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 Progress in studying YN interactions

overestimate the differential cross section at forward
angles.
The theoretical predictions by χEFT NLO13 and NLO19

are similar, as shown by the red and yellow lines,
respectively, in Figs. 3(a) and 3(b), even though the
strength of the ΛN-ΣN coupling potential is quite different
for these two models [37]. Although the experimental
accuracy of the present data is still comparable to the
difference between the two models, the present data andΛp
scattering data in future experiments proposed at J-PARC
[54] will provide new insight into the ΛN-ΣN coupling.
Haidenbauer et al. also pointed out that a study of the Λp
scattering near the ΣN threshold would be quite helpful for
constraining the ΛN-ΣN coupling [55].
The integrated cross sections for −0.7 ≤ cos θ ≤ 1.0

were obtained as 22.5! 0.68ðstatÞ ! 0.65ðsystÞ mb and
15.8! 0.83ðstatÞ ! 0.52ðsystÞ mb for the momentum
regions 470–550 MeV=c and 550–650 MeV=c, respec-
tively. These values were compared with the past measure-
ments [7], as shown in Fig. 3(c).
The fss2 and χEFT reproduce both the Σ−p elastic

scattering and the Σ−p → Λn reaction rather reasonably;
meanwhile, the ESC models underestimate the differential
cross sections at the forward angular regions for both
channels. A systematic theoretical investigation of the Σ−p
channels will be performed based on these data.
In summary, we successfully measured the differential

cross sections of the Σ−p → Λn reaction for the momentum
region 470–650 MeV=c at J-PARC. These results are part
of a series of systematic studies of ΣN interactions from the
two-body Σ!p scatterings. The differential cross sections
were measured for the wide angular region of −0.7 ≤
cos θ ≤ 1.0 by detecting approximately 100 scattering
events for each angular bin of Δ cos θ ¼ 0.1. The

differential cross section of the Σ−p → Λn reaction shows
a moderate forward-peaking angular distribution. The
integrated cross sections for angular coverage were also
obtained with a drastically improved accuracy. These
accurate measurements will play an essential role in
establishing realistic BB interaction models.
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FIG. 3. (a),(b) Differential cross sections obtained in the present experiment (black points) for two momentum regions. The error bars
and boxes show the statistical and systematic uncertainties, respectively. The dotted magenta and green lines represent the calculations
by the Nijmegen ESC08c [25] and ESC16 [26] interactions based on the boson-exchange model. The dot-dashed (blue) line shows the
calculation using the fss2 model, including QCM [29]. The solid orange and red lines show the calculations using two versions of the
extended χ EFT model, NLO13 [36] and NLO19 [37], respectively. In both cases, the cutoff value of 600 MeV is used. (c) Integrated
cross section for −0.7 ≤ cos θ ≤ 1measured in the present experiment (black points). Past data measured with a bubble chamber [7] are
also shown as blue squares.
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• ab initio treatment of light p-shell 

 hypernuclei with the NCSM:

Λ(Ξ)
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Fig. 7 Cross section for Λp as a function of plab. Same description of the curves as in Fig. 1. Data are from Refs. [54] (filled
circles), [55] (filled squares), [67, 68] (open triangles), [69] (open squares), [70] (open circles) and [5] (inverted triangles).

somewhat higher momenta, closer to the ΣN thresh-
olds, would be quite instructive [38]. Such data are ex-
pected to be provided by the future E86 experiment at
J-PARC [41].

Results for ΛN phase shift in the S- and P -waves
are shown in Figs. 8 and 9. Like in case of ΣN dis-
cussed above, the predictions for the 1S0 and 3S1 par-
tial waves are strongly constrained by fitting the cross

section data. And, as already mentioned, like in our
previous works [37,38,75] the empirical binding energy
of the hypertriton 3

ΛH is used as a further constraint.
Thereby we can exploit the fact that the spin-singlet
and triplet amplitudes contribute with different weights
to the Λp cross section and to the 3

ΛH binding energy,
see Eq. (9) in [38]. Without that feature it would not be
possible to fix the relative strength of the spin-singlet
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olds, would be quite instructive [38]. Such data are ex-
pected to be provided by the future E86 experiment at
J-PARC [41].

Results for ΛN phase shift in the S- and P -waves
are shown in Figs. 8 and 9. Like in case of ΣN dis-
cussed above, the predictions for the 1S0 and 3S1 par-
tial waves are strongly constrained by fitting the cross

section data. And, as already mentioned, like in our
previous works [37,38,75] the empirical binding energy
of the hypertriton 3

ΛH is used as a further constraint.
Thereby we can exploit the fact that the spin-singlet
and triplet amplitudes contribute with different weights
to the Λp cross section and to the 3

ΛH binding energy,
see Eq. (9) in [38]. Without that feature it would not be
possible to fix the relative strength of the spin-singlet
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YN interactions at NLO

• two realisation at NLO: NLO13 and NLO19 

 NLO13: J. Haidenbauer, S. Petschauer, N. Kaiser, U.-G. Meißner, A. Nogga, W. Weise, NPA 915 (2013) 24 
 NLO19:  J. Haidenbauer, U.-G. Meißner, A. Nogga,  EPJ A 56 (2019) 91 
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• 37 YN data, no YN bound state     no partial wave analysis possible 

Hyperon-Nucleon (YN) interactions are poorly constrained

Motivations

• Chiral EFT approach: based on   symmetry   

• Use  to determine and  relative scattering lengths

SU(3)f

BΛ(3
ΛH) = 0.13 ± 0.05 MeV 1S0

3S1

(Haidenbauer et al 2019)       Can we discriminate between the two potentials?   
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10 J. Haidenbauer et al.: Hyperon-nucleon interaction
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Fig. 4. Differential cross section for Λp scattering at 500 MeV/c and at 633 MeV/c. Same description of curves as in Fig. 1.
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• Two YN versions at NLO: NLO13 and NLO19 
‣ Almost phase equivalent  
‣ NLO13 predicts a larger   transition potentialΛ − Σ
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YN interactions at NLO

• use  to fix relative strength of  singlet/triplet interactionBΛ(3
ΛH) ΛN

• most of YN LECs are fitted to 36 YN data points  (Λp → Λp, ΣN → ΣN, ΣN → ΛN )
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• Two YN versions at NLO: NLO13 and NLO19 
‣ Almost phase equivalent  
‣ NLO13 predicts a larger   transition potentialΛ − Σ

Λp → Λp

NLO13

NLO19

(Haidenbauer 2019)

• chiral YN interactions give reasonable predictions

• two realisations at NLO: NLO13 and NLO19 
‣ almost phase equivalent
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‣ NLO13 leads to a larger transition potential VΛN↔ΣN

‣ R. Wirth et al., PRL (2014, 2016) PRC (2019) up to  using LO13
Λ C

‣ H. Le et al., PLB 801 (2020),  EPJ A 56 (2020) up to  using NLO7
ΛLi

NLO13 and NLO19 as a tool to estimate 

 NLO13: J. Haidenbauer et al., NPA 915 (2013), NLO19:  EPJ A 56 (2019) 91 

BΛfor     and energy level splitting up to p-shell hypernuclei

effects from three-body forces (Haidenbauer et al. EPJA 56 (2019)) 

Λp − Λp
‣ almost phase equivalent
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where the summations over intermediate states are applied.
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Figure 2: Three Λ! single-channel potentials of (i) 1"0 central (left), (ii) 3"1 −3 #1 central (center), and
(iii) 3"1 −3 #1 tensor (right).

3. Numerical results

In this section, we present the results of the system with strangeness " = −1 at nearly physical
quark masses corresponding to ($! ,$" ) = (146, 525) MeV with large volume (%&)4 = (96&)4 =
(8.1 fm)4. Earlier results had already been reported at LATTICE 2017 [6]; the lattice setup is
basically the same as that in Ref. [6]. We increase the number of statistics to the double from the
number in the Ref. [6]. For a more detail of the lattice setup, please refer to the earlier report [6].

3.1 Λ! potential
In order to obtain the single-channel Λ! potential, we first extract the '-correlator projected

on to appropriate angular momentum ((,)) state from the 4pt-correlator

' 〈#Λ#Λ〉
$1$2 ($*, + − +0; ()) = e(%!+%Λ) (&−&0) ∑

$3$4 ,
(' ,()
$3$4 - 〈#Λ#Λ〉

$1$2,$3$4 ($*, + − +0). (19)

For the spin triplet state, the ' is further decomposed into the "- and #-wave components as
{

'($*; 3"1) = P'($*; ( = 1) ≡ 1
24

∑
R∈) R'($*; ( = 1),

'($*; 3#1) = Q'($*; ( = 1) ≡ (1 − P)'($*; ( = 1). (20)

Two central and tensor potentials,. (Central) (*; ( = 0) = (. (0) (*)−3. (*) (*)) for ( = 0,. (Central) (*; ( =
1) = (. (0) (*) +. (*) (*)), and. (Tensor) (*) for ( = 1, are determined from the Schrödinger equation.




. (C) (*; ( = 0)'($*, + − +0; ( = 0) =
(
∇2

2+ − ,
,&

)
'($*, + − +0; ( = 0),{

P
Q

}
×
{
. (C) (*; ( = 1) +. (-) (*)"12

}
'($*, + − +0; ( = 1) =

{
P
Q

}
×
{
∇2

2+ − ,
,&

}
'($*, + − +0; ( = 1).

(21)
Fig. 2 shows three potentials of the Λ! system; (i) the central potential in the 1"0 (left), (ii) the

central potential in the 3"1−3#1 (center), and (iii) the tensor potential in the 3"1−3#1 (right). These
potentials are obtained through the single channel formulation of the HAL QCD method, which are
valid below theΣ! threshold and the effects by coupling with theΣ! channel are implicitly included.
Both the 1"0 and 3"1−3 #1 central potentials have short ranged repulsive core and medium-to-long-
distanced attractive well. These two potentials are more or less similar to each other. For flavor
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using the Lednický and Lyuboshitz analytical model [12].

B. Lednický and Lyuboshitz analytical model

This model relates the two-particle correlation functions
with source sizes and scattering amplitudes [12,22]. As usual,
similar to the Fermi factor in the theory of β decay, the
correlation function [C(k∗)] is calculated as the square of the
wave function (#S) averaged over the total spin S and over
the distribution of relative distance ( #r∗) of particle emission
points in the pair rest frame

C(k∗) =
〈∣∣#S

− #k∗ ( #r∗)
∣∣2〉

. (4)

It should be noted that the two particles are generally produced
at nonequal times in their center-of-mass system and that the
wave function in Eq. (4) should be substituted by the Bethe-
Salpeter amplitude. The latter depends on both space ( #r∗) and
time (t∗) separation of the emission points in the pair rest frame
and at small |t∗| coincides with the wave function #S up to
a correction O(|t∗/mr∗2|), where m is the mass of the lighter
particle. It can be shown that Eq. (4) is usually valid better than
to few percentages even for particles as light as pions [12,23].
The wave function #S represents a stationary solution of the
scattering problem having at large distances r∗ the asymptotic
form of a superposition of the plane and outgoing spherical
waves. It is approximated by the solution outside the range
of the strong interaction potential taking into account, at the
considered small k∗ values, the s-wave part of the scattered
wave only:

#S

− #k∗ ( #r∗) .= e−i #k∗· #r∗ + f S(k∗)
r∗ eik∗·r∗

, (5)

with the effective range approximation for the s-wave scatter-
ing amplitude:

f S(k∗) =
(

1
f S

0

+ 1
2
dS

0 k∗2 − ik∗
)−1

, (6)

where f S
0 is the scattering length and dS

0 is the effective radius
for a given total spin S = 1 or S = 0, i.e., for a triplet (t)
or singlet (s) state, respectively. We assume that particles
are produced unpolarized, i.e., ρ0 = 1/4 of the pairs are in

the singlet state and ρ1 = 3/4 are in the triplet state. Then,
assuming a Gaussian distribution in r∗,

d3N/d3r∗ ∼ e− #r∗2
/4r2

0 , (7)

where r0 can be considered as the effective radius of the source,
the correlation function can be calculated analytically [12]:

C(k∗) = 1 +
∑

S

ρS

[
1
2

∣∣∣∣
f S(k∗)

r0

∣∣∣∣
2 (

1 −
dS

0

2
√

πr0

)

+ 2'f S(k∗)√
πr0

F1(Qr0) − (f S(k∗)
r0

F2(Qr0)
]

, (8)

where F1(z) =
∫ z

0 dxex2−z2
/z and F2(z) = (1 − e−z2

)/z. The
leading correction to the correlation function O(|f S

0 |2dS
0 /r3

0 )
is introduced in Eq. (8) to account for the deviation of the
solution (5) from the true wave function inside the range of
the strong interaction potential.

C. FSI parameters and source sizes

The p-! and p-! interaction potentials are relatively well
understood [6–11], which allows us to extract the source
radius r0 from the fit. The best fits are compared with the
separate p-! and with the p-! correlation functions in
Fig. 2(a), and the combined one in Fig. 3. The scattering
lengths (f s

0 = 2.88 fm, f t
0 = 1.66 fm) and effective radii (ds

0 =
2.92 fm, dt

0 = 3.78 fm) from Ref. [7] have been used for the
p-!, p-! correlation functions. The systematic errors on the
radius introduced by the uncertainties on the scattering lengths
have been estimated to be 0.2 fm assuming spin averaged FSI
parameters with 5% uncertainty. The fit results are summarized
in Table II. The three errors are, from left to right, the statistical
errors and the systematic errors introduced by the uncertainty
on the purity correction and on the scattering length for p-!
and p-! systems and on the uncertainty in the model for
p-! and p-! systems. One parameter is free while fitting the

TABLE II. Comparison of the radius of the source of particles for
p-!, p-!, p-!, p-! and combined systems. For STAR, the three
errors are, from left to right, the statistical errors and the systematic
errors introduced by the uncertainty on the purity correction and
on the scattering length for p-! and p-! systems and on the
uncertainty in the model for p-! and p-! systems. For NA49
[6] and E895 [22], the λ parameter represents the pair purity.

Exp. System r0 (fm)

STAR p-! 2.97 ± 0.34+0.19
−0.25 ± 0.2

STAR p-! 3.24 ± 0.59+0.24
−0.14 ± 0.2

STAR p-! ⊕ p-! 3.09 ± 0.30+0.17
−0.25 ± 0.2

STAR p-! 1.56 ± 0.08+0.10
−0.14 ± 0.3

STAR p-! 1.41 ± 0.10 ± 0.11 ± 0.3
STAR p-! ⊕ p-! 1.50 ± 0.05+0.10

−0.12 ± 0.3

NA49 p-! (λ = 0.33 fixed) 3.8 ± 0.33

NA49 p-! (λ = 0.17 ± 0.11 free) 2.9 ± 0.7

E895 p-! (λ = 0.5 ± 0.2 free) 4.5 ± 0.7

064906-6

• STAR collaboration PRC 74(2006)

Au + Au sNN = 200 GeV

 been precisely determined in high-energy pp collision. which provides access to YN interaction at very low momenta. 



interactions at sixth-order contributing to F-waves also include in order to have better description of some proton-proton polarised scattering.
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the resulting contributions to the amplitude are enhanced by powers of mN/|!p |, where mN refers
to the nucleon mass, as compared to estimates based on dimensional analysis and underlying the
derivation of Eq. (2.2). Fortunately, the contributions of the enhanced ladder-like diagrams can
be easily and efficiently resummed by solving the LS integral equation (or its generalizations in
the case of three- and more-nucleon systems) whose kernel involves all possible irreducible graphs
which obey the scaling according to Eq. (2.2) and are derivable in perturbation theory. This is the
essence of what is commonly referred to as Weinberg’s approach to nuclear chiral EFT. The set of
all possible irreducible contributions to the scattering amplitude can be viewed as the interaction
part of the nuclear Hamiltonian and comprises two-, three- and more-nucleon forces. The approach
outlined above is straightforwardly generalizable to reactions involving external sources and allows
one to derive exchange currents consistent with the nuclear forces.

It is a simple exercise to enumerate the various diagrams which may contribute to the nu-
clear force at a given order ν by looking at Feynman rules for the chiral Lagrangian and applying
Eq. (2.2), see Fig. 1. Here, it is understood that the shown diagrams only serve the purpose of
visualization of the corresponding contributions and do not have the meaning of Feynman graphs.
In particular, one needs to separate out the irreducible pieces in order to avoid double counting.
Notice further that while one can draw three-nucleon diagrams at next-to-leading order (NLO),
the resulting contributions are either reducible or suppressed by one power of Q/mN [25]. As an
immediate consequence of the chiral power counting in Eq. (2.2), one observes the suppression of
many-body forces [26], the feature, that has always been assumed but could be justified only in the
context of chiral EFT.
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to the nucleon mass, as compared to estimates based on dimensional analysis and underlying the
derivation of Eq. (2.2). Fortunately, the contributions of the enhanced ladder-like diagrams can
be easily and efficiently resummed by solving the LS integral equation (or its generalizations in
the case of three- and more-nucleon systems) whose kernel involves all possible irreducible graphs
which obey the scaling according to Eq. (2.2) and are derivable in perturbation theory. This is the
essence of what is commonly referred to as Weinberg’s approach to nuclear chiral EFT. The set of
all possible irreducible contributions to the scattering amplitude can be viewed as the interaction
part of the nuclear Hamiltonian and comprises two-, three- and more-nucleon forces. The approach
outlined above is straightforwardly generalizable to reactions involving external sources and allows
one to derive exchange currents consistent with the nuclear forces.

It is a simple exercise to enumerate the various diagrams which may contribute to the nu-
clear force at a given order ν by looking at Feynman rules for the chiral Lagrangian and applying
Eq. (2.2), see Fig. 1. Here, it is understood that the shown diagrams only serve the purpose of
visualization of the corresponding contributions and do not have the meaning of Feynman graphs.
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immediate consequence of the chiral power counting in Eq. (2.2), one observes the suppression of
many-body forces [26], the feature, that has always been assumed but could be justified only in the
context of chiral EFT.

4

Weinberg ’90

Ordonez, van Kolck ’92

Ordonez, van Kolck ’92

Kaiser ’00 - ‘02

van Kolck ’94;  Epelbaum et al. ’02

Bernard, Epelbaum, HK, Meißner,’08, ’11 Epelbaum ’06

Entem, Kaiser, Machleidt, Nosyk ’15
Epelbaum, HK, Meißner ’15

  

Girlanda, Kievsky, Viviani ’11
HK, Gasparyan, Epelbaum ’12,’13

(short-range loop contrib. still missing)

still have to be worked out

[parameter-free] [parameter-free]

Chiral Expansion of the Nuclear Forces

Available matrix elements
LENPIC ´19

Nuclear χEFT in the Precision Era Evgeny Epelbaum

Zwei-Nukleon-Kraft

Führender Beitrag 

Korrektur 1. Ordnung

Korrektur 2. Ordnung

Korrektur 3. Ordnung

Drei-Nukleon-Kraft Vier-Nukleon-KraftTwo-nucleon force Three-nucleon force Four-nucleon force

LO (Q0)   

NLO (Q2)

N2LO (Q3)

N3LO (Q4)

N4LO (Q5)

Figure 1: Chiral expansion of the nuclear forces. Solid and dashed lines refer to nucleons and
pions, respectively. Solid dots, filled circles, filled rectangles, filled diamonds and open rectangles
refer to the vertices of dimension ∆i = 0, ∆i = 1, ∆i = 2, ∆i = 3 and ∆i = 4, respectively.

the resulting contributions to the amplitude are enhanced by powers of mN/|!p |, where mN refers
to the nucleon mass, as compared to estimates based on dimensional analysis and underlying the
derivation of Eq. (2.2). Fortunately, the contributions of the enhanced ladder-like diagrams can
be easily and efficiently resummed by solving the LS integral equation (or its generalizations in
the case of three- and more-nucleon systems) whose kernel involves all possible irreducible graphs
which obey the scaling according to Eq. (2.2) and are derivable in perturbation theory. This is the
essence of what is commonly referred to as Weinberg’s approach to nuclear chiral EFT. The set of
all possible irreducible contributions to the scattering amplitude can be viewed as the interaction
part of the nuclear Hamiltonian and comprises two-, three- and more-nucleon forces. The approach
outlined above is straightforwardly generalizable to reactions involving external sources and allows
one to derive exchange currents consistent with the nuclear forces.

It is a simple exercise to enumerate the various diagrams which may contribute to the nu-
clear force at a given order ν by looking at Feynman rules for the chiral Lagrangian and applying
Eq. (2.2), see Fig. 1. Here, it is understood that the shown diagrams only serve the purpose of
visualization of the corresponding contributions and do not have the meaning of Feynman graphs.
In particular, one needs to separate out the irreducible pieces in order to avoid double counting.
Notice further that while one can draw three-nucleon diagrams at next-to-leading order (NLO),
the resulting contributions are either reducible or suppressed by one power of Q/mN [25]. As an
immediate consequence of the chiral power counting in Eq. (2.2), one observes the suppression of
many-body forces [26], the feature, that has always been assumed but could be justified only in the
context of chiral EFT.

4

Weinberg ’90

Ordonez, van Kolck ’92

Ordonez, van Kolck ’92

Kaiser ’00 - ‘02

van Kolck ’94;  Epelbaum et al. ’02

Bernard, Epelbaum, HK, Meißner,’08, ’11 Epelbaum ’06

Entem, Kaiser, Machleidt, Nosyk ’15
Epelbaum, HK, Meißner ’15

  

Girlanda, Kievsky, Viviani ’11
HK, Gasparyan, Epelbaum ’12,’13

(short-range loop contrib. still missing)

still have to be worked out

[parameter-free] [parameter-free]

Chiral Expansion of the Nuclear Forces

Available matrix elements
LENPIC ´19

Nuclear χEFT in the Precision Era Evgeny Epelbaum

Zwei-Nukleon-Kraft

Führender Beitrag 

Korrektur 1. Ordnung

Korrektur 2. Ordnung

Korrektur 3. Ordnung

Drei-Nukleon-Kraft Vier-Nukleon-KraftTwo-nucleon force Three-nucleon force Four-nucleon force

LO (Q0)   

NLO (Q2)

N2LO (Q3)

N3LO (Q4)

N4LO (Q5)

Figure 1: Chiral expansion of the nuclear forces. Solid and dashed lines refer to nucleons and
pions, respectively. Solid dots, filled circles, filled rectangles, filled diamonds and open rectangles
refer to the vertices of dimension ∆i = 0, ∆i = 1, ∆i = 2, ∆i = 3 and ∆i = 4, respectively.

the resulting contributions to the amplitude are enhanced by powers of mN/|!p |, where mN refers
to the nucleon mass, as compared to estimates based on dimensional analysis and underlying the
derivation of Eq. (2.2). Fortunately, the contributions of the enhanced ladder-like diagrams can
be easily and efficiently resummed by solving the LS integral equation (or its generalizations in
the case of three- and more-nucleon systems) whose kernel involves all possible irreducible graphs
which obey the scaling according to Eq. (2.2) and are derivable in perturbation theory. This is the
essence of what is commonly referred to as Weinberg’s approach to nuclear chiral EFT. The set of
all possible irreducible contributions to the scattering amplitude can be viewed as the interaction
part of the nuclear Hamiltonian and comprises two-, three- and more-nucleon forces. The approach
outlined above is straightforwardly generalizable to reactions involving external sources and allows
one to derive exchange currents consistent with the nuclear forces.

It is a simple exercise to enumerate the various diagrams which may contribute to the nu-
clear force at a given order ν by looking at Feynman rules for the chiral Lagrangian and applying
Eq. (2.2), see Fig. 1. Here, it is understood that the shown diagrams only serve the purpose of
visualization of the corresponding contributions and do not have the meaning of Feynman graphs.
In particular, one needs to separate out the irreducible pieces in order to avoid double counting.
Notice further that while one can draw three-nucleon diagrams at next-to-leading order (NLO),
the resulting contributions are either reducible or suppressed by one power of Q/mN [25]. As an
immediate consequence of the chiral power counting in Eq. (2.2), one observes the suppression of
many-body forces [26], the feature, that has always been assumed but could be justified only in the
context of chiral EFT.

4

Weinberg ’90

Ordonez, van Kolck ’92

Ordonez, van Kolck ’92

Kaiser ’00 - ‘02

van Kolck ’94;  Epelbaum et al. ’02

Bernard, Epelbaum, HK, Meißner,’08, ’11 Epelbaum ’06

Entem, Kaiser, Machleidt, Nosyk ’15
Epelbaum, HK, Meißner ’15

  

Girlanda, Kievsky, Viviani ’11
HK, Gasparyan, Epelbaum ’12,’13

(short-range loop contrib. still missing)

still have to be worked out

[parameter-free] [parameter-free]

Chiral Expansion of the Nuclear Forces

Available matrix elements
LENPIC ´19

Nuclear χEFT in the Precision Era Evgeny Epelbaum

Zwei-Nukleon-Kraft

Führender Beitrag 

Korrektur 1. Ordnung

Korrektur 2. Ordnung

Korrektur 3. Ordnung

Drei-Nukleon-Kraft Vier-Nukleon-KraftTwo-nucleon force Three-nucleon force Four-nucleon force

LO (Q0)   

NLO (Q2)

N2LO (Q3)

N3LO (Q4)

N4LO (Q5)

Figure 1: Chiral expansion of the nuclear forces. Solid and dashed lines refer to nucleons and
pions, respectively. Solid dots, filled circles, filled rectangles, filled diamonds and open rectangles
refer to the vertices of dimension ∆i = 0, ∆i = 1, ∆i = 2, ∆i = 3 and ∆i = 4, respectively.

the resulting contributions to the amplitude are enhanced by powers of mN/|!p |, where mN refers
to the nucleon mass, as compared to estimates based on dimensional analysis and underlying the
derivation of Eq. (2.2). Fortunately, the contributions of the enhanced ladder-like diagrams can
be easily and efficiently resummed by solving the LS integral equation (or its generalizations in
the case of three- and more-nucleon systems) whose kernel involves all possible irreducible graphs
which obey the scaling according to Eq. (2.2) and are derivable in perturbation theory. This is the
essence of what is commonly referred to as Weinberg’s approach to nuclear chiral EFT. The set of
all possible irreducible contributions to the scattering amplitude can be viewed as the interaction
part of the nuclear Hamiltonian and comprises two-, three- and more-nucleon forces. The approach
outlined above is straightforwardly generalizable to reactions involving external sources and allows
one to derive exchange currents consistent with the nuclear forces.

It is a simple exercise to enumerate the various diagrams which may contribute to the nu-
clear force at a given order ν by looking at Feynman rules for the chiral Lagrangian and applying
Eq. (2.2), see Fig. 1. Here, it is understood that the shown diagrams only serve the purpose of
visualization of the corresponding contributions and do not have the meaning of Feynman graphs.
In particular, one needs to separate out the irreducible pieces in order to avoid double counting.
Notice further that while one can draw three-nucleon diagrams at next-to-leading order (NLO),
the resulting contributions are either reducible or suppressed by one power of Q/mN [25]. As an
immediate consequence of the chiral power counting in Eq. (2.2), one observes the suppression of
many-body forces [26], the feature, that has always been assumed but could be justified only in the
context of chiral EFT.

4

Weinberg ’90

Ordonez, van Kolck ’92

Ordonez, van Kolck ’92

Kaiser ’00 - ‘02

van Kolck ’94;  Epelbaum et al. ’02

Bernard, Epelbaum, HK, Meißner,’08, ’11 Epelbaum ’06

Entem, Kaiser, Machleidt, Nosyk ’15
Epelbaum, HK, Meißner ’15

  

Girlanda, Kievsky, Viviani ’11
HK, Gasparyan, Epelbaum ’12,’13

(short-range loop contrib. still missing)

still have to be worked out

[parameter-free] [parameter-free]

Chiral Expansion of the Nuclear Forces

Available matrix elements
LENPIC ´19

Nuclear χEFT in the Precision Era Evgeny Epelbaum

Zwei-Nukleon-Kraft

Führender Beitrag 

Korrektur 1. Ordnung

Korrektur 2. Ordnung

Korrektur 3. Ordnung

Drei-Nukleon-Kraft Vier-Nukleon-KraftTwo-nucleon force Three-nucleon force Four-nucleon force

LO (Q0)   

NLO (Q2)

N2LO (Q3)

N3LO (Q4)

N4LO (Q5)

Figure 1: Chiral expansion of the nuclear forces. Solid and dashed lines refer to nucleons and
pions, respectively. Solid dots, filled circles, filled rectangles, filled diamonds and open rectangles
refer to the vertices of dimension ∆i = 0, ∆i = 1, ∆i = 2, ∆i = 3 and ∆i = 4, respectively.

the resulting contributions to the amplitude are enhanced by powers of mN/|!p |, where mN refers
to the nucleon mass, as compared to estimates based on dimensional analysis and underlying the
derivation of Eq. (2.2). Fortunately, the contributions of the enhanced ladder-like diagrams can
be easily and efficiently resummed by solving the LS integral equation (or its generalizations in
the case of three- and more-nucleon systems) whose kernel involves all possible irreducible graphs
which obey the scaling according to Eq. (2.2) and are derivable in perturbation theory. This is the
essence of what is commonly referred to as Weinberg’s approach to nuclear chiral EFT. The set of
all possible irreducible contributions to the scattering amplitude can be viewed as the interaction
part of the nuclear Hamiltonian and comprises two-, three- and more-nucleon forces. The approach
outlined above is straightforwardly generalizable to reactions involving external sources and allows
one to derive exchange currents consistent with the nuclear forces.

It is a simple exercise to enumerate the various diagrams which may contribute to the nu-
clear force at a given order ν by looking at Feynman rules for the chiral Lagrangian and applying
Eq. (2.2), see Fig. 1. Here, it is understood that the shown diagrams only serve the purpose of
visualization of the corresponding contributions and do not have the meaning of Feynman graphs.
In particular, one needs to separate out the irreducible pieces in order to avoid double counting.
Notice further that while one can draw three-nucleon diagrams at next-to-leading order (NLO),
the resulting contributions are either reducible or suppressed by one power of Q/mN [25]. As an
immediate consequence of the chiral power counting in Eq. (2.2), one observes the suppression of
many-body forces [26], the feature, that has always been assumed but could be justified only in the
context of chiral EFT.

4

Weinberg ’90

Ordonez, van Kolck ’92

Ordonez, van Kolck ’92

Kaiser ’00 - ‘02

van Kolck ’94;  Epelbaum et al. ’02

Bernard, Epelbaum, HK, Meißner,’08, ’11 Epelbaum ’06

Entem, Kaiser, Machleidt, Nosyk ’15
Epelbaum, HK, Meißner ’15

  

Girlanda, Kievsky, Viviani ’11
HK, Gasparyan, Epelbaum ’12,’13

(short-range loop contrib. still missing)

still have to be worked out

[parameter-free] [parameter-free]

Chiral Expansion of the Nuclear Forces

Available matrix elements
LENPIC ´19

2BF 3BF 4BF

π (K , η) 2NN / 5YN / 6YY


+ 7NN / 18YN / 22YY


+ 15NN; no additional LEC for 3NF 


  + 5NN


(adapted from H. Krebs CD workshop 2021) 

+ 2NNN / 5 NN Λ
c1, c3, c4 cD cE

98 three-baryon force through decuplet saturation

three-baryon force
decuplet-less EFT decuplet-contribution

LO

NLO

NNLO · · ·

Figure 7.1: Hierarchy of three-baryon forces with explicit introduction of the baryon decuplet
(represented by double lines).

7.1 lagrangians including decuplet baryons

In this section, we present the minimal set of terms in the chiral Lagrangian, that are
necessary for the diagrams including decuplet baryons in Fig. 7.1. The leading-order
interaction Lagrangian between octet and decuplet baryons in the non-relativistic limit
(see, e.g., Ref. [181]) is given by

L = C
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where the decuplet baryons are represented by the totally symmetric three-index tensor T ,
cf. Eq. (2.37). The spin transition matrices S̨ connect the two-component spinors of octet
baryons with the four-component spinors of decuplet baryons, and are explicitly given in
Appendix A.1. They fulfill the relation SiSj

† = 1

3
(2”ij ≠ i‘ijk‡k). Only a single LEC is

present at leading order. For this constant C we use the (large-Nc) value C = 3

4
gA ¥ 1,

which leads to a decay width �(� æ fiN) = 110.6 MeV that is in good agreement with
the empirical value of �(� æ fiN) = (115 ± 5) MeV [178]. Rewriting the lowest-order
decuplet Lagrangian Eq. (7.1) in the particle basis gives
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Jacobi-NCSM approach

• Idea: represent the A-body translationally invariant hypernuclear Hamiltonian:

H = Trel + VNN + VYN + VNNN + VYNN + ΔM + ⋯

ΛN ↔ ΣNin a basis constructed from HO functions 


• Jacobi basis: depends on relative Jacobi coordinates of all particles
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where the summations over intermediate states are applied

��↵⇤(Y )(NJT )
↵
= |↵(A�1)N i ⌦ |Y i

= |NJT,↵(A�1)N nY IY tY ; (JA�1(lY sY )IY )J, (TA�1tY )T i ⌘
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.
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4

for 3N, YNN forces

4.1 Separation of NN , Y N and Y Y pairs
We now proceed to evaluate the Hamiltonian matrix elements for the wavefunction defined in eq. (4.6)

h (⇡JT )|H| (4.7)
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3N

Y

Y
N

• basis truncation:   ⇒ Eb = Eb(ω, 𝒩max)𝒩 = 𝒩A−1 + 2nλ + λ ≤ 𝒩max extrapolation Eb,∞

N

independent of ω

(independent of )ω

5

Jacobi-NCSM approach

• Idea: represent the A-body translationally invariant hypernuclear Hamiltonian:

H = Trel + VNN + VYN + VNNN + VYNN + ΔM + ⋯
ΛN ↔ ΣNin a basis constructed from HO functions  

• Jacobi basis: depends on relative Jacobi coordinates of all particles
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where the summations over intermediate states are applied
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• intermediate bases for evaluating Hamiltonian:
for NN, YN forces
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4

for 3N, YNN forces

4.1 Separation of NN , Y N and Y Y pairs
We now proceed to evaluate the Hamiltonian matrix elements for the wavefunction defined in eq. (4.6)

h (⇡JT )|H| (4.7)
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3N

Y

Y
N

• basis truncation:   ⇒ Eb = Eb(ω, &max)& = &A−1 + 2nλ + λ ≤ &max extrapolation Eb,∞

N

independent of ω

Appendix C Jacobi coordinates for an A-body system

A

A � 1

6

5

4

3

2

1

r12 r3

r4 r5

r6

rA�1

rA

(C.3)

Figure C.1: A possible set of Jacobi coordinates for an A-body system

4

3

2

1

p12 p3

p4

(C.4)

Figure C.2: A possible set of Jacobi coordinates for an A-body system

C.1 Orthogonal transformation between two sets of
three-cluster Jacobi coordinates

Generally, for describing a system of three clusters, for example 1,2 and 3, one can use di↵erent sets
of Jacobi coordinates in which either cluster 1 or 2 or 3 is the outer spectator. These three di↵erent
sets of intrinsic Jacobi coordinates are illustrated in Fig. C.3
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Jacobi-NCSM approach

• Idea: represent the A-body translationally invariant hypernuclear Hamiltonian:

H = Trel + VNN + VYN + VNNN + VYNN + ΔM + ⋯
ΛN ↔ ΣNin a basis constructed from HO functions  

• Jacobi basis: depends on relative Jacobi coordinates of all particles
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where the summations over intermediate states are applied
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• intermediate bases for evaluating Hamiltonian:
for NN, YN forces
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4

for 3N, YNN forces

4.1 Separation of NN , Y N and Y Y pairs
We now proceed to evaluate the Hamiltonian matrix elements for the wavefunction defined in eq. (4.6)

h (⇡JT )|H| (4.7)

|
�
↵⇤(Y1N)

�⇤(Y2)i = |↵⇤(Y1N)i ⌦ |Y2i

= |NJT,↵⇤(Y1N)
A�1 ñY2 ĨY2 t̃Y2 ; (J

⇤(Y1N)
A�1 (l̃Y2sY2)ĨY2)J, (T

⇤(Y1N)
A�1 t̃Y2)T i

⌘

N

N

Y1Y2

(4.8)
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3N

Y

Y
N

• basis truncation:   ⇒ Eb = Eb(ω, &max)& = &A−1 + 2nλ + λ ≤ &max extrapolation Eb,∞

N

independent of ω

Appendix C Jacobi coordinates for an A-body system

A

A � 1

6

5

4

3

2

1

r12 r3

r4 r5

r6

rA�1

rA

(C.3)

Figure C.1: A possible set of Jacobi coordinates for an A-body system

4

3

2

1

p12 p3

p4

(C.4)

Figure C.2: A possible set of Jacobi coordinates for an A-body system

C.1 Orthogonal transformation between two sets of
three-cluster Jacobi coordinates

Generally, for describing a system of three clusters, for example 1,2 and 3, one can use di↵erent sets
of Jacobi coordinates in which either cluster 1 or 2 or 3 is the outer spectator. These three di↵erent
sets of intrinsic Jacobi coordinates are illustrated in Fig. C.3
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4

Λ(Σ)
(independent of )ω

HL, J. Haidenbauer, U.-G. Meißner, A. Nogga EPJA 56 (2020) 



5

Extrapolation in  &  spacesω 𝒩

• Eb(ω, 𝒩) = E𝒩 + κ(log(ω) − log(ωopt))2 • E𝒩 = E∞ + Ae−b𝒩

E 𝒩

δE = E∞ − E𝒩max

E(4He, NCSM) = −25 . 14 ± 0 . 06

NN:  bare SMS N2LO(550)

λ = 1.88 fm−1

E(4
ΛHe) = −9 . 729 ± 0 . 002

4
ΛHe

4He

E(4He, FY) = −25 . 15 ± 0 . 02

Numerical uncertainties
• NCSM calculations for hypernuclei with bare SMS 


NN (3N) and YN interactions converge poorly

• NCSM uncertainties for SRG-evolved potentials:

‣ ~ several keV for   A ≤ 5
‣ ~ hundred(s) keV for   A = 7 (8)

 HL, J. Haidenbauer, U.-G. Meißner, A. Nogga EPJA 56 (2020) 

5
ΛHeλ = 1.88 fm−1

E(5
ΛHe) = −32 . 018 ± 0 . 001

5
ΛHe
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Similarity Renormalization Group (SRG)
Idea:  continuously apply unitary transformation to H to suppress off-diagonal matrix elements 

dV(s)
ds

= [[Trel, V(s)], H(s)], H(s) = Trel + V(s) + ΔM

V(s) = V12(s) + V13(s) + V23(s) + V123(s), V123,s=0 ≡ Vbare
NNN; (Vbare

YNN = 0)

speed up the convergence of NCSM calculations (observables e.g. energies are conserved)

• separate flow equations for 2- and 3-body interactions: S.K. Bogner et al PRC75 (2007),

K. Hebeler PRC85 (2012)

s = 0 → ∞

N2LO(500)

dVNN(s)
ds

= [[TNN, VNN], TNN + VNN]
dVYN(s)

ds
= [[TYN, VYN], TYN + VYN + ΔM]

dV123

ds
= [[T12, V12], V31 + V23 + V123]

+[[T31, V31], V12 + V23 + V123]
+[[T23, V23], V12 + V31 + V123] + [[Trel, V123], Hs]

SRG-induced YNNs are

 generated even if Vbare

YNN = 0

• perform evolution in p-space. Evolved potentials can be directly used in many-body & nuclear matter calculations 

F.J. Wegner NPB 90 (2000).  S.K. Bogner, R.J. Furnstahl, R.J. Perry PRC 75 (2007)
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Effect of SRG-induced 4BFs in A=4,5
YN interaction.

  KeVΔBΛ(4
ΛHe) = 10 ± 25

  KeVΔBΛ(5
ΛHe) = 90 ± 30

∞

contributions of SRG-induced 4BFs to   are small BΛ(4
ΛHe, 5

ΛHe)

HL, J. Haidenbauer, U.-G. Meißner, A. Nogga (arXiv:2308.01756)

6

Table II. ⇤ separation energies B⇤(
4
⇤He, 0+) and B⇤(

5
⇤He) computed at di↵erent SRG flow parameter. All calculations are

based on the SMS NN at N4LO
+
(450) and NNN at N2LO(450). Both SRG-induced NNN and YNN forces are also included.

B⇤(
4
⇤He, 0+) at � = 1 is obtained by solving the FY equation employing the bare NN, NNN and YN potentials. Note that

B⇤(
4
⇤He, 0+) at � = 4.0 (3.0) fm-1 have been computed for model spaces up to Nmax = 34 (28), respectively, whereas values at

lower � are computed for Nmax = 26.

� [fm-1] B⇤(
4
⇤He, 0+) B⇤(

5
⇤He)

1.88 1.992 ± 0.002 3.712 ±0.001

2.00 1.991 ± 0.005 3.705± 0.005

2.236 1.990 ± 0.007 3.708 ± 0.006

2.60 1.989 ± 0.014 3.744 ± 0.008

3.00 1.985 ± 0.024 3.806 ± 0.030

1 2.01 ± 0.02

gence pattern of the separation energies of the considered
hypernuclei with increasing order we adopt here the sim-
ple approach for an uncertainty estimate, proposed by
Epelbaum, Krebs, and Meißner [? ], called EKM in the
following. In particular, we follow closely Ref. [? ] where
this approach was applied to light nuclei. It should be
said that the EKM method does not directly allow for a
statistical interpretation of the estimated uncertainties.
However, as discussed in [? ], the procedure can be re-
interpreted, further developed and statistically validated
using the Bayesian approach [? ? ]

Before presenting our results we want to call attention
to the role of 3NFs for the uncertainty quantification em-
phasized in Ref. [? ]. Since the 3H binding energy is
commonly used to constrain the LECs of the 3NF, per
construction the binding energy is exactly reproduced at
N2LO, where the 3NF enters according to the Weinberg
counting [? ], and for higher orders too. As a conse-
quence, one can calculate the corresponding uncertainty
for higher orders, even without performing the pertinent
few-body calculation, because the outcome is known be-
forehand. In Ref. [? ], this is called “projected results”.

Clearly, for hypernuclei, we are in the same situation
since 3BFs start to contribute likewise from N2LO up-
wards. And since the ⇤NN 3BF has in total five un-
known LECs [? ], one can think about fixing them not
only from the hypertriton (where the experimental un-
certainty is anyway too large for a proper determination)
but also from the separation energies of A = 4, 5 hyper-
nuclei [? ] – of course, under the premise that four-body
forces are indeed very small. We note in passing that
this is anyway done in calculations based on pion-less
EFT [? ]. Indeed, other observables to constrain the
3BFs, like Nd scattering data in the three-nucleon case,
are not available for three- or more-body systems involv-
ing hyperons. Anyway, with regard to nuclei there is
“truly unambiguous evidence” for missing 3NFs, as em-
phasized in [? ], whereas one could argue that this is not

the case for systems with hyperons. However, consider-
ing the power counting, 3BFs have to contribute and the
only relevant question is whether their contribution is of
a magnitude as expected/predicted for a specific chiral
order. The aspect emphasized above has to be kept in
mind when we present the variations of the separation
energies for di↵erent NN and Y N potentials below, and
the actual values have to be seen in proper perspective.

A. Discussion of the variations

Let us first inspect the variation of the separation ener-
gies with the employed NN potentials. As already men-
tioned in the introduction, previous bound-state calcula-
tions by us suggested that the ⇤ separation energies of
light hypernuclei are not very sensitive to the employed
NN interaction [? ? ]. For example, the variation of the
separation energy for the semi-local momentum-space-
regularized (SMS) NN potential of Ref. [? ] at order
N4LO+ with cuto↵s ⇤N = 400 � 550 MeV were found
to be around 100 keV for 4

⇤
He/4

⇤
H [? ]. Those for the

hypertriton were in the order of only 10 keV. Variations
of similar magnitude have been observed in earlier calcu-
lations based on phenomenological interactions [? ].
Separation energies for A = 4, 5 ⇤ hypernuclei, ob-

tained within the NCSM approach and from solving FY
equations, are summarized in Table III. The calculations
are based on the NN and NNN potentials at N4LO+ and
N2LO, respectively, with four di↵erent cuto↵s. To de-
scribe the YN interaction the SMS YN NLO(550) poten-
tial has been employed. We consider also NN potentials
up to N2LO and N3LO with selected cuto↵s for illustra-
tion. A graphical representation of the results is provided
in Fig. 3. Here in addition results for the hypertriton are
shown. Furthermore, in the calculations the SMS YN
N2LO(550) potential has been considered and, for 3

⇤
H

and 4

⇤
He (0+), even the YN LO(600) (LO(700)) poten-

• variation of  for   fm :BΛ 1.88 ≤ λ ≤ 3.0 −1

• induced forces beyond 3BF are not included; estimate size of omitted forces by varying  λ = (4μ2 /s)1/4

NN:  , 3N: N4LO+ N2LO(450); YN:  N2LO(550)

 FY calculation using bare NN, 3N & YN potentialsλ = ∞ :
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Results for A=3-8 hypernuclei

YN: NLO13, NLO19(500);  +SRG-induced YNN, NNN  

N4LO+(450)NN: SMS 3N:  N2LO(450)



NLO13 & NLO19 YN potentials
produces overall more angular dependence. An increasing (a rise in NLO19) total cross section at large P is probably due to the artefact

NLO13: J. Haidenbauer et al. NPA 915(2013); NLO19: J. Haidenbauer, U.-G. Meißner, A. Nogga EPJA 56(2020)
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YN interactions at NLO

• use  to fix relative strength of  singlet/triplet interactionBΛ(3
ΛH) ΛN

• most of YN LECs are fitted to 36 YN data points  (Λp → Λp, ΣN → ΣN, ΣN → ΛN )
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• 37 YN data, no YN bound state     no partial wave analysis possible 

Hyperon-Nucleon (YN) interactions are poorly constrained

Motivations

• Chiral EFT approach: based on   symmetry   

• Use  to determine and  relative scattering lengths

SU(3)f

BΛ(3
ΛH) = 0.13 ± 0.05 MeV 1S0

3S1

(Haidenbauer et al 2019)       Can we discriminate between the two potentials?   

BΛ(3
ΛH )3a(Λp)

10 J. Haidenbauer et al.: Hyperon-nucleon interaction
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Fig. 4. Differential cross section for Λp scattering at 500 MeV/c and at 633 MeV/c. Same description of curves as in Fig. 1.
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3S1(Λp)
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3S1(Λp)

without ΛN − ΣN

NLO13

NLO19

• Two YN versions at NLO: NLO13 and NLO19 
‣ Almost phase equivalent  
‣ NLO13 predicts a larger   transition potentialΛ − Σ

Λp → Λp

NLO13

NLO19

(Haidenbauer 2019)

• two realisations at NLO: NLO13 and NLO19 
‣ almost phase equivalent

3a(Λp)
BΛ(3

ΛH )not an observable

O2 = hp0q0↵0|(1 + 2P123)|p00q00↵00i p
002 � p0002

m

�(q00 � q000)

q00q000
�↵00

3 ↵
000
3
hp00q00↵00

12|V12|p000q000↵000
12i
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O1 =
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where the summations over intermediate states are applied.

V ↵↵0

s (pp0)

ds
= �

h
T↵
rel(p)

p2

2µ↵
+ T↵0

rel(p
0)

p02

2µ↵0 � T↵
rel(p)

p02

2µ↵0 � T↵0

rel(p
0)

p2

2µ↵

i
V ↵↵0

s (pp0)
| {z }

suppress off-diagonal V

(21)

4

‣ NLO13 leads to a larger transition potential VΛN↔ΣN

NLO13 and NLO19 as a tool to estimate 

 NLO13: J. Haidenbauer et al., NPA 915 (2013), NLO19:  EPJ A 56 (2019) 91 

effects from three-body forces (Haidenbauer et al. EPJA 56 (2019)) 

Λp − Λp

• almost phase equivalent (yield equivalent description of YN scattering data)


• NLO13 leads to a larger  (especially in )  VΛN↔ΣN
3S1

9

tool to assess effect of YNN forces in many-body systems

BΛ(3
ΛH )3a(Λp)

10 J. Haidenbauer et al.: Hyperon-nucleon interaction
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3S1(Λp)

ΛN ↔ ΣN

(J. Haidenbauer et al EPJA 56(2020))

J. Haidenbauer et al.: Hyperon-nucleon interaction 13
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Fig. 8. The Λ single-particle potential UΛ(pΛ = 0) as a function of the Fermi momentum kF in symmetric nuclear matter (a)
and in neutron matter (b). Same description of curves as in Fig. 1. The dotted curve is the result of the Nijmegen NSC97f
potential [8], taken from Ref. [43]. The vertical bar indicates the ”empirical” value [54].

the 4
ΛHe (1

+) and 5
ΛHe states are dominated by the triplet

interaction.

Our results for the binding (separation) energies for
the hypertriton and the 4

ΛHe hypernucleus are listed in
Table 4. (Preliminary results for the NLO19 interaction
were reported in [64, 65] based on a different NN interac-
tion.) The hypertriton binding energies for the two NLO
interactions are identical within the uncertainty caused
by the regulator dependence. The overall variations are
of the order of 50 keV. As noted just above, in this case,
the binding energy is dominated by the ΛN interaction
in the 1S0 (singlet) interaction, see Eq. (9). That partial
wave is less influenced by the Λ−Σ conversion as can be
read off from the fact that the imaginary part of the ΣN
(I = 1/2) 1S0 scattering length is zero for basically all
considered potentials, cf. Table 1, see also Fig. 6.

There is somewhat stronger variation in the predic-
tions for the 4

ΛHe binding energies, cf. Table 4. However,
at least for the 0+ state, we are reluctant to see a clear ten-
dency in the results. Recall that this state should receive
contributions from the 1S0 and 3S1 ΛN interactions with
equal weight, according to the simple estimate Eq. (10).
Here, the regulator dependence of the binding energy is
of the order of 210 and 180 keV for NLO13 and NLO19,
respectively, and, thus, larger than the average difference
between the two EFT interactions. Interestingly, the pre-
dictions of the two considered phenomenological Y N mod-
els for the 0+ bound state are almost the same, despite

of the large differences in the ΛN -ΣN transition poten-
tials. Note that all considered interactions under-predict
the experimental separation energy of the 0+ state.

For the 1+ state of 4
ΛHe, the

3S1 partial wave of the ΛN
interaction should dominate, according to Eq. (11). This
partial wave is strongly affected by the Λ−Σ conversion
and the effects are different for NLO13 and NLO19 as dis-
cussed in Sect. 3.1. Here, we observe a more pronounced
regulator dependence of the binding energy. Specifically,
for the NLO19 interaction, it is in the order of 300 keV and
around 200 keV for the NLO13 potential. Despite those
variations, there is clearly a trend towards larger binding
energies for NLO19, i.e. for the interaction with a weaker
ΛN -ΣN transition potential. This conjecture is also sup-
ported by the result for the Jülich ’04 potential. Here the
transition potential in the 3S1 −3 D1 partial wave is ex-
tremely weak and, corresponding to that, the 1+ binding
energy is very large. The prediction for the NSC97f in-
teraction, on the other hand, with its moderately strong
transition potential matches well with those of the chiral
EFT potentials. Comparing with the empirical informa-
tion, one can say that the NLO19 prediction is compatible
with the experiment within the uncertainty, whereas the
NLO13 and NSC97f interactions underestimate the sep-
aration energy for the 1+ state. On the other hand, the
Jülich ’04 potential leads to over-binding and, as a matter
of fact, to a wrong level ordering of the 0+ and 1+ states.

  (NLO13)UΛ(ρ0,0) = −28.3,⋯, − 22.3
= −39.3,⋯, − 29.2  (NLO19)
= − 33  (HAL QCD)

(T. Inoue PoS INPC2016 (2016)

switched off

full

• NLO13: S-wave LECs are fitted to YN data;  NLO19: 3 LECs are inferred from NN sector 
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describe the 1^+ in 4HL and ground state in 5HL fairly well. For 7LiLambda, NLO19 prediction is comparable to B_L extracted from counter experiments, 

Results for  with NLO13 & NLO19BΛ(A ≤ 8)

•  are fairly well


 described by NLO19; 

NLO13 underestimates these 

4
ΛH(1+), 5

ΛHe, 7
ΛLi, 8

ΛLi

BΛ

uncertainty

| χVYNN |  based on NLO13 & NLO19 results and 

cutoff dependence

consistent with estimates based on 

chiral truncation

(J. Haidenbauer et al. EPJA(2019), HL et al. PRC(2023))

signal of missing YNN forces; contribute 

differently for NLO13 & NLO19

HL, J. Haidenbauer, U.-G. Meißner, A. Nogga PRC 107(2023)

(see Nogga’s talk)

Title Suppressed Due to Excessive Length 7

Table 3 Probability of finding ⇤p and ⇤n pairs in the A=4-8 wavefunctions computed using
the YN NLO19(500) potential. The SRG-induced YNN interaction is also included in the
calculations for 4

⇤He/4⇤H. The A=7,8 wavefunctions were computed at the magic SRG-flow
parameter of �magic = 0.823 fm-1

1
S0

3
S1 hV Y N i

⇤p ⇤n ⇤p ⇤n
1
S0

3
S1

4
⇤He(0+) 13.92 27.60 44.54 0.42 -4.383 -3.916
4
⇤H(0+) 27.1 13.66 0.41 43.79 -4.091 -3.604

4
⇤He(1+) 14.48 13.44 42.47 27.07 -1.383 -5.743
4
⇤H(1+)

7
⇤Be 11.13 7.22 33.25 21.67 -3.728 -9.36
7
⇤Li

⇤ 9.17 9.17 27.44 27.44 -3.767 -9.319

8
⇤Be 9.49 12.23 28.68 19.34 -5.467 -9.848
8
⇤Li

E VY N SRG-VY NN |�VY NN |

⇤NN ⇤NN-⌃NN total

3
⇤H -2.31 -1.88 0.08 0.04 0.14 ⇠ 0.05

4
⇤He(1+) -9.50 -7.31 0.72 0.05 0.77 ⇠ 0.2 - 0.4

4
⇤He(0+) -10.57 -10.2 0.89 -0.02 0.90 ⇠ 0.2 - 0.3

5
⇤He(0+) -32.42 -13.61 2.40 0.15 2.57 ⇠ 0.7 - 1.0

Table 4 CSB for A = 4� 8 systems based on the N4LO+(450) NN potential in combination
with the YN NLO13(500) and NLO19(500). The NN potential is SRG-evolved to a flow param-
eter of �NN = 1.6 fm-1 while the YN NLO13 and NLO19 interactions are SRG-evolved to the
magic SRG-flow parameters �Y N = 0.765 and �Y N = 0.823 fm-1, respectively. The latter two
SRG-flow parameters are fixed to the separation energy of 5⇤He, B⇤(5⇤He,NLO13) = 2.22±0.06
and B⇤(5⇤He,NLO19) = 3.32±0.03, obtained from the full calculations which include the both
SRG-induced 3N and YNN forces [?].

(fm//keV) a
⇤p
s a

⇤n
s �as a

⇤p
t a

⇤n
t �at

NLO19(500)
-2.91 -2.91 0 -1.42 -1.41 -0.01

no CSB

CSB(500) -2.65 -3.20 0.55 -1.58 -1.47 -0.11

CSB(550) -2.64 -3.21 0.57 -1.52 -1.41 -0.11

CSB(600) -2.63 -3.23 0.6 -1.47 -1.36 -0.09

CSB(650) -2.62 -3.23 0.61 -1.46 -1.37 -0.09

• NLO13 & NLO19 phase equivalent in 2-body space
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CSB predictions for A=7-8 multiplets

3He
1/2+

• CSB predictions for A=7 are comparable to experiment.     

• yield somewhat larger CSB in A=8 doublet as compared to experiment 

‣ experimental CSB splitting for A=8 larger than  keV?40 ± 60
‣  A=4 CSB: too large? different spin-dependence?

HL, J. Haidenbauer, U.-G. Meißner, A. Nogga PRC 107(2023)


Δ E(1+) = BΛ(4
ΛHe, 1+) − BΛ(4

ΛH, 1+)

= −83 ± 94 keV (up to 2016)

Δ E(0+) = BΛ(4
ΛHe, 0+) − BΛ(4

ΛH, 0+)

= 223 ± 92 keV (up to 2016)

(see Nogga’s talk)
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Fitting LECs to new Star measurement

3He
1/2+

Δ E(0+) = BΛ(4
ΛHe, 0+) − BΛ(4

ΛH, 0+) = 233 ± 92 keV (up to 2016) ⇒ (CSB)

Δ E(1+) = BΛ(4
ΛHe, 1+) − BΛ(4

ΛH, 1+) = −83 ± 94 keV (up to 2016) ⇒ (CSB)

= −160 ± 140 ± 100 keV ⇒ (CSB*)

= 160 ± 140 ± 100 keV ⇒ (CSB*)

 (STAR collaboration PLB 834 (2022))

8 Hoai Le et al.

Table 7 ⇤ separation energies for A = 7 isotriplet, computed using the NLO13(500) and
NLO19(500) together with the SRG-induced YNN forces. Experiments are taken from the
compilation in Ref. [?]. The cited results by Hiyama et al. based on a four-body cluster model [?]
are those without CSB force.

with 3BFs with 2BFs Experiment

NLO19 NLO13 NLO19 NLO13

� = 0.823 � = 0.765
7
⇤Be 5.54± 0.22 4.30± 0.47 5.44± 0.03 4.53± 0.34 5.16± 0.08
7
⇤Li

⇤ 5.64± 0.28 4.42± 0.58 5.49± 0.04 4.59± 0.34 5.26± 0.03 5.53± 0.13
7
⇤He 5.64± 0.27 4.39± 0.54 5.43± 0.06 4.45± 0.35 5.55± 0.1

Table 8 ⇤ separation energies for A = 7 isotriplet, computed using the NLO13(500) and
NLO19(500) together with the SRG-induced YNN forces. Experiments are taken from the
compilation in Ref. [?]. The cited results by Hiyama et al. based on a four-body cluster model [?]
are those without CSB force.

NLO19(500) NLO13(500) Exp.

emulsion counter

7
⇤Be 5.54± 0.22 4.30± 0.47 5.16± 0.08

7
⇤Li

⇤ 5.64± 0.28 4.42± 0.58 5.26± 0.03 5.53 ± 0.13

7
⇤He 5.64± 0.27 4.39± 0.54 5.55 ± 0.1

Table 9 ⇤ separation energies for A = 7 isotriplet, computed using the NLO13(500) and
NLO19(500) together with the SRG-induced YNN forces. Experiments are taken from the
compilation in Ref. [?]. The cited results by Hiyama et al. based on a four-body cluster model [?]
are those without CSB force.

NLO19(500) CSB1 CSB1A

a⇤p
s -2.91 -2.65 -2.58

a⇤n
s -2.91 -3.20 -3.29

�as 0 0.55 0.71

a⇤p
t -1.42 -1.57 -1.52

a⇤n
t -1.41 -1.45 -1.49

�at -0.01 -0.12 -0.03

Hiyama’s A = 7 calculation [?] is performed within a four-body cluster model
(⇤+N+N+↵). Her results without CSB force are included in Table 9 and are
quite well in line with the experimental evidence, as far as the CSB splitting is
concerned. Her results with the CSB force included are 0.15 MeV for 7

⇤Be-
7
⇤Li and

0.13 MeV for 7
⇤Li-

7
⇤He according to the figures (0.2 MeV according to the text).

However, she fitted her CSB potential to the old but outdated splittings in the
A = 4 system, i.e. to the scenario CSB2. We know from our study [?] that this leads
to a di↵erent trend for the ⇤p and ⇤n singlet interactions and to a sizable e↵ect in
the triplet state. Gal [?] emphasized that her calculation failed to reproduce the

*

Recent STAR measurement suggests different CSB in A=4:

 increases;  decreasesδa(1S0) δa(3S1)
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Fitting LECs to new Star measurement

3He
1/2+

Δ E(0+) = BΛ(4
ΛHe, 0+) − BΛ(4

ΛH, 0+) = 233 ± 92 keV (up to 2016) ⇒ (CSB)

Δ E(1+) = BΛ(4
ΛHe, 1+) − BΛ(4

ΛH, 1+) = −83 ± 94 keV (up to 2016) ⇒ (CSB)

= −160 ± 140 ± 100 keV ⇒ (CSB*)

= 160 ± 140 ± 100 keV ⇒ (CSB*)

 (STAR collaboration PLB 834 (2022))

8 Hoai Le et al.

Table 7 ⇤ separation energies for A = 7 isotriplet, computed using the NLO13(500) and
NLO19(500) together with the SRG-induced YNN forces. Experiments are taken from the
compilation in Ref. [?]. The cited results by Hiyama et al. based on a four-body cluster model [?]
are those without CSB force.

with 3BFs with 2BFs Experiment

NLO19 NLO13 NLO19 NLO13

� = 0.823 � = 0.765
7
⇤Be 5.54± 0.22 4.30± 0.47 5.44± 0.03 4.53± 0.34 5.16± 0.08
7
⇤Li

⇤ 5.64± 0.28 4.42± 0.58 5.49± 0.04 4.59± 0.34 5.26± 0.03 5.53± 0.13
7
⇤He 5.64± 0.27 4.39± 0.54 5.43± 0.06 4.45± 0.35 5.55± 0.1

Table 8 ⇤ separation energies for A = 7 isotriplet, computed using the NLO13(500) and
NLO19(500) together with the SRG-induced YNN forces. Experiments are taken from the
compilation in Ref. [?]. The cited results by Hiyama et al. based on a four-body cluster model [?]
are those without CSB force.

NLO19(500) NLO13(500) Exp.

emulsion counter

7
⇤Be 5.54± 0.22 4.30± 0.47 5.16± 0.08

7
⇤Li

⇤ 5.64± 0.28 4.42± 0.58 5.26± 0.03 5.53 ± 0.13

7
⇤He 5.64± 0.27 4.39± 0.54 5.55 ± 0.1

Table 9 ⇤ separation energies for A = 7 isotriplet, computed using the NLO13(500) and
NLO19(500) together with the SRG-induced YNN forces. Experiments are taken from the
compilation in Ref. [?]. The cited results by Hiyama et al. based on a four-body cluster model [?]
are those without CSB force.

NLO19(500) CSB1 CSB1A

a⇤p
s -2.91 -2.65 -2.58

a⇤n
s -2.91 -3.20 -3.29

�as 0 0.55 0.71

a⇤p
t -1.42 -1.57 -1.52

a⇤n
t -1.41 -1.45 -1.49

�at -0.01 -0.12 -0.03

Hiyama’s A = 7 calculation [?] is performed within a four-body cluster model
(⇤+N+N+↵). Her results without CSB force are included in Table 9 and are
quite well in line with the experimental evidence, as far as the CSB splitting is
concerned. Her results with the CSB force included are 0.15 MeV for 7

⇤Be-
7
⇤Li and

0.13 MeV for 7
⇤Li-

7
⇤He according to the figures (0.2 MeV according to the text).

However, she fitted her CSB potential to the old but outdated splittings in the
A = 4 system, i.e. to the scenario CSB2. We know from our study [?] that this leads
to a di↵erent trend for the ⇤p and ⇤n singlet interactions and to a sizable e↵ect in
the triplet state. Gal [?] emphasized that her calculation failed to reproduce the

*

Recent STAR measurement suggests different CSB in A=4:

 increases;  decreasesδa(1S0) δa(3S1)Impact on CSB in A=7,8 multiplets

• correlation between CSB in A=4( ) and A=8,
0+

independent check for A=4 CSB using A= 7 & 8 results 

• CSB* fit yields reasonable CSB in both A=7 & 8 multiplets 

and between  and A=7A = 4(1+)
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Results for S=-2 hypernuclei

YN: NLO19(650);  λYN = 0.87 fm−1

N4LO+(450); λNN = 1.6 fm−1NN: SMS

YY: LO, NLO(600) 
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3He
1/2+

star measurement 

YY ( ) interaction at NLOΞN
 J. Haidenbauer et al. NPA 954(2016), EPJA 55(2019); J. Haidenbauer EPJ Web Conf. 271(2022)

• additional 2 S-wave LECs are constrained to a few  data (weakly bound  states)ΞN Ξ
(from  calculations;  correlation, )  6

ΛΛHe ΛΛ 12C(K−, K+ΛΛX )+ information on   aΛΛ
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FIG. 3. ΛΛ and Σ+Σ+ cross sections. The bands represent our results at NLO (black/red) and LO (grey/green). The
experimental information is taken from Ahn et al. [44] (filled circle) and Kim [65] (open circle). Upper limits are indicated by
arrows.

TABLE II. Scattering lengths and effective ranges (in fm) for ΛΛ and Σ+Σ+, for various cut-off values (in MeV).

NLO LO

Λ 500 550 600 650 550 600 650 700

ΛΛ a1S0 −0.62 −0.61 −0.66 −0.70 −1.52 −1.52 −1.54 −1.67

r1S0 6.95 6.06 5.05 4.56 0.82 0.59 0.31 0.34

Σ+Σ+ a1S0 −2.19 −1.94 −1.83 −1.82 −6.23 −7.76 −9.42 −9.27

r1S0 5.67 5.97 6.05 5.93 2.17 2.00 1.88 1.88

elastic scattering are also strictly fulfilled. Note that the inelastic cross section reported in Ref. [45] is actually for
Ξ−N . However, the first inelastic channel for Ξ−n, namely ΛΣ−, opens around pΞ− = 590 MeV/c in free scattering,
i.e. practically above the momentum range covered by the experiment. Therefore, it is sensible to compare this data
point with our Ξ−p results.
For illustration purposes we display also results where all LECs in the antisymmetric SU(3) representations (10∗,

10, 8a) were taken over from the Y N fit [40]. Evidently, in this case the Ξ−p cross sections (hatched bands) are
too large as compared to the experiments. Specifically, the charge-exchange as well as the inelastic cross section are
overestimated by roughly a factor two. Though the data in question come from in-medium measurements [44, 45] it
is unrealistic to assume that medium effects could explain the observed discrepancy. Indeed, at Ξ momenta around
500 MeV/c one would expect that such effects are moderate, say in the order of 10 % or at most 20 %, as suggested
by corresponding calculations for the NN system [81–83].
Interestingly, the results based on our LO interaction from Ref. [29] (grey/green bands) are consistent with all

9
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FIG. 4. Ξ−p induced cross sections. The bands represent our results at NLO (black/red) and LO (grey/green). The hatched
band shows results based on C̃8a

3S1
from Ref. [40], see text. Experiments are from Ahn et al. [44] and Aoki et al. [45]. Upper

limits are indicated by arrows.

empirical constraints. Those cross sections are basically genuine predictions that follow from SU(3) symmetry utilizing
LECs fixed from a fit to the ΛN and ΣN data on the LO level. The LO calculation exhibits also a sizeable cusp effect
in the Ξ−p cross sections at the opening of the ΛΣ0 threshold which indicates a strong coupling to this channel. This
effect is much smaller for our NLO interaction and barely visible on the scale of Fig. 4.

The Ξ0p system is a pure isospin I = 1 state. Predictions for Ξ0p induced reactions are displayed in Fig. 5. There
are no data for the Ξ0p channel in the momentum region up to 1 GeV/c. The NLO and LO results for Ξ0p elastic
scattering are of comparable order of magnitude. Like before for Ξ−p, employing the LEC C̃8a

3S1
from the Y N sector

leads to a stronger interaction and would imply a much larger Ξ0p cross section near threshold (hatched band). Again
the cusp effect (now at the ΛΣ+ threshold) is strongly reduced for the NLO interaction. Data at higher momenta
suggest a Ξ0p elastic cross section in the order of 10 to 30 mb [67, 68]. Tamagawa et al. have deduced the Ξ−N elastic
cross section and also the ratio of the Ξ−p to Ξ−n scattering cross section for an average Ξ momentum of 550 MeV/c
[66]. Ξ−n is like Ξ0p a pure I = 1 state so that σΞ−n

∼= σΞ0p. Thus, we conclude from Figs. 4 and 5 that our results are
compatible with their measurement. Specifically, we get σΞ−p/σΞ−n

∼= σΞ−p/σΞ0p
∼= 1 for pΞ− = 500 ∼ 600 MeV/c

as reported in Ref. [66].

The strong coupling between the ΞN and ΛΣ systems at LO, conjectured from the pronounced cusp in the ΞN
cross section, is indeed reflected in the cross section for Ξ0p → ΛΣ+. It is significantly larger than the one predicted
at NLO, see Fig. 5 (right side). A cross section of 24 mb is given for this transition reaction in Ref. [68] for Ξ’s with
an average momentum of 2 GeV/c. The Σ0Σ+ channel opens at the Ξ0 momentum of roughly 970 MeV/c. A value
of 6 mb is given for the Ξ0p → Σ0Σ+ transition section in Ref. [68] for Ξ’s with an average momentum of 2 GeV/c.
We calculated this cross section for curiosity reasons for our NLO interaction and we found it to be in the order of
1–4 mb for momenta around 1 ∼ 1.3 GeV/c.

In general, there is a noticeable reduction of the dependence of the ΛΛ and Ξ−p results on the regularization in
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FIG. 6. ΛΛ and ΞN phase shifts in the 1S0 partial wave calculated in isospin basis. η is defined by S = ηe2iδ. The bands
represent our results at NLO. The panel on the upper right side shows the result for ΛΛ obtained in the particle basis.

threshold region because the thresholds for the Ξ0n and Ξ−p channels do not coincide (as they would in the isospin
symmetric case) but are separated by about 7 MeV. On the other hand, the results for I = 1 (based on averaged Ξ
and N masses) are very close to those for Ξ0p and, therefore, we do not write them down separately.
We list only effective range parameters for elastic channels. Thus, for isospin I = 0 only results for the 3S1 partial

wave are given because in this case there is no coupling of ΞN to ΛΛ due to the Pauli principle. One can see from
Table III that the NLO and LO potentials yield I = 0 scattering lengths of comparable magnitude. In both cases
a weakly attractive interaction is predicted. Also the cut-off dependence is comparable, though its effect is actually
reversed at NLO as compared to the LO case. The NLO interaction based on the value of C̃8a

3S1
from Ref. [40] is much

more attractive, see the results marked with an asterisk (∗) in Table III. Indeed, the large and positive scattering
length predicted here is in the order of the one in the np 3S1 partial wave where there is a bound state, namely the
deuteron. Thus, connecting Y N and ΞN by strict SU(3) symmetry would imply the existence of a deuteron-like state
in the I = 0 ΞN system for our NLO interaction. However, as argued above, with such a strongly attractive force we
are not able to meet the constraints set by the experiments. Hence, if one takes those constraints serious one would
rather exclude the existence of such a state.
The effective range parameters for Ξ0p reveal that the interaction in the isospin I = 1 channel is likewise weak.

The small and positive values of the scattering length in the 1S0 partial wave point to a weak repulsion. Again the
results obtained at the NLO and LO level are comparable. With regard to the results for the 3S1 partial wave based
on C̃8a

3S1
from Ref. [40] those are somewhat more attractive but there is no dramatic difference. In some cases, notably

LO
NLO

  (NLO(550))UΞ(ρ0,0) ≈ − 9
= − 6  (HAL QCD, t/a=11)

(t/a=12)

(M. Kohno PRC 100(2019); 
 T. Inoue PoS INPC2016 (2016))

ΞN → ΞN
blue: HAL QCD  
red: NLO(500)  correlation functionΞ−p
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  5
ΛΛHe(1

2
+
, 1

2 )

  6
ΛΛHe, NLO

  6
ΛΛHe, LO

0.5 MeV

0.23 MeV

  5
ΛΛHe, NLO

  5
ΛΛHe, LO

FY calculations:   ΔBΛΛ(  5ΛΛHe) < ΔBΛΛ(  6ΛΛHe)  (I. Filikhin, A. Gal NPA 707 (2002))

• Large difference between :     ΔBΛΛ ΔBΛΛ(  5ΛΛHe) > ΔBΛΛ(  6ΛΛHe) (K. S. Myint et al EPJ (2003))

• effect of SRG-induced YYN force on   is minorΔBΛΛ, BΛΛ

•              PΞ(  6ΛΛHe) < PΞ(  5ΛΛHe)

⇒ ΛΛ − ΞN transition is suppressed in    6
ΛΛHe

B. F. Gibson PTPS 117, 339 (1994)
 E. Hiyama et al.  PPNP (2009)

Chapter 6 Results for ⇤⇤ s-shell hypernuclei

5
⇤⇤He 6

⇤⇤He

P⌅ B⇤⇤ P⌅ P⇤⇤

NLO(�YY = 2) 0.38 3.67 ± 0.03 0.07 7.62 ± 0.02

LO(�YY = 2) 1.36 4.53 ± 0.01 0.84 8.40 ± 0.02

mNDs* 3.66 0.28 7.54

Table 6.2: Probabilities (in percentage) of finding single and double ⌃, and a ⌅ hyperons in the ground-state
wavefunction of 6

⇤⇤He. Note that the corresponding P⌃ in the wavefunction of the parent hypernucleus is
P⌃(5

⇤He) = 0.07%.

found in the Faddeev-Yakubovsky cluster calculations that there is an almost linear correlation
between the calculated values of B⇤⇤ for the 5

⇤⇤He ( 5
⇤⇤H) and 6

⇤⇤He hypernuclei [166]. It will be
very interesting to see whether one observes a similar correlation for chiral interactions. At this
exploratory stage, we however need to postpone this question to a future study but focus on the
di↵erent e↵ects of the LO and NLO potentials on B⇤⇤( 5

⇤⇤He) instead.
The !- and N-extrapolation of the binding energy E, ⇤⇤-separation energy B⇤⇤ and the

separation-energy di↵erence �B⇤⇤ of 5
⇤⇤He are illustrated in Fig. 6.3. The calculations are also

shown for the LO potential with a flow parameter of �YY = 2.4 fm-1 and for all model spaces up
to Nmax = 16. It is noted that in case of 4

⇤He, the binding calculations were performed for model
spaces up to Nmax(4

⇤He) = 22 in order to achieve a good convergence. Calculations with such large
model spaces are currently not feasible for 5

⇤⇤He because of memory constraints. Nonetheless,
our illustrative results in Figs. 6.3(b) to 6.3(d) clearly indicate that well-converged results are
achieved for this double-⇤ hypernucleus already for model spaces up to Nmax = 16. Moreover,
the employed extrapolation procedure from Section 4.1 also allows for a reliable estimate of the
truncation uncertainty. Let us further remark that when calculating the di↵erence

�B⇤⇤( 5
⇤⇤He) = B⇤⇤( 5

⇤⇤He) � 2B⇤(4
⇤He) (6.2)

we do not simply assign the ground-state ⇤-separation energy B⇤(4
⇤He, 0+) to B⇤(4

⇤He) but rather
the spin-averaged value B⇤(4

⇤He) of the ground-state doublet [164]

B⇤(4
⇤He) =

1
4

B⇤(4
⇤He, 0+) +

3
4

B⇤(4
⇤He, 1+). (6.3)

By replacing B⇤(4
⇤He) in Eq. (6.2) with B⇤(4

⇤He), the computed quantity �B⇤⇤( 5
⇤⇤He) then is free

from the spin-dependenct e↵ect of the ⇤-core interactions, and therefore, can be used as a measure
of the ⇤⇤ interaction strength, provided that the nuclear contraction and screening e↵ects are small.

Having achieved well-converged results for the particle-stable 5
⇤⇤He hypernucleus, we can now

study the predictions of the LO and NLO potentials for this S = �2 system. The results for
B⇤⇤( 5

⇤⇤He) and �B⇤⇤( 5
⇤⇤He) calculated for the two interactions and a wide range of flow parameter,

126

 H. Nemura et al., PRL 94 (2005)*

BΛΛ

  5
ΛΛHe (  5ΛΛH)

M
itg

lie
d 

de
r H

el
m

ho
ltz

-G
em

ei
ns

ch
af

t

12

  5
ΛΛHe(1

2
+
, 1

2 )

  6
ΛΛHe, NLO

  6
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ΛΛHe, NLO
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FY calculations:   ΔBΛΛ(  5ΛΛHe) < ΔBΛΛ(  6ΛΛHe)  (I. Filikhin, A. Gal NPA 707 (2002))

• Large difference between :     ΔBΛΛ ΔBΛΛ(  5ΛΛHe) > ΔBΛΛ(  6ΛΛHe) (K. S. Myint et al EPJ (2003))

• effect of SRG-induced YYN force on   is minorΔBΛΛ, BΛΛ

•              PΞ(  6ΛΛHe) < PΞ(  5ΛΛHe)

⇒ ΛΛ − ΞN transition is suppressed in    6
ΛΛHe

B. F. Gibson PTPS 117, 339 (1994)
 E. Hiyama et al.  PPNP (2009)

Chapter 6 Results for ⇤⇤ s-shell hypernuclei

5
⇤⇤He 6

⇤⇤He

P⌅ B⇤⇤ P⌅ P⇤⇤

NLO(�YY = 2) 0.38 3.67 ± 0.03 0.07 7.62 ± 0.02

LO(�YY = 2) 1.36 4.53 ± 0.01 0.84 8.40 ± 0.02

mNDs* 3.66 0.28 7.54

Table 6.2: Probabilities (in percentage) of finding single and double ⌃, and a ⌅ hyperons in the ground-state
wavefunction of 6

⇤⇤He. Note that the corresponding P⌃ in the wavefunction of the parent hypernucleus is
P⌃(5

⇤He) = 0.07%.

found in the Faddeev-Yakubovsky cluster calculations that there is an almost linear correlation
between the calculated values of B⇤⇤ for the 5

⇤⇤He ( 5
⇤⇤H) and 6

⇤⇤He hypernuclei [166]. It will be
very interesting to see whether one observes a similar correlation for chiral interactions. At this
exploratory stage, we however need to postpone this question to a future study but focus on the
di↵erent e↵ects of the LO and NLO potentials on B⇤⇤( 5

⇤⇤He) instead.
The !- and N-extrapolation of the binding energy E, ⇤⇤-separation energy B⇤⇤ and the

separation-energy di↵erence �B⇤⇤ of 5
⇤⇤He are illustrated in Fig. 6.3. The calculations are also

shown for the LO potential with a flow parameter of �YY = 2.4 fm-1 and for all model spaces up
to Nmax = 16. It is noted that in case of 4

⇤He, the binding calculations were performed for model
spaces up to Nmax(4

⇤He) = 22 in order to achieve a good convergence. Calculations with such large
model spaces are currently not feasible for 5

⇤⇤He because of memory constraints. Nonetheless,
our illustrative results in Figs. 6.3(b) to 6.3(d) clearly indicate that well-converged results are
achieved for this double-⇤ hypernucleus already for model spaces up to Nmax = 16. Moreover,
the employed extrapolation procedure from Section 4.1 also allows for a reliable estimate of the
truncation uncertainty. Let us further remark that when calculating the di↵erence

�B⇤⇤( 5
⇤⇤He) = B⇤⇤( 5

⇤⇤He) � 2B⇤(4
⇤He) (6.2)

we do not simply assign the ground-state ⇤-separation energy B⇤(4
⇤He, 0+) to B⇤(4

⇤He) but rather
the spin-averaged value B⇤(4

⇤He) of the ground-state doublet [164]

B⇤(4
⇤He) =

1
4

B⇤(4
⇤He, 0+) +

3
4

B⇤(4
⇤He, 1+). (6.3)

By replacing B⇤(4
⇤He) in Eq. (6.2) with B⇤(4

⇤He), the computed quantity �B⇤⇤( 5
⇤⇤He) then is free

from the spin-dependenct e↵ect of the ⇤-core interactions, and therefore, can be used as a measure
of the ⇤⇤ interaction strength, provided that the nuclear contraction and screening e↵ects are small.

Having achieved well-converged results for the particle-stable 5
⇤⇤He hypernucleus, we can now

study the predictions of the LO and NLO potentials for this S = �2 system. The results for
B⇤⇤( 5

⇤⇤He) and �B⇤⇤( 5
⇤⇤He) calculated for the two interactions and a wide range of flow parameter,
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ΛΛHe, LO
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0.23 MeV

  5
ΛΛHe, NLO
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ΛΛHe, LO

FY calculations:   ΔBΛΛ(  5ΛΛHe) < ΔBΛΛ(  6ΛΛHe)  (I. Filikhin, A. Gal NPA 707 (2002))

• Large difference between :     ΔBΛΛ ΔBΛΛ(  5ΛΛHe) > ΔBΛΛ(  6ΛΛHe) (K. S. Myint et al EPJ (2003))

• effect of SRG-induced YYN force on   is minorΔBΛΛ, BΛΛ

•              PΞ(  6ΛΛHe) < PΞ(  5ΛΛHe)

⇒ ΛΛ − ΞN transition is suppressed in    6
ΛΛHe

B. F. Gibson PTPS 117, 339 (1994)
 E. Hiyama et al.  PPNP (2009)

Chapter 6 Results for ⇤⇤ s-shell hypernuclei

5
⇤⇤He 6

⇤⇤He

P⌅ B⇤⇤ P⌅ P⇤⇤

NLO(�YY = 2) 0.38 3.67 ± 0.03 0.07 7.62 ± 0.02

LO(�YY = 2) 1.36 4.53 ± 0.01 0.84 8.40 ± 0.02

mNDs* 3.66 0.28 7.54

Table 6.2: Probabilities (in percentage) of finding single and double ⌃, and a ⌅ hyperons in the ground-state
wavefunction of 6

⇤⇤He. Note that the corresponding P⌃ in the wavefunction of the parent hypernucleus is
P⌃(5

⇤He) = 0.07%.

found in the Faddeev-Yakubovsky cluster calculations that there is an almost linear correlation
between the calculated values of B⇤⇤ for the 5

⇤⇤He ( 5
⇤⇤H) and 6

⇤⇤He hypernuclei [166]. It will be
very interesting to see whether one observes a similar correlation for chiral interactions. At this
exploratory stage, we however need to postpone this question to a future study but focus on the
di↵erent e↵ects of the LO and NLO potentials on B⇤⇤( 5

⇤⇤He) instead.
The !- and N-extrapolation of the binding energy E, ⇤⇤-separation energy B⇤⇤ and the

separation-energy di↵erence �B⇤⇤ of 5
⇤⇤He are illustrated in Fig. 6.3. The calculations are also

shown for the LO potential with a flow parameter of �YY = 2.4 fm-1 and for all model spaces up
to Nmax = 16. It is noted that in case of 4

⇤He, the binding calculations were performed for model
spaces up to Nmax(4

⇤He) = 22 in order to achieve a good convergence. Calculations with such large
model spaces are currently not feasible for 5

⇤⇤He because of memory constraints. Nonetheless,
our illustrative results in Figs. 6.3(b) to 6.3(d) clearly indicate that well-converged results are
achieved for this double-⇤ hypernucleus already for model spaces up to Nmax = 16. Moreover,
the employed extrapolation procedure from Section 4.1 also allows for a reliable estimate of the
truncation uncertainty. Let us further remark that when calculating the di↵erence

�B⇤⇤( 5
⇤⇤He) = B⇤⇤( 5

⇤⇤He) � 2B⇤(4
⇤He) (6.2)

we do not simply assign the ground-state ⇤-separation energy B⇤(4
⇤He, 0+) to B⇤(4

⇤He) but rather
the spin-averaged value B⇤(4

⇤He) of the ground-state doublet [164]

B⇤(4
⇤He) =

1
4

B⇤(4
⇤He, 0+) +

3
4

B⇤(4
⇤He, 1+). (6.3)

By replacing B⇤(4
⇤He) in Eq. (6.2) with B⇤(4

⇤He), the computed quantity �B⇤⇤( 5
⇤⇤He) then is free

from the spin-dependenct e↵ect of the ⇤-core interactions, and therefore, can be used as a measure
of the ⇤⇤ interaction strength, provided that the nuclear contraction and screening e↵ects are small.

Having achieved well-converged results for the particle-stable 5
⇤⇤He hypernucleus, we can now

study the predictions of the LO and NLO potentials for this S = �2 system. The results for
B⇤⇤( 5

⇤⇤He) and �B⇤⇤( 5
⇤⇤He) calculated for the two interactions and a wide range of flow parameter,
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BΛΛ

A=4-6  hypernucleiΛΛ

• NLO result is comparable to Nagara; LO leads to overbinding

   use  to impose constraints on LECs
ΔBΛΛ(  6ΛΛHe)

HL, J. Haidenbauer, U.-G. Meißner, A. Nogga  EPJA 57 7(2021) 

  6
ΛΛHe

•  is unbound with NLO. Existence of 

 hypernucleus is very unlikely

  4
ΛΛH A = 4 ΛΛ

  4
ΛΛH(1+,0)

•   conversions are explicitly includedΛΛ, ΛΣ, ΣΣ, ΞN

0.67 ± 0.17

•   are bound with LO, NLO  5
ΛΛHe (  5ΛΛH)

7Li(K−, K+) 7
ΞH; 7

ΞH →   5
ΛΛH+n + n (E75 JPARC)

• Effect of SRG-induced YYN forces is negligible
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3He
1/2+

A=4-7  hypernucleiΞ

 K. Myint et al. PTPS 117 (1994)(3)

E.Hiyama et al. PRL 124 (2020)(1)

 E. Friedman, A. Gal  PLB(2021)(2)

H. Fujioko  APFB2021, 3(2021)(4)

•  Coulomb interaction contributes ~ 200, 600 and 400 keV to   NNNΞ, 5
ΞH, 7

ΞH

HAL QCD  (4)

Nijmegen  (4)
Gal(2)

Myint(3)

HAL QCD  (1)

HL, J. Haidenbauer, U.-G. Meißner, A. Nogga, EPJA 57 12(2021) 
7

B⌅ [MeV] � [MeV]

4
⌅H(1+, 0) 0.48± 0.01 0.74

4
⌅n(0+, 1) 0.71± 0.08 0.2

4
⌅n(1+, 1) 0.64± 0.11 0.01

4
⌅H(0+, 0) - -

5
⌅H(12

+
,
1
2 ) 2.16± 0.10 0.19

7
⌅H(12

+
,
3
2 ) 3.50± 0.39 0.2

Table 1: ⌅ separation energies B⌅ and estimated decay
widths � for A = 4� 7 ⌅ hypernuclei. All calculations
are based on the YY-⌅N interaction NLO(500) and the
NN interaction SMS N4LO+(450). Both potentials are
SRG-evolved to a flow parameter of �NN = �Y Y =
1.6 fm-1. The values of B⌅ in NNN⌅, 5

⌅H and 7
⌅H are

measured with respect to the binding energies of the
core nuclei 3H, 4He and 6He, respectively.

have used the imaginary part of the G matrix. Here,
we employ the ⌅N T -matrix in the 11

S0 state from
the original potential that includes the ⌅N-⇤⇤ cou-
pling [21] instead. Schematically the width amounts to
� ' �2 Im h B⌅ |T⌅N�⌅N | B⌅ i and involves the per-
tinent hypernuclear wave function  B⌅ and the (o↵-
shell) ⌅N T -matrix at the sub-threshold energy corre-
sponding to the bound state. One can clearly see that
the three states (1+, 0), (0+, 1) and (1+, 1) in NNN⌅
are only weakly bound, possessing quite similar B⌅ ’s
but substantially di↵erent decay widths. Interestingly,
our result for B⌅(NNN⌅(1+, 0)) is close to that for
the HAL QCD potential, reported in [18], although the
(0+, 1) and (1+, 1) states are unbound for the HAL
QCD interaction. There are substantial (but not sur-
prising) di↵erences between our separation energies
B⌅(NNN⌅) and the predictions [18] for the ESC08c
potential [20]. According to the discussion in Ref. [18],
it is the strong attraction in the 33

S1 and 13
S1 chan-

nels that is responsible for the rather large binding en-
ergies predicted for that ESC08c model in the (1+, 0)
and (1+, 1) states.

Our results for the 5
⌅H separation energy and decay

width are B⌅(5⌅H) = 2.16±0.1 MeV and � (5⌅H) = 0.19
MeV, respectively. Oddly enough, these values agree
roughly with the estimations by Myint and Akaishi [46]
of 1.7 MeV and 0.2 MeV, respectively. However, given
the di↵erences in the underlying interactions and specif-

V
S=�2 E

11
S0

31
S0

13
S1

33
S1 total

4
⌅H(1+, 0) -1.95 0.02 -0.7 -2.31 -5.21 -8.97

4
⌅n(0+, 1) -0.6 0.25 -0.004 -0.74 -1.37 -9.07

4
⌅n(1+, 1) -0.02 0.16 -0.13 -1.14 -1.30 -9.0

4
⌅H(0+, 0) -0.002 0.08 -0.01 -0.006 -0.11 -6.94

5
⌅H(1/2+, 1/2) -0.96 0.94 -0.58 -3.63 -4.88 -31.43

7
⌅H(1/2+, 3/2) -1.23 1.79 -0.79 -6.74 -8.04 -33.22

Table 2: Contributions of di↵erent partial waves to
hV S=�2i (first five columns), and the total binding en-
ergy (last column) for the A = 4 � 7 ⌅ hypernuclei.
The results are extracted at N = 28, ! = 10 MeV for
NNN⌅, at N = 14, ! = 16 MeV for 5

⌅H and at N = 10,
! = 16 MeV for 7

⌅H. All energies are given in MeV.
Same interactions as in Table 1. Note that the calcu-
lated binding energy of 3He(3H) is �7.79 (�8.50) MeV.

ically in the employed approaches, this is certainly acci-
dental. We further note that in contrast to our finding
where 5

⌅H is bound primarily due to the strong ⌅N in-
teraction, the authors in [46] state that the binding en-
ergy of 1.7 MeV in 5

⌅H largely comes from the 4He-⌅�

Coulomb interaction. The mechanism for the narrow
width of 5

⌅H has been investigated in [48,49]. Recently,
Friedman and Gal, employing an optical potential, also
reported a quite similar result for 5

⌅H (B⌅(5⌅H) =
2.0 MeV) [11]. But also here the agreement could be
more or less accidental given that the ⌅-nuclear in-
teraction used as starting point in that work is with
U⌅ . �20 MeV significantly more attractive than the
one predicted by the chiral ⌅N potential employed in
the present study which is only around U⌅ ⇡ �9 MeV
[38] as mentioned above.

The prediction of the chiral ⌅N interaction for 7
⌅H

( 12
+
,
3
2 ), B⌅(7⌅H) = 3.50 ± 0.39 MeV, is only slightly

larger than the binding energy of 3.15 MeV reported
by Fujioka et al. [47, 50] for the HAL QCD interac-
tion, based on a calculation within a four-body (↵nn⌅)
cluster model [25, 51]. An earlier study utilizing older
S = �2 potentials from the Nijmegen group indicated
somewhat smaller binding energies [25, 52]. Finally, as

one can see from Table 1, the 7
⌅H( 12

+
,
3
2 ) state is also

very narrow, with a width of � = 0.2 MeV.

• the attraction of chiral  potential in  is essential for binding of A=4-7  hypernucleiΞN 33S1 Ξ

•  transitions are explicitly included;  coupling is incorporated into ΞN−ΛΣ − ΣΣ ΛΛ − ΞN(11S0) VΞN−ΞN

0.36 ± 0.42

is comparable to the value computed by Emiko Hiyma using HAL QCD potential. But, this potential does not support


• production: 4He(K−, K+) 4
ΞH; 7Li(K−, K+) 7

ΞH (JPARC)
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Summary

3He
1/2+

• At our disposal we have 2 tools to tackle light (hyper)nuclear systems: 

‣ s-shell (hyper)nuclei:    Faddeev-Yakubovsky

‣ s-shell & light p-shell:   Jacobi NCSM approach; numerical uncertainties (s-shell) ~ few keV

• YN (YY) at NLO yield reasonable  in A=3-8 hypernuclei; bound states in A=4-7  systems


     YNN forces are expected to contribute sizeably to   (work in progress)

BΛ(ΛΛ) Ξ

χ BΛ

establish a direct link between the interactions and observables ( )A ≤ 9

• CSB NLO interactions reproduce experimental CSB for  multiplets; 


 CSB prediction is larger than experiment   

A = 4, 7
A = 8

Thank you for the attention!

use  to constrain  scattering length?ΔBΛΛ(  6ΛΛHe) ΛΛ


