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Intfroduction

~ Parton physics plays an important role in mapping out the 3D structure
of hadrons and interpreting the experimental data at hadron colliders

Example: Drell-Yan Process

~ Factorization
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Intfroduction

- Tremendous progress has been achieved on calculating the x-dependent
partonic structure of hadrons from Euclidean lattice
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Infroduction

~ A popular approach: Large-momentum effective theory (LaMET)
Ji, PRL 13’ & SCPMA 14°, Ji, Liu, Liu, JHZ, Zhao, RMP 21’
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o Theory studies and lattice calculations available for

» Collinear PDFs, distribution amplitudes
- GPDs, TMDPDFs/wave functions

~ Higher-twist distributions

A huge number of references...



Intfroduction

~ A popular approach: Large-momentum effective theory (LaMET)
Ji, PRL 13’ & SCPMA 14°, Ji, Liu, Liu, JHZ, Zhao, RMP 21’

N g-PDF

WPOr | a0

[ T——
ML 300 M
MSULSL M =138 MY

First PDFs 1t GPD (m)
First unpol. at MPYS -
lattice PDF =

2013

2014 2015

Pol. PDFs and
mass corrections

Pion DA

H-W Lin, FBS 23’



Lattice results

~ A popular approach: Large-momentum effective theory (LaMET)
Ji, PRL 13’ & SCPMA 14°, Ji, Liu, Liu, JHZ, Zhao, RMP 21’

- Examples of the state-of-the-art:

Nucleon quark transversity Pion valence quark PDF

du(z, p)—dd(x, p) 4.0
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Lattice results

~ A popular approach: Large-momentum effective theory (LaMET)
Ji, PRL 13’ & SCPMA 14°, Ji, Liu, Liu, JHZ, Zhao, RMP 21’

- Examples of the state-of-the-art:

Nucleon quark unpolarized GPD
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Lattice results

~ A popular approach: Large-momentum effective theory (LaMET)
Ji, PRL 13’ & SCPMA 14°, Ji, Liu, Liu, JHZ, Zhao, RMP 21’

- Examples of the state-of-the-art:

Impact parameter distribution

a(z,b) = / (;Tq)zﬂ(:v,ﬁ =0,t = —q°)e'tP
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Lattice resulis

- A popular approach: Large-momentum effective theory (LaMET)
Ji, PRL 13’ & SCPMA 14°, Ji, Liu, Liu, JHZ, Zhao, RMP 21’

- Examples of the state-of-the-art:

Impact parameter distribution

Lin, PRL 21’



Lattice results

~ A popular approach: Large-momentum effective theory (LaMET)
Ji, PRL 13’ & SCPMA 14°, Ji, Liu, Liu, JHZ, Zhao, RMP 21’

o Examples of the state-of-the-art:

Nucleon quark GPD in asymmetric frame
Bhattacharya et al, PRD 22’
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o Leading-twist violates translational invariance, which can be restored by
including kinematic higher-twist contributions Braun, 23’
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Lattice results

~ A popular approach: Large-momentum effective theory (LaMET)
Ji, PRL 13’ & SCPMA 14°, Ji, Liu, Liu, JHZ, Zhao, RMP 21’

- Examples of the state-of-the-art:

Transverse-momentum-dependent PDF
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Lattice results

~ A popular approach: Large-momentum effective theory (LaMET)
Ji, PRL 13’ & SCPMA 14°, Ji, Liu, Liu, JHZ, Zhao, RMP 21’

- Examples of the state-of-the-art:

Transverse-momentum-dependent PDF
Unpol. Sivers >T—(1dd
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Boer-Mulders
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Unpolarized quark isovector TMDPDF has been calculated
He, JHZ et al, LPC 22’

T-odd Sivers and Boer-Mulders functions in progress
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Lattice results

~ A popular approach: Large-momentum effective theory (LaMET)
Ji, PRL 13’ & SCPMA 14°, Ji, Liu, Liu, JHZ, Zhao, RMP 21’

- Examples of the state-of-the-art:

Transverse-momentum-dependent PDF
(Pl (En,/2 + b )y W, (En,/2 + b.s L)y (=€, /2)|P)
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Lattice resulis

~ A popular approach: Large-momentum effective theory (LaMET)
Ji, PRL 13’ & SCPMA 14°, Ji, Liu, Liu, JHZ, Zhao, RMP 21’

- Examples of the state-of-the-art:

Transverse-momentum-dependent PDF

b, = 0.24fm = (0.82GeV)™! b, = 0.6 fm = (0.33GeV) ™!

He, JHZ et al, LPC 22’
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Lattice resulis

- A popular approach: Large-momentum effective theory (LaMET)
Ji, PRL 13’ & SCPMA 14°, Ji, Liu, Liu, JHZ, Zhao, RMP 21’

- Examples of the state-of-the-art:

Transverse-momentum-dependent PDF

b, = 0.24fm = (0.82GeV)™?! b, = 0.6 fm = (0.33GeV)™?!

He, JHZ et al, LPC 22’
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Towards precision calculations

o Lattice calculations of partonic structure of hadrons (to the leading-
power accuracy) now reach the stage of precision control

~ Higher-order perturbative correction
= Unpol. quark PDF@NNLO Li et al, PRL 21°, Chen et al, PRL 21
= Quark TMDPDF@NNLO Del Rio et al, 2304.14440, Ji et al, JHEP 23’

- RG resummation Su, JHZ et al, NPB 23’
~ Threshold resummation Gao et al, PRD 21°, Ji et al, JHEP 23’

- Power correction, renormalon ambiguity
Braun, JHZ et al, PRD 19’, Liu et al, PRD 21°, Zhang et al, PLB 23’

_ Control of lattice artifacts
- ANL-BNL, ETMC, LPC, MSU...
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Towards precision calculations

~ Lattice calculations of partonic structure of hadrons (to the leading-
power accuracy) now reach the stage of precision control

3.0

2.5:— _____ NLO(P,=1.9GeV)
: N NNLO(P,=1.9GeV)

2.0_— |

— NLO+RGR(P,=1.9GeV)
— NNLO+RGR(P,=1.9GeV)

— NNLO+RGR - NLO+RGR(P,=1.9GeV)|

—

80 02 04 06 o8
X

1.0
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parton momentum

RGE to resum large
logarithms In 4?/(2xP,)*

Numerical impact of the NNLO correction is small Su, JHZ et al, NPB 23’

RG resummation improves the accuracy at intermediate x, and exhibits the limitation of

perturbation theory at small x
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Towards precision calculations

o Lattice calculations of partonic structure of hadrons (to the leading-
power accuracy) now reach the stage of precision control

N RGE to resum large threshold
logarithms In" |1 — &[/(1 — &)

Factorization in the threshold limit Ji et al, JHEP 23’

2

c (&2 aw) \H —H (m i%g,a(m) p; (1= 6" 0 2 o)

Threshold resummation improves the behavior at large x

18



Towards precision calculations

o Lattice calculations of partonic structure of hadrons (to the leading-
power accuracy) now reach the stage of precision control

Estimate of twist-4 contribution Braun, JHZ et al, PRD 19’

=  awoooee 4+ oo Jwo + o w4+ -

Large-f}, approximation

Quasi-PDF Pseudo-PDF

O(x, p) = q(x){l N 0(2_ . ﬁ)} P(x,2) = g(x){1 + 0PN (1 - x))}

Zero-momentum matrix element helps to suppress power corrections at x — 1
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Towards precision calculations

o Lattice calculations of partonic structure of hadrons (to the leading-
power accuracy) now reach the stage of precision control

Removal of twist-3 contribution from Wilson line renormalization
Zhang et al, PLB 23’

hR(z, P,) = h®(z, P,)e@"~"m0)"

introduces an intrinsic ambiguity of O(zA,cp)

Modified OPE
hR(z’ PZa l~L, T)
0
= (1=mo(®z) 3 Ci (as(w), 1?22) Moar1 () + O mo(7) can be
k=0 determined by fitting
00 to zero-momentum
= Z [Ck (O!s(,u), /L222> - zmo(r)]xkak+1 (1) + O(zas, 2%), matrix element
k=0

Perturbative kernel improved by resumming leading renormalons

from static quark potential
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Towards precision calculations

o Lattice calculations of partonic structure of hadrons (to the leading-
power accuracy) now reach the stage of precision control

Removal of twist-3 contribution from Wilson line renormalization

Zhang et al, PLB 23’
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From single- to multi-parton distributions

- The computational effort so far has been mainly focused on single
parton distributions (relevant for single parton scattering)

o = Z/d$1/d$1fz 1171 fj X O',U.

/ /

Single parton distributions
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From single- to multi-parton distributions

~ The computational effort so far has been mainly focused on single
parton distributions (relevant for single parton scattering)

o = Z/d$1/d$1fz 1171 fj T Uzg

/ /

Single parton distributions

~ With the increasing energy of hadron colliders, multiparton scattering
(e.g., double parton scattering) processes become increasingly important
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From single- to multi-parton distributions

~ The computational effort so far has been mainly focused on single
parton distributions (relevant for single parton scattering)

o = Z/dm/dxlf, 513'1 fj T Uzg

/ /

Single parton distributions

~ With the increasing energy of hadron colliders, multiparton scattering
(e.g., double parton scattering) processes become increasingly important

It can compete with single parton
scattering in certain situations

Longitudinal parton momenta
fixed by final state kinematics

Transverse parton momenta can differ by A,

conjugate to transverse separation of partons
24



From single- to multi-parton distributions

- The computational effort so far has been mainly focused on single
parton distributions (relevant for single parton scattering)

Double parton scattering power counting sdo sdo
H?:l dil?z dfz d2qz Hf:l dﬂ?z dfz

1
o a AZQ? 1
ﬁ 2
b 1 A~

A2 Q2 Q2

25



From single- to multi-parton distributions

~ The computational effort so far has been mainly focused on single
parton distributions (relevant for single parton scattering)

o = Z/d$1/d$1fz 1171 fj X Uz]

/ /

Single parton distributions

~ With the increasing energy of hadron colliders, multiparton scattering
(e.g., double parton scattering) processes become increasingly important

Double parton distributions
(the two partons can have
transverse separations)

/

ODpPS ™~ Z/d331d-’132/d331d$2/ Y fij (@1, T2, Y) fra(T1, T2, Y) Gk 1.

17kl

(a)
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From single- to multi-parton distributions

= Double parton distributions (DPDs) Diehl, Ostermeier, Schaefer, JHEP 12°,
Diehl, Gaunt, 17’ ,

4

- Two-quark correlation

4 4 4
d Zl izlkl d 22 i22k2 d y —iyr

Pomm k) = [ i o (i

X (p| T [, (y — 321) 5y (—322)| T [th5,(522)¥5, (y + 521)] |p)

~ Fourier transform to transverse position space
2w 2w
x (p| @2;(—522)1022(%22)%;2'1 (y — %Zl)%:l (y + %Zl) p)

_ -+ — ixyz; pTHiz,z, pT
le,z'l,zz,z’z,(xhﬂ?z,zlaz%y) = 2p dy~ e 272
z;"zy"‘:O

© 2; denotes collectively the spin, color and flavor of the corresponding
quark
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From single- to multi-parton distributions

= Double parton distributions (DPDs) Diehl, Ostermeier, Schaefer, JHEP 12°,
Diehl, Gaunt, 17’ ,

4

- Two-quark correlation

d421 iz d422 iz d4y —iyr
sy b k) = [ e Gt e

X (p| T [, (y — 321) 5y (—322)| T [th5,(522)¥5, (y + 521)] |p)

o Leading-power spin projection

dzy dzy
o 21
X (p| Oaz (07 z2) Oal (ya zl) |p) )

= 2p" — ixyz) pTHizyzy pt
Fa1a2($1,$2,21,22,y) = 2p dy~ e*1*1P 9% P

0.y, 2z:) = Gi(y — %Zz) Iogi(y + %Zz)

z; =y+=0

1+ 1 _ + J _ 1: 3+
Lg=237", Lag =375, [ = 3107775
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From single- to multi-parton distributions

= Double parton distributions (DPDs) Diehl, Ostermeier, Schaefer, JHEP 12°,
Diehl, Gaunt, 17’ ,

4

- Two-quark correlation

d*z d*z, dty _
® / r (kq.k = 72 atzikr 1z2k2 iyr
21,21,22,22,( 1, R2, T ) / (271') e (27r) e (271—)46

X (p| T [, (y — 321) 5y (—322)| T [th5,(522)¥5, (y + 521)] |p)

_ Color structure

g e =

1 N, a
Fcz <1F5jj’5kk’ + ﬁspt ’tkk’)

dzy dzy , _ i,
2 2w 2
X (Pl O, (0, 22) “Oa, (y, 21) |p)

L SO0, m) = qr(y — 32) g (y + 57)
z; =y =0

yielding (¢ = {1,8})

c zy pT+izyzy pT

— +
a1a9 (xla .’L'2, zl) z27 y) - 2p

lo(y, z;) = qj’ (y — ;Zz) 049 (y + %Zz') gt 2
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From single- to multi-parton distributions

= Double parton distributions (DPDs) Diehl, Ostermeier, Schaefer, JHEP 12,

Diehl, Gaunt, 17’

4

- Two-quark correlation

d*z d*z, dty _
® / r (kq.k = 72 atzikr 1z2k2 iyr
51,5 5,5, (K1, k2, ) = 2n) e (2n)! e (2w)4e

X (p| T [, (y — 321) 5y (—322)| T [th5,(522)¥5, (y + 521)] |p)

- Flavor structure

le dz2 dy ew: 121 pT+iz,zy pT
2w 27

x (p| OL (0, 22) O (y,21) |p)

F! (551,552721,22,?!) = 2p+

ayaz

052(0, 22) (9({1(3;, z1) = Cfl(—%zz)raz %(%Zz) 22y — %Zl) aq1(y + 21)

zl—z =0
yT =0
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From single- to multi-parton distributions

= Double parton distributions (DPDs) Diehl, Ostermeier, Schaefer, JHEP 12°,
Diehl, Gaunt, 17’ ,

~ Two-quark correlation

4 4 4
d Zl izlkl d 22 iZQkQ d y —iyr

ooz, (b ke 7) = [ e ™ ™ Gy

< (pI T [ (y — 320)05; (—522)] T 95, (522)95, (y + 321)] [P)

~ Gauge links shall be included beyond LO analysis to ensure gauge
invariance

4;(2) = [W(z,0)],, au(2).
3(2) = @(2) [Wi(z,0)],,

- Rapidity divergences can appear even in collinear double parton
distributions (color-correlated ones)

W(z,v) = Pexp

ig/ d A% (z — \v)t®
0
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From single- to multi-parton distributions

- Double parton scattering in terms of DPDs

~ Factorization

do 1 d2Z1 d222 ' ‘ /
= A e 1Z1917122q2 d2
[ de.dr g, C 2 | @ )2 y

a1aza3ay4
A A 1 1 8 8 1
X {d0a1&3 d0a2&4 [ Falaz F(_1,35,4 + Cs Fa1a2 F(_1,35L4]

+do! - do! + g 8F! 8F!

aiag as04

[1FI IFI

aias azaq aias C73&4] } ‘
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DPDs in phenomenology

- Simplified modeling often ignores the correlation between partons in
analyzing double parton scattering

- DPDs in terms of single parton impact parameter distributions

r?

Fovay (21,72, y) 2 / 026 fo, (21,0 +Y) fay (2, b)

~ Such a factorization has been investigated on the lattice for the pion,
significant differences have been observed between l.h.s. and r.h.s.

- DPDs 1n a completely factorized form

Fayan (€1, 82,Y) = far (€1) fay (x2) G(v)

- Double parton scattering X-sec 1s given by

_ 1 osps,i osps,j
ODPS,ij — 5 Tott
e
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DPDs from lattice

- DPDs involve fields at lightlike distances and thus are not well-suited
for lattice calculations

- What can be studied on the lattice are two-current correlations at space
like separations, e.g., Bali et al, JHEP 21’

My (0,9) = (h(0)| T35 (W) T35, (0) | ()
~ Take the color singlet quark DPDs as an example:

_ The correlations with currents

Jiv@) =aw)a(y),  JEaw) =aw)Vsa(y),  Jir(y) = d(y) o q(y)
are related to the lowest double Mellin moment of the DPDs, e.g.,

oo
- A+t — 9+ 2
| M o) =2 L (0)

1 1
Ialag(y2) :/_1 dwl /_1 dx2 falag(x17x27y2)
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DPDs from lattice

- DPDs involve fields at lightlike distances and thus are not well-suited
for lattice calculations

- What can be studied on the lattice are two-current correlations at space
like separations, e.g., Bali et al, JHEP 21’

MR (p,y) = (h(p)| JE7 (y) J42;:(0) | A(p))

~ Take the color singlet quark DPDs as an example:

= On the other hand
% (M v (@,9) + Myl vy (P,9)] = 6704 Agygy + 8070,5M* Byyg, + 1y, m* Copg, + 17y, p M Doy
v = 2" = 597", thv,e = 2y"y" — %9‘“’3/2 ,
tyve =Py + 07y — %g“”py, tyyv.p = 9",

U

1 74 1% 1%
Agqig = SN2 {3(3/2)2 tlIL/V,A - 63/21’3/ tLXL/V,B + [p2y2 + 2(py)2] tl\L/V,C} [Mqlqz,VV] (v

Lo (¥?) = /_ d(py) Aaras (PY,Y°)
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DPDs from lattice

- DPDs involve fields at lightlike distances and thus are not well-suited

for lattice calculations

- What can be studied on the lattice are two-current correlations at space

like separations, e.g., Bali et al, JHEP 21’
ML (p,y) = (h(p)| T, (y) Jh2;:(0) [h(p))

~ Take the color singlet quark DPDs as an example:

ylal ylal
4 6 8 10 12 14 16 4 6 8 10 12 14 16
0.2 1 1 1 1 1 1 1 1 1 1 | | |
0.8 0 N=3,K=0

by — TR el N=2,K=1
T 0.0 St N=2,K=0
|E 06_ .} "T'.""\\.
=0 R
g T s

o
£-02 Eo0.4 : N
o = N \
E_o03 = 0%
é Iud
g -0.4 mylsud g 0.2
B susa
-0.5 22t 3
mely*|susa
0.0 T
_0.6 T T T T T T T T T T T
0.4 0.6 0.8 1.0 1.2 0.4 0.6 0.8 1.0 1.2 1.4
ylfm] ylfm]
(a) Mellin moments I(y?,¢ = 0) (a) fit comparison I,.4(¢ = 0,y?)

_ Can we access the full DPD rather than the lowest double Mellin
moments from lattice?
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DPDs from lattice

~ Start from the simplest DPD: unpolarized color singlet case JHZ, 23’
farqo (@1, 22, 9%) = 2P+/dy_/didﬁ@i(mlzl_ﬂﬂg)who(y,Zlazz,P)

2w 2
d/\l d)‘2 z(cc1>\1+a:2)\2) 2
| /d)\ 271' 271' h(A7/\17)\21y )7
with

ho(ya zlazQ’P) - (PlOQ1(y721)042(0’22)|P>7

1
h’(/\7 >‘17)\2ay2) = (P+)2 hO(yaz17z27P)’

— YA + VA

Oq4(y,2) = g (y — 5)77W(y - 5Vt 5 )y + 2)

)\=P-y, )\1=P'21, )\2=P'22,
- Double Mellin moments are given by

1
M<21<172L2(y2):/d$1dm2x?1 13732 1fq1q2(:v1,x2,y2)
—1

_ (P+)12—n1—n2 /dy_(PlO;_lm-l_(y)O;;m—}_(O)lP)

O Hn (y) = Py (y)y#1iDH2 (y) - -- i D"} (y)q(y),
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DPDs from lattice

o Start from the simplest DPD: unpolarized color singlet case JHZ, 23’

P
fq1q2($1,332,y2) =2P+/dy_/%%e’(“zl Tr2Zy )P+h0(’y,21,22,P)

_ dAl d)\z Z($1A1+.’B2)\2) 2
—Z/d)\/ o 271' h'(A7/\17)\21y )7

with
ho(ya zlazQ’P) - (PlOQ1(y721)0612(0’22)|P>7

1
h’(/\7 /\1a)\2ay2) = (P+)2 hO(yazl7z2aP)’
_ +
Oq(y, 2) = q(y — %)%W(y— g,y+ 5)Va(y + 2)

)\=P-y, )\1=P'21, )\2=P'22,

- Double Mellin moments can be turned into a manifestly covariant form
Diehl, Ostermeier, Schaefer, JHEP 12’

(PO () 0% (0)| P) =
2PH1 ... PHny PV1 ... PVng <On1 On2>()\ Yy ) ’

M) = [ O30
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DPDs from lattice

~ Consider the correlation of equal-time nonlocal operators following the
spirit of LaMET Ji, PRL 13’ & SCPMA 14°, Ji, Liu, Liu, JHZ, Zhao, RMP 21’
1
N
}"u = (O,Vla )’Z), Zlﬂ — (0961_, Zi)

71(21,22,@/, P) - <P|OQ1(y’ Zl)OQ2(Ovz2)|P>7

_ From OPE Izubuchi et al, PRD 18’

) (—iz1)™ 71 (—izg)m2—t
h(zz,uzaya 4NZ Z (’n,l — ]. TL2 - 1)

ni= 1n2 1

X Cé,’fl U(N )C(nz 1)(#2z2)M311gZ2 (pisy, P) + -+,

Mgllq"? (lJ’Z) Y, P) — nl-ld ce n#nln'/l . nVn2
x (P|O0g, "™ (y, 1) Oga—""2(0, p12)| P)
— 2(n . P)n1+n

- The same Lorentz invariant reduced matrix element appears both in
correlations of lightcone and Euclidean nonlocal operators
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DPDs from lattice

- Factorization
g(Aza M, z’?) y2) - /duldu2 qu (u17 ru’lzl)CQZ (’U,2, 2Z2)H(’U,z ir My Y ) T+

ﬁ()‘ia,u'iazz’zayz) - /d)‘;l'()‘a /\i,,uz',ziz,yz)a
H()‘b)u“byz) = /d)‘h()‘a )‘ia/"’iay2)’

o FT w.rt. z; with P fixed

dAl d)\2 ’L(CL'l A1+xo >‘2)

-~ . _9
f(SU1,:E2,,uz,y ) 2ﬂ_ 271'

)\2
Pe?)

_ dz' dz (ﬂ M1 ) (@ p5 )
|| s~ a7 (@) P2)2 Ty (2 P)?

Xf(x;)”37y2)+ )

X f{()‘za Hiy —

JHZ, 23



DPDs from lattice

= Factorization
ﬁ(/\,“ i, z?’ y2) = /duldu2 qu (u17 ,ulzl )Cq2 (u27 ,LL2Z2)H(’U,,,, irMiry Y ) + e

ﬁ()‘u i, zz'za y2) - /d)‘ ;L()‘a /\i’ 228 Ziza yZ)’
H()‘b)u“byz) - /d)‘ h()‘a )‘ia/"’iay2)’
© FT wurt. 4; with z7 fixed

dA1 dAy
D(z; ) 2 2 Z(xl)\1+x2)‘2)H }‘?h ) '27 2
(@is iy 2,9°) =2 | =5~ (Nis ks 25, 9°)

dz’y dz} T
C ) C ) mu ) + .- )
| 2] ql( ! .Ulzl) (I2(x2 .Uzzz)f( iy Y ) |

JHZ, 23



DPDs from lattice

_ Color-correlated DPD Jaarsma, Rahn, Waalewijn, 23°, JHZ, in preparation

R1 RoNS F D
. 2Fq1q2(x17x27bl7,u’7 CpaPz)

dz’ dx! / T T
E : 2 : et Shanet’} R1R 1 z RoR! 2 z
/ :C LC q1q1 ( xlp ’ /J') 20q2q2 ( $2P 9 /J')
R{l,Ré i, ! 1 2 1 2

]. / /
X exp[leﬂJ(bl,u) ln(gp)]R RFqlq (21, 25,61, 1, Cp) -
p

- Rapidity divergences show up in the collinear DPDs, and introduce
rapidity scale dependence

o Checked by an explicit one-loop calculation, consistent with RG and
rapidity evolution of DPDs



Summary and outlook

~ Lattice calculations of single parton distributions have reached a stage
of precision control

~ Multiparton distributions are important both for collider phenomenology
and for understanding the correlated partonic structure of hadrons

> Very limited knowledge even on the simplest case (DPDs)

> The full DPD can be accessed following the spirit of LaMET, lattice
calculations can provide important inputs for phenomenological
analyses

~ The same development in single parton distributions (PDFs, TMDs,
GPDs...) can be extended to DPDs, and generalized to multiparton
distributions, a lot more to be explored...



