα  approaches occupation number n of nuclear matter

theoretical curves:
nuclear matter calculation: Correlated Basis Function Theory
Benhar, Fabrocini, Fantoni: NPA 505 (1985) 267
modified for finite nuclei:PRC 41(1990) R24
Modification of Im Σ to reproduce exp. width of the hole states

n  = Σ zα + nc
α

If fragmentation occurs spectroscopic factors 
of different states have to be summed up:

SRC

LRC

? Deeply bound states are largely unaffected by finite size and shell effects
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FINAL STATE INTERACTIONS IN (e, e′p)

I In the presence of FSI, the distorted spectral function describing
the mean field region can be written in the form

PDMF (pm,p, Em) =
∑

α

Zα|φDα (pm,p)|2Fα(Em − Eα)

with √
Zα φ

D
α (pm,p) =

∫
d3pi χ

?
p(pi + q)φ(pi)

where χ?p(pi + q) describes the distortion arising from FSI effects
I The large body of existing work on (e, e′p) data suggests that the

effects of FSI can be strongly reduced measuring the cross section
in parallel kinematics, that is with p ‖ q.

I in parallel kinematics, the distorted momentum distribution at
fixed |p| becomes a function of missing momentum only

nDα (pm) = Zα |φD(pm)|2 ,

and the effects FSI can be easily identified.
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DISTORTED MOMENTUM DISTRIBUTION
I Knock out of a P -shell protons in oxygen. Proton energy
Tp = 196 MeV

I Distortion described by a complex optical potential (OP)

I FSI lead to a shift in missing momentum (real part of the OP),
and a significant quenching, typically by a factor ∼ 0.7
(imaginary part of the OP).
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