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OUTLINE

• very brief introduction

• Mainz Microtron (MAMI)

• e.m. form factors from electron scattering

• global analysis of elastic scattering world data

• Zemach radius 

• conclusion
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INTRODUCTION
• The cross section

• with

• Fourier-transform of GE, GM ⇒ 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spatial distribution 
(Breit frame)
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TIMELINE - ROSENBLUTH
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TIMELINE - POLARIZED
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FORM FACTOR RATIO @ HIGH Q2
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MAINZ MICROTRON (MAMI)
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MEASURED SETTINGS
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CROSS SECTIONS
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CROSS SECTIONS / STANDARD DIPOLE
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CROSS SECTIONS + SPLINE FIT
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CROSS SECTIONS: 180 MEV
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ELECTRIC FORM FACTOR
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ELECTRIC FORM FACTOR - LOW Q2
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MAGNETIC FORM FACTOR
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FORM FACTOR RATIO
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MAGNETIC FORM FACTOR

17

 0.94

 0.96

 0.98

 1

 1.02

 1.04

 1.06

 1.08

 1.1

 0  0.2  0.4  0.6  0.8  1

G
M

/(
µ

p
G

st
d

. 
d

ip
o

le
)

Q2 [(GeV/c)2]

Spline
   + stat. error
   + exp. syst. error
   + theo. syst. error
F.-W. fit

Arrington et al.
F.-W. 2003
Christy et al.
Price et al.
Berger et al.

Hanson et al.
Borkowski et al.
Janssens et al.
Bosted et al.
Bartel et al.

4%



WHAT TO DO ABOUT THE 
DISCREPANCY ?

• Dismiss the Mainz data?

• Let’s make predictions and check if they are 
consistent with other recent experiments.
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RECOIL POLARIMETRY
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INCLUSION OF THE WORLD DATA
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Inclusion of world data

Extend data base with world data
=) Cross check, extend Q2 reach
Take cross sections from Rosenbluth
exp’s
Sidestep unknown error correlation

Update / standardize radiative
corrections
One normalization parameter per
source (Andivahis: 2)

Two models:
Splines with variable knot spacing
=) Adapt knot density to data
density
Padé-Expansion
=) Low(er) flexibility, for comparison
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IT WORKS !
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INCLUSION OF THE WORLD DATA
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Model dependence

Spline model has variable
knot spacing
Vary knots, refit, record �2.
Select the 68% best tries.
Construct envelope of
models.
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FORM FACTOR RATIO GE/GM
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FORM FACTOR RATIO GE/GM
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⇒ 𝚫𝟀2 = 216 for 67 new data points!



TWO PHOTON EXCHANGE 
A PARAMETRISATION

• Available data is sparse
• Mostly Q2 dependence
• Few data on 𝜺 dependence

• Only possible to fit simple model
• In addition to Feshbach Coulomb-correction!
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Two Photon Exchange - A parametrisation

Available data is sparse
Mostly Q2 dependence
Few data on " dependence
Only possible to fit simple model
In addition to Feshbach Coulomb-correction!

� = a · (1 � ") · log
⇣

1 + b · Q2
⌘
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FORM FACTOR RATIO GE/GM
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ELECTRIC AND MAGNETIC RADIUS
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Electric and magnetic radius

Final result from flexible models

D
r2
E

E 1
2
=0.879 ± 0.005

stat. ± 0.004
syst. ± 0.002

model

± 0.004
group

fm,

D
r2
M

E 1
2
=0.777 ± 0.013

stat. ± 0.009
syst. ± 0.005

model

± 0.002
group

fm.

Results with world data
⌦
r2
E

↵ 1
2

⌦
r2
M

↵ 1
2

+ Rosenbluth data 0.878 0.772
+Rosenbluth and Polarization data 0.878 0.769

(Eur.Phys.J. D33 (2005) 23-27: Zemach and magnetic
radius of the proton from the hyperfine splitting in
hydrogen: 0.778(29) fm)
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MEASUREMENT OF THE TWO-PHOTON 
EXCHANGE CONTRIBUTION AT VEPP-3

28

Rachek, I.A. et al., Phys.Rev.Lett. 114 (2015) 062005,  arXiv:1411.7372

δ2γ ¼
2ReðM†

1γM
hard
2γ Þ

jM1γj2
; ð2Þ

can be determined from R after taking into account the first-
order RCs [19]. Finally, the results are presented as the
ratio R2γ ¼ ð1 − δ2γÞ=ð1þ δ2γÞ.
The experiment had two data-taking runs: run I at a beam

energy of about 1.6 GeVand run II at 1.0 GeV. The average
beam current was about 20 mA. Electron and positron
beams were alternated regularly during the data collection,
so that each experimental cycle with both beam polarities
took approximately 1 hour. We performed about 3000 such
cycles during the entire experiment and collected integrated
luminosities of 320 and 600 pb−1 in run I and run II,
respectively.
The experiment used an internal gas target, based on an

open-ended storage cell with an elliptical cross section of
13 × 24 mm2 and a length of 400 mm. High-purity hydro-
gen gas was injected into the cell center to provide a target
thickness of ≈ 1015 atom=cm2. Four cryopumps served to
remove the hydrogen gas flowing from the cell ends to the
vacuum chamber. The pressure in the center of the storage
cell during target operation was about 1.5 × 10−3 Torr.
The scattered lepton (electron or positron) and the recoil

proton were detected in coincidence by a wide-aperture
nonmagnetic detector (see Fig. 1). This was composed of
two nearly identical sectors, upper and lower, placed
symmetrically with respect to the median plane of the
storage ring. The azimuthal acceptance of each sector
was 60°.
As can be seen from Fig. 1, the detector had two different

configurations in run I and run II. In the first run, there were
three ranges of the lepton scattering angle: 7°–16° (small
angles, SAs), 15°–28° (medium angles, MAs), and 55°–83°
(large angles, LAs), corresponding to three pairs of detector

arms. The SA arms were used to detect scattered leptons
only, while the MA and LA arms detected both leptons
and protons.
The LA and MA arms included two multiwire propor-

tional chambers and four drift chambers for charged
particle tracking, four segmented electromagnetic calorim-
eters comprised of CsI and NaI crystals for lepton energy
measurements, and six plastic scintillators for event trig-
gering and proton identification. The radiation lengths of
the calorimeters were about 10.6X0 for each LA arm
and 8.3X0 for each MA arm. Two multilayer tungsten-
scintillator sandwich calorimeters each with a radiation
length of 8.6X0 were used in the SA arms.
In run II, there were only two scattering angle ranges

used: 15°–30° (MA) and 65°–105° (LA). The LA arms were
positioned at more backward angles. The radiation lengths
of the LA calorimeters were the same as in run I. The MA
arms were equipped with two thick plastic scintillators
installed in place of the crystal calorimeters.
Additionally, 6 mm thick beryllium sheets and 30 mm

thick acrylic glass (see Fig. 1) were placed in front of the
wire chambers to shield them from the large background of
low-energy electrons.
The SA events of run I and MA events of run II were

only used for luminosity normalization. It is commonly
believed that for the corresponding forward-angle kinemat-
ics (Q2 ≈ 0.1 GeV2 and ε > 0.9) the hard TPE effect is
small [18,33]. We can assume therefore that R2γ is very
close to unity in this case.
To select elastic scattering events, the following kin-

ematic correlations were used: between the polar angles of
the lepton and proton; between their azimuthal angles;
between the polar angle and energy of the lepton and
proton; and between the lepton scattering angle and the
proton energy. Different combinations of the corresponding
kinematic cuts were applied to the LA, MA, and SA events.
Additionally, time-of-flight measurements and dE=dx
analysis were used for proton identification.
A detailed GEANT4 simulation was performed to take

into account RCs and to estimate the background from
pion-production reactions. The processes ep → e0nπþ,
ep → e0pπ0, γ%p → nπþ, and γ%p → pπþπ− were simu-
lated using an event generator based on the MAID2007 and
2-PION-MAID models [34]. According to the simulation,
the fraction of the background events among the selected
ones does not exceed 4% for the LA ranges of both runs
and is negligible for the MA and SA ranges.
To account for the first-order RCs, the ESEPP event

generator [19,35] was used. The following options of
ESEPP were chosen: the dipole parametrization for the
proton form factors; an accurate QED calculation beyond
the soft-photon approximation for first-order bremsstrah-
lung; the vacuum polarization correction that includes the
hadronic contribution; and the soft TPE terms according to
Mo and Tsai [20].

FIG. 1 (color online). The detector configurations for run I and
run II (left and right panels, respectively). Labels: 1—storage cell;
2—beryllium sheet; 3—multiwire proportional chamber; 4—drift
chamber; 5—acrylic glass; 6—plastic scintillator; 7—CsI crys-
tals; 8—NaI crystals; SA, MA, LA—detector arms.

PRL 114, 062005 (2015) P HY S I CA L R EV I EW LE T T ER S
week ending

13 FEBRUARY 2015

062005-2

Table II provides the experimental results: the values of
R2γ with the total statistical and systematic uncertainties.
These results are obtained assuming that R2γ is equal to
unity at the normalization points (RLNP

2γ ¼ 1). Also listed
are the kinematic parameters of the measurement, the Δϕ,
Δθ, and ΔE cuts, the raw ratios R, and the quantities
Nþ

sim=N
0
sim and N−

sim=N
0
sim obtained in the GEANT4 simu-

lation and needed to extract R2γ [19].
Figure 2 compares our results with some of the existing

experimental data [23–25,27] and several theoretical or
phenomenological predictions [37–42]. Only those of the
old data points which approximately correspond to our
kinematics, defined in Fig. 2 by the beam energy and ε
values, are shown. It can be seen that our results are in
agreement with the previous measurements, but signifi-
cantly more precise. The figure also shows that the
hadronic calculations, Refs. [37,38], are in good agreement
with the data of run I, but overestimate the values of R2γ

obtained in run II. In contrast, the phenomenological fit
[39] underestimates R2γ at all the measured points. Note
that this fit has been corrected by us to switch from the
Maximon–Tjon prescription [21] for the soft TPE terms,
used in Ref. [39], to the Mo–Tsai prescription [20], used by
us (see Ref. [19] for details). It should be emphasized that
the models [37–39] resolve the form factor discrepancy at
high Q2 values by taking into account the hard TPE effect.
The other three predictions [40–42] are worse in overall
agreement with our data.
Our results can also be renormalized according to the

tested model. In this case, the values of R2γ at the points
No.1–No.4 should be multiplied by the corresponding
values of RLNP

2γ predicted by the model. This is illustrated
in Table III, where the normalization coefficients for each
of the predictions [37–42] are given. Also shown are the

chi-square values per degree of freedom, χ2=nd:f., character-
izing the agreement between the prediction and the data.
The second and the third columns correspond to the
normalization to unity, while the next three columns
correspond to the normalization in accordance with the
predictions. The last row of Table III refers to the case of
the hard TPE contribution being zero. It can be seen that
this case is not consistent with our data. Note also that the
fit [39] has a large change in the chi-square value with the
change in normalization, showing a very good agreement in
the case of normalization to the predicted values of RLNP

2γ .
The conclusion that the predictions [37–39] seem the

most plausible remains valid regardless of the normaliza-
tion used. Nevertheless, an accurate normalization of our
data is desired and can be achieved later if new precise
measurements or reliable calculations of the hard TPE
effect at Q2 ≈ 0.1 GeV2 become available.

FIG. 2 (color online). Experimental data (points) and some predictions (curves) for the ratio R2γ as a function of ε or Q2. The left and
right panels correspond, respectively, to run I and run II. Data points: open square [23], closed inverted triangle [24], closed diamond
[25], closed triangle [27], and closed circle—this experiment. Error bars of our points (closed circles) are related to the statistical
uncertainties; the shaded bands show the total systematic uncertainty and the bin size for each data point. The curves are from Ref. [37]
(cyan dash-dotted line), [38] (red thin solid line), [39] (blue thick solid line), [40] (gray long-dashed line), [41] (magenta short-dashed
line), and [42] (black dotted line).

TABLE III. Comparison of our results with predictions.

RLNP
2γ

RLNP
2γ ðχ2=nd:f.Þ Run I Run II ðχ2=nd:f.Þ

Borisyuk and
Kobushkin [37]

1 2.14 0.9979 0.9972 3.80

Blunden et al. [38] 1 2.94 0.9980 0.9974 4.75
Bernauer et al. [39] 1 4.19 0.9969 0.9946 1.00
Tomasi-Gustafsson
et al. [40]

1 5.09 1.0007 1.0014 5.97

Arrington and
Sick [41]

1 7.72 0.9995 0.9996 8.18

Qattan et al. [42] 1 25.0 1.0005 1.0018 22.0
No hard TPE
(R2γ ≡ 1)

1 7.97 1 1 7.97

PRL 114, 062005 (2015) P HY S I CA L R EV I EW LE T T ER S
week ending

13 FEBRUARY 2015

062005-4

Phenomenological fit agrees with data  
 

2nd prediction



HARD TWO-PHOTON CONTRIBUTION: 
DETERMINED BY THE OLYMPUS EXPERIMENT

29

B.S. Henderson et al., PRL 118, 092501 (2017), arXiv:1611.04685  
CLAS: D. Rimal et al., Phys. Rev. C 95, 065201 (2017), arXiv:1603.00315

Phenomenological fit agrees with data 
of OLYMPUS and CLAS  
    more predictions

A comparison of the results from recent R2γ experiments
to Blunden’s newest calculation (N þ Δ) is shown in Fig. 3.
We plot the difference between the data and theory
calculated at the ϵ and Q2 for each data point to approx-
imately take into account that the data were taken at
different ϵ and Q2 values. This shows the data are largely
consistent with each other, but mostly below the calculation
by Blunden. A similar plot could be made versus Q2.

Comparison with the phenomenological prediction of
Bernauer (not shown) shows good agreement.
We do not agreewith the conclusions of the earlier Letters

[25,26]. The data shown in Fig. 3 clearly favor a smallerR2γ.
While the agreement with the phenomenological prediction
of Bernauer suggests that TPE is causing most of the
discrepancy in the form factor ratio in the measured range,
the theoretical calculation of Blunden, which shows roughly
enough strength to explain the discrepancy at larger Q2,
does not match the data in this regime. To clarify the
situation, the size of TPE at large Q2 has to be determined
in future measurements.

FIG. 3. Comparison of the recent results to the calculation by
Blunden. The data are in good agreement, but generally fall
below the prediction. Please note that data at similar ϵ values have
been measured at different Q2. Also note that the VEPP-3 data
have been normalized to the calculation at high ϵ.

TABLE II. OLYMPUS results for R2γ using the prescriptions: Mo-Tsai to order α3 (a) and to all orders (b); and
using Maximon-Tjon to order α3 (c) and to all orders (d).

hϵi hQ2i GeV2=c2 R2γ (a) R2γ (b) R2γ (c) R2γ (d) δstat δuncorrsyst δcorrsyst

0.978 0.165 0.9971 0.9967 0.9979 0.9978 0.0003 0.0046 0.0036
0.898 0.624 0.9920 0.9948 0.9944 0.9958 0.0019 0.0037 0.0045
0.887 0.674 0.9888 0.9913 0.9912 0.9923 0.0021 0.0042 0.0045
0.876 0.724 0.9897 0.9927 0.9921 0.9935 0.0023 0.0060 0.0045
0.865 0.774 0.9883 0.9921 0.9907 0.9929 0.0026 0.0050 0.0045
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A comparison of the results from recent R2γ experiments
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ZEMACH MOMENTS
• Definition of the Zemach moments:

• Zemach radius in momentum space:

• More on Zemach moments:  
MOD, J.C. Bernauer, Th. Walcher: Phys. Lett. B696,343,2011,  arXiv:1011.1861
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• Form factors, density distributions as functions 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In the following sections we will give the form factors,
the density distributions and their expected values of r4

and r

6 for selected models as a function of R =
p

hr2i.
The first and the third Zemach moment and Zemach’s
convoluted density are shown as well. The latter is not
available in closed form for the Yukawa I model.
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Proton structure from muonic hydrogen
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MAMI2014 0,878 0,768 1,043 1,041

Ye2018 0,879 0,851 1,070 1,093

MOD2011 0,879 0,777 1,045 1,047

Arr2007 0,846 0,861 1,080 1,096



• the MAMI data set gives a Zemach radius 
         <r>(2),em = 1.043(2) fm

• the analysis of  Ye et al. (2018) gives  
         <r>(2),em = 1.070 fm 

• there is a strong correlation between the RMS 
radii and the Zemach radius

• only data for q<0.8 MeV/c is relevant for the 
Zemach radius

CONCLUSIONS
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Proton structure from muonic hydrogen
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Model-independent extraction of the proton charge radius from electron scattering

Richard J. Hill and Gil Paz
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Constraints from analyticity are combined with experimental electron-proton scattering data to

determine the proton charge radius. In contrast to previous determinations, we provide a systematic

procedure for analyzing arbitrary data without model-dependent assumptions on the form-factor shape.

We also investigate the impact of including electron-neutron scattering data, and !! ! N !N data. Using

representative data sets we find rpE ¼ 0:870" 0:023" 0:012 fm using just proton scattering data; rpE ¼
0:880þ0:017

$0:020 " 0:007 fm adding neutron data; and rpE ¼ 0:871" 0:009" 0:002" 0:002 fm adding !!
data. The analysis can be readily extended to other nucleon form factors and derived observables.

DOI: 10.1103/PhysRevD.82.113005 PACS numbers: 13.40.Gp, 13.60.Fz, 14.20.Dh, 31.30.jr

I. INTRODUCTION

The electromagnetic form factors of the nucleon provide
basic inputs to precision tests of the standard model. In
particular, the root mean square (rms) proton charge radius
as determined by the form-factor slope,1

Gp
Eðq2Þ ¼ 1þ q2

6
hr2ipE þ ' ' ' ; (1)

is an essential input to hydrogenic bound state calculations
[1,2]. Recent experimental results suggest a discrepancy
between the charge radius inferred from the Lamb shift

in muonic hydrogen [3], rpE (
ffiffiffiffiffiffiffiffiffiffiffi
hr2ipE

q
¼ 0:841 84ð67Þ fm,

and the CODATA value, rpE ¼ 0:8768ð69Þ fm, extracted
mainly from (electronic) hydrogen spectroscopy [4]. The
charge radius can also be extracted from elastic electron-
proton scattering data. The 2010 edition of the Review of
Particle Physics lists 12 such determinations that span the
range of 0.8–0.9 fm [5], most with quoted uncertainties of
0.01–0.02 fm. These determinations correspond to analyses
of different data sets and different functional forms of
Gp

Eðq2Þ that were fit to the data over a period of 50 years.
Extraction of the proton charge radius from scattering

data is complicated by the unknown functional behavior of
the form factor. We are faced with the tradeoff between
introducing too many parameters (which limits predictive
power) and too few parameters (which biases the fits). Here
we describe a procedure that provides model-independent
constraints on the functional behavior of the form factor.
The constraints make use of the known analytic properties
of the form factor, viewed as a function of the complex
variable t ¼ q2 ¼ $Q2.

As illustrated in Fig. 1, the form factor is analytic out-
side of a cut at timelike values of t, [6] beginning at the
two-pion production threshold, t ) 4m2

!.
2 In a restricted

region of physical kinematics accessed experimentally,

$Q2
max * t * 0, the distance to singularities implies the

existence of a small expansion parameter. We begin by
performing a conformal mapping of the domain of analy-
ticity onto the unit circle:

zðt; tcut; t0Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tcut $ t

p $ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tcut $ t0

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tcut $ t

p þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tcut $ t0

p ; (2)

where for this case tcut ¼ 4m2
!, and t0 is a free parameter

representing the point mapping onto z ¼ 0. By the choice

topt0 ¼ tcutð1$
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þQ2

max=tcut
p

Þ, the maximum value of

jzj is minimized: jzj * jzjmax ¼ ½ð1þQ2
max=tcutÞ1=4 $ 1,=

½ð1þQ2
max=tcutÞ1=4 þ 1,. For example, with Q2

max ¼
0:05 GeV2; 0:5 GeV2, we find jzjmax ¼ 0:062; 0:25.
Expanding the form factor as

Gp
Eðq2Þ ¼

X1

k¼0

akzðq2Þk; (3)

we find that the impact of higher-order terms are sup-
pressed by powers of this small parameter.3 As we will
see below, the coefficients multiplying zk are bounded in
size, guaranteeing that a finite number of parameters are
necessary to describe the form factor with a given preci-
sion. Figure 2 illustrates the manifestation of this fact in the
form-factor data. As expected, the curvature is smaller in
the z variable than in the Q2 variable.
Expansions of the form (2) are a standard tool in analyz-

ing meson transition form factors [7–17]. A complicating
feature in the present application to nucleon form factors is
the contribution of the subthreshold region 4m2

! * t *
4m2

N in the relevant dispersion integral.
The rest of the paper is structured as follows. In Sec. II

we demonstrate the application of the z expansion in some
illustrative fits and compare it to other expansions that
appear in the literature. One of the main advantages of
the z expansion is that the expansion coefficients can be

1Gp
E is defined in Sec. III A.

2Here and throughout, m! ¼ 140 MeV denotes the charged
pion mass, and mN ¼ 940 MeV is the nucleon mass.

3Physical observables are independent of the choice of t0,
which can be viewed as the choice of an expansion ‘‘scheme.’’
jzjmax defined in this way gives a convenient estimation of the
impact of higher-order terms.
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high Q2 range compressed 
lever arm shortened 

➠ GM is even less constrained

experimental focus 
low Q2 stretched out



FIXING THE NORMALISATION

39

31 normalisation sets  
approx. 50 data points each 

constrained by overlap

6 beam energies  
constrained by  

Rosenbluth formular

last normalisation  
fixed by  

static limits


