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Urs’ talk: general properties of FP actions 

my talk: applying ML to parametrize 4-d SU(3) gauge theory FP action 

revisiting an old idea with new tools, motivated by difficulties pushing  
towards continuum limit (critical slowing down, topological freezing, …)

2 parts:  
- what data can one generate for FP actions 
- how to train an ML with this information

we know a lot about FP actions but not their explicit parametrization
looks like ideal match for ML !

connection to L-CNN work from Wien
(Lattice Gauge Equivariant - Convolutional Neural Networks)

older work (90s): Anna & Peter Hasenfratz, Niedermayer, DeGrand, Wiese, Bietenholz, …

Machine learning a fixed point action
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AFP(V ) = min
{U}

(AFP(U) + T (U, V ))
<latexit sha1_base64="rI0P8a1z7YuqugafKwKgHkN06bQ=">AAACIHicbVBdSwJBFJ21L7Mvq8dehiRQCtm1wF4CI4geDVwVXJPZcdTBmdllZjaQZX9KL/2VXnooot7q1zR+PJh24MLhnHu59x4/ZFRp2/62Uiura+sb6c3M1vbO7l52/6Cugkhi4uKABbLpI0UYFcTVVDPSDCVB3Gek4Q9vxn7jkUhFA1HTo5C0OeoL2qMYaSN1suXrh9iTHN5Wk3y9AK+gx6noxNCLXS+BCczP+W4BnsJa3j2rFwqdbM4u2hPAZeLMSA7MUO1kv7xugCNOhMYMKdVy7FC3YyQ1xYwkGS9SJER4iPqkZahAnKh2PHkwgSdG6cJeIE0JDSfq/ESMuFIj7ptOjvRALXpj8T+vFeneZTumIow0EXi6qBcxqAM4Tgt2qSRYs5EhCEtqboV4gCTC2mSaMSE4iy8vk3qp6JwXS/cXuUplFkcaHIFjkAcOKIMKuANV4AIMnsALeAPv1rP1an1Yn9PWlDWbOQR/YP38AkHqn0E=</latexit>

exp(��0A0[V ]) =

Z
dU exp(��(A[U ] + T [U, V ]))

<latexit sha1_base64="GY5YsKboEfWXC4bxuPHLBx+7pxk="></latexit>

RG step produces new action

RG blocking kernel - free to choose

Fixed Point (FP) is saddle point eq in limit � ! 1
<latexit sha1_base64="wfc1q4hw+3sjJiA7h8242MHcQMo=">AAACAXicbVBNS8NAEN3Ur1q/ol4EL4tF8FSSKuix4MVjBfsBTSib7aZdutmE3YkSQr34V7x4UMSr/8Kb/8Ztm4O2Phh4vDfDzLwgEVyD43xbpZXVtfWN8mZla3tnd8/eP2jrOFWUtWgsYtUNiGaCS9YCDoJ1E8VIFAjWCcbXU79zz5TmsbyDLGF+RIaSh5wSMFLfPvICBgR7ig9HQJSKH7DHZQhZ3646NWcGvEzcglRRgWbf/vIGMU0jJoEKonXPdRLwc6KAU8EmFS/VLCF0TIasZ6gkEdN+Pvtggk+NMsBhrExJwDP190ROIq2zKDCdEYGRXvSm4n9eL4Xwys+5TFJgks4XhanAEONpHHjAFaMgMkMIVdzciumIKELBhFYxIbiLLy+Tdr3mntfqtxfVRqOIo4yO0Qk6Qy66RA10g5qohSh6RM/oFb1ZT9aL9W59zFtLVjFziP7A+vwBoLaXAA==</latexit>

with normalization term

For given coarse configuration V, action value determined once  
minimizing fine configuration U is found

Machine learning a fixed point action
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minimization is like reverse of RG step

AFP(V ) = min
{U}

(AFP(U) + T (U, V ))
<latexit sha1_base64="rI0P8a1z7YuqugafKwKgHkN06bQ=">AAACIHicbVBdSwJBFJ21L7Mvq8dehiRQCtm1wF4CI4geDVwVXJPZcdTBmdllZjaQZX9KL/2VXnooot7q1zR+PJh24MLhnHu59x4/ZFRp2/62Uiura+sb6c3M1vbO7l52/6Cugkhi4uKABbLpI0UYFcTVVDPSDCVB3Gek4Q9vxn7jkUhFA1HTo5C0OeoL2qMYaSN1suXrh9iTHN5Wk3y9AK+gx6noxNCLXS+BCczP+W4BnsJa3j2rFwqdbM4u2hPAZeLMSA7MUO1kv7xugCNOhMYMKdVy7FC3YyQ1xYwkGS9SJER4iPqkZahAnKh2PHkwgSdG6cJeIE0JDSfq/ESMuFIj7ptOjvRALXpj8T+vFeneZTumIow0EXi6qBcxqAM4Tgt2qSRYs5EhCEtqboV4gCTC2mSaMSE4iy8vk3qp6JwXS/cXuUplFkcaHIFjkAcOKIMKuANV4AIMnsALeAPv1rP1an1Yn9PWlDWbOQR/YP38AkHqn0E=</latexit>

V
<latexit sha1_base64="FvhALyGFQ0dOOeoa5xRI9PY5E08=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip2R6UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlW9q2qteV2p1/M4inAG53AJHtxAHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kDs2WM3A==</latexit>

U
<latexit sha1_base64="XOTRRJqv0JiJ25vPxDgfJbgyVfs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip2RqUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlW9q2qteV2p1/M4inAG53AJHtxAHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kDseGM2w==</latexit>

U 0
<latexit sha1_base64="5WoTFdGbfJvMGwBBrG3oKJx80y4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0mqoMeCF49VTFtoQ9lsN+3SzSbsToRS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8MJXCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNEmmGfdZIhPdDqnhUijuo0DJ26nmNA4lb4Wj25nfeuLaiEQ94jjlQUwHSkSCUbTSg3/eK1fcqjsHWSVeTiqQo9Erf3X7CctirpBJakzHc1MMJlSjYJJPS93M8JSyER3wjqWKxtwEk/mlU3JmlT6JEm1LIZmrvycmNDZmHIe2M6Y4NMveTPzP62QY3QQTodIMuWKLRVEmCSZk9jbpC80ZyrEllGlhbyVsSDVlaMMp2RC85ZdXSbNW9S6rtfurSr2ex1GEEziFC/DgGupwBw3wgUEEz/AKb87IeXHenY9Fa8HJZ47hD5zPHxJFjQw=</latexit>

= min
{U 0}

(AFP(U 0) + T (U 0, U))
<latexit sha1_base64="p7OqO+0RadgnKlOTzvpEbO76Ymk=">AAACGHicbVDLSgMxFM34rPVVdenmYhFblDqjgm6EiiAuK3Sq0Kklk6YaTDJDkhHKMJ/hxl9x40IRt935N6aPhVoPXO7hnHtJ7gljzrRx3S9nanpmdm4+t5BfXFpeWS2srTd0lChCfRLxSN2EWFPOJPUNM5zexIpiEXJ6HT6cD/zrR6o0i2Td9GLaEvhOsi4j2FipXdg/hUAw2U4hSMHfgSCDDEpnt2mgBFzUspK/U4ZdqNu+55eh3C4U3Yo7BEwSb0yKaIxau9APOhFJBJWGcKx103Nj00qxMoxwmuWDRNMYkwd8R5uWSiyobqXDwzLYtkoHupGyJQ0M1Z8bKRZa90RoJwU29/qvNxD/85qJ6Z60UibjxFBJRg91Ew4mgkFK0GGKEsN7lmCimP0rkHusMDE2y7wNwft78iRpHFS8w8rB1VGxWh3HkUObaAuVkIeOURVdohryEUFP6AW9oXfn2Xl1PpzP0eiUM97ZQL/g9L8BPWabdg==</latexit>

in practice, action density much smaller as lattice spacing decreases 

in principle, iterate many times (Inception)

can use a simpler action on RHS e.g. AWil(U)
<latexit sha1_base64="69x+Qd3Z001v6ZkNJje2tBpPTgA=">AAAB9XicbVBNTwIxEJ3FL8Qv1KOXRmKCF7KLJnrEePGIiQsksJBuKdDQdjdtV0M2/A8vHjTGq//Fm//GAntQ8CWTvLw3k5l5YcyZNq777eTW1jc2t/LbhZ3dvf2D4uFRQ0eJItQnEY9UK8Saciapb5jhtBUrikXIaTMc38785iNVmkXywUxiGgg8lGzACDZW6t50044SqMn4tOyf94olt+LOgVaJl5ESZKj3il+dfkQSQaUhHGvd9tzYBClWhhFOp4VOommMyRgPadtSiQXVQTq/eorOrNJHg0jZkgbN1d8TKRZaT0RoOwU2I73szcT/vHZiBtdBymScGCrJYtEg4chEaBYB6jNFieETSzBRzN6KyAgrTIwNqmBD8JZfXiWNasW7qFTvL0u1WhZHHk7gFMrgwRXU4A7q4AMBBc/wCm/Ok/PivDsfi9ack80cwx84nz9rl5HM</latexit>

good choice for RHS determined by fluctuations of V

Machine learning a fixed point action
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�AFP[V ]

�V a
x,µ

=
�T [U, V ]

�V a
x,µ

<latexit sha1_base64="bO8jGJFE94XtkgMZ9SjfolyCbW0="></latexit>

minimizing configuration has special properties

�

�U
(min
{U}

(AFP[U ] + T [U, V ])) · �U
�V

= 0
<latexit sha1_base64="cN5zdjG0gXdDYfkDVnQRxYu9eNE="></latexit>

AFP(V ) = min
{U}

(AFP(U) + T (U, V ))
<latexit sha1_base64="rI0P8a1z7YuqugafKwKgHkN06bQ=">AAACIHicbVBdSwJBFJ21L7Mvq8dehiRQCtm1wF4CI4geDVwVXJPZcdTBmdllZjaQZX9KL/2VXnooot7q1zR+PJh24MLhnHu59x4/ZFRp2/62Uiura+sb6c3M1vbO7l52/6Cugkhi4uKABbLpI0UYFcTVVDPSDCVB3Gek4Q9vxn7jkUhFA1HTo5C0OeoL2qMYaSN1suXrh9iTHN5Wk3y9AK+gx6noxNCLXS+BCczP+W4BnsJa3j2rFwqdbM4u2hPAZeLMSA7MUO1kv7xugCNOhMYMKdVy7FC3YyQ1xYwkGS9SJER4iPqkZahAnKh2PHkwgSdG6cJeIE0JDSfq/ESMuFIj7ptOjvRALXpj8T+vFeneZTumIow0EXi6qBcxqAM4Tgt2qSRYs5EhCEtqboV4gCTC2mSaMSE4iy8vk3qp6JwXS/cXuUplFkcaHIFjkAcOKIMKuANV4AIMnsALeAPv1rP1an1Yn9PWlDWbOQR/YP38AkHqn0E=</latexit>

= � ReTr(itaV a
x,µQ

†
x,µ)

<latexit sha1_base64="PqoSAjEBPl2Szbf1GiTvCrlDP/E="></latexit>

then

because other term in variation vanishes:

derivatives have lots of information - use later for training

DFP
x,µ =

X

a

ta
�AFP[V ]

�V a
x,µ

<latexit sha1_base64="JMZ1wJvHduUNTWlp/VsCLN3OlNk="></latexit>

not summed over a
<latexit sha1_base64="ouxTDW0oh8XFe0zLfuFYNUFySjw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipSQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20a1XvqlprXlfq9TyOIpzBOVyCBzdQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AxBGM5w==</latexit>

Machine learning a fixed point action
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coarse cfg: Monte Carlo gauge configuration: lattice spacing ~ 0.1fm
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minimization evolution of fine configuration       for fixed coarse configuration 

once chosen accuracy level reached, have not only action value AFP(V )
<latexit sha1_base64="ooZfeRFaxXfaCZGKB13rHWm6Gzw=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSLUS9mtgh4rgnisYD+gXUs2zbahSXZNsoWy9Hd48aCIV3+MN/+NabsHbX0w8Hhvhpl5QcyZNq777aysrq1vbOa28ts7u3v7hYPDho4SRWidRDxSrQBrypmkdcMMp61YUSwCTpvB8GbqN0dUaRbJBzOOqS9wX7KQEWys5F8/ph0l0G1tUmqcdQtFt+zOgJaJl5EiZKh1C1+dXkQSQaUhHGvd9tzY+ClWhhFOJ/lOommMyRD3adtSiQXVfjo7eoJOrdJDYaRsSYNm6u+JFAutxyKwnQKbgV70puJ/Xjsx4ZWfMhknhkoyXxQmHJkITRNAPaYoMXxsCSaK2VsRGWCFibE55W0I3uLLy6RRKXvn5cr9RbFazeLIwTGcQAk8uIQq3EEN6kDgCZ7hFd6ckfPivDsf89YVJ5s5gj9wPn8AXxuRLQ==</latexit>

but also many derivatives �AFP(V )

�V a
x,µ

<latexit sha1_base64="S2KA0ufkqX+L5ClZ76HdCFE/axM=">AAACGHicbVDLSsNAFJ3UV62vqEs3g0WoIDWpgi4rgrisYNNCk5bJdNIOnUnCzEQsIZ/hxl9x40IRt935N04fgrYeuHA4517uvcePGZXKsr6M3NLyyupafr2wsbm1vWPu7jkySgQmdRyxSDR9JAmjIakrqhhpxoIg7jPS8AfXY7/xQISkUXivhjHxOOqFNKAYKS11zFM3EAinbpcwheBVO3UFhze1rOQcZz+q00kfT1yeZG2UdcyiVbYmgIvEnpEimKHWMUduN8IJJ6HCDEnZsq1YeSkSimJGsoKbSBIjPEA90tI0RJxIL508lsEjrXRhEAldoYIT9fdEiriUQ+7rTo5UX857Y/E/r5Wo4NJLaRgnioR4uihIGFQRHKcEu1QQrNhQE4QF1bdC3Ec6KaWzLOgQ7PmXF4lTKdtn5crdebFancWRBwfgEJSADS5AFdyCGqgDDJ7AC3gD78az8Wp8GJ/T1pwxm9kHf2CMvgFVH5/0</latexit>

4 x 8 x Volume

(link) (color) (position)

84 �Wil = 6.0
<latexit sha1_base64="TrDaHEB894sfav0Ln6AddJBtIlI=">AAACD3icbVC7SgNBFJ2NrxhfUUubwaBYhd0kaBohYGMZwTwguwmzk5tkyMzuMjMrhGX/wMZfsbFQxNbWzr9x8ig08cCFwzn3cu89fsSZ0rb9bWXW1jc2t7LbuZ3dvf2D/OFRU4WxpNCgIQ9l2ycKOAugoZnm0I4kEOFzaPnjm6nfegCpWBjc60kEniDDgA0YJdpIvfx5tVvB7khFhEJSFiLFrg+adBNXCtxiPMXX+LJo9/IFu2jPgFeJsyAFtEC9l/9y+yGNBQSacqJUx7Ej7SVEakY5pDk3VmB2jskQOoYGRIDyktk/KT4zSh8PQmkq0Him/p5IiFBqInzTKYgeqWVvKv7ndWI9qHoJC6JYQ0DniwYxxzrE03Bwn0mgmk8MIVQycyumIyIJ1SbCnAnBWX55lTRLRadcLN1VCrXaIo4sOkGn6AI56ArV0C2qowai6BE9o1f0Zj1ZL9a79TFvzViLmWP0B9bnD1f+mu4=</latexit>

coarse cfg:

U
<latexit sha1_base64="XOTRRJqv0JiJ25vPxDgfJbgyVfs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip2RqUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlW9q2qteV2p1/M4inAG53AJHtxAHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kDseGM2w==</latexit>

V
<latexit sha1_base64="FvhALyGFQ0dOOeoa5xRI9PY5E08=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip2R6UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlW9q2qteV2p1/M4inAG53AJHtxAHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kDs2WM3A==</latexit>

Machine learning a fixed point action

SU(3)
<latexit sha1_base64="U7hX4Yl+cJ+N4TrJRe6REd7r8i4=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXRmKCF7ILJnok8eIRowsksCHd0oWGbrtpuyZkw2/w4kFjvPqDvPlvLLAHBV8yyct7M5mZFyacaeO6305hY3Nre6e4W9rbPzg8Kh+ftLVMFaE+kVyqbog15UxQ3zDDaTdRFMchp51wcjv3O09UaSbFo5kmNIjxSLCIEWys5D/41cbloFxxa+4CaJ14OalAjtag/NUfSpLGVBjCsdY9z01MkGFlGOF0VuqnmiaYTPCI9iwVOKY6yBbHztCFVYYoksqWMGih/p7IcKz1NA5tZ4zNWK96c/E/r5ea6CbImEhSQwVZLopSjoxE88/RkClKDJ9agoli9lZExlhhYmw+JRuCt/ryOmnXa16jVr+/qjSbeRxFOINzqIIH19CEO2iBDwQYPMMrvDnCeXHenY9la8HJZ07hD5zPH45Fjdo=</latexit>
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Monte Carlo configuration: lattice spacing ~ 0.25 fm rougher

minimization evolution of      for coarse       at larger lattice spacing

generate ensembles of coarse lattice gauge configurations with a range  
of fluctuations, find minimizing fine configurations for each one, along with 
corresponding derivatives

84 �Wil = 5.4
<latexit sha1_base64="Nw1r8yTg8sG9yEyzxZxz6IDujtQ=">AAACD3icbVC7SgNBFJ2NrxhfUUubwaBYhd0kYhohYGMZwTwguwmzk5tkyMzuMjMrhGX/wMZfsbFQxNbWzr9x8ig08cCFwzn3cu89fsSZ0rb9bWXW1jc2t7LbuZ3dvf2D/OFRU4WxpNCgIQ9l2ycKOAugoZnm0I4kEOFzaPnjm6nfegCpWBjc60kEniDDgA0YJdpIvfx5tVvB7khFhEJSFiLFrg+adBNXCtxiPMXX+LJY6eULdtGeAa8SZ0EKaIF6L//l9kMaCwg05USpjmNH2kuI1IxySHNurMDsHJMhdAwNiADlJbN/UnxmlD4ehNJUoPFM/T2REKHURPimUxA9UsveVPzP68R6UPUSFkSxhoDOFw1ijnWIp+HgPpNANZ8YQqhk5lZMR0QSqk2EOROCs/zyKmmWik65WLqrFGq1RRxZdIJO0QVy0BWqoVtURw1E0SN6Rq/ozXqyXqx362PemrEWM8foD6zPH1yImvE=</latexit>

coarse cfg:

minimization takes somewhat longer to converge

the data set for ML training

U
<latexit sha1_base64="XOTRRJqv0JiJ25vPxDgfJbgyVfs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip2RqUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlW9q2qteV2p1/M4inAG53AJHtxAHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kDseGM2w==</latexit>

V
<latexit sha1_base64="FvhALyGFQ0dOOeoa5xRI9PY5E08=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip2R6UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlW9q2qteV2p1/M4inAG53AJHtxAHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kDs2WM3A==</latexit>

Machine learning a fixed point action

SU(3)
<latexit sha1_base64="U7hX4Yl+cJ+N4TrJRe6REd7r8i4=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXRmKCF7ILJnok8eIRowsksCHd0oWGbrtpuyZkw2/w4kFjvPqDvPlvLLAHBV8yyct7M5mZFyacaeO6305hY3Nre6e4W9rbPzg8Kh+ftLVMFaE+kVyqbog15UxQ3zDDaTdRFMchp51wcjv3O09UaSbFo5kmNIjxSLCIEWys5D/41cbloFxxa+4CaJ14OalAjtag/NUfSpLGVBjCsdY9z01MkGFlGOF0VuqnmiaYTPCI9iwVOKY6yBbHztCFVYYoksqWMGih/p7IcKz1NA5tZ4zNWK96c/E/r5ea6CbImEhSQwVZLopSjoxE88/RkClKDJ9agoli9lZExlhhYmw+JRuCt/ryOmnXa16jVr+/qjSbeRxFOINzqIIH19CEO2iBDwQYPMMrvDnCeXHenY9la8HJZ07hD5zPH45Fjdo=</latexit>
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<latexit sha1_base64="uU7hi+oLTznvs8krlp8p+8y3wc4=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqUY8FLx4r2FpoY9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTjm5n/8IRK81jem0mCfkSHkoecUWOllnf5WCf9csWtunOQVeLlpAI5mv3yV28QszRCaZigWnc9NzF+RpXhTOC01Es1JpSN6RC7lkoaofaz+bFTcmaVAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU147WdcJqlByRaLwlQQE5PZ52TAFTIjJpZQpri9lbARVZQZm0/JhuAtv7xK2rWqd1Gt3dUrjUYeRxFO4BTOwYMraMAtNKEFDDg8wyu8OdJ5cd6dj0VrwclnjuEPnM8fcQGNxw==</latexit>

 volume

A(U) + T(U,V) close to 4⇡2
<latexit sha1_base64="RvZeN1ITUPOzdN2B+4YYJGhcIws=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU9mtBT0WvHisYD+gXUs2zbahSTYkWaEs/RFePCji1d/jzX9j2u5BWx8MPN6bYWZepDgz1ve/vcLG5tb2TnG3tLd/cHhUPj5pmyTVhLZIwhPdjbChnEnassxy2lWaYhFx2okmt3O/80S1YYl8sFNFQ4FHksWMYOukTh31FXusDcoVv+ovgNZJkJMK5GgOyl/9YUJSQaUlHBvTC3xlwwxrywins1I/NVRhMsEj2nNUYkFNmC3OnaELpwxRnGhX0qKF+nsiw8KYqYhcp8B2bFa9ufif10ttfBNmTKrUUkmWi+KUI5ug+e9oyDQllk8dwUQzdysiY6wxsS6hkgshWH15nbRr1eCqWruvVxqNPI4inME5XEIA19CAO2hCCwhM4Ble4c1T3ov37n0sWwtePnMKf+B9/gBCa47b</latexit>

coarse cfg: 84
<latexit sha1_base64="GclqH7oxCJADmNNSf+DNYB3pcbM=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaRRI4kXjxilEcCK5kdZmHC7OxmpteEED7BiweN8eoXefNvHGAPClbSSaWqO91dQSKFQdf9dnIbm1vbO/ndwt7+weFR8fikZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38z99hPXRsTqAScJ9yM6VCIUjKKV7muP1X6x5JbdBcg68TJSggyNfvGrN4hZGnGFTFJjup6boD+lGgWTfFbopYYnlI3pkHctVTTixp8uTp2RC6sMSBhrWwrJQv09MaWRMZMosJ0RxZFZ9ebif143xbDmT4VKUuSKLReFqSQYk/nfZCA0ZygnllCmhb2VsBHVlKFNp2BD8FZfXietStm7KlfuqqV6PYsjD2dwDpfgwTXU4RYa0AQGQ3iGV3hzpPPivDsfy9ack82cwh84nz+t3I1k</latexit>

now find minimizing fine cfg U

r/a = 3.0
<latexit sha1_base64="/aimVvPpbEh0JaFBA0t09eEjzhU=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbB07rbCnoRCl48VrAf0i4lm2bb0CS7JFmhLP0VXjwo4tWf481/Y9ruQVsfDDzem2FmXphwpo3nfTuFtfWNza3idmlnd2//oHx41NJxqghtkpjHqhNiTTmTtGmY4bSTKIpFyGk7HN/O/PYTVZrF8sFMEhoIPJQsYgQbKz2qC4xuUM31+uWK53pzoFXi56QCORr98ldvEJNUUGkIx1p3fS8xQYaVYYTTaamXappgMsZD2rVUYkF1kM0PnqIzqwxQFCtb0qC5+nsiw0LriQhtp8BmpJe9mfif101NdB1kTCapoZIsFkUpRyZGs+/RgClKDJ9Ygoli9lZERlhhYmxGJRuCv/zyKmlVXb/mVu8vK/V6HkcRTuAUzsGHK6jDHTSgCQQEPMMrvDnKeXHenY9Fa8HJZ47hD5zPH4KIjuY=</latexit>

Machine learning a fixed point action
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164
<latexit sha1_base64="uU7hi+oLTznvs8krlp8p+8y3wc4=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqUY8FLx4r2FpoY9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTjm5n/8IRK81jem0mCfkSHkoecUWOllnf5WCf9csWtunOQVeLlpAI5mv3yV28QszRCaZigWnc9NzF+RpXhTOC01Es1JpSN6RC7lkoaofaz+bFTcmaVAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU147WdcJqlByRaLwlQQE5PZ52TAFTIjJpZQpri9lbARVZQZm0/JhuAtv7xK2rWqd1Gt3dUrjUYeRxFO4BTOwYMraMAtNKEFDDg8wyu8OdJ5cd6dj0VrwclnjuEPnM8fcQGNxw==</latexit>

T(U,V)

A(U)

A(U)+T(U,V)

r/a = 1.5
<latexit sha1_base64="+7+H1LGeHTAZNAWJUvEFm8iOOaI=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbB07pbFb0IBS8eK9gPaZeSTbNtaJJdkqxQlv4KLx4U8erP8ea/MW33oK0PBh7vzTAzL0w408bzvp3Cyura+kZxs7S1vbO7V94/aOo4VYQ2SMxj1Q6xppxJ2jDMcNpOFMUi5LQVjm6nfuuJKs1i+WDGCQ0EHkgWMYKNlR7VGUY3yHcve+WK53ozoGXi56QCOeq98le3H5NUUGkIx1p3fC8xQYaVYYTTSambappgMsID2rFUYkF1kM0OnqATq/RRFCtb0qCZ+nsiw0LrsQhtp8BmqBe9qfif10lNdB1kTCapoZLMF0UpRyZG0+9RnylKDB9bgoli9lZEhlhhYmxGJRuCv/jyMmlWXf/crd5fVGq1PI4iHMExnIIPV1CDO6hDAwgIeIZXeHOU8+K8Ox/z1oKTzxzCHzifP4cQjuk=</latexit>

Machine learning a fixed point action
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repeat for many instanton sizes, lost when radius too small
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convolution

bilinear

Ux,µ
<latexit sha1_base64="rOKuKAs6VbFE9Z2Kk/o7I1o8crU=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBg5TdVtBjwYvHCm5baZeSTbNtaJJdkqxYlv4KLx4U8erP8ea/MW33oK0PBh7vzTAzL0w408Z1v53C2vrG5lZxu7Szu7d/UD48auk4VYT6JOax6oRYU84k9Q0znHYSRbEIOW2H45uZ336kSrNY3ptJQgOBh5JFjGBjpQe/nz1d9EQ67ZcrbtWdA60SLycVyNHsl796g5ikgkpDONa667mJCTKsDCOcTku9VNMEkzEe0q6lEguqg2x+8BSdWWWAoljZkgbN1d8TGRZaT0RoOwU2I73szcT/vG5qousgYzJJDZVksShKOTIxmn2PBkxRYvjEEkwUs7ciMsIKE2MzKtkQvOWXV0mrVvXq1drdZaXRyOMowgmcwjl4cAUNuIUm+EBAwDO8wpujnBfn3flYtBacfOYY/sD5/AHJhZBk</latexit>

input: gauge links and untraced plaquettes

ML architecture: L-CNN (also in talks by Andreas, Daniel, Matteo)

Machine learning a fixed point action
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what kind of loss function?

1

Ncfg

X

i

|AFP(V )�Apred(V )|
<latexit sha1_base64="tfFFDItT4LC8vQueBERsSTjvwpw="></latexit>

weight the two contributions

technical point: 

derivatives in L-CNN given by back propagation, since they  
are derivatives of part of loss function w.r.t. input

i
<latexit sha1_base64="BXFSVzEz0x8kjtpV2ppq/XITJCQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipyQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20a1XvqlprXlfq9TyOIpzBOVyCBzdQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4A0DGM7w==</latexit>

i
<latexit sha1_base64="BXFSVzEz0x8kjtpV2ppq/XITJCQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipyQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20a1XvqlprXlfq9TyOIpzBOVyCBzdQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4A0DGM7w==</latexit>

Machine learning a fixed point action

1

32L4

1

Ncfg

X

i,x,µ

|Tr(DFP
x,µ(Vi)�Dpred

x,µ (Vi))
2|

<latexit sha1_base64="lGvV0h9i8XxZARFuaGbkf0HCjKM="></latexit>
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training example

have older parametrization  
of FP action as baseline

L-CNN model with 3 layers

12 channels in each layer

parallel transport ±1
<latexit sha1_base64="/c1A9bdDkyU2V7KpbRQhQNJMjaE=">AAAB7HicbVBNSwMxEJ3Ur1q/qh69BIvgqexWQY8FLx4ruG2hXUo2zbahSXZJskJZ+hu8eFDEqz/Im//GtN2Dtj4YeLw3w8y8KBXcWM/7RqWNza3tnfJuZW//4PCoenzSNkmmKQtoIhLdjYhhgisWWG4F66aaERkJ1okmd3O/88S04Yl6tNOUhZKMFI85JdZJQT+V2B9Ua17dWwCvE78gNSjQGlS/+sOEZpIpSwUxpud7qQ1zoi2ngs0q/cywlNAJGbGeo4pIZsJ8cewMXzhliONEu1IWL9TfEzmRxkxl5DolsWOz6s3F/7xeZuPbMOcqzSxTdLkozgS2CZ5/jodcM2rF1BFCNXe3YjommlDr8qm4EPzVl9dJu1H3r+qNh+tas1nEUYYzOIdL8OEGmnAPLQiAAodneIU3pNALekcfy9YSKmZO4Q/Q5w8duI44</latexit>

in 1st two layers

L-CNN does much better

Machine learning a fixed point action

local in 3rd layer
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superiority of L-CNN over Param of FP action more visible in action differences

Machine learning a fixed point action
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distributions of action derivatives are narrower for L-CNN than Parametrized

(note vertical axis is log scale)

Machine learning a fixed point action
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how local is the action?

X

x,r

Aµ(x)⇢µ⌫(r)A⌫(x+ r)
<latexit sha1_base64="XmdQZ3rf6qiKCvh22uEd6e+nqkg=">AAACG3icbZDLSgMxFIYz9VbrbdSlm2ARWpQyUwVdVty4rGAv0ClDJk3b0CQz5CItQ9/Dja/ixoUirgQXvo3pZaGtBwJf/v8ckvNHCaNKe963k1lZXVvfyG7mtrZ3dvfc/YO6io3EpIZjFstmhBRhVJCappqRZiIJ4hEjjWhwM/EbD0QqGot7PUpIm6OeoF2KkbZS6JYDZXiYDs/kGF6HATeFYREGsh+Hqb3AQJhxQRatlU5xeCqLoZv3St604DL4c8iDeVVD9zPoxNhwIjRmSKmW7yW6nSKpKWZknAuMIgnCA9QjLYsCcaLa6XS3MTyxSgd2Y2mP0HCq/p5IEVdqxCPbyZHuq0VvIv7ntYzuXrVTKhKjicCzh7qGQR3DSVCwQyXBmo0sICyp/SvEfSQR1jbOnA3BX1x5Gerlkn9eKt9d5CuVeRxZcASOQQH44BJUwC2oghrA4BE8g1fw5jw5L8678zFrzTjzmUPwp5yvH2pVoF8=</latexit>

action = couplings ⇢µ⌫(r)
<latexit sha1_base64="uBsbISSZSy47Q5n2ThVr9PoeL24=">AAAB+nicbVDLSsNAFJ3UV62vVJduBotQNyWpgi4LblxWsK3QhDCZTtqhM5MwD6XEfoobF4q49Uvc+TdO2yy09cCFwzn3cu89ccao0p737ZTW1jc2t8rblZ3dvf0Dt3rYVamRmHRwylJ5HyNFGBWko6lm5D6TBPGYkV48vp75vQciFU3FnZ5kJORoKGhCMdJWitxqIEdplAfcwECYaV2eRW7Na3hzwFXiF6QGCrQj9ysYpNhwIjRmSKm+72U6zJHUFDMyrQRGkQzhMRqSvqUCcaLCfH76FJ5aZQCTVNoSGs7V3xM54kpNeGw7OdIjtezNxP+8vtHJVZhTkRlNBF4sSgyDOoWzHOCASoI1m1iCsKT2VohHSCKsbVoVG4K//PIq6TYb/nmjeXtRa7WKOMrgGJyAOvDBJWiBG9AGHYDBI3gGr+DNeXJenHfnY9FacoqZI/AHzucP0iKTsw==</latexit>

must fall off exponentially with distance to guarantee correct continuum limit

T(U,V)

Machine learning a fixed point action
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locality of L-CNN trained action �2Apred(V )

�V a
x,µ�V

b
y,⌫

<latexit sha1_base64="QxgEDaHNpG5vLJ+d0zE5uovpPI4="></latexit>

how much are links separated by |x-y| coupled

decreases exponentially, as desired

Machine learning a fixed point action
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where we are: 

L-CNN captures FP action properties well (better than before) 

continuing to explore possible architectures 

how good are scaling properties of L-CNN action i.e. lattice artifacts reduced?  
— don’t currently know, requires MC simulation, but older results are encouraging 

availability of derivatives hints at algorithm ideas (HMC, …) 

go beyond FP, follow actual RG trajectory?

Machine learning a fixed point action
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Extra slides
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{c1, c2, …}

c0

1
β

fixed 
point

critical 
surface ξ/a = ∞

FP action
RT

Fixed Point (FP) action close to the RG trajectory at weak coupling
classically perfect 
reduced lattice artifacts in full quantum theory
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scaling test of previous parametrized FP action

Machine learning a fixed point action

critical temperature for deconfinement transition Tc
<latexit sha1_base64="kEXXIAag55hE3xg8odcSByz0UY4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF48V+wVtKJvtpl262YTdiVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJFIYdN1vp7CxubW9U9wt7e0fHB6Vj0/aJk414y0Wy1h3A2q4FIq3UKDk3URzGgWSd4LJ3dzvPHFtRKyaOE24H9GREqFgFK302BywQbniVt0FyDrxclKBHI1B+as/jFkacYVMUmN6npugn1GNgkk+K/VTwxPKJnTEe5YqGnHjZ4tTZ+TCKkMSxtqWQrJQf09kNDJmGgW2M6I4NqveXPzP66UY3vqZUEmKXLHlojCVBGMy/5sMheYM5dQSyrSwtxI2ppoytOmUbAje6svrpF2relfV2sN1pV7P4yjCGZzDJXhwA3W4hwa0gMEInuEV3hzpvDjvzseyteDkM6fwB87nDyFUjbA=</latexit>

Sommer parameter from quark potential r0
<latexit sha1_base64="3FfO217fw+hK0dCT0ER58rtcAlE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD3rgDsoVt+ouQNaJl5MK5GgOyl/9YczSiCtkkhrT89wE/YxqFEzyWamfGp5QNqEj3rNU0YgbP1ucOiMXVhmSMNa2FJKF+nsio5Ex0yiwnRHFsVn15uJ/Xi/F8MbPhEpS5IotF4WpJBiT+d9kKDRnKKeWUKaFvZWwMdWUoU2nZEPwVl9eJ+1a1buq1u7rlUYjj6MIZ3AOl+DBNTTgDprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzifPwG8jZs=</latexit>

dimensionless combination r0Tc
<latexit sha1_base64="f8XwEFmvp/yHO/0xNjLTKnN31Wg=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fjw4rFCv6ANYbPdtEs3m7A7EUroj/DiQRGv/h5v/hu3bQ7a+mDg8d4MM/PCVAqDrvvtbGxube/slvbK+weHR8eVk9OOSTLNeJslMtG9kBouheJtFCh5L9WcxqHk3XByP/e7T1wbkagWTlPux3SkRCQYRSt1deCSVsCCStWtuQuQdeIVpAoFmkHlazBMWBZzhUxSY/qem6KfU42CST4rDzLDU8omdMT7lioac+Pni3Nn5NIqQxIl2pZCslB/T+Q0NmYah7Yzpjg2q95c/M/rZxjd+blQaYZcseWiKJMEEzL/nQyF5gzl1BLKtLC3EjammjK0CZVtCN7qy+ukU69517X640210SjiKME5XMAVeHALDXiAJrSBwQSe4RXenNR5cd6dj2XrhlPMnMEfOJ8/cMmO+Q==</latexit>
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(a)

=

(b)

⇥

(c)

proof than sufficiently deep L-CNN with enough layers can generate 
any arbitrary Wilson loop 
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locality of L-CNN trained action �2Apred(V )

�V a
x,µ�V

b
y,⌫
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exponential fall off, as desired
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constraint on action derivatives — not independent

L-CNN
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satisfied to high accuracy by L-CNN


