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Proton-polarizability effects in the hyperfine 
splitting of hydrogen and muonic hydrogen


• pion-nucleon loops (LO ChPT)


• Δ-exchange (NLO)


Zemach radius extractions
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Structure Effects through 2γ

�4

“blob” corresponds to forward doubly-virtual Compton scattering (VVCS): 

proton structure effects at subleading orders arise through multi-photon 
processes

elastic contribution:             

finite-size recoil, 


3rd Zemach moment (Lamb shift),

Zemach radius (Hyperfine splitting)                     

polarizability contribution
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forward 

two-photon exchange (2γ)



HFS in μH
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Fermi - Energy:
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Figure 3 shows the two measured mp res-
onances. Details of the data analysis are given
in (12). The laser frequency was changed every
few hours, and we accumulated data for up to
13 hours per laser frequency. The laser frequen-
cy was calibrated [supplement in (6)] by using
well-known water absorption lines. The reso-
nance positions corrected for laser intensity ef-
fects using the line shape model (12) are

ns ¼ 54611:16(1:00)stat(30)sysGHz ð2Þ

nt ¼ 49881:35(57)stat(30)sysGHz ð3Þ

where “stat” and “sys” indicate statistical and sys-
tematic uncertainties, giving total experimental un-
certainties of 1.05 and 0.65 GHz, respectively.
Although extracted from the same data, the fre-
quency value of the triplet resonance, nt, is slightly
more accurate than in (6) owing to several improve-
ments in the data analysis. The fitted line widths
are 20.0(3.6) and 15.9(2.4) GHz, respectively, com-
patible with the expected 19.0 GHz resulting from
the laser bandwidth (1.75 GHz at full width at half
maximum) and the Doppler broadening (1 GHz)
of the 18.6-GHz natural line width.

The systematic uncertainty of each measure-
ment is 300 MHz, given by the frequency cal-
ibration uncertainty arising from pulse-to-pulse
fluctuations in the laser and from broadening
effects occurring in the Raman process. Other
systematic corrections we have considered are
the Zeeman shift in the 5-T field (<60 MHz),
AC and DC Stark shifts (<1 MHz), Doppler
shift (<1 MHz), pressure shift (<2 MHz), and
black-body radiation shift (<<1 MHz). All these
typically important atomic spectroscopy system-
atics are small because of the small size of mp.

The Lamb shift and the hyperfine splitting.
From these two transition measurements, we
can independently deduce both the Lamb shift
(DEL = DE2P1/2−2S1/2) and the 2S-HFS splitting
(DEHFS) by the linear combinations (13)

1
4
hns þ

3
4
hnt ¼ DEL þ 8:8123ð2ÞmeV

hns − hnt ¼ DEHFS − 3:2480ð2ÞmeV ð4Þ

Finite size effects are included in DEL and
DEHFS. The numerical terms include the cal-
culated values of the 2P fine structure, the 2P3/2
hyperfine splitting, and the mixing of the 2P
states (14–18). The finite proton size effects on
the 2P fine and hyperfine structure are smaller
than 1 × 10−4 meV because of the small overlap
between the 2P wave functions and the nu-
cleus. Thus, their uncertainties arising from
the proton structure are negligible. By using
the measured transition frequencies ns and nt
in Eqs. 4, we obtain (1 meV corresponds to
241.79893 GHz)

DEexp
L ¼ 202:3706(23) meV ð5Þ

DEexp
HFS ¼ 22:8089(51) meV ð6Þ

The uncertainties result from quadratically
adding the statistical and systematic uncertain-
ties of ns and nt.

The charge radius. The theory (14, 16–22)
relating the Lamb shift to rE yields (13):

DEth
L ¼ 206:0336(15Þ − 5:2275(10Þr2E þ DETPE

ð7Þ

where E is in meV and rE is the root mean
square (RMS) charge radius given in fm and
defined as rE

2 = ∫d3r r2 rE(r) with rE being the
normalized proton charge distribution. The first
term on the right side of Eq. 7 accounts for
radiative, relativistic, and recoil effects. Fine and
hyperfine corrections are absent here as a con-
sequence of Eqs. 4. The other terms arise from
the proton structure. The leading finite size effect
−5.2275(10)rE2 meV is approximately given by
Eq. 1 with corrections given in (13, 17, 18).
Two-photon exchange (TPE) effects, including the
proton polarizability, are covered by the term
DETPE = 0.0332(20) meV (19, 24–26). Issues
related with TPE are discussed in (12, 13).

The comparison of DEth
L (Eq. 7) with DEexp

L
(Eq. 5) yields

rE ¼ 0:84087(26)exp(29)th fm
¼ 0:84087(39) fm ð8Þ

This rE value is compatible with our pre-
vious mp result (6), but 1.7 times more precise,
and is now independent of the theoretical pre-
diction of the 2S-HFS. Although an order of
magnitude more precise, the mp-derived proton
radius is at 7s variance with the CODATA-2010
(7) value of rE = 0.8775(51) fm based on H spec-
troscopy and electron-proton scattering.

Magnetic and Zemach radii. The theoretical
prediction (17, 18, 27–29) of the 2S-HFS is (13)

DEth
HFS ¼ 22:9763(15Þ − 0:1621(10)rZ þ DEpol

HFS

ð9Þ

where E is in meVand rZ is in fm. The first term is
the Fermi energy arising from the interaction
between the muon and the proton magnetic mo-
ments, corrected for radiative and recoil con-
tributions, and includes a small dependence of
−0.0022rE2 meV = −0.0016 meVon the charge
radius (13).

The leading proton structure term depends
on rZ, defined as

rZ ¼ ∫d3r∫d3r′r′rE(r)rM(r − r′) ð10Þ

with rM being the normalized proton mag-
netic moment distribution. The HFS polariz-

Fig. 1. (A) Formation of mp in highly excited states and subsequent cascade with emission of “prompt”
Ka, b, g. (B) Laser excitation of the 2S-2P transition with subsequent decay to the ground state with Ka
emission. (C) 2S and 2P energy levels. The measured transitions ns and nt are indicated together with
the Lamb shift, 2S-HFS, and 2P-fine and hyperfine splitting.
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Ground-State HFS
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I. Introduction and Motivation

Figure I.6.: Determinations of the proton’s electric and magnetic radii. The bands correspond to the
CODATA ’14 recommendation [99] (orange) and the muonic-hydrogen Lamb shift result [100] (green).
The error ellipses show the analyses of electron-proton scattering data by Lorenz et al. [140] (blue), Sick
[133] (purple) and Bernauer et al. [194] (red). The red lines display the Bernauer fit with two-photon-
exchange corrections: [195] (solid), [29, 196] (dashed).

REd(µH + iso.) = 2.12771(22) fm [100]. (I.5b)

The concept of isotope shifts will be also used to re-extract the 6He and 8He charge radii
[199, 200] once the ↵-particle radius is extracted from the µ4He LS. And the µ3He+ and µ4He+

charge radii will be used to disentangle the 4� discrepancy between 3He and 4He isotopic shift
measurements [201, 202].

The Bernauer MAMI measurement [15] extended the world data set of ep scattering sub-
stantially. Presently, the lower bound in the Q2 range is situated at Q2 = 0.004 GeV2/c2.
Nevertheless, it could be that the range and accuracy of the present ep scattering data is simply
insu�cient to make a quantitative statement on the proton charge radius. For example, two
recent re-analyses [203, 204] concluded that ep scattering is consistent with both H and µH
spectroscopy, i.e., with radii in the range of 0.84 to 0.89 fm. The predictions obtained from
ep scattering highly depend on the fitting model, inclusion or neglect of high-Q2 data, etc. An
obvious quality criterion should be that the employed FF parametrization displays a physical
behavior. In this respect, the dispersive framework is advantageous, as it incorporates the an-
alyticity and unitarity constraints on the proton structure [137, 138, 140]. To mention other
ideas, it was suggested that a FF basis with analytic Fourier transform is desirable, since the
charge distribution of the proton, %Ep(r), could be studied at the same time [133, 205–207]. A
new fitting ansatz with higher moments fixed to the values predicted by ChPT [136] achieved
a proton radius right between the µH and CODATA values, cf. Fig. I.4. Recalling that in the
analysis of ep scattering the e.m. FFs, GEp and GMp, are extracted simultaneously, we plot RMp

vs. REp in Fig. I.6, illustrating that there are also discrepancies in the determination of RMp.
For the future, new data closing the gap at low Q2 are anticipated, which will make the

extrapolation of the FFs to Q2 = 0, cf. Eq. (II.9), easier. The initial state radiation experiment at
MAMI [208, 209] plans to reach down to Q2 ⇠ 10�4 GeV2/c2 and determine the FFs with a sub-

10

measurements of the 1S HFS in 
muonic hydrogen planned by the 
CREMA, FAMU and J-PARC / Riken-
RAL collaborations


Zemach radius contains information 
about both electric and magnetic 
distributions → can help to pin down 
the magnetic properties of the proton

1S HFS in

electronic hydrogen
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(non-Born) polarizability + (Born) elastic 2γ contributions


S1 and S2 fulfil unsubtracted dispersion relations
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proton-polarizability effect on the HFS is completely constrained by 
empirical information 

a ChPT calculation will put the reliability of dispersive calculations (and 
ChPT) to the test

Polarizability Effect on the HFS
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pure polarizability
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and data-driven dispersive calculations
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Fig. 1 The two-photon
exchange diagrams of elastic
lepton–nucleon scattering
calculated in this work in the
zero-energy (threshold)
kinematics. Diagrams obtained
from these by crossing and
time-reversal symmetry are
included but not drawn

(b) (c)(a)

(d) (e) (f)

(g) (h) (j)

of two scalar amplitudes:

T µν(P, q) = −gµν T1(ν
2, Q2) + Pµ Pν

M2
p

T2(ν
2, Q2), (5)

with P the proton 4-momentum, ν = P ·q/Mp, Q2 = −q2,
P2 = M2

p. Note that the scalar amplitudes T1,2 are even
functions of both the photon energy ν and the virtuality Q.
Terms proportional to qµ or qν are omitted because they
vanish upon contraction with the lepton tensor.

Going back to the energy shift one obtains [12]:

"EnS = αem φ2
n

4π3mℓ

1
i

∫
d3q

∞∫

0

dν

× (Q2 − 2ν2) T1(ν
2, Q2) − (Q2 + ν2) T2(ν

2, Q2)

Q4[(Q4/4m2
ℓ) − ν2] . (6)

In this work we calculate the functions T1 and T2 by
extending the BχPT calculation of real Compton scatter-
ing [26] to the case of virtual photons. We then split the
amplitudes into the Born (B) and non-Born (NB) pieces:

Ti = T (B)
i + T (NB)

i . (7)

The Born part is defined in terms of the elastic nucleon form
factors as in, e.g. [13,27]:

T (B)
1 = 4παem

Mp

[
Q4(FD(Q2)+FP (Q2))2

Q4−4M2
pν

2 −F2
D(Q2)

]

, (8a)

T (B)
2 = 16παem Mp Q2

Q4 − 4M2
pν

2

[

F2
D(Q2)+ Q2

4M2
p

F2
P (Q2)

]

. (8b)

In our calculation the Born part was separated by subtract-
ing the on-shell γ N N pion loop vertex in the one-particle-
reducible VVCS graphs; see diagrams (b) and (c) in Fig. 1.

Focusing on the O(p3) corrections (i.e., the VVCS amplitude
corresponding to the graphs in Fig. 1) we have explicitly ver-
ified that the resulting NB amplitudes satisfy the dispersive
sum rules [28]:

T (NB)
1 (ν2, Q2)

= T (NB)
1 (0, Q2) + 2ν2

π

∞∫

ν0

dν′ σT (ν′, Q2)

ν′2 − ν2 , (9a)

T (NB)
2 (ν2, Q2)

= 2
π

∞∫

ν0

dν′ ν′ 2 Q2

ν′2 + Q2

σT (ν′, Q2) + σL(ν′, Q2)

ν′2 − ν2 , (9b)

with ν0 = mπ + (m2
π + Q2)/(2Mp) the pion-production

threshold, mπ the pion mass, and σT (L) the tree-level cross
section of pion production off the proton induced by trans-
verse (longitudinal) virtual photons, cf. Appendix B. We
hence establish that one is to calculate the ‘elastic’ con-
tribution from the Born part of the VVCS amplitudes and
the ‘polarizability’ contribution from the non-Born part,
in accordance with the procedure advocated by Birse and
McGovern [13].

Substituting the O(p3) NB amplitudes into Eq. (6) we
obtain the following value for the polarizability correction:

"E (pol)
2S = −8.16 µeV. (10)

This is quite different from the corresponding HBχPT result
for this effect obtained by Nevado and Pineda [11]:

"E (pol)
2S (LO-HBχPT) = −18.45 µeV. (11)

We postpone a detailed discussion of this difference till
Sect. 4.

123

=

J. M. Alarcon, V. Lensky, V. Pascalutsa, Eur. Phys. J. C 74 (2014) 2852

LO BChPT prediction:

EhLOi pol.
LS

(µH) = 8
+3

�1
µeV

<latexit sha1_base64="t9qym1AkFlHKI+umYiTYmRql75o="></latexit><latexit sha1_base64="t9qym1AkFlHKI+umYiTYmRql75o="></latexit><latexit sha1_base64="t9qym1AkFlHKI+umYiTYmRql75o="></latexit><latexit sha1_base64="t9qym1AkFlHKI+umYiTYmRql75o="></latexit>



�10ECT* Workshop on the Proton Radius Puzzle, 23.06.2016 Franziska Hagelstein, Uni Mainz

ddd ddd ddd ddd ddd ddd dd dd

dddddddddd
dddddddddddddd
dddddddddddddddd
ddddddddddddddddddddddddddd
dddddddddddddddχdd
dddddddddddddddddddd
dddddddddddddddd
dddddddddddddddddddddd
ddχddddd
ddddddddddddddddddd
ddχdddddd
dddddddddddddddddd
dχddddd
dddddddddddddddddddd
dχdddddd∆
ddddddddddddddddddddddd

∆ddd
dddddµddd

ddd ddd ddd ddd ddd ddd dd dd

dddddddddd
dddddddddddddd
dddddddddddddddd
ddddddddddddddddddddddddddd
dddddddddddddddχdd
dddddddddddddddddddd
dddddddddddddddd
dddddddddddddddddddddd
ddχddddd
ddddddddddddddddddd
ddχdddddd
dddddddddddddddddd
dχddddd
dddddddddddddddddddd
dχdddddd∆
ddddddddddddddddddddddd

∆ddd
dddddµddd

ddd ddd ddd ddd ddd ddd dd dd

dddddddddd
dddddddddddddd
dddddddddddddddd
ddddddddddddddddddddddddddd
dddddddddddddddχdd
dddddddddddddddddddd
dddddddddddddddd
dddddddddddddddddddddd
ddχddddd
ddddddddddddddddddd
ddχdddddd
dddddddddddddddddd
dχddddd
dddddddddddddddddddd
dχdddddd∆
ddddddddddddddddddddddd

∆ddd
dddddµddd

ddd ddd ddd ddd ddd ddd dd dd

dddddddddd
dddddddddddddd
dddddddddddddddd
ddddddddddddddddddddddddddd
dddddddddddddddχdd
dddddddddddddddddddd
dddddddddddddddd
dddddddddddddddddddddd
ddχddddd
ddddddddddddddddddd
ddχdddddd
dddddddddddddddddd
dχddddd
dddddddddddddddddddd
dχdddddd∆
ddddddddddddddddddddddd

∆ddd
dddddµddd

Lamb Shift
BChPT result is in 
good agreement with 
dispersive calculations

Eur. Phys. J. C (2014) 74:2852 Page 3 of 10 2852
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zero-energy (threshold)
kinematics. Diagrams obtained
from these by crossing and
time-reversal symmetry are
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of two scalar amplitudes:

T µν(P, q) = −gµν T1(ν
2, Q2) + Pµ Pν

M2
p

T2(ν
2, Q2), (5)

with P the proton 4-momentum, ν = P ·q/Mp, Q2 = −q2,
P2 = M2

p. Note that the scalar amplitudes T1,2 are even
functions of both the photon energy ν and the virtuality Q.
Terms proportional to qµ or qν are omitted because they
vanish upon contraction with the lepton tensor.

Going back to the energy shift one obtains [12]:
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0
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× (Q2 − 2ν2) T1(ν
2, Q2) − (Q2 + ν2) T2(ν

2, Q2)

Q4[(Q4/4m2
ℓ) − ν2] . (6)

In this work we calculate the functions T1 and T2 by
extending the BχPT calculation of real Compton scatter-
ing [26] to the case of virtual photons. We then split the
amplitudes into the Born (B) and non-Born (NB) pieces:

Ti = T (B)
i + T (NB)

i . (7)

The Born part is defined in terms of the elastic nucleon form
factors as in, e.g. [13,27]:

T (B)
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[
Q4(FD(Q2)+FP (Q2))2
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In our calculation the Born part was separated by subtract-
ing the on-shell γ N N pion loop vertex in the one-particle-
reducible VVCS graphs; see diagrams (b) and (c) in Fig. 1.

Focusing on the O(p3) corrections (i.e., the VVCS amplitude
corresponding to the graphs in Fig. 1) we have explicitly ver-
ified that the resulting NB amplitudes satisfy the dispersive
sum rules [28]:
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= T (NB)
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π
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ν′2 − ν2 , (9b)

with ν0 = mπ + (m2
π + Q2)/(2Mp) the pion-production

threshold, mπ the pion mass, and σT (L) the tree-level cross
section of pion production off the proton induced by trans-
verse (longitudinal) virtual photons, cf. Appendix B. We
hence establish that one is to calculate the ‘elastic’ con-
tribution from the Born part of the VVCS amplitudes and
the ‘polarizability’ contribution from the non-Born part,
in accordance with the procedure advocated by Birse and
McGovern [13].

Substituting the O(p3) NB amplitudes into Eq. (6) we
obtain the following value for the polarizability correction:

"E (pol)
2S = −8.16 µeV. (10)

This is quite different from the corresponding HBχPT result
for this effect obtained by Nevado and Pineda [11]:

"E (pol)
2S (LO-HBχPT) = −18.45 µeV. (11)

We postpone a detailed discussion of this difference till
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Fig. 3 The !(1232)-excitation mechanism. Double line represents the
propagator of the !

!E (inel)
nS = −αem

π
φ2

n

∞∫

0

dQ
Q2 w(τℓ) T (NB)

2 (0, Q2)
n=2= −5.2 µeV.

(17b)

This looks very different from the dispersive calculation,
cf. Table 1. The main reason for this is the !(1232)-
resonance excitation mechanism shown by the graph in
Fig. 3.

We have checked that the dominant, magnetic-dipole
(M1), part of electromagnetic nucleon-to-! transition is
strongly suppressed here, as is the entire magnetic polar-
izability (βM1) contribution, cf. discussion below Eq. (15). It
is not suppressed in the ‘inelastic’ and ‘subtraction’ contri-
bution separately, but it cancels out in the total. Thus, even
though it is well justified to neglect the graph in Fig. 3 at
the current level of precision, the split into ‘inelastic’ and
‘subtraction’ looks unfair without it.

In most of the dispersive calculations the cancelation of
the ! excitation, as well as of the entire contribution of
βM1, occurs too, because the subtraction function is at low
Q expressed though the empirical value for βM1. Even the
HBχPT-inspired calculation of the subtraction function [13],
which does not include the !(1232) explicitly, is not an
exception, as a low-energy constant from O(p4) is cho-
sen to achieve the empirical value for βM1. Even at O(p3)

HBχPT, the chiral-loop contribution to βM1 is—somewhat
counterintuitively—paramagnetic and not too far from the
empirical value, leading to a reasonable result for the ‘sub-
traction’ contribution. We take a closer look at the HBχPT
prediction for the various Lamb-shift contributions in the fol-
lowing section.

The central value for the ‘subtraction’ contribution obtained
by Gorchtein et al. [14] is negative, even though the !-
excitation is included in their ‘inelastic’ piece. The quoted
uncertainty of their subtraction value, however, is too large
to point out any contradiction of this result with the other
studies.

4 Heavy-baryon expansion

The heavy-baryon expansion, or HBχPT [20,29], was called
to salvage “consistent power counting” which seemed to be
lost in BχPT, i.e. the straightforward, manifestly Lorentz-

invariant formulation of χPT in the baryon sector [16]. How-
ever, as pointed out by Gegelia et al. [30,31], the “power-
counting violating terms” are renormalization scheme depen-
dent and as such do not alter physical quantities. Furthermore,
in HBχPT they are absent only in dimensional regularization.
If a cutoff regularization is used the terms which superficially
violate power counting arise in HBχPT as well, and must be
handled in the same way as they are handled nowadays in
BχPT—by renormalization.

In this work for example, all such (superficially power-
counting-violating) terms, together with ultraviolet divergen-
cies, are removed in the course of renormalization of the pro-
ton field, charge, anomalous magnetic moment, and mass.
We use the physical values for these parameters and hence
the on-mass-shell (OMS) scheme. This is different from the
extended on-mass-shell scheme (EOMS) [17], where one
starts with the parameters in the chiral limit. The physical
observables, such as the Lamb shift in this case, would of
course come out exactly the same in both schemes, pro-
vided the parameters in the EOMS calculation are cho-
sen to yield the physical proton mass at the physical pion
mass.

Coming back to HBχPT. Despite the above-mentioned
developments the HBχPT is still often in use. The two EFT
studies of proton structure corrections done until now [11,13]
are done in fact within HBχPT. We next examine these results
from the BχPT perspective.

One of the advantages of having worked out a BχPT result
is that the one of HBχPT can easily be recovered. We do it by
expanding the expressions of Appendix A in µ = mπ/MN ,
while keeping the ratio of light scales τπ = Q2/4m2

π fixed.
For the leading term the Feynman-parameter integrations are
elementary and we thus obtain the following heavy-baryon
expressions:

T (NB)
1 (0, Q2)

HB= αem g 2
A

4 f 2
π

mπ

(
1− 1√

τπ
arctan

√
τπ

)
,

(18a)

T (NB)
2 (0, Q2)

HB=−αem g 2
A

4 f 2
π

mπ

(
1 − 1 + 4τπ√

τπ
arctan

√
τπ

)
.

(18b)

The first expression reproduces the result of Birse and
McGovern (cf. T

(3)
1 in the appendix of [13]1). We have

also verified that these amplitudes correspond to the ones

1 At subleading order in the heavy-baryon expansion, we obtain

T
NB (4)
1

HB= αem g 2
A

12π f 2
π MN

m2
π

{
3 − 50τπ + 48τπ (1+τπ )−3√

τπ (1+τπ )
arcsinh

√
τπ

+18τπ

[
7 + 4 log

(
mπ
MN

)]}
.

This expression reproduces the g 2
A terms of T

(4)
1 in the appendix of

Ref. [13], apart from the terms inside the square brackets. These terms
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�EhLO+�i pol.
(2S, µH) = 7.3+2.7

�1.5 µeV
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I. �N ! ⇡N CROSS SECTION

(A) (B) (C)

FIG. 1: Graphs contributing to the �N ! ⇡N cross section at leading order.

In what follows we give expressions for the diagrams shown in fig. ??.

• diagram (A):

ū�0(p0)


Is�5

/p+ /q +M

s�M2 /✏

�
u(p) = ū�0(p0)


Is�5

2 p · ✏+ /q/✏

s�M2

�
u(p) = ū�0(p0)


Is�5

2 p · ✏+ q · � · ✏
s�M2

�
u(p)

• diagram (B):

ū�0(p0)


Iu/✏

/p0 � /q +M

u�M2
�5

�
u(p) = ū�0(p0)


Iu
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u�M2
�5

�
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• diagram (C):
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(2k � q) · ✏
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It�5
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⇡

�
u(p)
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TABLE I: Isospin factors for the �N ! ⇡N graphs, here C = � igA
f⇡

M .
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2 p0 · ✏+ q · � · ✏
u�M2

+ It
2k · ✏
t�M2

⇡

�
u(p) (1a)

M† = u†(p)


I⇤s

2 p · ✏⇤ + �0 ✏⇤ · � · q �0
s�M2

+ I⇤u
2 p0 · ✏⇤ + �0 ✏⇤ · � · q �0

u�M2
+ I⇤t

2k · ✏⇤

t�M2
⇡

�
�5�0 u�0(p0)

= �ū(p)
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I. �N ! ⇡N CROSS SECTION

(A) (B) (C)

FIG. 1: Graphs contributing to the �N ! ⇡N cross section at leading order.

In what follows we give expressions for the diagrams shown in fig. ??.
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TABLE I: Isospin factors for the �N ! ⇡N graphs, here C = � igA
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Fig. 1 The two-photon
exchange diagrams of elastic
lepton–nucleon scattering
calculated in this work in the
zero-energy (threshold)
kinematics. Diagrams obtained
from these by crossing and
time-reversal symmetry are
included but not drawn

(b) (c)(a)

(d) (e) (f)

(g) (h) (j)

of two scalar amplitudes:

T µν(P, q) = −gµν T1(ν
2, Q2) + Pµ Pν

M2
p

T2(ν
2, Q2), (5)

with P the proton 4-momentum, ν = P ·q/Mp, Q2 = −q2,
P2 = M2

p. Note that the scalar amplitudes T1,2 are even
functions of both the photon energy ν and the virtuality Q.
Terms proportional to qµ or qν are omitted because they
vanish upon contraction with the lepton tensor.

Going back to the energy shift one obtains [12]:

"EnS = αem φ2
n

4π3mℓ

1
i

∫
d3q

∞∫

0

dν

× (Q2 − 2ν2) T1(ν
2, Q2) − (Q2 + ν2) T2(ν

2, Q2)

Q4[(Q4/4m2
ℓ) − ν2] . (6)

In this work we calculate the functions T1 and T2 by
extending the BχPT calculation of real Compton scatter-
ing [26] to the case of virtual photons. We then split the
amplitudes into the Born (B) and non-Born (NB) pieces:

Ti = T (B)
i + T (NB)

i . (7)

The Born part is defined in terms of the elastic nucleon form
factors as in, e.g. [13,27]:

T (B)
1 = 4παem

Mp

[
Q4(FD(Q2)+FP (Q2))2

Q4−4M2
pν

2 −F2
D(Q2)

]

, (8a)

T (B)
2 = 16παem Mp Q2

Q4 − 4M2
pν

2

[

F2
D(Q2)+ Q2

4M2
p

F2
P (Q2)

]

. (8b)

In our calculation the Born part was separated by subtract-
ing the on-shell γ N N pion loop vertex in the one-particle-
reducible VVCS graphs; see diagrams (b) and (c) in Fig. 1.

Focusing on the O(p3) corrections (i.e., the VVCS amplitude
corresponding to the graphs in Fig. 1) we have explicitly ver-
ified that the resulting NB amplitudes satisfy the dispersive
sum rules [28]:

T (NB)
1 (ν2, Q2)

= T (NB)
1 (0, Q2) + 2ν2

π

∞∫

ν0

dν′ σT (ν′, Q2)

ν′2 − ν2 , (9a)

T (NB)
2 (ν2, Q2)

= 2
π

∞∫

ν0

dν′ ν′ 2 Q2

ν′2 + Q2

σT (ν′, Q2) + σL(ν′, Q2)

ν′2 − ν2 , (9b)

with ν0 = mπ + (m2
π + Q2)/(2Mp) the pion-production

threshold, mπ the pion mass, and σT (L) the tree-level cross
section of pion production off the proton induced by trans-
verse (longitudinal) virtual photons, cf. Appendix B. We
hence establish that one is to calculate the ‘elastic’ con-
tribution from the Born part of the VVCS amplitudes and
the ‘polarizability’ contribution from the non-Born part,
in accordance with the procedure advocated by Birse and
McGovern [13].

Substituting the O(p3) NB amplitudes into Eq. (6) we
obtain the following value for the polarizability correction:

"E (pol)
2S = −8.16 µeV. (10)

This is quite different from the corresponding HBχPT result
for this effect obtained by Nevado and Pineda [11]:

"E (pol)
2S (LO-HBχPT) = −18.45 µeV. (11)

We postpone a detailed discussion of this difference till
Sect. 4.
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EhLOi pol.
HFS (2S,H) = [0.04 + 0.05] peV

⇡ 0.09(20) peV

EhLOi pol.
HFS (2S, µH) = [0.65 + 0.20] µeV

⇡ 0.85(1.08)µeV
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contribution from beyond the scale at which ChPT as an 
effective theory is safely applicable (Qmax > m𝜌 = 775 MeV) is too 
large especially for Δ1, but also for Δ2
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Tµ⌫
S (q, p) = �gµ⌫ T1(⌫, Q

2) +
pµp⌫
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T2(⌫, Q
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Tµ⌫
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M
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EF (nS)
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4m
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1
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Z 1
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symmetric and antisymmetric VVCS tensors: 

2γ master formulae for Lamb shift and HFS:

Tµ⌫
S (q, p) = �gµ⌫ T1(⌫, Q

2) +
pµp⌫

M2
T2(⌫, Q

2)

Tµ⌫
A (q, p) = � 1

M
�µ⌫↵q↵ S1(⌫, Q

2) +
Q2

M2
�µ⌫S2(⌫, Q

2)
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decomposition into ΔLT and 
ΔTT is more reasonable 
because it receives much 
smaller contributions from 
above Qmax > m𝜌 = 775 MeV
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expanded in


with fixed  
m⇡/M
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Heavy-baryon expansion of the leading pion-cloud contribution:
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Heavy-baryon expansion of the leading pion-cloud contribution:
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LO HB term cancels 
from S1(0,Q2)

Heavy-baryon expansion of the leading pion-cloud contribution:
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Low-energy expansion:

⌧⇡ = Q2/4m2
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expanded in


with fixed  
m⇡/M
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LO HB term cancels 
from S1(0,Q2)

Heavy-baryon expansion of the leading pion-cloud contribution:

leading chiral logarithms A. Pineda, Phys. Rev. C 67 (2003) 025201
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S2 contribution to the HFS is suppressed by 𝜈

approximate HFS formula in terms of S1(0,Q2):



Nucleon-To-Δ(1232) Transition
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expressed through Jones-Scadron form factors G*M, G*E and G*C, which in turn 
obey large-Nc relations with the nucleon FFs: 

H. F. Jones and M. D. Scadron, Annals Phys. 81 (1973) 1
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strictly speaking not `model-independent´ 
because we use e.m. nucleon FF parametrizations 
➝ model-dependence is very small

G⇤
M (Q2) =

p
2C⇤

MF2p(Q
2) C⇤

M =
3.02p
2p

with 
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Δ-Pole and Non-Pole
M12 M1 · C2

�-pole non-pole sum �-pole non-pole sum
Total

this work �31.93 31.82 �0.12 �0.12 0.05 �0.06 �0.29
Faustov et al. ’98 �0.12 �0.12
Buchmann ’09 �0.16 �0.16
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with 

two types of contributions:                                                            
non-pole and Δ-pole

both types of contributions are 
required to satisfy the Burkhardt-
Cottingham sum rule:


large cancellation into the total 
result weakens the dominance of 
GM*

Z 1

0
dx g2(x,Q

2) = 0
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the Δ-contribution to the Lamb shift is 
small compared to the leading order πN-
loops


• expected since βM1 is suppressed 
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Fig. 3 The !(1232)-excitation mechanism. Double line represents the
propagator of the !
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This looks very different from the dispersive calculation,
cf. Table 1. The main reason for this is the !(1232)-
resonance excitation mechanism shown by the graph in
Fig. 3.

We have checked that the dominant, magnetic-dipole
(M1), part of electromagnetic nucleon-to-! transition is
strongly suppressed here, as is the entire magnetic polar-
izability (βM1) contribution, cf. discussion below Eq. (15). It
is not suppressed in the ‘inelastic’ and ‘subtraction’ contri-
bution separately, but it cancels out in the total. Thus, even
though it is well justified to neglect the graph in Fig. 3 at
the current level of precision, the split into ‘inelastic’ and
‘subtraction’ looks unfair without it.

In most of the dispersive calculations the cancelation of
the ! excitation, as well as of the entire contribution of
βM1, occurs too, because the subtraction function is at low
Q expressed though the empirical value for βM1. Even the
HBχPT-inspired calculation of the subtraction function [13],
which does not include the !(1232) explicitly, is not an
exception, as a low-energy constant from O(p4) is cho-
sen to achieve the empirical value for βM1. Even at O(p3)

HBχPT, the chiral-loop contribution to βM1 is—somewhat
counterintuitively—paramagnetic and not too far from the
empirical value, leading to a reasonable result for the ‘sub-
traction’ contribution. We take a closer look at the HBχPT
prediction for the various Lamb-shift contributions in the fol-
lowing section.

The central value for the ‘subtraction’ contribution obtained
by Gorchtein et al. [14] is negative, even though the !-
excitation is included in their ‘inelastic’ piece. The quoted
uncertainty of their subtraction value, however, is too large
to point out any contradiction of this result with the other
studies.

4 Heavy-baryon expansion

The heavy-baryon expansion, or HBχPT [20,29], was called
to salvage “consistent power counting” which seemed to be
lost in BχPT, i.e. the straightforward, manifestly Lorentz-

invariant formulation of χPT in the baryon sector [16]. How-
ever, as pointed out by Gegelia et al. [30,31], the “power-
counting violating terms” are renormalization scheme depen-
dent and as such do not alter physical quantities. Furthermore,
in HBχPT they are absent only in dimensional regularization.
If a cutoff regularization is used the terms which superficially
violate power counting arise in HBχPT as well, and must be
handled in the same way as they are handled nowadays in
BχPT—by renormalization.

In this work for example, all such (superficially power-
counting-violating) terms, together with ultraviolet divergen-
cies, are removed in the course of renormalization of the pro-
ton field, charge, anomalous magnetic moment, and mass.
We use the physical values for these parameters and hence
the on-mass-shell (OMS) scheme. This is different from the
extended on-mass-shell scheme (EOMS) [17], where one
starts with the parameters in the chiral limit. The physical
observables, such as the Lamb shift in this case, would of
course come out exactly the same in both schemes, pro-
vided the parameters in the EOMS calculation are cho-
sen to yield the physical proton mass at the physical pion
mass.

Coming back to HBχPT. Despite the above-mentioned
developments the HBχPT is still often in use. The two EFT
studies of proton structure corrections done until now [11,13]
are done in fact within HBχPT. We next examine these results
from the BχPT perspective.

One of the advantages of having worked out a BχPT result
is that the one of HBχPT can easily be recovered. We do it by
expanding the expressions of Appendix A in µ = mπ/MN ,
while keeping the ratio of light scales τπ = Q2/4m2

π fixed.
For the leading term the Feynman-parameter integrations are
elementary and we thus obtain the following heavy-baryon
expressions:

T (NB)
1 (0, Q2)

HB= αem g 2
A

4 f 2
π

mπ

(
1− 1√

τπ
arctan

√
τπ

)
,

(18a)

T (NB)
2 (0, Q2)

HB=−αem g 2
A

4 f 2
π

mπ

(
1 − 1 + 4τπ√

τπ
arctan

√
τπ

)
.

(18b)

The first expression reproduces the result of Birse and
McGovern (cf. T

(3)
1 in the appendix of [13]1). We have

also verified that these amplitudes correspond to the ones

1 At subleading order in the heavy-baryon expansion, we obtain

T
NB (4)
1

HB= αem g 2
A

12π f 2
π MN

m2
π

{
3 − 50τπ + 48τπ (1+τπ )−3√

τπ (1+τπ )
arcsinh

√
τπ

+18τπ

[
7 + 4 log

(
mπ
MN

)]}
.

This expression reproduces the g 2
A terms of T

(4)
1 in the appendix of

Ref. [13], apart from the terms inside the square brackets. These terms
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Eh�-exch.i pol.
HFS

(2S,H) = [0.31� 0.52] peV

⇡ �0.2(2) peV

Eh�-exch.i pol.
HFS

(2S, µH) = [1.26� 2.41] µeV

⇡ �1.2(8)µeV
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the Δ-contribution to the HFS is even (slightly) larger than the leading 
order πN-loops

• dominance of GM* is weakened by cancelations between Δ-pole  and non-

pole terms



Empirical Model for Δ(1232)

�21ECT* Workshop “A Hyperfine View”, 05.07.2018 Franziska Hagelstein, AEC Bern

24

0 1 2 3 4 5
-0.5

0.0

0.5

1.0

1.5

2.0

Q2 [GeV2]

0 1 2 3 4 5
-1.0

-0.8

-0.6

-0.4

-0.2

0.0

0.2

Q2 [GeV2]

0 1 2 3 4 5
-0.6

-0.3

0.0

0.3

0.6

Q2 [GeV2]

0 1 2 3 4 5
-1

0

1

2

3

4

Q2 [GeV2]

0 1 2 3 4 5 6 7
-15

-10

-5

0

5

Q2 [GeV2]

0 1 2 3 4 5 6 7
-40

-30

-20

-10

0

Q2 [GeV2]

0 1 2 3 4 5 6 7
-400

-300

-200

-100

0

100

Q2 [GeV2]

0 1 2 3 4 5 6 7
-200

-150

-100

-50

0

50

Q2 [GeV2]

0 1 2 3 4 5 6 7
0

10

20

30

Q2 [GeV2]

1F

2F

3F

2/3A 2/1A

2/1S

M
⇤

G

EMR SMR[%] [%]

FIG. 12: �⇤
N ! �(1232) transition form factors and helicity amplitudes. The data are from Refs. [72, 81, 103–106]. The form

factors are dimensionless and the helicity amplitudes carry units of 10�3 GeV�1/2.
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FIG. 13: Same as Fig. 12 but for �⇤
N ! �(1700). The data are from PDG [81] and CLAS/JLab [88].

G. Eichmann and G. Ramalho, hep-ph/1806.04579 (2018)

Eh�-exch.i pol.
HFS

(2S,H) = [0.331� 0.509] peV

= �0.18(3) peV

Eh�-exch.i pol.
HFS

(2S, µH) = [1.44� 2.37] µeV

= �0.93+0.13
�0.15 µeV
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data-driven evaluation of 
the Δ-contribution based 
on fits of nucleon-to-delta 
transition form factors



LO + Δ BChPT: pol. contr.
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EhLO+�i pol.
HFS (2S,H) = �0.1(3) peV

EhLO+�i pol.
HFS (2S, µH) = �0.3(1.4)µeV

<latexit sha1_base64="IoIL81QTFakyMqfqLvynRwKnyCo="></latexit><latexit sha1_base64="IoIL81QTFakyMqfqLvynRwKnyCo="></latexit><latexit sha1_base64="IoIL81QTFakyMqfqLvynRwKnyCo="></latexit><latexit sha1_base64="IoIL81QTFakyMqfqLvynRwKnyCo="></latexit>



LO + Δ BChPT: pol. contr.

�22ECT* Workshop “A Hyperfine View”, 05.07.2018 Franziska Hagelstein, AEC Bern

EhLO+�i pol.
HFS (2S,H) = �0.1(3) peV

EhLO+�i pol.
HFS (2S, µH) = �0.3(1.4)µeV
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EhLOi pol.
HFS (2S,H) = [0.04 + 0.05] peV

⇡ 0.09(20) peV

EhLOi pol.
HFS (2S, µH) = [0.65 + 0.20] µeV

⇡ 0.85(1.08)µeV
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pion-cloud contribution:


• LO BChPT


• cancelation of leading terms 
in S1(0,Q2)



LO + Δ BChPT: pol. contr.
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Δ-exchange: 


• strictly speaking not `model-
independent´ - we use large 
Nc relations with e.m. nucleon 
FF parametrizations

Eh�-exch.i pol.
HFS

(2S,H) = [0.31� 0.52] peV

⇡ �0.2(2) peV

Eh�-exch.i pol.
HFS

(2S, µH) = [1.26� 2.41] µeV

⇡ �1.2(8)µeV
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EhLOi pol.
HFS (2S, µH) = [0.65 + 0.20] µeV
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pion-cloud contribution:


• LO BChPT


• cancelation of leading terms 
in S1(0,Q2)



HFS in Terms of Polarizabilities
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expansions in `polarizabilities´ is 
not unique (two different options) 

up to and including second 
moments in x2
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once-subtracted DR for the non-Born part of S1:
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empirical input for inelastic structure functions and elastic form factors from

a) S. Simula, et al., Phys. Rev. D 65 (2002) 034017 
b) J. J. Kelly, Phys. Rev. C 70 (2004) 068202  

large cancelations in the low energy region,                           , among F2 and g1


     in the S1 subtraction term:
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TABLE IV. Contribution of individual polarizabilities to the 2S hyperfine splitting in muonic hydrogen, as described by the expansion formula in Eq. (37). All values in µeV.
Values in square brackets are obtained using the pion form factor from Eq. (22) as a natural high-energy cutoff.

Input Eq. I
pol.
1 �LT �0 x

4
g2 remainder total

Simula gi ( ⇡ 1.7905) [75] (37a) 5.33 0 2.70 �1.37 6.67

and FF [90] (37b) 0
5.33

�0.48
�0.48

�3.27
�0.57

1.66
0.29

�2.10
4.56

(37a) 0 �2.45 1.09
Background

(37b) �0.33
�0.33

2.98
0.53

�1.32
�0.23

(37a) 0 5.23 �2.46
Resonances

(37b) 0.19
0.19

�6.35
�1.11

2.98
0.52

(37a) 0.00 5.40 �2.58
�(1232)

(37b) 0
0.00

�6.55
�1.15

3.13
0.54

(37a) 1.73 0 0.76 [3.15] �0.79 [�1.48] 1.69 [1.19]
B�PT

(37b) 0
1.73 [�0.49]

�2.65
�2.65 [�0.79]

�0.93 [�3.81]
�0.17 [�0.66]

0.96 [1.78]
0.17 [0.31]

�2.62 [�2.83]
�0.93 [�1.64]

(37a) 2.67 0 �4.20 1.21 �0.31
⇡-cloud

(37b) 0
2.67

�3.06
�3.06

5.07
0.87

�1.46
�0.25

0.55
0.24

(37a) �0.94 0 4.96 �2.00 2.01
�-exchange

(37b) 0
�0.94

0.41
0.41

�6.00
�1.04

2.42
0.42

�3.17
�1.17
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TABLE IV. Contribution of individual polarizabilities to the 2S hyperfine splitting in muonic hydrogen, as described by the expansion formula in Eq. (37). All values in µeV.
Values in square brackets are obtained using the pion form factor from Eq. (22) as a natural high-energy cutoff.
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0.96 [1.78]
0.17 [0.31]

�2.62 [�2.83]
�0.93 [�1.64]

(37a) 2.67 0 �4.20 1.21 �0.31
⇡-cloud

(37b) 0
2.67

�3.06
�3.06

5.07
0.87

�1.46
�0.25

0.55
0.24

(37a) �0.94 0 4.96 �2.00 2.01
�-exchange

(37b) 0
�0.94

0.41
0.41

�6.00
�1.04

2.42
0.42

�3.17
�1.17
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TABLE IV. Contribution of individual polarizabilities to the 2S hyperfine splitting in muonic hydrogen, as described by the expansion formula in Eq. (37). All values in µeV.
Values in square brackets are obtained using the pion form factor from Eq. (22) as a natural high-energy cutoff.

Input Eq. I
pol.
1 �LT �0 x

4
g2 remainder total

Simula gi ( ⇡ 1.7905) [75] (37a) 5.33 0 2.70 �1.37 6.67

and FF [90] (37b) 0
5.33

�0.48
�0.48

�3.27
�0.57

1.66
0.29

�2.10
4.56

(37a) 0 �2.45 1.09
Background

(37b) �0.33
�0.33

2.98
0.53

�1.32
�0.23

(37a) 0 5.23 �2.46
Resonances

(37b) 0.19
0.19

�6.35
�1.11

2.98
0.52

(37a) 0.00 5.40 �2.58
�(1232)

(37b) 0
0.00

�6.55
�1.15

3.13
0.54

(37a) 1.73 0 0.76 [3.15] �0.79 [�1.48] 1.69 [1.19]
B�PT

(37b) 0
1.73 [�0.49]

�2.65
�2.65 [�0.79]

�0.93 [�3.81]
�0.17 [�0.66]

0.96 [1.78]
0.17 [0.31]

�2.62 [�2.83]
�0.93 [�1.64]

(37a) 2.67 0 �4.20 1.21 �0.31
⇡-cloud

(37b) 0
2.67

�3.06
�3.06

5.07
0.87

�1.46
�0.25

0.55
0.24

(37a) �0.94 0 4.96 �2.00 2.01
�-exchange

(37b) 0
�0.94

0.41
0.41

�6.00
�1.04

2.42
0.42

�3.17
�1.17

�1(g1&F2p, µH) ⇡ 0.86

�1(g1, µH) ⇡ �15.59

�1(F2, µH) ⇡ 16.45
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HFS in Terms of Polarizabilities
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[1]  R. Pohl, A. Antognini et al., Nature 466, 213 (2010). 
[2]  A. Antognini et al., Science 339, 417 (2013).

[3]  P. J. Mohr, et al., Rev. Mod. Phys. 84, 1527 (2012).

Proton radius puzzle
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e-p scattering (Distler '11)
e-p scattering (Friar '04)

HB leading logs (Pineda '14)
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RE and RZ both depend 
on the electric Sachs 
form factor GE

extractions of RE and RZ 
from μH should be 
consistent
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Comparison with ep Scattering
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courtesy of M. Distler

ep scatt. … :

RE ≈ 0.88 fm

RM ≈ 0.78 fm (Bernauer ’14) 

RE ≈ 0.90 fm

RM ≈ 0.82 fm (Friar ’04)

RE ≈ 0.84 fm from μH and … :

assuming RE = RM

μH spectr., RM ≈ 0.87 fm (Antognini ’13)

μH spectr., RM ≈ 0.79 fm (this work)

combined fit H and μH, RM ≈ 0.75 fm (this work)
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EHFS(nS)

EF(nS)
=

3↵

2⇡(1 + )

m

M
c4
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�c4 = cµH
4,pol � cH

4,pol =

8
><

>:

0.17(9) (LO)

0.07 (�)

0.25(10) (NLO)
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Pineda et al. ’14 and ‘17

Hagelstein et al. ‘18

�c4 = �0.27(1.53)
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Carlson et al. ‘08

�c4 =

8
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0.08(27) (LO)

0.03(22) (�)

0.11(55) (LO +�)
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C. Peset, A. Pineda, Nucl. Phys. B 887 (2014) 69–111. 
C. Peset, A. Pineda, JHEP 04 (2017) 060.

Wilson coefficient c4:

μH and H difference:
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combined fit to experimental H and μH HFS: 

RZ(H, µH) = 1.006(9) fm
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HFS in Normal Hydrogen
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Proton Spin Structure Functions: g1

�36

●

●

●

●

●
●●

●
●●

●

●
●● ● ●

●
●

●
●

●

●

●

●

● ●

●●

0.0 0.1 0.2 0.3

-0.4

-0.2

0.0

0.2

x

g 1
(x
,Q
2 )
,w
ith
Q
2 =
0.
02
05
G
eV

2

JLab Param.
Simula Param.
π-cloud & Δ-pole

Adeva '99, Q2 = 0.17 GeV2

Fatemi '03, Q2 ∈ {0.15,0.27} GeV2

0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07

-0.8

-0.6

-0.4

-0.2

0.0

0.2

0.4

x

g 1
(x
,Q
2 )
,w
ith
Q
2 =
0.
02
05
G
eV

2

JLab Param.
Simula Param.
π-cloud & Δ-pole

S. Simula, et al., Phys. Rev. D 65 (2002) 034017 
Y. Prok, et al., Phys. Lett. B 672 (2009)  12

parametrizations:

ECT* Workshop “A Hyperfine View”, 05.07.2018 Franziska Hagelstein, AEC Bern



�37

Proton Spin Structure Functions: g2
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CS Amplitudes & Structure Functions
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dispersion relations:

analyticity, crossing symmetries
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[2] F. Hagelstein, R. Miskimen and V. Pascalutsa, Prog. Part. Nucl. Phys. 88 (2016) 29-97
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Compton Scattering Sum Rules 
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Compton scattering (CS) amplitudes in terms of integrals of total 
photoabsorption cross sections 

• dispersion relations:


low-energy expansion of CS amplitudes: 
1

4⇡
T1(⌫, 0) = �Z

2
↵

M
+ (↵E1 + �M1)⌫

2 +
⇥
↵E1⌫ + �M1⌫ + 1/12 (↵E2 + �M2)

⇤
⌫
4 +O(⌫6)

1

4⇡
S1(⌫, 0) = �↵{2

2M
+M�0⌫

2 +M �̄0⌫
4 +O(⌫6)

T1(⌫, 0) = �4⇡↵

M
+

2⌫2

⇡

Z 1

0
d⌫0

�abs(⌫0)

⌫0 2 � ⌫2 � i0+

S1(⌫, 0) =
M

⇡

Z 1

0
d⌫0

⌫0��abs(⌫0)

⌫0 2 � ⌫2 � i0+
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Neutral-Pion Exchange 
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Eh⇡0i
HFS

(2S, µH) = �0.2µeV Dorokhov et al.

Eh⇡0i
HFS

(2S, µH) = �0.09(6)µeV Huong et al.

Eh⇡0i
HFS

(2S, µH) = �0.228µeV Zhou et al.

Eh⇡0i
HFS

(2S,H) = �0.708 feV Zhou et al.
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Eh⇡0i
HFS

(2S,H) = [0.65� 1.12] feV

⇡ �0.47(2) feV

Eh⇡0i
HFS

(2S, µH) = [0.20� 0.13]µeV

⇡ 0.07(2)µeV
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Neutral-Pion Exchange
F. Hagelstein, R. Miskimen and V. Pascalutsa, Prog. Part. Nucl. Phys. 88, 29-97 (2016).

l

N

π
0

•  𝒪(𝛼6) contribution from off-forward scattering 
•  non-relativistic S-wave pion-exchange potential: 

Goldberger-Treiman relation: 
                              with                   and        g⇡NN = MgA/f⇡ f⇡ ⇡ 92.4MeV

M. L. Goldberger and S.B. Treiman, Phys. Rev. 110, 1178-1184 (1958); Phys. Rev. 111, 354-361 (1958).  

gA ⇡ 1.27

V (l=0)
⇡0 (r) = �↵2g⇡`` gA

12⇡mf⇡

⇣
4⇡�(r)� m2

⇡

r
e�m⇡r

⌘
s · S

Eh⇡0i
HFS

(nS) = �EF(nS)
gAMmr

2⇡(1 + )f⇡m⇡
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↵2m

2⇡2f⇡
I
⇣m⇡

2m

⌘�

I(�) ⌘ 2

Z 1

0

d⇠

1 + (⇠/�)

arccos ⇠p
1� ⇠2

dispersion relation for Fπℓℓ (Q²) 
coupling gπℓℓ  is extracted from 

π0 → e+ e- decay width



Neutral-Pion Exchange

S. Drell, Il Nuovo Cimento 11, 693-697 (1959).

F⇡``(q
2) ⌘ F⇡``(q

2,m2
` ,m

2
`) = F⇡``(0) +

q2

⇡

Z 1

0

ds

s

ImF⇡``(s)

s� q2
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`/s
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↵2m`

2⇡2f⇡

⇣
A(⇤) + 3 ln
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⇤

⌘

l

N

π
0

• once-subtracted dispersion relation for the pion-lepton FF:

• π0 → e+e- decay width:

�(⇡0 ! e+e�) =
m⇡

8⇡

s

1� 4m2
e

m2
⇡

��F⇡``(m
2
⇡,m

2
e,m

2
e)
��2

g⇡`` = F (0,m2
` ,m

2
`)/↵

2

=
m`

2⇡2f⇡
A(m`)
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