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The “lithium few-body puzzle”
Three-body recombination
• Three identical bosons, Feshbach resonance
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Realistic finite range molecular 
interactions with many vibrational states

Multichannel three-body simulation
What is missing from our current theoretical and numerical approaches?
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FIG. 1. Single-particle hyperfine spectrum of 7Li as a func-
tion of the magnetic field strength. States labelled as |f,mf i,
with the incoming state |1, 0i highlighted in red.

bination rates and three-body binding energies. Then in
Sec. III we give and discuss our results. Finally we con-
clude this paper in Sec. IV, and give some outlook for
further research.

II. MODEL

A. Hamiltonian

We consider systems of three identical 7Li bosons at
ultracold temperatures, moving in an external magnetic
field B and interacting in a pairwise manner. The general
Hamiltonian for such a system reads [23, 26],

H = T +
3X

j=1
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H

hf
j

+ H
Z
j
(B)

⇤
+

X

j 6=j0

Vjj0 . (1)

Here T represents the three-particle kinetic energy oper-
ator, and sums run over all particle indices j = (1, 2, 3).
The internal structure of the atoms contributes through
the single-particle hyperfine Hamiltonians H

hf
j

and Zee-

man Hamiltonians H
Z
j
, defined as [27],

H
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· B.
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Here sj and ij respectfully represent the electronic and

nuclear spin of atom j, while A
hf
j

and �
n/e

j
are species

dependent atomic constants. In the case of 7Li, we
have an electronic spin of s = 1/2 and a nuclear spin
of i = 3/2, which gives the magnetic field dependent
single-particle hyperfine spectrum |f,mf i shown in Fig.
1. The final contributions Vjj0 to Eq. (1) represent two-
body interactions, which for neutral alkali-metal atoms
are of the van der Waals type at long range, such that
Vjj0(rjj0) ! �C6/r

6
jj0 as rjj0 ! 1. The dispersive

coe�cient C6 introduces a characteristic length scale

rvdW = 1
2

�
mC6
~2

� 1
4 , which is referred to as the van der

Waals length. For small separations rjj0 ⌧ rvdW, spin-
exchange interactions are induced by the overlap of elec-
tronic wave functions. Consequently, all hyperfine states
that preserve the two-body magnetic projection quan-
tum number M

2b
jj0 = mfj + mfj0 become coupled. The

pairwise interaction Vjj0 is diagonalised in the molecu-
lar basis, which expresses the two-body state in singlet
(S = 0) or triplet (S = 1) configurations. Thus we can
write,

Vjj0 = V
0
jj0P0

jj0 + V
1
jj0P1

jj0 , (3)

where P0
jj0 ,P1

jj0 project on singlet and triplet two-body
subspaces respectively. For our interaction we use re-
alistic 7Li potentials based on experimental data, as
formulated in Ref. [24]. At the three-body level the
only conserved quantum number is the total projection
Mtot = mf1 +mf2 +mf3 . We assume in this work that all
atoms are initially in the |1, 0i single-particle state, such
that we always have Mtot = 0. Should we say something
here about the Feshbach resonance we study?

Following Refs. [23, 26], we analyse in this work two
di↵erent implementations of the three-body spin struc-
ture. The first and most complete will be referred to
as the Full Multichannel Spin (FMS) model, where cou-
pling to all allowed three-body channels is included in the
Hamiltonian. To benchmark this approach and study the
multichannel nature of the system, we additionally con-
sider a basis reduction where it is enforced that in any
scattering process just two particles are allowed to un-
dergo spin-exchange. The spin of the third spectating
is thus always conserved. This Fixed Spectating Spin
(FSS) model relies on the assumption that simultane-
ous spin-exchange of all three particles is suppressed by
the short-range three-body barrier that appears in van
der Waals potentials [15]. Previous work with potassium
however has shown that the FSS approximation can fail
if the energetic separation between the incoming chan-
nel and the FMS channels is relatively small [23], which
as we will show in Sec. III is indeed the case in 7Li.
Correspondingly, previous studies of 7Li in the weakly
interacting regime have found FMS models to give sig-
nificantly better match with the experiment [26].

B. Three-body integral equations

We study our three-body system by considering both
the three-body recombination rate and Efimov binding
energy. First, the recombination rate at total energy E

may be obtained from [19, 28–30],

K3(E) =
24⇡m

~ (2⇡~)6
X

p� ,'
l
�

p� | h'l

�
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Atoms have also spin: ! = i + s



Alt-Grassberger-Sandhas (AGS) equations
Two-body transition operator ! "
Three-body transition operators #!" $

• %#(') = ' − +# $% where +# is the three-body kinetic energy operator
• !& is the transition operator of a two-particle subsystem

E.g. !%(') = ,'( + ,'(%# ' !%(')

" configuration

0 A + B + C

1 A + BC

2 B + CA

3 C + AB

[E. Alt, P. Grassberger, and W. Sandhas, Nucl. Phys. B 2, 167 (1967)]
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AGS equation : # = ./ 1 + . + ./%##

/ = , + ,%#/
, = ,).) + ,*.*
%# = (' − ! − ++)$%

V:    pairwise interaction
VS/T: singlet/triplet interaction potential
Hc:   multichannel spin Hamiltonian

Multichannel spin models
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AGS equation : # = ./ 1 + . + ./%##

/ = , + ,%#/
, = ,).) + ,*.*
%# = (' − ! − ++)$%

39K  in the|f=1,mf=-1> state, for instance

V:    pairwise interaction
VS/T: singlet/triplet interaction potential
Hc:   multichannel spin Hamiltonian

! = i + s

#! =%
"#$

%
#"&' + #"()

Multichannel spin models
Mtot = mf1 + mf2 + mf3 Constant
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Single-channel (SC) 
model

Effective single-channel 
(ESC) model

Fixed spectating 
spin (FSS) model

Full multichannel 
spin (FMS) model

Multichannel spin models
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Single-channel (SC) 
model

Effective single-channel 
(ESC) model

Fixed spectating 
spin (FSS) model

Full multichannel 
spin (FMS) model

[R. Chapurin et al., Phys. Rev. Lett. 123, 233402 (2019)]

our project
Phys. Rev. A 103, 022825(2021)
Phys. Rev. A 103, 032817(2021)

Multichannel nature of the lithium few-body puzzle



Three-body multi-channel physics
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R. Chapurin et al., Phys. Rev. Lett. 123, 233402 (2019). 

39K in the|1,-1> state

Strongly interacting regime
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VS/T is modeled by a Lennard-Jones (LJ) 
potential with N s-wave bound states

or taken as full molecular potential (full) 
from Phys. Rev. A 78 012503(2008) 

FSS result

Strongly interacting regime

[T. Secker et al., Phys. Rev. A 103, 022825(2021)]

[18] R. Chapurin et al., Phys. Rev. Lett. 123, 233402 (2019). 
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FR1 FR2 FR3

FSS(full) Expt.
FR2          -29.76 -11.30
FR3          -16.33 -9.90

small energy separation leads to 
strong multichannel coupling

Strongly interacting regime

[T. Secker D. J. M. Ahmed-Braun, P. M. A. Mestrom, S. J. J. M. F. Kokkelmans, Phys. Rev. A 103, 022825(2021)]
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7Li in the|1,0> state around B=850 G

K3 µ Lm4

Li-7 – Three-body recombination

f3 mf3 M2b
A       1 0 0
B       1 1 -1

M2b= mf1 +mf2

®B: Spin-exchange process, cannot be described by the FSS model
[J.-L. Li, T. Secker, P. M. A. Mestrom, S. J. J. M. F. Kokkelmans, Phys. Rev. Research. 4, 023103 (2022)]

Multichannel nature of the lithium few-body puzzle
[Z. Shotan, O. Machtey, S. Kokkelmans, and L. Khaykovich, Phys. Rev. Lett. 113, 053202 (2014)]

Weakly interacting regime



Importance of specific FMS channel, 
also seen in earlier studies!

J.-L. Li, et al., Phys. Rev. Research. 4, 023103 (2022).
T. Secker, et. al.,  Phys. Rev. A 103, 052805 (2021).

Li-7 – Three-body recombination
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FIG. 5. Partial three-body recombination rates to the 5 dominant atom-dimer channels, as a function of scattering length
on both sides of the Feshbach resonance. All partial rates are normalised to the total rate. Each channel is represented by a
distinct colour and scatter marker, as indicated in the legend on top. Note that for negative scattering length the Feshbach
dimer channel |0, 0, 1i ⌦ |0i does not exist. Computed with lmax = 4.

nel |0, 0, 1i⌦ |0i generally dominates the recombination,
as expected (see the blue diamonds in Fig. 5). In an FSS
model, the next dominant three-body loss process is as-
sociated with strongly inelastic recombination to a deep
p-wave atom-dimer state |0, 1, 4i⌦ |0i. In an FMS model
however, a new atom-dimer channel |�1, 0, 1i ⌦ |1i ap-
pears, in which recombination occurs to the shallowest s-
wave bound state with projection Md = �1. To conserve
the projection quantum number, the energetic third par-
ticle then drops to the lowest mf3 hyperfine level. This
channel was also found to be important near the zero
crossing of the scattering length in previous work [26].
While the FSS atom-dimer channels are relatively deep
(orders of GHz), the |�1, 0, 1i ⌦ |1i is relatively shallow
(order of tens of MHz). This is illustrated in the upper
panel of Fig. 6, where the energies of the |0, 0, 1i ⌦ |0i
and |�1, 0, 1i⌦ |1i are plotted around the Feshbach res-
onance. This relatively small energetic spacing suggests
a large transition matrix element, see the discussion fol-
lowing Eq. (5), and indeed we observe the importance of
this channel in Fig. 5. Near the position of the Efimov
resonance for a > 0, we observe a strong and sharp de-
crease in the recombination to the Feshbach dimer state,
decreasing to as low as just 20% of the total. At the same
time, recombination to the FMS channel |�1, 0, 1i ⌦ |1i
is increased, nearly matching that of the Feshbach state
around a = 2500 a0 (red squares in Fig. 5). This sig-
nificant feature cannot be reproduced in an FSS basis
truncation. As we go through the resonance toward neg-
ative scattering length, the Feshbach dimer disappears,
and the state |�1, 0, 1i ⌦ |1i dominates the recombina-

tion rate. This is consistent with the fact that here it is
the only relatively shallow dimer state to which recombi-
nation does not require a significant conversion of kinetic
energy. As the scattering length decreases to smaller
negative values, recombination to this state steadily in-
creases in accordance with the approach Feshbach reso-
nance B = 938 G in the Md = �1 channel.

Next to the new shallow recombination channel, the
FMS model also includes a set of deep atom-dimer states
that pick up a part of the recombination comparable in
magnitude to the deep |0, 1, 4i ⌦ |0i FSS state. Indeed,
if one examines the energy of the |�1, 1, 3i ⌦ |1⇤i and
|�1, 1, 4i ⌦ |1⇤i states included in Fig. 5 one finds that
they actually shallower than the FSS state, as we show
in the lower panel of Fig. 6. Note that all these chan-
nels still describe recombination of two particles to an
Md = �1 dimer state, signifying its importance in this
system. The extra energy released due to the deeper
vibrational state is captured in part by the third parti-
cle, which ends up in a highly excited hyperfine state on
the f3 = 2 manifold. Our results show clearly that such
highly energetic channels remain important for the 7Li
three-body system, and are a possible (partial) driver of
non-universal behaviour.

C. Trimer binding energy

We now apply our model near the same Feshbach res-
onance but analyse a di↵erent observable, namely the
di↵erence in binding energy between the Feshbach dimer
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Li-7 – Three-body recombination
Three-body recombination
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Li-7 Three-body parameter

Multichannel nature of the lithium few-body puzzle
[J. van de Kraats, D. J. M. Ahmed-Braun, J. -L. Li, S. J. J. M. F. Kokkelmans, arXiv:2309.13128]



Li-7 Three-body parameter
Main challenge: non-trivial convergence with maximum partial wave and third-
particle momentum: 
Significant numerical effort required

Results show importance of multichannel physics in the lithium few-body puzzle
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|1,1> |1,0>



Analysis partial recombination rates

FMS channels dominate
The final state distribution

Multichannel nature of the lithium few-body puzzle

[J. van de Kraats, D. J. M. Ahmed-Braun, J. -L. Li, 
S. J. J. M. F. Kokkelmans, arXiv:2309.13128]

mF = mf1 + mf2



Analysis partial recombination rates
In the |1,0> state we find a single dominant FMS channel
• Originates from closed-channel Feshbach resonance 
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Conclusions/outlook
Three-body recombination Li-7
Three-body physics in Lithium-7 is strongly influenced by multichannel effects
Strong coupling to specific three-body hyperfine channels, which have often been 
neglected in earlier studies

Go back to simplified models, investigate approximations based on physical effects
Multichannel nature of the lithium few-body puzzle

[J. van de Kraats, D. J. M. Ahmed-Braun, J. -L. Li, S. J. J. M. F. Kokkelmans, Emergent inflation of the Efimov spectrum under three-body 
spin-exchange interactions, arXiv:2309.13128]
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