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non-linear activation function affine transformation
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partition function replica trick



WHAT DO WE KNOW? (1) THE INFINITE-WIDTH LIMIT  
OF DEEP NEURAL NETWORKS
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Data-averaged partition functions can be studied in this limit
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IDEA: integrate the weights backwards, starting from the output layer!
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WHAT DO WE KNOW? (3) AN HEURISTIC THEORY FOR  
RELU ACTIVATION
[Q. Li & H. Sompolinsky, PRX (2021)]
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         MNIST

1-hidden layer (ReLU)

noisy linear teacher

17

Figure 11. A single hidden-layer (L = 1) ReLU network trained on the ‘template’ model with labels generated by a noisy linear
teacher with details of parameters in Appendix E. Generalization error (a,e), variance (b,f) ; bias (c,g) of the predictor; and
the order parameter u0 (d,h) as a function of N . Black lines: theory. Blue dots: simulation. Black dashed lines: GP limit
(N = 1). (a-d) Results in the small noise regime where the generalization error decreases with N . (e-h) Results in the large
noise regime where the generalization error increases with N .
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Figure 12. A single hidden-layer (L = 1) ReLU network trained on MNIST binary classification of 2 digits (0 and 1) with
details of parameters in Appendix E. Generalization error (a,e), variance (b,f) and squared bias (c,g) of the predictor, and order
parameter u0 (d,h) as a function of N . Black lines: theory. Blue dots: simulation. Black dashed lines: GP limit (N ! 1).
(a)-(d) Results in the small-noise regime where the generalization error decreases with N . (e-h) Results in the large-noise
regime where the generalization error increases with N .

network approaches its expressivity capacity. While the
simulation shows a double descent behavior, our theoreti-
cal ansatz does not (Fig.14). The theoretical results agree
with the simulations only on the RHS of the interpola-
tion threshold, i.e., larger N, and they fit the simulations
significantly better than the GP approximation as shown
in Fig.14(b,g,l). Incidentally, it is interesting to compare
the generalization behavior in the three tasks which di↵er
in their complexity. In the linear teacher task (Appendix
E), the minimum generalization error is on the LHS of
the interpolation threshold. However, for the random la-
beling task (Appendix E) and classification of MNIST
data (Appendix E), due to the nonlinearity of the task, a
large number of network parameters are required in order
to generalize well, and the minimum generalization error
is achieved on the RHS of the interpolation threshold,
which is similar to the linear network (Fig.6). Impor-
tantly, for N below the interpolation threshold while the
training error is nonzero, the minimal training error so-
lution is not unique, and this degeneracy in the weights
induces variability in the input-output mapping of the

network, as shown by the non-vanishing of the predictor
variance in the left side of the peak in Fig.14, except at
N = 1. This is di↵erent from the linear case, where for
↵0 > 1 the predictor variance vanishes (see Eq.21 and
Fig.6).

All the examples above were for a single hidden layer.
We also test our ansatz against the simulation results for
the ReLU network with multiple hidden layers. As we
see in Fig.15, our approximate BPKR agrees reasonably
well with the simulation for L = 1 ⇠ 5, and is signifi-
cantly better than the predictions of the GP limit, but
the agreement fails for large L. This suggests that for
finite ↵, when L becomes larger, renormalization of the
kernel just by a scalar becomes inadequate.

VII. DISCUSSION

Summary: Since the seminal work of Gardner [41, 42],
statistical mechanics has served as one of the major
theoretical frameworks for understanding the complex-
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Figure 11. A single hidden-layer (L = 1) ReLU network trained on the ‘template’ model with labels generated by a noisy linear
teacher with details of parameters in Appendix E. Generalization error (a,e), variance (b,f) ; bias (c,g) of the predictor; and
the order parameter u0 (d,h) as a function of N . Black lines: theory. Blue dots: simulation. Black dashed lines: GP limit
(N = 1). (a-d) Results in the small noise regime where the generalization error decreases with N . (e-h) Results in the large
noise regime where the generalization error increases with N .

Figure 12. A single hidden-layer (L = 1) ReLU network trained on MNIST binary classification of 2 digits (0 and 1) with
details of parameters in Appendix E. Generalization error (a,e), variance (b,f) and squared bias (c,g) of the predictor, and order
parameter u0 (d,h) as a function of N . Black lines: theory. Blue dots: simulation. Black dashed lines: GP limit (N ! 1).
(a)-(d) Results in the small-noise regime where the generalization error decreases with N . (e-h) Results in the large-noise
regime where the generalization error increases with N .

network approaches its expressivity capacity. While the
simulation shows a double descent behavior, our theoreti-
cal ansatz does not (Fig.14). The theoretical results agree
with the simulations only on the RHS of the interpola-
tion threshold, i.e., larger N, and they fit the simulations
significantly better than the GP approximation as shown
in Fig.14(b,g,l). Incidentally, it is interesting to compare
the generalization behavior in the three tasks which di↵er
in their complexity. In the linear teacher task (Appendix
E), the minimum generalization error is on the LHS of
the interpolation threshold. However, for the random la-
beling task (Appendix E) and classification of MNIST
data (Appendix E), due to the nonlinearity of the task, a
large number of network parameters are required in order
to generalize well, and the minimum generalization error
is achieved on the RHS of the interpolation threshold,
which is similar to the linear network (Fig.6). Impor-
tantly, for N below the interpolation threshold while the
training error is nonzero, the minimal training error so-
lution is not unique, and this degeneracy in the weights
induces variability in the input-output mapping of the

network, as shown by the non-vanishing of the predictor
variance in the left side of the peak in Fig.14, except at
N = 1. This is di↵erent from the linear case, where for
↵0 > 1 the predictor variance vanishes (see Eq.21 and
Fig.6).

All the examples above were for a single hidden layer.
We also test our ansatz against the simulation results for
the ReLU network with multiple hidden layers. As we
see in Fig.15, our approximate BPKR agrees reasonably
well with the simulation for L = 1 ⇠ 5, and is signifi-
cantly better than the predictions of the GP limit, but
the agreement fails for large L. This suggests that for
finite ↵, when L becomes larger, renormalization of the
kernel just by a scalar becomes inadequate.

VII. DISCUSSION

Summary: Since the seminal work of Gardner [41, 42],
statistical mechanics has served as one of the major
theoretical frameworks for understanding the complex-
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Figure 15. The generalization error of deep ReLU networks as a function of depth L. Blue dots: simulation. Black lines:
theoretical approximation. Black dashed lines: GP limit. Generalization error (a,e), variance (b,f), and bias (c,g) of the
predictor, and the order parameter u0 (d,h). (a-d) Results for the ‘template’ model with noisy linear teacher labels, with
parameters in Appendix E. (e-h) Results for a binary MNIST classification task with parameters in Appendix E.

prove the absence of sub-optimal local minima under
mild conditions, a result which is consistent with our
results. A very interesting work [18] studied the gra-
dient descent dynamics of learning in DLNNs, with re-
sults that depended critically on the initial conditions
(small random weights) and only became tractable with
simplifying assumptions about the data (XX

> = I and
P > N). Keeping N and P fixed for most of the simu-
lation and analysis, [18] addressed the changes in repre-
sentation during training and across di↵erent layers. Un-
der the restricted assumptions, they found that (when
there are multiple outputs) the learning dynamics can
be decomposed into multiple modes which evolve inde-
pendently – qualitatively similar to the multiple modes
found in our analysis (see further below). However, they
did not address the basic question of the system’s perfor-
mance such as the predictor statistics and the generaliza-
tion error and its critical dependence on various network
parameters. Here we study the nature of the Gibbs dis-
tribution in the weight space induced by learning with
the training mean squared error as the Hamiltonian. We
have focused mainly (but not exclusively) on the prop-
erties of the feasible weight space consisting of weight
vectors that yield zero training error, which is the case
in many real-world applications of DNNs, with the well-
known L2 regularization (with an amplitude parameter-
ized by inverse noise, ��2).

Due to the highly nonlinear nature of the training Hamil-
tonian, evaluating the statistical mechanical properties of
DLNNs seems intractable. Here, we developed the BPKR
method to integrate out the weight matrices layer-by-
layer, allowing us to derive equations for the system’s
properties which are exact in the thermodynamic limit.
Importantly, in contrast to most kernel-based theories of
deep networks, our thermodynamic limit is defined by
letting both the width, N , and training size P diverge
while the load ↵ = P/N remains of order 1, extending the
well-known thermodynamic limit of statistical mechanics
of learning to deep architectures [16, 25]. We have shown

that the e↵ect of the finite load is to change the e↵ective
Hamiltonians through an ↵-dependent kernel renormal-
ization at each successive step of weight integration.

In addition to load, ↵, depth L, and weight noise param-
eter �2. Inputs and their labels in the training data a↵ect
the properties of the system through the mean squared
input-layer readout parameter, �2

r0, Eq.12. Our results
yield rich phase diagrams specifying the dependence of
the generalization error on the width and the depth of
the network, Figs.3,4,5. Importantly, depending on �

2

and �
2
r0, the generalization error may decrease upon in-

creasing width (i.e., decreasing ↵) and increasing depth
(i.e., increasing L). Since this occurs within the over-
parameterized regime where the training error is zero
throughout, our results prove that in an exactly solvable
deep network increasing network complexity may lead to
a substantial improvement in generalization. We were
also able to identify the parameter regimes where this
improvement happens.

Importantly, the BPKR also enables us to evaluate the
posterior properties of each layer’s weights imposed by
learning. We leverage this to explore the e↵ect of input
and output data on the layerwise similarity matrices in-
duced through learning and show that due to di↵erent
renormalization strengths, amplification of modes in the
layer representations is not uniform, as demonstrated in
the examples in Figs.8,9. Recent studies have analyzed
the similarity matrices of neuronal activities for struc-
tured tasks and compared them with the representations
at the hidden layers of DNNs [47–49]. Therefore, our
work may provide theoretical understanding of how neu-
ronal representations are constrained by the task struc-
ture.

BPKR and GD learning: In the case of multiple out-
puts, we show in Section IVA that the layerwise renor-
malization order parameters are not scalars but matrices.
The renormalization order parameter after full averaging
is diagonalized by the unitary matrix which diagonalizes

L-hidden layer (ReLU)

IDEA! Replace the linear kernel with the nonlinear kernel for ReLU activation



MAIN GOAL: developing an analytical framework based on 
statistical mechanics to describe deep learning beyond  
the infinite-width limit
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SETTING OF THE LEARNING PROBLEM 

regression problem 
quadratic loss function
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quadratic loss function
linked to the posterior distribution of the 
weights after training

Regularisation should be interpreted as a Gaussian prior over the weights
<latexit sha1_base64="5W25M8w/n6/B5nGQ73EcKPnLm4k="></latexit>
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average of a generic observable of the weights generalisation error



PARTITION FUNCTION FOR ONE HIDDEN LAYER NN IN THE 
ASYMPTOTIC LIMIT (1)
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PARTITION FUNCTION FOR ONE HIDDEN LAYER NN IN THE 
ASYMPTOTIC LIMIT (1)

I want to integrate over the weights of the network (I cannot do it for free)
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PARTITION FUNCTION FOR ONE HIDDEN LAYER NN IN THE 
ASYMPTOTIC LIMIT (1)

I want to integrate over the weights of the network (I cannot do it for free)
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I introduce all possible deltas over the pre-activations
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PARTITION FUNCTION FOR ONE HIDDEN LAYER NN IN THE 
ASYMPTOTIC LIMIT (1)

I want to integrate over the weights of the network (I cannot do it for free)
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!
I introduce all possible deltas over the pre-activations

Once I employ an integral  
representation of the deltas 
I realise all the integrals over  
the weights are Gaussian
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PARTITION FUNCTION FOR ONE HIDDEN LAYER NN 
IN THE ASYMPTOTIC LIMIT (2): THE CRITICAL STEP

<latexit sha1_base64="vMAAc8R3CWb+sPt6Yv3pwsYLmNQ="></latexit>
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P1({hµ}) = N (0, C)
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PARTITION FUNCTION FOR ONE HIDDEN LAYER NN 
IN THE ASYMPTOTIC LIMIT (2): THE CRITICAL STEP
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P1({hµ}) = N (0, C)
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! N (0, Q)

This probability is 
Gaussian for  
the Breuer-Major 
Theorem (1983)!! 

<latexit sha1_base64="a/AE6igh4yYG3de5zGAmmlyX2kI="></latexit>
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This is just the NNGP kernel that describes 
the infinite-width limit
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PARTITION FUNCTION FOR ONE HIDDEN LAYER NN 
IN THE ASYMPTOTIC LIMIT (3): SADDLE-POINT ACTION

<latexit sha1_base64="Qq5/M/Y5EnS3i2en5BXQ/UrhWzM="></latexit>

Z =

Z
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2
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� The model is “solved”, in the sense that  
the partition function is now in a form 
suitable to saddle-point integration
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PARTITION FUNCTION FOR ONE HIDDEN LAYER NN 
IN THE ASYMPTOTIC LIMIT (3): SADDLE-POINT ACTION
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� The model is “solved”, in the sense that  
the partition function is now in a form 
suitable to saddle-point integration
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�2E explicit formula for the generalisation error
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A CORRESPONDENCE BETWEEN FINITE-WIDTH ONE HIDDEN 
LAYER ARCHITECTURES AND STUDENT-T PROCESSES

<latexit sha1_base64="LyAhZTnwzagMemSsGacb22jnCtM="></latexit>
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A CORRESPONDENCE BETWEEN FINITE-WIDTH ONE HIDDEN 
LAYER ARCHITECTURES AND STUDENT-T PROCESSES
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This is a multivariate Student-t distribution!



A CORRESPONDENCE BETWEEN FINITE-WIDTH ONE HIDDEN 
LAYER ARCHITECTURES AND STUDENT-T PROCESSES
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Finite-width one hidden layer neural networks are related to Student-t stochastic 
processes 

This is a multivariate Student-t distribution!
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N1 � P

Finite-width one hidden layer neural networks are related to Student-t stochastic 
processes 

Finite-width deep linear networks are also related to Student-t processes!

This is a multivariate Student-t distribution!



VERIFYING THE PREDICTIONS OF THE THEORY AT 1HL USING A 
DISCRETE LANGEVIN DYNAMICS (1)

<latexit sha1_base64="cTg4nIXphV7xiyQRKDuAkmYKyaM="></latexit>⌦
✏g(x

0, y0)
↵
=

D�
y0 � f(x0)

�2E

Best test accuracy on the binary classification problem 
achieved: 86% (CIFAR), 99.9% (MNIST)



VERIFYING THE PREDICTIONS OF THE THEORY AT 1HL USING A 
DISCRETE LANGEVIN DYNAMICS (1)

<latexit sha1_base64="cTg4nIXphV7xiyQRKDuAkmYKyaM="></latexit>⌦
✏g(x

0, y0)
↵
=

D�
y0 � f(x0)

�2E

Best test accuracy on the binary classification problem 
achieved: 86% (CIFAR), 99.9% (MNIST)

Learning curves are monotonically 
increasing/decreasing in the range 
explored (smallest N = 50) 

WHY?

analytical criterion
<latexit sha1_base64="h0EnyxlziV0pdTD5e2hpTdRfXfo=">AAAB+XicbVDLSgMxFL1TX7W+Rl26CRbBjWVGirqSohvBTYW+oJ2WTJq2oZnMkGQKw9A/ceNCEbf+iTv/xrSdhbYeCBzOOZd7c/yIM6Ud59vKra1vbG7ltws7u3v7B/bhUUOFsSS0TkIeypaPFeVM0LpmmtNWJCkOfE6b/vh+5jcnVCoWippOIuoFeCjYgBGsjdSz7aRbQ4/d9MKdogTdomrPLjolZw60StyMFCGDyX91+iGJAyo04ViptutE2kux1IxwOi10YkUjTMZ4SNuGChxQ5aXzy6fozCh9NAileUKjufp7IsWBUkngm2SA9UgtezPxP68d68GNlzIRxZoKslg0iDnSIZrVgPpMUqJ5YggmkplbERlhiYk2ZRVMCe7yl1dJ47LkXpXKT+Vi5S6rIw8ncArn4MI1VOABqlAHAhN4hld4s1LrxXq3PhbRnJXNHMMfWJ8/GIeSBQ==</latexit>

yTK�1y > P

ANOTHER CONNECTION WITH 
STUDENT-T!   [Tracey & Wolpert (2018)]



VERIFYING THE PREDICTIONS OF THE THEORY AT 1HL USING A 
DISCRETE LANGEVIN DYNAMICS (2)

General observations
(i) At T = 0 the bias in constant as a function of       and of 

the Gaussian prior of the last layer 
(ii) At T = 0 the variance depends on       and goes to zero 
     as                  

<latexit sha1_base64="TVilZGX4ArRBmmLHgsNYHXxDR1w=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRiyepaD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGN1O/9YRK81g+mnGCfkQHkoecUWOlh7ue1ytX3Ko7A1kmXk4qkKPeK391+zFLI5SGCap1x3MT42dUGc4ETkrdVGNC2YgOsGOppBFqP5udOiEnVumTMFa2pCEz9fdERiOtx1FgOyNqhnrRm4r/eZ3UhFd+xmWSGpRsvihMBTExmf5N+lwhM2JsCWWK21sJG1JFmbHplGwI3uLLy6R5VvUuquf355XadR5HEY7gGE7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+5q0FJ585hD9wPn8AzpONfw==</latexit>

N1
<latexit sha1_base64="ZHlhKowLL3qGcSH28nDbj++WOjE=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFNy4r2Ie0Q8lkMm1okhmSjFCGfoUbF4q49XPc+Tem01lo64HA4Zxzyb0nSDjTxnW/ndLa+sbmVnm7srO7t39QPTzq6DhVhLZJzGPVC7CmnEnaNsxw2ksUxSLgtBtMbud+94kqzWL5YKYJ9QUeSRYxgo2VHgfcRkM89IbVmlt3c6BV4hWkBgVaw+rXIIxJKqg0hGOt+56bGD/DyjDC6awySDVNMJngEe1bKrGg2s/yhWfozCohimJlnzQoV39PZFhoPRWBTQpsxnrZm4v/ef3URNd+xmSSGirJ4qMo5cjEaH49CpmixPCpJZgoZndFZIwVJsZ2VLEleMsnr5LORd27rDfuG7XmTVFHGU7gFM7Bgytowh20oA0EBDzDK7w5ynlx3p2PRbTkFDPH8AfO5w9pvZAq</latexit>

�1

<latexit sha1_base64="QRIxJ0LZsDZRzVrMKmcJRpC0D/A=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBFc1USKuiy6cVnBPqAJYTKZtEMnD2duxBLyK25cKOLWH3Hn3zhts9DWAwOHc+7h3jl+KrgCy/o2VlbX1jc2K1vV7Z3dvX3zoNZVSSYp69BEJLLvE8UEj1kHOAjWTyUjkS9Yzx/fTP3eI5OKJ/E9TFLmRmQY85BTAlryzJp95qgHCbkjdCggnl14Zt1qWDPgZWKXpI5KtD3zywkSmkUsBiqIUgPbSsHNiQROBSuqTqZYSuiYDNlA05hETLn57PYCn2glwGEi9YsBz9TfiZxESk0iX09GBEZq0ZuK/3mDDMIrN+dxmgGL6XxRmAkMCZ4WgQMuGQUx0YRQyfWtmI6IJBR0XVVdgr345WXSPW/YF43mXbPeui7rqKAjdIxOkY0uUQvdojbqIIqe0DN6RW9GYbwY78bHfHTFKDOH6A+Mzx+kF5Qz</latexit>

1/
p

�1

Physical consequences
(i) increasing the magnitude of the last layer Gaussian prior 

should lead to better generalisation at ANY 

(ii)  For large values of       the dependence on the size of     
      the hidden layer in the learning curve should disappear      

<latexit sha1_base64="TVilZGX4ArRBmmLHgsNYHXxDR1w=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRiyepaD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGN1O/9YRK81g+mnGCfkQHkoecUWOlh7ue1ytX3Ko7A1kmXk4qkKPeK391+zFLI5SGCap1x3MT42dUGc4ETkrdVGNC2YgOsGOppBFqP5udOiEnVumTMFa2pCEz9fdERiOtx1FgOyNqhnrRm4r/eZ3UhFd+xmWSGpRsvihMBTExmf5N+lwhM2JsCWWK21sJG1JFmbHplGwI3uLLy6R5VvUuquf355XadR5HEY7gGE7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+5q0FJ585hD9wPn8AzpONfw==</latexit>

N1
<latexit sha1_base64="ZHlhKowLL3qGcSH28nDbj++WOjE=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFNy4r2Ie0Q8lkMm1okhmSjFCGfoUbF4q49XPc+Tem01lo64HA4Zxzyb0nSDjTxnW/ndLa+sbmVnm7srO7t39QPTzq6DhVhLZJzGPVC7CmnEnaNsxw2ksUxSLgtBtMbud+94kqzWL5YKYJ9QUeSRYxgo2VHgfcRkM89IbVmlt3c6BV4hWkBgVaw+rXIIxJKqg0hGOt+56bGD/DyjDC6awySDVNMJngEe1bKrGg2s/yhWfozCohimJlnzQoV39PZFhoPRWBTQpsxnrZm4v/ef3URNd+xmSSGirJ4qMo5cjEaH49CpmixPCpJZgoZndFZIwVJsZ2VLEleMsnr5LORd27rDfuG7XmTVFHGU7gFM7Bgytowh20oA0EBDzDK7w5ynlx3p2PRbTkFDPH8AfO5w9pvZAq</latexit>

�1

<latexit sha1_base64="TVilZGX4ArRBmmLHgsNYHXxDR1w=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRiyepaD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGN1O/9YRK81g+mnGCfkQHkoecUWOlh7ue1ytX3Ko7A1kmXk4qkKPeK391+zFLI5SGCap1x3MT42dUGc4ETkrdVGNC2YgOsGOppBFqP5udOiEnVumTMFa2pCEz9fdERiOtx1FgOyNqhnrRm4r/eZ3UhFd+xmWSGpRsvihMBTExmf5N+lwhM2JsCWWK21sJG1JFmbHplGwI3uLLy6R5VvUuquf355XadR5HEY7gGE7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+5q0FJ585hD9wPn8AzpONfw==</latexit>

N1



VERIFYING THE PREDICTIONS OF THE THEORY AT 1HL USING A 
DISCRETE LANGEVIN DYNAMICS (2)



APPROXIMATE PARTITION FUNCTION FOR DNNS WITH ODD 
ACTIVATION FUNCTION: A RECURRENCE BASED ON STUDENT-T 

<latexit sha1_base64="zMoLxbNJE9V/Kvrx7KWHB8T9HhM=">AAACDXicbZDLSsNAFIZPvNZ6i7p0M1iFuimJFHVZdOOygr1AU8NkOmmHTi7MTIQS8gJufBU3LhRx696db+OkzUJbfxj4+M85zDm/F3MmlWV9G0vLK6tr66WN8ubW9s6uubffllEiCG2RiEei62FJOQtpSzHFaTcWFAcepx1vfJ3XOw9USBaFd2oS036AhyHzGcFKW655jJpu6lDOs6qTOgFWI89Ho3uNSebmvpOdll2zYtWsqdAi2AVUoFDTNb+cQUSSgIaKcCxlz7Zi1U+xUIxwmpWdRNIYkzEe0p7GEAdU9tPpNRk60c4A+ZHQL1Ro6v6eSHEg5STwdGe+r5yv5eZ/tV6i/Mt+ysI4UTQks4/8hCMVoTwaNGCCEsUnGjARTO+KyAgLTJQOMA/Bnj95EdpnNfu8Vr+tVxpXRRwlOIQjqIINF9CAG2hCCwg8wjO8wpvxZLwY78bHrHXJKGYO4I+Mzx/SUptp</latexit>

P`({hµ
` })

<latexit sha1_base64="9olReH1Jgc15Xz85NIP0q+177UM=">AAACE3icbZDLSsNAFIYnXmu9RV26GSxCFSyJFHVZdOOygr1AE8NkOmmHTiZhZiKUkHdw46u4caGIWzfufBsnbRBtPTDw8f/nMOf8fsyoVJb1ZSwsLi2vrJbWyusbm1vb5s5uW0aJwKSFIxaJro8kYZSTlqKKkW4sCAp9Rjr+6Cr3O/dESBrxWzWOiRuiAacBxUhpyTOPYdNLHcLYiZ1VndQJkRr6ARzeaUyyH8vJjsqeWbFq1qTgPNgFVEBRTc/8dPoRTkLCFWZIyp5txcpNkVAUM5KVnUSSGOERGpCeRo5CIt10clMGD7XSh0Ek9OMKTtTfEykKpRyHvu7Md5azXi7+5/USFVy4KeVxogjH04+ChEEVwTwg2KeCYMXGGhAWVO8K8RAJhJWOMQ/Bnj15HtqnNfusVr+pVxqXRRwlsA8OQBXY4Bw0wDVoghbA4AE8gRfwajwaz8ab8T5tXTCKmT3wp4yPb5GQnVk=</latexit>

P`�1({hµ
`�1})

The goal would be to determine the 
distribution of the pre-activations at a given 
layer, given the one at the previous layer



APPROXIMATE PARTITION FUNCTION FOR DNNS WITH ODD 
ACTIVATION FUNCTION: A RECURRENCE BASED ON STUDENT-T 

<latexit sha1_base64="zMoLxbNJE9V/Kvrx7KWHB8T9HhM=">AAACDXicbZDLSsNAFIZPvNZ6i7p0M1iFuimJFHVZdOOygr1AU8NkOmmHTi7MTIQS8gJufBU3LhRx696db+OkzUJbfxj4+M85zDm/F3MmlWV9G0vLK6tr66WN8ubW9s6uubffllEiCG2RiEei62FJOQtpSzHFaTcWFAcepx1vfJ3XOw9USBaFd2oS036AhyHzGcFKW655jJpu6lDOs6qTOgFWI89Ho3uNSebmvpOdll2zYtWsqdAi2AVUoFDTNb+cQUSSgIaKcCxlz7Zi1U+xUIxwmpWdRNIYkzEe0p7GEAdU9tPpNRk60c4A+ZHQL1Ro6v6eSHEg5STwdGe+r5yv5eZ/tV6i/Mt+ysI4UTQks4/8hCMVoTwaNGCCEsUnGjARTO+KyAgLTJQOMA/Bnj95EdpnNfu8Vr+tVxpXRRwlOIQjqIINF9CAG2hCCwg8wjO8wpvxZLwY78bHrHXJKGYO4I+Mzx/SUptp</latexit>

P`({hµ
` })

<latexit sha1_base64="9olReH1Jgc15Xz85NIP0q+177UM=">AAACE3icbZDLSsNAFIYnXmu9RV26GSxCFSyJFHVZdOOygr1AE8NkOmmHTiZhZiKUkHdw46u4caGIWzfufBsnbRBtPTDw8f/nMOf8fsyoVJb1ZSwsLi2vrJbWyusbm1vb5s5uW0aJwKSFIxaJro8kYZSTlqKKkW4sCAp9Rjr+6Cr3O/dESBrxWzWOiRuiAacBxUhpyTOPYdNLHcLYiZ1VndQJkRr6ARzeaUyyH8vJjsqeWbFq1qTgPNgFVEBRTc/8dPoRTkLCFWZIyp5txcpNkVAUM5KVnUSSGOERGpCeRo5CIt10clMGD7XSh0Ek9OMKTtTfEykKpRyHvu7Md5azXi7+5/USFVy4KeVxogjH04+ChEEVwTwg2KeCYMXGGhAWVO8K8RAJhJWOMQ/Bnj15HtqnNfusVr+pVxqXRRwlsA8OQBXY4Bw0wDVoghbA4AE8gRfwajwaz8ab8T5tXTCKmT3wp4yPb5GQnVk=</latexit>

P`�1({hµ
`�1})

The goal would be to determine the 
distribution of the pre-activations at a given 
layer, given the one at the previous layer

<latexit sha1_base64="gDutzogvUk+bhDkDGfc+E5MjLqs="></latexit>

K(R)
` ({Q̄`}) = Q̄`/�`K �

h
K(R)

`�1({Q̄`})
i

K(R)
0 = C



APPROXIMATE PARTITION FUNCTION FOR DNNS WITH ODD 
ACTIVATION FUNCTION: A RECURRENCE BASED ON STUDENT-T 

<latexit sha1_base64="zMoLxbNJE9V/Kvrx7KWHB8T9HhM=">AAACDXicbZDLSsNAFIZPvNZ6i7p0M1iFuimJFHVZdOOygr1AU8NkOmmHTi7MTIQS8gJufBU3LhRx696db+OkzUJbfxj4+M85zDm/F3MmlWV9G0vLK6tr66WN8ubW9s6uubffllEiCG2RiEei62FJOQtpSzHFaTcWFAcepx1vfJ3XOw9USBaFd2oS036AhyHzGcFKW655jJpu6lDOs6qTOgFWI89Ho3uNSebmvpOdll2zYtWsqdAi2AVUoFDTNb+cQUSSgIaKcCxlz7Zi1U+xUIxwmpWdRNIYkzEe0p7GEAdU9tPpNRk60c4A+ZHQL1Ro6v6eSHEg5STwdGe+r5yv5eZ/tV6i/Mt+ysI4UTQks4/8hCMVoTwaNGCCEsUnGjARTO+KyAgLTJQOMA/Bnj95EdpnNfu8Vr+tVxpXRRwlOIQjqIINF9CAG2hCCwg8wjO8wpvxZLwY78bHrHXJKGYO4I+Mzx/SUptp</latexit>

P`({hµ
` })

<latexit sha1_base64="9olReH1Jgc15Xz85NIP0q+177UM=">AAACE3icbZDLSsNAFIYnXmu9RV26GSxCFSyJFHVZdOOygr1AE8NkOmmHTiZhZiKUkHdw46u4caGIWzfufBsnbRBtPTDw8f/nMOf8fsyoVJb1ZSwsLi2vrJbWyusbm1vb5s5uW0aJwKSFIxaJro8kYZSTlqKKkW4sCAp9Rjr+6Cr3O/dESBrxWzWOiRuiAacBxUhpyTOPYdNLHcLYiZ1VndQJkRr6ARzeaUyyH8vJjsqeWbFq1qTgPNgFVEBRTc/8dPoRTkLCFWZIyp5txcpNkVAUM5KVnUSSGOERGpCeRo5CIt10clMGD7XSh0Ek9OMKTtTfEykKpRyHvu7Md5azXi7+5/USFVy4KeVxogjH04+ChEEVwTwg2KeCYMXGGhAWVO8K8RAJhJWOMQ/Bnj15HtqnNfusVr+pVxqXRRwlsA8OQBXY4Bw0wDVoghbA4AE8gRfwajwaz8ab8T5tXTCKmT3wp4yPb5GQnVk=</latexit>

P`�1({hµ
`�1})

The goal would be to determine the 
distribution of the pre-activations at a given 
layer, given the one at the previous layer

<latexit sha1_base64="IV1tHa0jZZt9AWNiq5tPMZTgBdU="></latexit>

ZDNN =

Z LY

`=1

dQ`dQ̄`e
�NL

2 SDNN({Q`,Q̄`})

<latexit sha1_base64="gDutzogvUk+bhDkDGfc+E5MjLqs="></latexit>

K(R)
` ({Q̄`}) = Q̄`/�`K �

h
K(R)

`�1({Q̄`})
i

K(R)
0 = C



APPROXIMATE PARTITION FUNCTION FOR DNNS WITH ODD 
ACTIVATION FUNCTION: A RECURRENCE BASED ON STUDENT-T 

<latexit sha1_base64="zMoLxbNJE9V/Kvrx7KWHB8T9HhM=">AAACDXicbZDLSsNAFIZPvNZ6i7p0M1iFuimJFHVZdOOygr1AU8NkOmmHTi7MTIQS8gJufBU3LhRx696db+OkzUJbfxj4+M85zDm/F3MmlWV9G0vLK6tr66WN8ubW9s6uubffllEiCG2RiEei62FJOQtpSzHFaTcWFAcepx1vfJ3XOw9USBaFd2oS036AhyHzGcFKW655jJpu6lDOs6qTOgFWI89Ho3uNSebmvpOdll2zYtWsqdAi2AVUoFDTNb+cQUSSgIaKcCxlz7Zi1U+xUIxwmpWdRNIYkzEe0p7GEAdU9tPpNRk60c4A+ZHQL1Ro6v6eSHEg5STwdGe+r5yv5eZ/tV6i/Mt+ysI4UTQks4/8hCMVoTwaNGCCEsUnGjARTO+KyAgLTJQOMA/Bnj95EdpnNfu8Vr+tVxpXRRwlOIQjqIINF9CAG2hCCwg8wjO8wpvxZLwY78bHrHXJKGYO4I+Mzx/SUptp</latexit>

P`({hµ
` })

<latexit sha1_base64="9olReH1Jgc15Xz85NIP0q+177UM=">AAACE3icbZDLSsNAFIYnXmu9RV26GSxCFSyJFHVZdOOygr1AE8NkOmmHTiZhZiKUkHdw46u4caGIWzfufBsnbRBtPTDw8f/nMOf8fsyoVJb1ZSwsLi2vrJbWyusbm1vb5s5uW0aJwKSFIxaJro8kYZSTlqKKkW4sCAp9Rjr+6Cr3O/dESBrxWzWOiRuiAacBxUhpyTOPYdNLHcLYiZ1VndQJkRr6ARzeaUyyH8vJjsqeWbFq1qTgPNgFVEBRTc/8dPoRTkLCFWZIyp5txcpNkVAUM5KVnUSSGOERGpCeRo5CIt10clMGD7XSh0Ek9OMKTtTfEykKpRyHvu7Md5azXi7+5/USFVy4KeVxogjH04+ChEEVwTwg2KeCYMXGGhAWVO8K8RAJhJWOMQ/Bnj15HtqnNfusVr+pVxqXRRwlsA8OQBXY4Bw0wDVoghbA4AE8gRfwajwaz8ab8T5tXTCKmT3wp4yPb5GQnVk=</latexit>

P`�1({hµ
`�1})

The goal would be to determine the 
distribution of the pre-activations at a given 
layer, given the one at the previous layer

<latexit sha1_base64="IV1tHa0jZZt9AWNiq5tPMZTgBdU="></latexit>

ZDNN =

Z LY

`=1

dQ`dQ̄`e
�NL

2 SDNN({Q`,Q̄`})
Effective action for finite-width 
fully-connected architectures with 
L hidden layers

<latexit sha1_base64="ll/K98rXqwnrezO5WQgLT4iQkM4="></latexit>

SDNN =
LX

`=1

↵L

↵`

⇥
�Q`Q̄` + log(1 +Q`)

⇤ <latexit sha1_base64="3PsrPfBWZ1hk+XdW/u5dXT6zH1E="></latexit>

+
↵L

P
Tr log �

✓
IP
�

+K(R)
L ({Q̄`})

◆

<latexit sha1_base64="9MmNpW6TGePRvySBlj1gNGJ4Zk8="></latexit>

+
↵L

P
yT

✓
IP
�

+K(R)
L ({Q̄`})

◆�1

y

<latexit sha1_base64="gDutzogvUk+bhDkDGfc+E5MjLqs="></latexit>

K(R)
` ({Q̄`}) = Q̄`/�`K �

h
K(R)

`�1({Q̄`})
i

K(R)
0 = C



APPROXIMATE PARTITION FUNCTION FOR DEEP NEURAL 
NETWORKS: A RECURRENCE BASED ON STUDENT-T 

<latexit sha1_base64="IV1tHa0jZZt9AWNiq5tPMZTgBdU="></latexit>

ZDNN =

Z LY

`=1

dQ`dQ̄`e
�NL

2 SDNN({Q`,Q̄`})
Effective action for finite-width 
fully-connected architectures with 
L hidden layers

<latexit sha1_base64="ll/K98rXqwnrezO5WQgLT4iQkM4="></latexit>

SDNN =
LX

`=1

↵L

↵`

⇥
�Q`Q̄` + log(1 +Q`)

⇤ <latexit sha1_base64="3PsrPfBWZ1hk+XdW/u5dXT6zH1E="></latexit>

+
↵L

P
Tr log �

✓
IP
�

+K(R)
L ({Q̄`})

◆

<latexit sha1_base64="9MmNpW6TGePRvySBlj1gNGJ4Zk8="></latexit>

+
↵L

P
yT

✓
IP
�

+K(R)
L ({Q̄`})

◆�1

y

IMPORTANT!

From this effective theory I am able to recover the Li-Sompolinsky 
heuristic theory valid for ReLU activation found in the isotropic limit
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PRELIMINARY VERIFICATION OF THE THEORY AT L LAYERS

a criterion to establish if finite-width 
networks will outperform their infinite-
width counterpart holds for ReLU

The same reasoning on the 
Gaussian prior of the last layer 
holds, but for L layer the bias is 
not constant as a function of N!

For ReLU, after a certain critical 
L, infinite-width outperforms 
finite width, since the NNGP 
kernel develops at least one 
almost singular eigenvalue
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