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« PDFs on the Lattice

 The PDF revolution - LaMET and Quasi-PDFs, Short
Distance Factorization and Pseudo-PDFs,...

« Control over systematic uncertainties - confront and
further experiment

« State-of-the-art isovector calculations
* The role of gluons (and sea quarks)

« Future - LQCD + Expt

« Future - 3D Structure
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Lattice QCD

» Continuum Euclidean space time

replaced by four-dimensional lattice, or
grid, of “spacing” a .
» Gauge fields are represented at SU(3) Ve = §
matrices on the links of the lattice - work E _—~
with the elements rather than algebra -

U,y (n) = 7" A5 R

Quarks w, p are Grassmann
Variables, associated with the sites of

i n+ v Un+?) n+ia+v
the lattice U [rti

>

Work in a finite 4D space-time

volume a

— Volume V sufficiently big to
contain, e.g. proton + pion effects Rk

— Spacing a sufficiently fine to n 1 Uy(n) o+ i
resolve its structure
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Rich Menu of calculations....
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Isovector Sach’s Form Factor
D.Djukanovic, Lattice 2022

Momentum and spin fractions of nucleon

S.Mondal et al., Phys. Rev. D 102, 054512 (2020)
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Each characterized by matrix element of local
operator — calculable on Euclidean lattice.

PDFs, GPDs, TMDs?
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|A history of lattice QCD through no-go theorems |

* You can'f place a-chira-gaagetiteory o aareerelizad latfice
Domain-wall Fermions: D.Kaplan, Phys.Lett.B 288 (1992) 342
Overlap Fermions: R.Narayanan, H.Neuberger, Nucl.Phys.B 443 (1995) 305

* You cantinvestigate-seatterng O a cueraean-lattice

“Luscher’s Method”: M.Luscher, Nucl.Phys.B 354 (1991) 531
See David Wilson, Tuesday and many parallel talks

Al X EEmments-aftictt=rTOTTE operators on a Euclidean lattice

*  You can’t compute
LaMET: X.Ji, Phys.Rev.Lett. 110 (2013) 262002

Theorems did
not fall - we
found way to
drive around
them

|Transformed our ability to exploit internal structure of hadronsl
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Hadron Structure: No-go Theorem?

* First Challenge:

— Euclidean lattice precludes calculation of light-cone/time-separated
correlation functions |PDFs GPDs TMDsl

(e, p) = / B P (e )yt ATy 0) | Py

So.... ... Use Operator-Product-Expansion to formulate in terms of
Mellin Moments with respect to Bjorken x.

> <P ’ ?ZVM(%)DM : "Duﬁb | P> — pﬂ1 . "Puna(n)

« Second Challenge:
— Discretised lattice: power-divergent mixing for higher moments

Moment Methods |Recent work by ETMC/HOPEl
— Extended operators: Z.Davoudi and M. Savage, PRD 86,054505
(2012)

— Valence heavy quark: \W.Detmold and W.Lin, PRD73, 014501 (2006)
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PDFs from Euclidean Lattice

Large-Momentum Effective Theory (LalMIET)

X,y
- “Equal time” correlator
Carge P
——

z

Ji, Phys. Rev. Lett. 110, 262002 (2013).
Ji, J. Zhang, and Y. Zhao, Phys. Rev. Lett. 111, 112002 (2013).
W. Qiu and Y. Q. Ma, arXiv:1404.686.

X.
X.
J.

z dzz'zz 7 z —ig [Zdz' A% (2’
o2, P) = [ e P Gy I A o) | P

L O((A2/(PY2), M2/ (P*)2) l
o Py = [ 2z (g i) aly, 12) + O(N? (P72, M2/ (P*))

“‘quasi-PDF Approach”
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PDFs, GPDs and TMDs

Ma and Qiu, Phys. Rev. Lett. 120 022003 A.Radyushkin, Phys. Rev. D

96, 034025 (2017)

Light cone reduces to a
point

Characterized by short-
distance factorization

Same lattice All approaches should give
building same after:
blocks — Finite volume

— Discretization
Uncertainties

X. Ji, Phys. Rev. Lett. 110, 262002 (2013). — Infinite momentum
X. Ji, J. Zhang, and Y. Zhao, Phys. Rev. Lett. 111, 112002 (2013).

J. W. Qiu and Y. Q. Ma, arXiv:1404.686.
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Pseudo-PDFs

Lattice “building blocks” that of quasi-PDF approach.

X. Ji, Phys. Rev. Lett. 110, 262002 (2013).
X. Ji, J. Zhang, and Y. Zhao, Phys. Rev. Lett. 111, 112002 (2013).
J. W. Qiu and Y. Q. Ma, arXiv:1404.686.

A.Radyushkin, Phys. Rev. D 96, 034025 (2017)

* Pseudo-PDF (pPDF) recognizing generalization
of PDFs in terms of /offe Time. 1 — . 2

Wilson line g

B.loffe, PL39B, 123 (1969); V.Braun
et al, PRD51, 6036 (1995)

M®(p,z) = (p | v7°U(z;0)¥(0) | p)
p=(p*t, m2/2p+,OT)/ I \AZ = (0,z_,07)

M®(z,p) = 2p" M (v, 2%) + 22°N (v, 2%)

loffe-time pseudo-Distribution (pseudo-ITD) generalization to space-like z
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Pseudo-PDFs

To deal with UV divergences, introduce reduced distribution

o = L) _ (M@ )\ [ M0
M0z~ \ Aw0) A(0,0)

1
?JJT(V,Z2):/ du K (u, 2° 1%, o) Q (uv, 1?)
0

/ t

Computed on lattice Perturbatively calculable | loffe-time Distribution |
1 29g+1
Qv, 1) = M(v, 2%) — a’;iF / du lln <22,u2€ W4 ) B(u) + L(u)] M (uv, 22).
0
K. Orginos et al., Match data at different z
PRDY6 (2017), I
094503 Need data for all v, or

1
Qv) = / 1 dx q(x)e™” additional physics input
1 [ |
q(x) = o[ dveTQv)
ITD < PDF e
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loffe-Time Distribution to PDF

J.Karpie, K.Orginos, A.Radyushkin, S.Zafeiropoulos, Phys.Rev.D 96 (2017)
B.Joo et al., HEP 12 (2019) 081, J.Karpie et al., Phys.Rev.Lett. 125 (2020) 23, 232003

To extract PDF requires additional information - use a phenomenologically

motivated parametrization ) | alfm) M (MeV)| B esw | amy  amy | I x T Neg
a094m360[0.094(1)  358(3) [6.3 1.20536588[-0.2350 -0.2050| 32° x 64 417

flx) = x4(1 — x)b P(x) MSTW, CJ 094m280[0.094(1) 278(3) [6.3 120536588 -0.2390 -0.2050 32° x 64 500
a091m170[0.091(1) 172(6) |6.3 1.20536588|-0.2416 -0.2050|64° x 128 175

1+ c\/x + dx
Ba+a,b+1)+cBa+15b+1)+dBa+2,b+1)

P(x) =

‘ ‘ ‘ ‘ ‘ . 3518 1\46\/1 ’ ‘ —_— "I‘his work
! 278 MeV || / \ A ——  CJI5NLO
i 12 2172 MeV \ —— MSTW 2008 NNLO
G \
18 i B.Joo et al.,PRL 125 (2020) 23, 232003 5 I SRTDR MO
&% o2 ;tléé Iy i ‘zi A\
\E/ ‘: L T T 2
0 1 | 4 1 |
0 | |
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| | | | | | | x
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12
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Challenges of Higher Momenta

Both LaMET and pseudo-PDF require high momentum and fine resolution!

Achieving high momenta in a lattice calculation presents several challenges

— Discretization errors

— “Compression” of energy spectrum as spatial momentum increased
— Reduced symmetries for states in motion - parities are mixed, helicity defines the basis
— Poor overlaps of e.g. Jacobi smearing on states in motion - poor signal-to-noise ratio.

position space momentum space

I\

Boosted interpolating operators

Neat solution
Bali et al., Phys. Rev. D 93, 094515 (2016)

fi)
Now essentially ubiquitous
\

.

Can we combine momentum smearing with

convertional smearing

mome tum smearing

distillation to address some of the other issues?

4

fip)

N.B Bali et al does indeed suggest application to distillation.

.{effe?son Lab

A
/
/ \ , Look at

— Nucleon energies and dispersion relation
— Nucleon charges
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Distillation and Hadron Structure

To control systematic uncertainties, need precise computations over a
wide range of momentum.

— Use a low-mode projector to capture states of interest
“distillation”  M.Peardon et al (Hadspec), Phys.Rev.D 80 (2009) 054506

— Enables momentum projection at each temporal point.

Momentum projection

| Cont. Disp
] Latt. Disp.
* | mmmm Unphased N2Sg(1/2)"
3.7 Unphased Op. GEVP

A%,
® | EEE Phased Op. GEVP A,
1 { HEM Phased Local Op. GEVP ﬂ/
| 7

3.21 o

o
~1

Ex (GeV)

+ momentum
smearing

[S]
(8]
-

\ / G.Bali et al, Phys.Rev.D s
93 (2016) 9, 094515 17 s ’
Variational basis it
C.Egerer et al (Hadstruc), Phys. Rev. 5] ~ G

D 103, 034502 (2021) i 1.647 1.650
5 25 30 35

200§ i
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Isovector PDF using Distillation

C.Egerer et al. (hadstruc), JHEP 11 (2021) 148
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Expand the x-dependence in terms of (shifted) Jacobi Polynomials

1
0-7(1%6) (y, z2u2) — f)f{e/ dx K (Z‘V, Z2,u2) e (1 o QJ)B Q%oz,ﬁ) (x)
O . . . .
Matching kernel e oottt

Re Nt (1/ z Z O—(Oé 5) I/ P m ) Clt a, B)+( ) Zg(a B) Caz (a, ’8)—|—Z2A2 Z O_(()’ozT,L,B) (I/) sziln(a’ﬁ)

Dlscretlzatlon / ngher twist /

6
0.3 = fqv/f\v(x,uz)?;zz
] = o (o)
s b 0.24 O(a/z)s
z=9 _— O(Zz‘\%)CD)/
- m,= 358 MeV 4 0.1+ == 0(='Nep)s
;1 . — Q15
R o MSTW
Q = 0.0
B s TR et
S ~ L
£ <
T T
0 2 4 6 8§ 10 12 14 16
14

) Thomas Jefferson National Accelerator Facili
Jefferdon Lab Y @&



DGLAP Evolution

« Data demonstrate “precious scaling”...
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ETMC, arXiv:2212.06201

5 T T T T 5 T T T T
© it O(a) "~ fit O(a)
fit O(a?) fit O(a?)
4 NNPDF3.1nnlo | 4 NNPDF3.1nnlo |

Qu2s ($)

St O(a) i O(a)

fit O(a?) fit O(a?)
4 q(z) NNPDF3.1nnlo | NNPDF3.1nnlo -
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Liberally interpreted!

Construction of a rigorous framework to extract GPDs from first-principles lattice
calculation essential to precision we proposed.

Two important works on LaMET framework. 30
. i — NLO+RGR(P,=1.9GeV)
Natural scale of quark (or gluon) is p. = xP. =0  ANLOAROR(P.o15GeY)
< 2.0t NLO+RGR(P,=2.4GeV)
Resum terms of type In" p_/p $ s —NNLOWRGRP=2400) |
3 — NNLO+RGR - NLO+RGR(P,=1.9GeV)
P | on P D F > & ol WR — NLO+RGR(P,=2.4GeV)]
Y. Su et al., Nucl.Phys.B 991 (2023) 116201 > T~
%85 0.2 0.4 0.6 08 1.0

Quasi-PDFs/LaMET

Control uncertainty due to linear divergence of Wilson line - leading twist-3 correction. Resummation of infrared-

renormalon series.

2.0

NLO
NNLO

v

NLO+RGR | AQCD/2$PZ

sNLO+RGR+LRR
mNNLO+RGR+LRR ]

> Pion PDF

R. Zhang et al, Phys.Lett.B 844 (2023) 138081

02 03

Vastly improved fidelxity at intermediate x

geffea)on Lab
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Transversity + Helicity

Phys.Rev.D 105 (2022) 3, 034507, Hadstruc Collaboration, (C.Egerer et al).
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2PTSPLT(PYz=, ) = (P, S+ |Y(2

o0 dy  —j
h(z,p) = [__ 55e "™ I(v,p)
In contrast to unpolarized PDF, there is no conserved current - so express in

VTP s W (27, 0)9(0)| P, 5P+ )

terms of the (renormalized) tensor charge.

1% " x?/dof = 41.4/36 1] x?/dof = 45.9/36
0.8 23 € [2a, 8q] 0.8 23 € [2a,8q]
06 06 84528 ]
NNO’) % N&"J §
< 04 S04 & $
oy Ansatz fit = Ansatz
§0,2 ng =1 50,2, ng =1 -3~
= ng =2 -0~ 8 ng =2 -0~
0 ng =3 % 0 ng =3 A~
ng =4 —~ ng =4 —
—0.2 Ny =5 o =02+ n3 =5 o=
—04 ng =6 o~ _04 ng =6 o
0 2 4 6 8 10 0 2 4 6 8 1
14 v
3.5 ! . 3.5 . .
Ansatz fit Ansatz fit
3 23 € [2a,8a] 3 23 € [2a,8a)
—~25t ~2.5
2 2
§ 2 § 2
= =
< 3
31.5 51.5
<1 <1
0.5 0.5
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Transversity Distribution

- p? =2 GeV?

JAM20 (global fit) — |
This work === |

0 0.2 04 06 08

.geftgon Lab

uz =2 GeV?

This work e== -

Isospin symmetric

0.2
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Helicity Distribution

Valence quark helicity distribution,
together with contamination terms

0.3 ~— NNPDFpolL.1
= JAM17
0 2 = JAM22
51 g = g (&1 94 (12)
O(a/ |2])
0.1 = 0(Nep)
4 == 0(z"Ncp)
0.0
—0.1

1.0

056 0.8 10
x

02 0.4

CP-odd helicity distribution, together with

contamination terms

== NNPDFpoll.1

= JAM17
= JAM22

= g (&) /01 (1)

Small NS anti-quark helicity \

) NNPOS s 3
—— ™ _-"': LR

0.6 0.8 10

00 02 o4 0.6 0s 1.0

.geftgon Lab
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Unpolarized and Polarized
Gluon

“Understanding the Glue That

Binds Us All: The Next QCD
Frontier in Nuclear Physics”

geﬁgon Lab

REACHING FOR THE HORIZON

LONG RANGE PLAN
for NUCLEAR SCIENCE

o @
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Gluon Contribution to unpolarized PDF

c.f. Z.Fan, H-W-Lin, arXiv:2104.06372,arXiv:2007.16113
T.Khan et al. (Hadstruc), hys.Rev.D 104 (2021) 9, 094516
“disconnected” ,ua AB(Z p) <p\ G,ua (Z) W[Z7 O] GAB( ) \p>

(2) U(2,0) Gi; (0)U(0, 2) — Gus(2) U(z,0) G(0) U(0, ).

- Two-point functions as in isovector case

M(v, 2* M(0, 22)] =
Reduced matrix element: ~ M(v, 2%) = <%>/<M(O( 0)Z| )|§ oo>
? z= ) p=0,z=

Flavor-singlet quantities are subject to severe signal-to-noise problems compared with
isovector measures:
— Use distillation and many more measurements per configuration - sampling of lattice
— Use of summed Generalized Eigenvalue Problem (sGEVP) - better control over
excited state contributions
— Use of Gradient Flow - smoothing of short-distance fluctuations
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ITD to PDF

Matching: |.Balitsky,W.Morris,A.Radyushkin,Phys.Lett.B 808 (2020) 135621

oy L) aNe [P Ty(uvp?) [ (PpPe?rE utln(@] |21,
M(v, 27) = 7,042 27 Jo du Z,(0,12) In 1 Byg(u)+ 4 - +—|— 3 [1 u ]+
N.B neglecting quark-gluon mixing

Implementation for obtaining the PDFs follows that of the isovector distribution
— Expand in Jacobi Polynomials

x*(1 — x)?
/ +al | z]
8.0
Lol —— 2-param(Q) 70 = 2-param(Q)
. =~ 3-param(Q) ’ = 3-param(Q)
g== 2 -param(Q) + P; 6.0 - &= 2-param(Q) + P

g,; 0.8
2
H@

0.6

0.4

0.8 1.0
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4.0

2 -param(Q) ] 2 - param(Q)
NNPDF3.1 1e+00 1 NNPDF3.1
CT18 ] CT18
am JAM20 le-01 4 am JAM20
& 1e-021
@J 1
8 ]
1e-03 3
1e-04-;
— T . 19'05- T T T
0.6 0.8 1.0 0 0.2 0.4 0.6 0.8 1.0

Require normalization of xg(x) ()" (u = 2GeV) = 0.427(92)
C.Alexandrou et al., Phys. Rev. Lett. 119, 142002 (2017)
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W.Good, Z.Fan, H.-W. Lin, arXiv:06916 Continuum limit/physical extrapolation

[ & a09m310
® al2m220
® al2m310
A al15m310

= MSULat’22 (a- 0, M,, » 135 MeV)
= MSULat'22 (a= 0.09 fm, M,; = 310 MeV)
== HadStruc'21 (a = 0.09 fm, M,; = 358 MeV)

-~ MSULat'20 (a = 0.12 fm, M, = 310 MeV)
= CT18

== NNPDF3.1
-~ JAM20

xg(x, y =2 GeV)
o o o
N (o]

o
)

o
==}

04 06
X

0.8

0.7 0.8
X

Gluon momentum fraction on same lattice
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Gluon Helicity Distribution

» Crucial questions in global analysis - do we need to

apply positivity constraint:
| Ag(x) | < g(x)Vx

Relaxing constraint leads to new “replicas” in global analysis:

Zhou, Sato and Melnitchouk, Phys.
Rev. D 105, 074022 (2022)
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Reca

I I'TD < PDF

0.15

0.0 1
¢ Lattice QCD -0.1
0.05 === NNPDF J, ¢ Lattice QCD
=AM 1) -0.15 1 = JAM [,V
= JAM 1,04 == JAM 1,0
-0, 1 T T T T -0,2 T T T T
0 2 4 6 8 0 2 4 6 8
v v

C.Egerer et a

. (HadStruc), Phys.Rev.D 106 (2022) 9, 094511

LQCD Calculation of gluon helicity distribution compared with global

analyses

LQCD can inform in advance of EIC!

Caveat! Mixing with sea quarks not yet included

.geftgon Lab

Thomas Jefferson National Accelerator Facility

@ &



Lattice QCD + Experiment: Greater than their
parts

- Thomas Jefferson National Accelerator Facili
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Pion PDF

Pion PDF has high level of uncertainty - no free-pion targets

“Good Lattice Cross Sections”
Ma and Qiu, Phys. Rev. Lett. 120 022003

&' Z5 1) (§)[$g¥](0)

Gy (7) = B

z*(1 — )P (1 + ~vx)

a+1,8+1)+vBla+2,6+1)

T.l1zubuchi et al., Phys. Rev. D 100, 034516
J-H Zhang et al., Phys. Rev. D 100, 034505

== Reduced pseudo-ITD

———LCSs [44]
&= quasi-PDF [47]
—— quasi-PDF [53]

Os(¢)
272 71,7 n
Ovi(§) = & Zyi[e€ 1 |(§) g€ - 7] (0)
0.6 == 2t (z) [Fit 1: a= —0.17(7)(2), B=1.24(22)(7)]
s g7 (2) [Fit 2: a= —0.22(11)(3), 8= 2.21(56) (14), v = 4.28(1.73)(25)] 0.6
0.5 1
0.5 1
0.4 1
3 /gg\ 0.4
k@? 0.3 ITD reconstructed from PDFs fit paramt :; 0,3 1
: S
0.2 0.2 1
0.1 x, 0.1 7
2,w) ®qf () [Fit 2]
ical oy4(w) distribution |
OO , ?5 I5.0 , 00
0 0.2 0.4 0.6 0.8 1.0
T

ISufian et al., Phys. Rev. D102, 05408 (2020)
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Back to expt........

PHYSICAL REVIEW D 105, 114051 (2022)

Complementarity of experimental and lattice QCD data
on pion parton distributions

P.C. Barry ,1 C. E%erer,1 J. Karpie ,2 W. Melnitchouk ,1 C. Monahan ,1'3 K. Orginos,l‘3
Jian-Wei Qiu,"* D. Richards,' N. Sato,' R.S. Sufian®,"? and S. Zafeiropoulos®

(Jefferson Lab Angular Momentum (JAM) and HadStruc Collaborations)

Can we use LQCD + expt in global analysis: what is the impact?

do Are®

drrdyT  9Q2S

1 1
Z/o dxw /0 dZBA ff(xmﬂ) fjA(anu) CEY(Z‘W,ZC?T,ZCA,.Q?%,Q,M),
’L] ZCﬂ_ $A

Measured Cross Section PDF Hard Process

Npa®i (1 — )P (1 +vpa?)
Blay+2, 8 +1) + v Blag +4, 65 + 1)

flz, ug) =

i Thomas Jefferson National Accelerator Facili
.geffe‘m)on Lab Y @ QJSA



NLO NLO+NLLpy
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Combined analysis for gluon helicity distribution in progress
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3D Imaging + GPDs
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GPDs in pseudo-PDF approach

|Thanks to Joe Karpie, Lattice 2023 |

» GPDs correspond to off-forward matrix elements. In pseudo-PDF
framework, our starting point is the Generalized loffe Time Distributions

L(p'\p,s=s5— 1) =(p'| g(=z" 12y, W(=z"15,27/2)q(z"/2) | ),z

Where loffe time v = (p + p')/2,t = (p — p’)* and skewness £ = g - /P - 7
Extends to generalized pseudo-ITD in manner of pseudo ITD.

l GPDs
Requires solution of inverse problem

Allows us to obtain 3D GITDs/GPDs at discrete values of momentum transfer
and skewness, in contrast to x = £ in DVCS.

] Thomas Jefferson National Accelerator Facilit
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GPDs -

C. Egerer et al., JHEP 11 (2021) 148

0.0 . 171 . 9 .
I Accessible values on our “paradigm” lattice
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T T R 13 A.Radyushkin, PLB380 (1996), 417; M.Polyakov,C.Weiss
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IThanks to Joe Karpie, Lattice 2023 I

pf011 pi001, chi2=0.323

— fit
¢ data
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Bare matrix elements in pseudo-PDF and quasi-PDF are same.

Can apply OPE at short distances to obtain Mellin Moments

[c.f. earlier calculations of Generalized Form Factors using local operators]
S.Bhattacharya et al., Phys.Rev.D 108 (2023) 1 014507
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GFFs at £ = 0O; note higher Mellin moments

J.Karpie,K.Orginos,S.Zafeiropoulos, JHEP 11 (2018) 178
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A New Opportunity in Hadron Structure
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3D Image of nucleon and
nuclei at the femtoscale
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Summary

Realistic calculation of light-cone distributions from LQCD now
available

Focus on understanding systematic contributions in pseudo-
PDF framework

Distillation + boosting enables both far increased reach in
momentum, and improved sampling of lattice

— Essential in calculations of gluon contributions

Are able to isolate leading twist from higher-twist and
discretization contamination

Exascale era offers unprecedented opportunity for first-
principles calculation - theory for most precise PDFs

Complete calculations of isoscalar structure
Bayesian reconstruction, Neural Networks,.....
Calculation of GPDs Underway

Lattice QCD + Expt - global analysis
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