
Quantum anomaly and scaling 
dynamics in the 2D Fermi gas 

Nicolò Defenu (University of Heidelberg) 

Tilman Enss (Heidelberg, theory) 
S. Jochim group (Heidelberg, expt)

 
 
 

ECT*

Trento, 21 June 2018

ISOQUANT 

SFB1225 



2D Fermi gas

H =

Z
dx

X

�=",#
 †
�

⇣
�
~2r2

2m
� µ�

⌘
 � + g0 

†
" 

†
# # "

 dilute gas of ⬆ and ⬇ fermions with contact interaction:
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Scale invariance

• self-similar on different length scales: no intrinsic length/energy scale


• statistical mechanics: near phase transition, fluctuations on all length scales 
➩ no intrinsic scale


• strongly interacting Fermi gas similar in cold atom lab (μm) and neutron star (fm)



Scale invariance

• ideal gas 

 
 

• rescale space by factor λ:  

• solution self-similar with                              : 

• Hamiltonian scales as
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Scale invariance

• particles with interaction


• consider power-law interaction


• scaling law 

scale invariant only for inverse square potential α=2 (not often realized)

V (x) =
g

|x|↵ , V (�x) =
1

�↵
V (x)
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Scale invariance

• particles with interaction


• contact interaction 

 

• scaling law 
 

scale invariant in d=2 dimensions for any dimensionless coupling g 
no intrinsic scale: kinetic and interaction equally important on any scale
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Dynamical scaling

• time dependent harmonic oscillator  (oscillator length                             ) 

                                                                          


• stationary initial state                     , impose potential         : 
dynamical scaling solution 

• density profile 

self-similar at all times
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 (x, t = 0)
<latexit sha1_base64="E8SFC0Sj5DR+WsXcNjdUrCIz2vk=">AAACAXicbVDLSgNBEOyNrxhfUY9eFoMQQcKuCHpRAl48RjAP2CxhdjKbDJnHMjMrhpCT3+BVz97Eq1/i0T9xkuzBJBY0FFXddHdFCaPaeN63k1tZXVvfyG8WtrZ3dveK+wcNLVOFSR1LJlUrQpowKkjdUMNIK1EE8YiRZjS4nfjNR6I0leLBDBMSctQTNKYYGSsF7UTT8tOZufZOO8WSV/GmcJeJn5ESZKh1ij/trsQpJ8JghrQOfC8x4QgpQzEj40I71SRBeIB6JLBUIE50OJqePHZPrNJ1Y6lsCeNO1b8TI8S1HvLIdnJk+nrRm4j/eUFq4qtwREWSGiLwbFGcMtdId/K/26WKYMOGliCsqL3VxX2kEDY2pbktER/bTPzFBJZJ47ziexX//qJUvcnSycMRHEMZfLiEKtxBDeqAQcILvMKb8+y8Ox/O56w152QzhzAH5+sX0raW+A==</latexit><latexit sha1_base64="E8SFC0Sj5DR+WsXcNjdUrCIz2vk=">AAACAXicbVDLSgNBEOyNrxhfUY9eFoMQQcKuCHpRAl48RjAP2CxhdjKbDJnHMjMrhpCT3+BVz97Eq1/i0T9xkuzBJBY0FFXddHdFCaPaeN63k1tZXVvfyG8WtrZ3dveK+wcNLVOFSR1LJlUrQpowKkjdUMNIK1EE8YiRZjS4nfjNR6I0leLBDBMSctQTNKYYGSsF7UTT8tOZufZOO8WSV/GmcJeJn5ESZKh1ij/trsQpJ8JghrQOfC8x4QgpQzEj40I71SRBeIB6JLBUIE50OJqePHZPrNJ1Y6lsCeNO1b8TI8S1HvLIdnJk+nrRm4j/eUFq4qtwREWSGiLwbFGcMtdId/K/26WKYMOGliCsqL3VxX2kEDY2pbktER/bTPzFBJZJ47ziexX//qJUvcnSycMRHEMZfLiEKtxBDeqAQcILvMKb8+y8Ox/O56w152QzhzAH5+sX0raW+A==</latexit><latexit sha1_base64="E8SFC0Sj5DR+WsXcNjdUrCIz2vk=">AAACAXicbVDLSgNBEOyNrxhfUY9eFoMQQcKuCHpRAl48RjAP2CxhdjKbDJnHMjMrhpCT3+BVz97Eq1/i0T9xkuzBJBY0FFXddHdFCaPaeN63k1tZXVvfyG8WtrZ3dveK+wcNLVOFSR1LJlUrQpowKkjdUMNIK1EE8YiRZjS4nfjNR6I0leLBDBMSctQTNKYYGSsF7UTT8tOZufZOO8WSV/GmcJeJn5ESZKh1ij/trsQpJ8JghrQOfC8x4QgpQzEj40I71SRBeIB6JLBUIE50OJqePHZPrNJ1Y6lsCeNO1b8TI8S1HvLIdnJk+nrRm4j/eUFq4qtwREWSGiLwbFGcMtdId/K/26WKYMOGliCsqL3VxX2kEDY2pbktER/bTPzFBJZJ47ziexX//qJUvcnSycMRHEMZfLiEKtxBDeqAQcILvMKb8+y8Ox/O56w152QzhzAH5+sX0raW+A==</latexit><latexit sha1_base64="E8SFC0Sj5DR+WsXcNjdUrCIz2vk=">AAACAXicbVDLSgNBEOyNrxhfUY9eFoMQQcKuCHpRAl48RjAP2CxhdjKbDJnHMjMrhpCT3+BVz97Eq1/i0T9xkuzBJBY0FFXddHdFCaPaeN63k1tZXVvfyG8WtrZ3dveK+wcNLVOFSR1LJlUrQpowKkjdUMNIK1EE8YiRZjS4nfjNR6I0leLBDBMSctQTNKYYGSsF7UTT8tOZufZOO8WSV/GmcJeJn5ESZKh1ij/trsQpJ8JghrQOfC8x4QgpQzEj40I71SRBeIB6JLBUIE50OJqePHZPrNJ1Y6lsCeNO1b8TI8S1HvLIdnJk+nrRm4j/eUFq4qtwREWSGiLwbFGcMtdId/K/26WKYMOGliCsqL3VxX2kEDY2pbktER/bTPzFBJZJ47ziexX//qJUvcnSycMRHEMZfLiEKtxBDeqAQcILvMKb8+y8Ox/O56w152QzhzAH5+sX0raW+A==</latexit>

!(t)
<latexit sha1_base64="Qhb4E9KxBqt+hXEJdcx44x6U99c=">AAAB/3icbVC7SgNBFL0bXzG+opY2g0GITdgVQSsJ2FhGMA9JljA7mU2GzGOZmRVCSOE32GptJ7Z+iqV/4iTZwiQeuHA4517uvSdKODPW97+93Nr6xuZWfruws7u3f1A8PGoYlWpC60RxpVsRNpQzSeuWWU5biaZYRJw2o+Ht1G8+UW2Ykg92lNBQ4L5kMSPYOumxowTt47I97xZLfsWfAa2SICMlyFDrFn86PUVSQaUlHBvTDvzEhmOsLSOcTgqd1NAEkyHu07ajEgtqwvHs4Ak6c0oPxUq7khbN1L8TYyyMGYnIdQpsB2bZm4r/ee3UxtfhmMkktVSS+aI45cgqNP0e9ZimxPKRI5ho5m5FZIA1JtZltLAlEhOXSbCcwCppXFQCvxLcX5aqN1k6eTiBUyhDAFdQhTuoQR0ICHiBV3jznr1378P7nLfmvGzmGBbgff0C/lmWkA==</latexit><latexit sha1_base64="Qhb4E9KxBqt+hXEJdcx44x6U99c=">AAAB/3icbVC7SgNBFL0bXzG+opY2g0GITdgVQSsJ2FhGMA9JljA7mU2GzGOZmRVCSOE32GptJ7Z+iqV/4iTZwiQeuHA4517uvSdKODPW97+93Nr6xuZWfruws7u3f1A8PGoYlWpC60RxpVsRNpQzSeuWWU5biaZYRJw2o+Ht1G8+UW2Ykg92lNBQ4L5kMSPYOumxowTt47I97xZLfsWfAa2SICMlyFDrFn86PUVSQaUlHBvTDvzEhmOsLSOcTgqd1NAEkyHu07ajEgtqwvHs4Ak6c0oPxUq7khbN1L8TYyyMGYnIdQpsB2bZm4r/ee3UxtfhmMkktVSS+aI45cgqNP0e9ZimxPKRI5ho5m5FZIA1JtZltLAlEhOXSbCcwCppXFQCvxLcX5aqN1k6eTiBUyhDAFdQhTuoQR0ICHiBV3jznr1378P7nLfmvGzmGBbgff0C/lmWkA==</latexit><latexit sha1_base64="Qhb4E9KxBqt+hXEJdcx44x6U99c=">AAAB/3icbVC7SgNBFL0bXzG+opY2g0GITdgVQSsJ2FhGMA9JljA7mU2GzGOZmRVCSOE32GptJ7Z+iqV/4iTZwiQeuHA4517uvSdKODPW97+93Nr6xuZWfruws7u3f1A8PGoYlWpC60RxpVsRNpQzSeuWWU5biaZYRJw2o+Ht1G8+UW2Ykg92lNBQ4L5kMSPYOumxowTt47I97xZLfsWfAa2SICMlyFDrFn86PUVSQaUlHBvTDvzEhmOsLSOcTgqd1NAEkyHu07ajEgtqwvHs4Ak6c0oPxUq7khbN1L8TYyyMGYnIdQpsB2bZm4r/ee3UxtfhmMkktVSS+aI45cgqNP0e9ZimxPKRI5ho5m5FZIA1JtZltLAlEhOXSbCcwCppXFQCvxLcX5aqN1k6eTiBUyhDAFdQhTuoQR0ICHiBV3jznr1378P7nLfmvGzmGBbgff0C/lmWkA==</latexit><latexit sha1_base64="Qhb4E9KxBqt+hXEJdcx44x6U99c=">AAAB/3icbVC7SgNBFL0bXzG+opY2g0GITdgVQSsJ2FhGMA9JljA7mU2GzGOZmRVCSOE32GptJ7Z+iqV/4iTZwiQeuHA4517uvSdKODPW97+93Nr6xuZWfruws7u3f1A8PGoYlWpC60RxpVsRNpQzSeuWWU5biaZYRJw2o+Ht1G8+UW2Ykg92lNBQ4L5kMSPYOumxowTt47I97xZLfsWfAa2SICMlyFDrFn86PUVSQaUlHBvTDvzEhmOsLSOcTgqd1NAEkyHu07ajEgtqwvHs4Ak6c0oPxUq7khbN1L8TYyyMGYnIdQpsB2bZm4r/ee3UxtfhmMkktVSS+aI45cgqNP0e9ZimxPKRI5ho5m5FZIA1JtZltLAlEhOXSbCcwCppXFQCvxLcX5aqN1k6eTiBUyhDAFdQhTuoQR0ICHiBV3jznr1378P7nLfmvGzmGBbgff0C/lmWkA==</latexit>
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<latexit sha1_base64="8C/y9BCKogKxG1Zv7ImwDAw+Uns="></latexit><latexit sha1_base64="8C/y9BCKogKxG1Zv7ImwDAw+Uns="></latexit><latexit sha1_base64="8C/y9BCKogKxG1Zv7ImwDAw+Uns="></latexit><latexit sha1_base64="8C/y9BCKogKxG1Zv7ImwDAw+Uns="></latexit>

n(x, t) = | (x, t)|2 =
1
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<latexit sha1_base64="zWHak1Q/N2bQalv8cIOcygKrBgc="></latexit><latexit sha1_base64="zWHak1Q/N2bQalv8cIOcygKrBgc="></latexit><latexit sha1_base64="zWHak1Q/N2bQalv8cIOcygKrBgc="></latexit><latexit sha1_base64="zWHak1Q/N2bQalv8cIOcygKrBgc="></latexit>
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<latexit sha1_base64="5VIRkfPcsEhA1svN+F4gL2zIaTM=">AAACHnicbVDLSgNBEJz1GeMr6tHLYFA8xV0R9KIEvHiMYB6QDWF20kmGzOysM71iWPIHfoTf4FXP3sSrHv0TN4+DSSxoKKq66e4KIiksuu63s7C4tLyymlnLrm9sbm3ndnYrVseGQ5lrqU0tYBakCKGMAiXUIgNMBRKqQe966FcfwFihwzvsR9BQrBOKtuAMU6mZO/JByqaP8IiJtnxAL6lv7w0mfjdg5kT5WkGHDZq5vFtwR6DzxJuQPJmg1Mz9+C3NYwUhcsmsrXtuhI2EGRRcwiDrxxYixnusA/WUhkyBbSSjfwb0MFVatK1NWiHSkfp3ImHK2r4K0k7FsGtnvaH4n1ePsX3RSEQYxQghHy9qx5KipsNwaEsY4Cj7KWHciPRWyrvMMI5phFNbAjXMxJtNYJ5UTgueW/Buz/LFq0k6GbJPDsgx8cg5KZIbUiJlwskTeSGv5M15dt6dD+dz3LrgTGb2yBScr183vKOk</latexit><latexit sha1_base64="5VIRkfPcsEhA1svN+F4gL2zIaTM=">AAACHnicbVDLSgNBEJz1GeMr6tHLYFA8xV0R9KIEvHiMYB6QDWF20kmGzOysM71iWPIHfoTf4FXP3sSrHv0TN4+DSSxoKKq66e4KIiksuu63s7C4tLyymlnLrm9sbm3ndnYrVseGQ5lrqU0tYBakCKGMAiXUIgNMBRKqQe966FcfwFihwzvsR9BQrBOKtuAMU6mZO/JByqaP8IiJtnxAL6lv7w0mfjdg5kT5WkGHDZq5vFtwR6DzxJuQPJmg1Mz9+C3NYwUhcsmsrXtuhI2EGRRcwiDrxxYixnusA/WUhkyBbSSjfwb0MFVatK1NWiHSkfp3ImHK2r4K0k7FsGtnvaH4n1ePsX3RSEQYxQghHy9qx5KipsNwaEsY4Cj7KWHciPRWyrvMMI5phFNbAjXMxJtNYJ5UTgueW/Buz/LFq0k6GbJPDsgx8cg5KZIbUiJlwskTeSGv5M15dt6dD+dz3LrgTGb2yBScr183vKOk</latexit><latexit sha1_base64="5VIRkfPcsEhA1svN+F4gL2zIaTM=">AAACHnicbVDLSgNBEJz1GeMr6tHLYFA8xV0R9KIEvHiMYB6QDWF20kmGzOysM71iWPIHfoTf4FXP3sSrHv0TN4+DSSxoKKq66e4KIiksuu63s7C4tLyymlnLrm9sbm3ndnYrVseGQ5lrqU0tYBakCKGMAiXUIgNMBRKqQe966FcfwFihwzvsR9BQrBOKtuAMU6mZO/JByqaP8IiJtnxAL6lv7w0mfjdg5kT5WkGHDZq5vFtwR6DzxJuQPJmg1Mz9+C3NYwUhcsmsrXtuhI2EGRRcwiDrxxYixnusA/WUhkyBbSSjfwb0MFVatK1NWiHSkfp3ImHK2r4K0k7FsGtnvaH4n1ePsX3RSEQYxQghHy9qx5KipsNwaEsY4Cj7KWHciPRWyrvMMI5phFNbAjXMxJtNYJ5UTgueW/Buz/LFq0k6GbJPDsgx8cg5KZIbUiJlwskTeSGv5M15dt6dD+dz3LrgTGb2yBScr183vKOk</latexit><latexit sha1_base64="5VIRkfPcsEhA1svN+F4gL2zIaTM=">AAACHnicbVDLSgNBEJz1GeMr6tHLYFA8xV0R9KIEvHiMYB6QDWF20kmGzOysM71iWPIHfoTf4FXP3sSrHv0TN4+DSSxoKKq66e4KIiksuu63s7C4tLyymlnLrm9sbm3ndnYrVseGQ5lrqU0tYBakCKGMAiXUIgNMBRKqQe966FcfwFihwzvsR9BQrBOKtuAMU6mZO/JByqaP8IiJtnxAL6lv7w0mfjdg5kT5WkGHDZq5vFtwR6DzxJuQPJmg1Mz9+C3NYwUhcsmsrXtuhI2EGRRcwiDrxxYixnusA/WUhkyBbSSjfwb0MFVatK1NWiHSkfp3ImHK2r4K0k7FsGtnvaH4n1ePsX3RSEQYxQghHy9qx5KipsNwaEsY4Cj7KWHciPRWyrvMMI5phFNbAjXMxJtNYJ5UTgueW/Buz/LFq0k6GbJPDsgx8cg5KZIbUiJlwskTeSGv5M15dt6dD+dz3LrgTGb2yBScr183vKOk</latexit>

!(t)
<latexit sha1_base64="Qhb4E9KxBqt+hXEJdcx44x6U99c=">AAAB/3icbVC7SgNBFL0bXzG+opY2g0GITdgVQSsJ2FhGMA9JljA7mU2GzGOZmRVCSOE32GptJ7Z+iqV/4iTZwiQeuHA4517uvSdKODPW97+93Nr6xuZWfruws7u3f1A8PGoYlWpC60RxpVsRNpQzSeuWWU5biaZYRJw2o+Ht1G8+UW2Ykg92lNBQ4L5kMSPYOumxowTt47I97xZLfsWfAa2SICMlyFDrFn86PUVSQaUlHBvTDvzEhmOsLSOcTgqd1NAEkyHu07ajEgtqwvHs4Ak6c0oPxUq7khbN1L8TYyyMGYnIdQpsB2bZm4r/ee3UxtfhmMkktVSS+aI45cgqNP0e9ZimxPKRI5ho5m5FZIA1JtZltLAlEhOXSbCcwCppXFQCvxLcX5aqN1k6eTiBUyhDAFdQhTuoQR0ICHiBV3jznr1378P7nLfmvGzmGBbgff0C/lmWkA==</latexit><latexit sha1_base64="Qhb4E9KxBqt+hXEJdcx44x6U99c=">AAAB/3icbVC7SgNBFL0bXzG+opY2g0GITdgVQSsJ2FhGMA9JljA7mU2GzGOZmRVCSOE32GptJ7Z+iqV/4iTZwiQeuHA4517uvSdKODPW97+93Nr6xuZWfruws7u3f1A8PGoYlWpC60RxpVsRNpQzSeuWWU5biaZYRJw2o+Ht1G8+UW2Ykg92lNBQ4L5kMSPYOumxowTt47I97xZLfsWfAa2SICMlyFDrFn86PUVSQaUlHBvTDvzEhmOsLSOcTgqd1NAEkyHu07ajEgtqwvHs4Ak6c0oPxUq7khbN1L8TYyyMGYnIdQpsB2bZm4r/ee3UxtfhmMkktVSS+aI45cgqNP0e9ZimxPKRI5ho5m5FZIA1JtZltLAlEhOXSbCcwCppXFQCvxLcX5aqN1k6eTiBUyhDAFdQhTuoQR0ICHiBV3jznr1378P7nLfmvGzmGBbgff0C/lmWkA==</latexit><latexit sha1_base64="Qhb4E9KxBqt+hXEJdcx44x6U99c=">AAAB/3icbVC7SgNBFL0bXzG+opY2g0GITdgVQSsJ2FhGMA9JljA7mU2GzGOZmRVCSOE32GptJ7Z+iqV/4iTZwiQeuHA4517uvSdKODPW97+93Nr6xuZWfruws7u3f1A8PGoYlWpC60RxpVsRNpQzSeuWWU5biaZYRJw2o+Ht1G8+UW2Ykg92lNBQ4L5kMSPYOumxowTt47I97xZLfsWfAa2SICMlyFDrFn86PUVSQaUlHBvTDvzEhmOsLSOcTgqd1NAEkyHu07ajEgtqwvHs4Ak6c0oPxUq7khbN1L8TYyyMGYnIdQpsB2bZm4r/ee3UxtfhmMkktVSS+aI45cgqNP0e9ZimxPKRI5ho5m5FZIA1JtZltLAlEhOXSbCcwCppXFQCvxLcX5aqN1k6eTiBUyhDAFdQhTuoQR0ICHiBV3jznr1378P7nLfmvGzmGBbgff0C/lmWkA==</latexit><latexit sha1_base64="Qhb4E9KxBqt+hXEJdcx44x6U99c=">AAAB/3icbVC7SgNBFL0bXzG+opY2g0GITdgVQSsJ2FhGMA9JljA7mU2GzGOZmRVCSOE32GptJ7Z+iqV/4iTZwiQeuHA4517uvSdKODPW97+93Nr6xuZWfruws7u3f1A8PGoYlWpC60RxpVsRNpQzSeuWWU5biaZYRJw2o+Ht1G8+UW2Ykg92lNBQ4L5kMSPYOumxowTt47I97xZLfsWfAa2SICMlyFDrFn86PUVSQaUlHBvTDvzEhmOsLSOcTgqd1NAEkyHu07ajEgtqwvHs4Ak6c0oPxUq7khbN1L8TYyyMGYnIdQpsB2bZm4r/ee3UxtfhmMkktVSS+aI45cgqNP0e9ZimxPKRI5ho5m5FZIA1JtZltLAlEhOXSbCcwCppXFQCvxLcX5aqN1k6eTiBUyhDAFdQhTuoQR0ICHiBV3jznr1378P7nLfmvGzmGBbgff0C/lmWkA==</latexit>

n(x, t)
<latexit sha1_base64="PJ9uPYnRwbO2syXKPclbEZSNLIg=">AAAB/HicbVBNSwMxEJ2tX7V+VT16CRahgpRdEfQkBS8eK9gPaJeSTbNtbJJdkqxYlvobvOrZm3j1v3j0n5i2e7CtDwYe780wMy+IOdPGdb+d3Mrq2vpGfrOwtb2zu1fcP2joKFGE1knEI9UKsKacSVo3zHDaihXFIuC0GQxvJn7zkSrNInlvRjH1Be5LFjKCjZUasvx0Zk67xZJbcadAy8TLSAky1LrFn04vIomg0hCOtW57bmz8FCvDCKfjQifRNMZkiPu0banEgmo/nV47RidW6aEwUrakQVP170SKhdYjEdhOgc1AL3oT8T+vnZjwyk+ZjBNDJZktChOOTIQmr6MeU5QYPrIEE8XsrYgMsMLE2IDmtgRibDPxFhNYJo3ziudWvLuLUvU6SycPR3AMZfDgEqpwCzWoA4EHeIFXeHOenXfnw/mcteacbOYQ5uB8/QJwnJUf</latexit><latexit sha1_base64="PJ9uPYnRwbO2syXKPclbEZSNLIg=">AAAB/HicbVBNSwMxEJ2tX7V+VT16CRahgpRdEfQkBS8eK9gPaJeSTbNtbJJdkqxYlvobvOrZm3j1v3j0n5i2e7CtDwYe780wMy+IOdPGdb+d3Mrq2vpGfrOwtb2zu1fcP2joKFGE1knEI9UKsKacSVo3zHDaihXFIuC0GQxvJn7zkSrNInlvRjH1Be5LFjKCjZUasvx0Zk67xZJbcadAy8TLSAky1LrFn04vIomg0hCOtW57bmz8FCvDCKfjQifRNMZkiPu0banEgmo/nV47RidW6aEwUrakQVP170SKhdYjEdhOgc1AL3oT8T+vnZjwyk+ZjBNDJZktChOOTIQmr6MeU5QYPrIEE8XsrYgMsMLE2IDmtgRibDPxFhNYJo3ziudWvLuLUvU6SycPR3AMZfDgEqpwCzWoA4EHeIFXeHOenXfnw/mcteacbOYQ5uB8/QJwnJUf</latexit><latexit sha1_base64="PJ9uPYnRwbO2syXKPclbEZSNLIg=">AAAB/HicbVBNSwMxEJ2tX7V+VT16CRahgpRdEfQkBS8eK9gPaJeSTbNtbJJdkqxYlvobvOrZm3j1v3j0n5i2e7CtDwYe780wMy+IOdPGdb+d3Mrq2vpGfrOwtb2zu1fcP2joKFGE1knEI9UKsKacSVo3zHDaihXFIuC0GQxvJn7zkSrNInlvRjH1Be5LFjKCjZUasvx0Zk67xZJbcadAy8TLSAky1LrFn04vIomg0hCOtW57bmz8FCvDCKfjQifRNMZkiPu0banEgmo/nV47RidW6aEwUrakQVP170SKhdYjEdhOgc1AL3oT8T+vnZjwyk+ZjBNDJZktChOOTIQmr6MeU5QYPrIEE8XsrYgMsMLE2IDmtgRibDPxFhNYJo3ziudWvLuLUvU6SycPR3AMZfDgEqpwCzWoA4EHeIFXeHOenXfnw/mcteacbOYQ5uB8/QJwnJUf</latexit><latexit sha1_base64="PJ9uPYnRwbO2syXKPclbEZSNLIg=">AAAB/HicbVBNSwMxEJ2tX7V+VT16CRahgpRdEfQkBS8eK9gPaJeSTbNtbJJdkqxYlvobvOrZm3j1v3j0n5i2e7CtDwYe780wMy+IOdPGdb+d3Mrq2vpGfrOwtb2zu1fcP2joKFGE1knEI9UKsKacSVo3zHDaihXFIuC0GQxvJn7zkSrNInlvRjH1Be5LFjKCjZUasvx0Zk67xZJbcadAy8TLSAky1LrFn04vIomg0hCOtW57bmz8FCvDCKfjQifRNMZkiPu0banEgmo/nV47RidW6aEwUrakQVP170SKhdYjEdhOgc1AL3oT8T+vnZjwyk+ZjBNDJZktChOOTIQmr6MeU5QYPrIEE8XsrYgMsMLE2IDmtgRibDPxFhNYJo3ziudWvLuLUvU6SycPR3AMZfDgEqpwCzWoA4EHeIFXeHOenXfnw/mcteacbOYQ5uB8/QJwnJUf</latexit>



Dynamical scaling

• global scale factor λ(t) governed by Ermakov equation 

• quantum time evolution determined by motion of “classical particle” λ:

�̈(t) + !2(t)�(t) =
!2(0)

�3(t)
, �(0) = 1, �̇(0) = 0

<latexit sha1_base64="vj4Zv2kZ28F6TYXnZAW2k8GKSe8="></latexit><latexit sha1_base64="vj4Zv2kZ28F6TYXnZAW2k8GKSe8="></latexit><latexit sha1_base64="vj4Zv2kZ28F6TYXnZAW2k8GKSe8="></latexit><latexit sha1_base64="vj4Zv2kZ28F6TYXnZAW2k8GKSe8="></latexit>

�̈(t) = �V 0(�)
<latexit sha1_base64="hfZtoCRBginK8xMzAcA8bR9/Jas=">AAACF3icbVC7SgNBFJ2Nrxhfq5YWDgYxKQy7ImgjBG0sI5gHZJcwOzubDM4+mLkrhCWlH+E32GptJ7aWlv6Jk2QLk3hg4HDOPdw7x0sEV2BZ30ZhaXllda24XtrY3NreMXf3WipOJWVNGotYdjyimOARawIHwTqJZCT0BGt7Dzdjv/3IpOJxdA/DhLkh6Uc84JSAlnrmoeP7MWBH6IhPKlDFV/i0dVLJhWrPLFs1awK8SOyclFGORs/8cfyYpiGLgAqiVNe2EnAzIoFTwUYlJ1UsIfSB9FlX04iETLnZ5CMjfKwVHwex1C8CPFH/JjISKjUMPT0ZEhioeW8s/ud1Uwgu3YxHSQosotNFQSowxHjcCva5ZBTEUBNCJde3YjogklDQ3c1s8cKR7sSeb2CRtM5qtlWz787L9eu8nSI6QEeogmx0geroFjVQE1H0hF7QK3ozno1348P4nI4WjDyzj2ZgfP0Cxg2eVQ==</latexit><latexit sha1_base64="hfZtoCRBginK8xMzAcA8bR9/Jas=">AAACF3icbVC7SgNBFJ2Nrxhfq5YWDgYxKQy7ImgjBG0sI5gHZJcwOzubDM4+mLkrhCWlH+E32GptJ7aWlv6Jk2QLk3hg4HDOPdw7x0sEV2BZ30ZhaXllda24XtrY3NreMXf3WipOJWVNGotYdjyimOARawIHwTqJZCT0BGt7Dzdjv/3IpOJxdA/DhLkh6Uc84JSAlnrmoeP7MWBH6IhPKlDFV/i0dVLJhWrPLFs1awK8SOyclFGORs/8cfyYpiGLgAqiVNe2EnAzIoFTwUYlJ1UsIfSB9FlX04iETLnZ5CMjfKwVHwex1C8CPFH/JjISKjUMPT0ZEhioeW8s/ud1Uwgu3YxHSQosotNFQSowxHjcCva5ZBTEUBNCJde3YjogklDQ3c1s8cKR7sSeb2CRtM5qtlWz787L9eu8nSI6QEeogmx0geroFjVQE1H0hF7QK3ozno1348P4nI4WjDyzj2ZgfP0Cxg2eVQ==</latexit><latexit sha1_base64="hfZtoCRBginK8xMzAcA8bR9/Jas=">AAACF3icbVC7SgNBFJ2Nrxhfq5YWDgYxKQy7ImgjBG0sI5gHZJcwOzubDM4+mLkrhCWlH+E32GptJ7aWlv6Jk2QLk3hg4HDOPdw7x0sEV2BZ30ZhaXllda24XtrY3NreMXf3WipOJWVNGotYdjyimOARawIHwTqJZCT0BGt7Dzdjv/3IpOJxdA/DhLkh6Uc84JSAlnrmoeP7MWBH6IhPKlDFV/i0dVLJhWrPLFs1awK8SOyclFGORs/8cfyYpiGLgAqiVNe2EnAzIoFTwUYlJ1UsIfSB9FlX04iETLnZ5CMjfKwVHwex1C8CPFH/JjISKjUMPT0ZEhioeW8s/ud1Uwgu3YxHSQosotNFQSowxHjcCva5ZBTEUBNCJde3YjogklDQ3c1s8cKR7sSeb2CRtM5qtlWz787L9eu8nSI6QEeogmx0geroFjVQE1H0hF7QK3ozno1348P4nI4WjDyzj2ZgfP0Cxg2eVQ==</latexit><latexit sha1_base64="hfZtoCRBginK8xMzAcA8bR9/Jas=">AAACF3icbVC7SgNBFJ2Nrxhfq5YWDgYxKQy7ImgjBG0sI5gHZJcwOzubDM4+mLkrhCWlH+E32GptJ7aWlv6Jk2QLk3hg4HDOPdw7x0sEV2BZ30ZhaXllda24XtrY3NreMXf3WipOJWVNGotYdjyimOARawIHwTqJZCT0BGt7Dzdjv/3IpOJxdA/DhLkh6Uc84JSAlnrmoeP7MWBH6IhPKlDFV/i0dVLJhWrPLFs1awK8SOyclFGORs/8cfyYpiGLgAqiVNe2EnAzIoFTwUYlJ1UsIfSB9FlX04iETLnZ5CMjfKwVHwex1C8CPFH/JjISKjUMPT0ZEhioeW8s/ud1Uwgu3YxHSQosotNFQSowxHjcCva5ZBTEUBNCJde3YjogklDQ3c1s8cKR7sSeb2CRtM5qtlWz787L9eu8nSI6QEeogmx0geroFjVQE1H0hF7QK3ozno1348P4nI4WjDyzj2ZgfP0Cxg2eVQ==</latexit>
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<latexit sha1_base64="Qhb4E9KxBqt+hXEJdcx44x6U99c=">AAAB/3icbVC7SgNBFL0bXzG+opY2g0GITdgVQSsJ2FhGMA9JljA7mU2GzGOZmRVCSOE32GptJ7Z+iqV/4iTZwiQeuHA4517uvSdKODPW97+93Nr6xuZWfruws7u3f1A8PGoYlWpC60RxpVsRNpQzSeuWWU5biaZYRJw2o+Ht1G8+UW2Ykg92lNBQ4L5kMSPYOumxowTt47I97xZLfsWfAa2SICMlyFDrFn86PUVSQaUlHBvTDvzEhmOsLSOcTgqd1NAEkyHu07ajEgtqwvHs4Ak6c0oPxUq7khbN1L8TYyyMGYnIdQpsB2bZm4r/ee3UxtfhmMkktVSS+aI45cgqNP0e9ZimxPKRI5ho5m5FZIA1JtZltLAlEhOXSbCcwCppXFQCvxLcX5aqN1k6eTiBUyhDAFdQhTuoQR0ICHiBV3jznr1378P7nLfmvGzmGBbgff0C/lmWkA==</latexit><latexit sha1_base64="Qhb4E9KxBqt+hXEJdcx44x6U99c=">AAAB/3icbVC7SgNBFL0bXzG+opY2g0GITdgVQSsJ2FhGMA9JljA7mU2GzGOZmRVCSOE32GptJ7Z+iqV/4iTZwiQeuHA4517uvSdKODPW97+93Nr6xuZWfruws7u3f1A8PGoYlWpC60RxpVsRNpQzSeuWWU5biaZYRJw2o+Ht1G8+UW2Ykg92lNBQ4L5kMSPYOumxowTt47I97xZLfsWfAa2SICMlyFDrFn86PUVSQaUlHBvTDvzEhmOsLSOcTgqd1NAEkyHu07ajEgtqwvHs4Ak6c0oPxUq7khbN1L8TYyyMGYnIdQpsB2bZm4r/ee3UxtfhmMkktVSS+aI45cgqNP0e9ZimxPKRI5ho5m5FZIA1JtZltLAlEhOXSbCcwCppXFQCvxLcX5aqN1k6eTiBUyhDAFdQhTuoQR0ICHiBV3jznr1378P7nLfmvGzmGBbgff0C/lmWkA==</latexit><latexit sha1_base64="Qhb4E9KxBqt+hXEJdcx44x6U99c=">AAAB/3icbVC7SgNBFL0bXzG+opY2g0GITdgVQSsJ2FhGMA9JljA7mU2GzGOZmRVCSOE32GptJ7Z+iqV/4iTZwiQeuHA4517uvSdKODPW97+93Nr6xuZWfruws7u3f1A8PGoYlWpC60RxpVsRNpQzSeuWWU5biaZYRJw2o+Ht1G8+UW2Ykg92lNBQ4L5kMSPYOumxowTt47I97xZLfsWfAa2SICMlyFDrFn86PUVSQaUlHBvTDvzEhmOsLSOcTgqd1NAEkyHu07ajEgtqwvHs4Ak6c0oPxUq7khbN1L8TYyyMGYnIdQpsB2bZm4r/ee3UxtfhmMkktVSS+aI45cgqNP0e9ZimxPKRI5ho5m5FZIA1JtZltLAlEhOXSbCcwCppXFQCvxLcX5aqN1k6eTiBUyhDAFdQhTuoQR0ICHiBV3jznr1378P7nLfmvGzmGBbgff0C/lmWkA==</latexit><latexit sha1_base64="Qhb4E9KxBqt+hXEJdcx44x6U99c=">AAAB/3icbVC7SgNBFL0bXzG+opY2g0GITdgVQSsJ2FhGMA9JljA7mU2GzGOZmRVCSOE32GptJ7Z+iqV/4iTZwiQeuHA4517uvSdKODPW97+93Nr6xuZWfruws7u3f1A8PGoYlWpC60RxpVsRNpQzSeuWWU5biaZYRJw2o+Ht1G8+UW2Ykg92lNBQ4L5kMSPYOumxowTt47I97xZLfsWfAa2SICMlyFDrFn86PUVSQaUlHBvTDvzEhmOsLSOcTgqd1NAEkyHu07ajEgtqwvHs4Ak6c0oPxUq7khbN1L8TYyyMGYnIdQpsB2bZm4r/ee3UxtfhmMkktVSS+aI45cgqNP0e9ZimxPKRI5ho5m5FZIA1JtZltLAlEhOXSbCcwCppXFQCvxLcX5aqN1k6eTiBUyhDAFdQhTuoQR0ICHiBV3jznr1378P7nLfmvGzmGBbgff0C/lmWkA==</latexit>

�(t)
<latexit sha1_base64="5Cdc+x3C8L6IvD2rN3BUU0NF+FA=">AAACAHicbVDLSgMxFL1TX7W+qi7dBItQN2VGBF1JwY3LCvaB7VAymUwbmmSGJCOUoRu/wa2u3Ylb/8Slf2LazsK2HggczjmXe3OChDNtXPfbKaytb2xuFbdLO7t7+wflw6OWjlNFaJPEPFadAGvKmaRNwwynnURRLAJO28Hoduq3n6jSLJYPZpxQX+CBZBEj2FjpscdtNMRVc94vV9yaOwNaJV5OKpCj0S//9MKYpIJKQzjWuuu5ifEzrAwjnE5KvVTTBJMRHtCupRILqv1sdvEEnVklRFGs7JMGzdS/ExkWWo9FYJMCm6Fe9qbif143NdG1nzGZpIZKMl8UpRyZGE2/j0KmKDF8bAkmitlbERlihYmxJS1sCcTEduItN7BKWhc1z61595eV+k3eThFO4BSq4MEV1OEOGtAEAhJe4BXenGfn3flwPufRgpPPHMMCnK9fsTKW8g==</latexit><latexit sha1_base64="5Cdc+x3C8L6IvD2rN3BUU0NF+FA=">AAACAHicbVDLSgMxFL1TX7W+qi7dBItQN2VGBF1JwY3LCvaB7VAymUwbmmSGJCOUoRu/wa2u3Ylb/8Slf2LazsK2HggczjmXe3OChDNtXPfbKaytb2xuFbdLO7t7+wflw6OWjlNFaJPEPFadAGvKmaRNwwynnURRLAJO28Hoduq3n6jSLJYPZpxQX+CBZBEj2FjpscdtNMRVc94vV9yaOwNaJV5OKpCj0S//9MKYpIJKQzjWuuu5ifEzrAwjnE5KvVTTBJMRHtCupRILqv1sdvEEnVklRFGs7JMGzdS/ExkWWo9FYJMCm6Fe9qbif143NdG1nzGZpIZKMl8UpRyZGE2/j0KmKDF8bAkmitlbERlihYmxJS1sCcTEduItN7BKWhc1z61595eV+k3eThFO4BSq4MEV1OEOGtAEAhJe4BXenGfn3flwPufRgpPPHMMCnK9fsTKW8g==</latexit><latexit sha1_base64="5Cdc+x3C8L6IvD2rN3BUU0NF+FA=">AAACAHicbVDLSgMxFL1TX7W+qi7dBItQN2VGBF1JwY3LCvaB7VAymUwbmmSGJCOUoRu/wa2u3Ylb/8Slf2LazsK2HggczjmXe3OChDNtXPfbKaytb2xuFbdLO7t7+wflw6OWjlNFaJPEPFadAGvKmaRNwwynnURRLAJO28Hoduq3n6jSLJYPZpxQX+CBZBEj2FjpscdtNMRVc94vV9yaOwNaJV5OKpCj0S//9MKYpIJKQzjWuuu5ifEzrAwjnE5KvVTTBJMRHtCupRILqv1sdvEEnVklRFGs7JMGzdS/ExkWWo9FYJMCm6Fe9qbif143NdG1nzGZpIZKMl8UpRyZGE2/j0KmKDF8bAkmitlbERlihYmxJS1sCcTEduItN7BKWhc1z61595eV+k3eThFO4BSq4MEV1OEOGtAEAhJe4BXenGfn3flwPufRgpPPHMMCnK9fsTKW8g==</latexit><latexit sha1_base64="5Cdc+x3C8L6IvD2rN3BUU0NF+FA=">AAACAHicbVDLSgMxFL1TX7W+qi7dBItQN2VGBF1JwY3LCvaB7VAymUwbmmSGJCOUoRu/wa2u3Ylb/8Slf2LazsK2HggczjmXe3OChDNtXPfbKaytb2xuFbdLO7t7+wflw6OWjlNFaJPEPFadAGvKmaRNwwynnURRLAJO28Hoduq3n6jSLJYPZpxQX+CBZBEj2FjpscdtNMRVc94vV9yaOwNaJV5OKpCj0S//9MKYpIJKQzjWuuu5ifEzrAwjnE5KvVTTBJMRHtCupRILqv1sdvEEnVklRFGs7JMGzdS/ExkWWo9FYJMCm6Fe9qbif143NdG1nzGZpIZKMl8UpRyZGE2/j0KmKDF8bAkmitlbERlihYmxJS1sCcTEduItN7BKWhc1z61595eV+k3eThFO4BSq4MEV1OEOGtAEAhJe4BXenGfn3flwPufRgpPPHMMCnK9fsTKW8g==</latexit>

�(t) =
q

1 + ↵ sin2(!t)
<latexit sha1_base64="yG3wj+X3PI358fWstsowFtLQoAA=">AAACJHicbVDLSgMxFM34rO+qSzfBIlSUMiOCbgTRjcsKVgudWu6kaRuaZMbkjlCG/oQf4Te41bU7ceFG8E9MaxfaeiBwOOdc7s2JEiks+v6HNzU9Mzs3n1tYXFpeWV3Lr29c2zg1jFdYLGNTjcByKTSvoEDJq4nhoCLJb6Lu+cC/uefGilhfYS/hdQVtLVqCATqpkd8PpQs3oYi79ISG9s5gFuyFIJMOhFbo24NiGCveBoq7/Ua+4Jf8IegkCUakQEYoN/JfYTNmqeIamQRra4GfYD0Dg4JJ3l8MU8sTYF1o85qjGhS39Wz4qz7dcUqTtmLjnkY6VH9PZKCs7anIJRVgx457A/E/r5Zi67ieCZ2kyDX7WdRKJcWYDiqiTWE4Q9lzBJgR7lbKOmCAoSvyz5ZIDToJxhuYJNcHpcAvBZeHhdOzUTs5skW2SZEE5IickgtSJhXCyAN5Is/kxXv0Xr037/0nOuWNZjbJH3if3/00pFQ=</latexit><latexit sha1_base64="yG3wj+X3PI358fWstsowFtLQoAA=">AAACJHicbVDLSgMxFM34rO+qSzfBIlSUMiOCbgTRjcsKVgudWu6kaRuaZMbkjlCG/oQf4Te41bU7ceFG8E9MaxfaeiBwOOdc7s2JEiks+v6HNzU9Mzs3n1tYXFpeWV3Lr29c2zg1jFdYLGNTjcByKTSvoEDJq4nhoCLJb6Lu+cC/uefGilhfYS/hdQVtLVqCATqpkd8PpQs3oYi79ISG9s5gFuyFIJMOhFbo24NiGCveBoq7/Ua+4Jf8IegkCUakQEYoN/JfYTNmqeIamQRra4GfYD0Dg4JJ3l8MU8sTYF1o85qjGhS39Wz4qz7dcUqTtmLjnkY6VH9PZKCs7anIJRVgx457A/E/r5Zi67ieCZ2kyDX7WdRKJcWYDiqiTWE4Q9lzBJgR7lbKOmCAoSvyz5ZIDToJxhuYJNcHpcAvBZeHhdOzUTs5skW2SZEE5IickgtSJhXCyAN5Is/kxXv0Xr037/0nOuWNZjbJH3if3/00pFQ=</latexit><latexit sha1_base64="yG3wj+X3PI358fWstsowFtLQoAA=">AAACJHicbVDLSgMxFM34rO+qSzfBIlSUMiOCbgTRjcsKVgudWu6kaRuaZMbkjlCG/oQf4Te41bU7ceFG8E9MaxfaeiBwOOdc7s2JEiks+v6HNzU9Mzs3n1tYXFpeWV3Lr29c2zg1jFdYLGNTjcByKTSvoEDJq4nhoCLJb6Lu+cC/uefGilhfYS/hdQVtLVqCATqpkd8PpQs3oYi79ISG9s5gFuyFIJMOhFbo24NiGCveBoq7/Ua+4Jf8IegkCUakQEYoN/JfYTNmqeIamQRra4GfYD0Dg4JJ3l8MU8sTYF1o85qjGhS39Wz4qz7dcUqTtmLjnkY6VH9PZKCs7anIJRVgx457A/E/r5Zi67ieCZ2kyDX7WdRKJcWYDiqiTWE4Q9lzBJgR7lbKOmCAoSvyz5ZIDToJxhuYJNcHpcAvBZeHhdOzUTs5skW2SZEE5IickgtSJhXCyAN5Is/kxXv0Xr037/0nOuWNZjbJH3if3/00pFQ=</latexit><latexit sha1_base64="yG3wj+X3PI358fWstsowFtLQoAA=">AAACJHicbVDLSgMxFM34rO+qSzfBIlSUMiOCbgTRjcsKVgudWu6kaRuaZMbkjlCG/oQf4Te41bU7ceFG8E9MaxfaeiBwOOdc7s2JEiks+v6HNzU9Mzs3n1tYXFpeWV3Lr29c2zg1jFdYLGNTjcByKTSvoEDJq4nhoCLJb6Lu+cC/uefGilhfYS/hdQVtLVqCATqpkd8PpQs3oYi79ISG9s5gFuyFIJMOhFbo24NiGCveBoq7/Ua+4Jf8IegkCUakQEYoN/JfYTNmqeIamQRra4GfYD0Dg4JJ3l8MU8sTYF1o85qjGhS39Wz4qz7dcUqTtmLjnkY6VH9PZKCs7anIJRVgx457A/E/r5Zi67ieCZ2kyDX7WdRKJcWYDiqiTWE4Q9lzBJgR7lbKOmCAoSvyz5ZIDToJxhuYJNcHpcAvBZeHhdOzUTs5skW2SZEE5IickgtSJhXCyAN5Is/kxXv0Xr037/0nOuWNZjbJH3if3/00pFQ=</latexit>

!b = 2!
<latexit sha1_base64="eVIi1OTX9NJNRc+7uXRPh1Z/08Y=">AAACD3icbVBNS8NAEN34WetX1IMHL8EieCpJEfSiFLx4rGA/oClls522S3eTsDsRS8iP8Dd41bM38epP8Og/cdvmYFsfDDzem2FmXhALrtF1v62V1bX1jc3CVnF7Z3dv3z44bOgoUQzqLBKRagVUg+Ah1JGjgFasgMpAQDMY3U785iMozaPwAccxdCQdhLzPGUUjde1jP5IwoF0f4QnTILuu5IJdcsvuFM4y8XJSIjlqXfvH70UskRAiE1TrtufG2EmpQs4EZEU/0RBTNqIDaBsaUgm6k04fyJwzo/ScfqRMhehM1b8TKZVaj2VgOiXFoV70JuJ/XjvB/lUn5WGcIIRstqifCAcjZ5KG0+MKGIqxIZQpbm512JAqytBkNrclkJnJxFtMYJk0KmXPLXv3F6XqTZ5OgZyQU3JOPHJJquSO1EidMJKRF/JK3qxn6936sD5nrStWPnNE5mB9/QIlb502</latexit><latexit sha1_base64="eVIi1OTX9NJNRc+7uXRPh1Z/08Y=">AAACD3icbVBNS8NAEN34WetX1IMHL8EieCpJEfSiFLx4rGA/oClls522S3eTsDsRS8iP8Dd41bM38epP8Og/cdvmYFsfDDzem2FmXhALrtF1v62V1bX1jc3CVnF7Z3dv3z44bOgoUQzqLBKRagVUg+Ah1JGjgFasgMpAQDMY3U785iMozaPwAccxdCQdhLzPGUUjde1jP5IwoF0f4QnTILuu5IJdcsvuFM4y8XJSIjlqXfvH70UskRAiE1TrtufG2EmpQs4EZEU/0RBTNqIDaBsaUgm6k04fyJwzo/ScfqRMhehM1b8TKZVaj2VgOiXFoV70JuJ/XjvB/lUn5WGcIIRstqifCAcjZ5KG0+MKGIqxIZQpbm512JAqytBkNrclkJnJxFtMYJk0KmXPLXv3F6XqTZ5OgZyQU3JOPHJJquSO1EidMJKRF/JK3qxn6936sD5nrStWPnNE5mB9/QIlb502</latexit><latexit sha1_base64="eVIi1OTX9NJNRc+7uXRPh1Z/08Y=">AAACD3icbVBNS8NAEN34WetX1IMHL8EieCpJEfSiFLx4rGA/oClls522S3eTsDsRS8iP8Dd41bM38epP8Og/cdvmYFsfDDzem2FmXhALrtF1v62V1bX1jc3CVnF7Z3dv3z44bOgoUQzqLBKRagVUg+Ah1JGjgFasgMpAQDMY3U785iMozaPwAccxdCQdhLzPGUUjde1jP5IwoF0f4QnTILuu5IJdcsvuFM4y8XJSIjlqXfvH70UskRAiE1TrtufG2EmpQs4EZEU/0RBTNqIDaBsaUgm6k04fyJwzo/ScfqRMhehM1b8TKZVaj2VgOiXFoV70JuJ/XjvB/lUn5WGcIIRstqifCAcjZ5KG0+MKGIqxIZQpbm512JAqytBkNrclkJnJxFtMYJk0KmXPLXv3F6XqTZ5OgZyQU3JOPHJJquSO1EidMJKRF/JK3qxn6936sD5nrStWPnNE5mB9/QIlb502</latexit><latexit sha1_base64="eVIi1OTX9NJNRc+7uXRPh1Z/08Y=">AAACD3icbVBNS8NAEN34WetX1IMHL8EieCpJEfSiFLx4rGA/oClls522S3eTsDsRS8iP8Dd41bM38epP8Og/cdvmYFsfDDzem2FmXhALrtF1v62V1bX1jc3CVnF7Z3dv3z44bOgoUQzqLBKRagVUg+Ah1JGjgFasgMpAQDMY3U785iMozaPwAccxdCQdhLzPGUUjde1jP5IwoF0f4QnTILuu5IJdcsvuFM4y8XJSIjlqXfvH70UskRAiE1TrtufG2EmpQs4EZEU/0RBTNqIDaBsaUgm6k04fyJwzo/ScfqRMhehM1b8TKZVaj2VgOiXFoV70JuJ/XjvB/lUn5WGcIIRstqifCAcjZ5KG0+MKGIqxIZQpbm512JAqytBkNrclkJnJxFtMYJk0KmXPLXv3F6XqTZ5OgZyQU3JOPHJJquSO1EidMJKRF/JK3qxn6936sD5nrStWPnNE5mB9/QIlb502</latexit>

periodic breathing motion at



Dynamical scaling

• interacting many-body system with scale invariance:


• exact many-body wavefunction known at all later times


• no equilibration/thermalization: 
dissipationless hydrodynamics ζ=0 (entropy const.)


• hidden symmetry SO(2,1) generates many-body spectrum  
[Pitaevskii & Rosch 1997; Werner & Castin 2006]


• realized exactly in Unitary Fermi gas (              no scale) [Werner; expt. challenging]  
approx. in 1D/2D Bose gas [Pitaevskii; Olshanii; expt. Bouchoule 2014]  
2D Fermi gas: control scale invariance, study deviations
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<latexit sha1_base64="UWKFBQXAoqOaNas+iSc8EjUQpLc="></latexit><latexit sha1_base64="UWKFBQXAoqOaNas+iSc8EjUQpLc="></latexit><latexit sha1_base64="UWKFBQXAoqOaNas+iSc8EjUQpLc="></latexit><latexit sha1_base64="UWKFBQXAoqOaNas+iSc8EjUQpLc="></latexit>

X = (x1, . . . ,xN )
<latexit sha1_base64="u22wYti9gkK70PTrzfQld8tgTVQ=">AAACHnicbZBNS8MwGMdTX+d8q3r0EhzKhDFaEfSiDLx4kgnuBbZS0izdwpK2JKk4Sr+BH8LP4FXP3sSrHv0mZl0Ft/lA4Mf//zx5kr8XMSqVZX0ZC4tLyyurhbXi+sbm1ra5s9uUYSwwaeCQhaLtIUkYDUhDUcVIOxIEcY+Rlje8GvuteyIkDYM7NYqIw1E/oD7FSGnJNY+SrufDdgovYDnDh9S1K91eqCSu/Ao3x65ZsqpWVnAe7BxKIK+6a37rO3DMSaAwQ1J2bCtSToKEopiRtNiNJYkQHqI+6WgMECfSSbL/pPBQKz3oh0KfQMFM/TuRIC7liHu6kyM1kLPeWPzP68TKP3cSGkSxIgGeLPJjBlUIx+HAHhUEKzbSgLCg+q0QD5BAWOkIp7Z4PNWZ2LMJzEPzpGpbVfv2tFS7zNMpgH1wAMrABmegBq5BHTQABo/gGbyAV+PJeDPejY9J64KRz+yBqTI+fwDJfKGR</latexit><latexit sha1_base64="u22wYti9gkK70PTrzfQld8tgTVQ=">AAACHnicbZBNS8MwGMdTX+d8q3r0EhzKhDFaEfSiDLx4kgnuBbZS0izdwpK2JKk4Sr+BH8LP4FXP3sSrHv0mZl0Ft/lA4Mf//zx5kr8XMSqVZX0ZC4tLyyurhbXi+sbm1ra5s9uUYSwwaeCQhaLtIUkYDUhDUcVIOxIEcY+Rlje8GvuteyIkDYM7NYqIw1E/oD7FSGnJNY+SrufDdgovYDnDh9S1K91eqCSu/Ao3x65ZsqpWVnAe7BxKIK+6a37rO3DMSaAwQ1J2bCtSToKEopiRtNiNJYkQHqI+6WgMECfSSbL/pPBQKz3oh0KfQMFM/TuRIC7liHu6kyM1kLPeWPzP68TKP3cSGkSxIgGeLPJjBlUIx+HAHhUEKzbSgLCg+q0QD5BAWOkIp7Z4PNWZ2LMJzEPzpGpbVfv2tFS7zNMpgH1wAMrABmegBq5BHTQABo/gGbyAV+PJeDPejY9J64KRz+yBqTI+fwDJfKGR</latexit><latexit sha1_base64="u22wYti9gkK70PTrzfQld8tgTVQ=">AAACHnicbZBNS8MwGMdTX+d8q3r0EhzKhDFaEfSiDLx4kgnuBbZS0izdwpK2JKk4Sr+BH8LP4FXP3sSrHv0mZl0Ft/lA4Mf//zx5kr8XMSqVZX0ZC4tLyyurhbXi+sbm1ra5s9uUYSwwaeCQhaLtIUkYDUhDUcVIOxIEcY+Rlje8GvuteyIkDYM7NYqIw1E/oD7FSGnJNY+SrufDdgovYDnDh9S1K91eqCSu/Ao3x65ZsqpWVnAe7BxKIK+6a37rO3DMSaAwQ1J2bCtSToKEopiRtNiNJYkQHqI+6WgMECfSSbL/pPBQKz3oh0KfQMFM/TuRIC7liHu6kyM1kLPeWPzP68TKP3cSGkSxIgGeLPJjBlUIx+HAHhUEKzbSgLCg+q0QD5BAWOkIp7Z4PNWZ2LMJzEPzpGpbVfv2tFS7zNMpgH1wAMrABmegBq5BHTQABo/gGbyAV+PJeDPejY9J64KRz+yBqTI+fwDJfKGR</latexit><latexit sha1_base64="u22wYti9gkK70PTrzfQld8tgTVQ=">AAACHnicbZBNS8MwGMdTX+d8q3r0EhzKhDFaEfSiDLx4kgnuBbZS0izdwpK2JKk4Sr+BH8LP4FXP3sSrHv0mZl0Ft/lA4Mf//zx5kr8XMSqVZX0ZC4tLyyurhbXi+sbm1ra5s9uUYSwwaeCQhaLtIUkYDUhDUcVIOxIEcY+Rlje8GvuteyIkDYM7NYqIw1E/oD7FSGnJNY+SrufDdgovYDnDh9S1K91eqCSu/Ao3x65ZsqpWVnAe7BxKIK+6a37rO3DMSaAwQ1J2bCtSToKEopiRtNiNJYkQHqI+6WgMECfSSbL/pPBQKz3oh0KfQMFM/TuRIC7liHu6kyM1kLPeWPzP68TKP3cSGkSxIgGeLPJjBlUIx+HAHhUEKzbSgLCg+q0QD5BAWOkIp7Z4PNWZ2LMJzEPzpGpbVfv2tFS7zNMpgH1wAMrABmegBq5BHTQABo/gGbyAV+PJeDPejY9J64KRz+yBqTI+fwDJfKGR</latexit>

a ! 1
<latexit sha1_base64="iZuorglmHt7GHBx0onf8PanJszQ=">AAACAHicbVA9SwNBEN2LXzF+RS1tFoNgFe5E0EoCNpYRzAfmjrC32UuW7O0eu3PCcaTxN9hqbSe2/hNL/4mb5AqT+GDg8d4MM/PCRHADrvvtlNbWNza3ytuVnd29/YPq4VHbqFRT1qJKKN0NiWGCS9YCDoJ1E81IHArWCce3U7/zxLThSj5AlrAgJkPJI04JWOmR+KB8LiPI+tWaW3dnwKvEK0gNFWj2qz/+QNE0ZhKoIMb0PDeBICcaOBVsUvFTwxJCx2TIepZKEjMT5LOLJ/jMKgMcKW1LAp6pfydyEhuTxaHtjAmMzLI3Ff/zeilE10HOZZICk3S+KEoFBoWn7+MB14yCyCwhVHN7K6YjogkFG9LCljCe2Ey85QRWSfui7rl17/6y1rgp0imjE3SKzpGHrlAD3aEmaiGKJHpBr+jNeXbenQ/nc95acoqZY7QA5+sXtESXlg==</latexit><latexit sha1_base64="iZuorglmHt7GHBx0onf8PanJszQ=">AAACAHicbVA9SwNBEN2LXzF+RS1tFoNgFe5E0EoCNpYRzAfmjrC32UuW7O0eu3PCcaTxN9hqbSe2/hNL/4mb5AqT+GDg8d4MM/PCRHADrvvtlNbWNza3ytuVnd29/YPq4VHbqFRT1qJKKN0NiWGCS9YCDoJ1E81IHArWCce3U7/zxLThSj5AlrAgJkPJI04JWOmR+KB8LiPI+tWaW3dnwKvEK0gNFWj2qz/+QNE0ZhKoIMb0PDeBICcaOBVsUvFTwxJCx2TIepZKEjMT5LOLJ/jMKgMcKW1LAp6pfydyEhuTxaHtjAmMzLI3Ff/zeilE10HOZZICk3S+KEoFBoWn7+MB14yCyCwhVHN7K6YjogkFG9LCljCe2Ey85QRWSfui7rl17/6y1rgp0imjE3SKzpGHrlAD3aEmaiGKJHpBr+jNeXbenQ/nc95acoqZY7QA5+sXtESXlg==</latexit><latexit sha1_base64="iZuorglmHt7GHBx0onf8PanJszQ=">AAACAHicbVA9SwNBEN2LXzF+RS1tFoNgFe5E0EoCNpYRzAfmjrC32UuW7O0eu3PCcaTxN9hqbSe2/hNL/4mb5AqT+GDg8d4MM/PCRHADrvvtlNbWNza3ytuVnd29/YPq4VHbqFRT1qJKKN0NiWGCS9YCDoJ1E81IHArWCce3U7/zxLThSj5AlrAgJkPJI04JWOmR+KB8LiPI+tWaW3dnwKvEK0gNFWj2qz/+QNE0ZhKoIMb0PDeBICcaOBVsUvFTwxJCx2TIepZKEjMT5LOLJ/jMKgMcKW1LAp6pfydyEhuTxaHtjAmMzLI3Ff/zeilE10HOZZICk3S+KEoFBoWn7+MB14yCyCwhVHN7K6YjogkFG9LCljCe2Ey85QRWSfui7rl17/6y1rgp0imjE3SKzpGHrlAD3aEmaiGKJHpBr+jNeXbenQ/nc95acoqZY7QA5+sXtESXlg==</latexit><latexit sha1_base64="iZuorglmHt7GHBx0onf8PanJszQ=">AAACAHicbVA9SwNBEN2LXzF+RS1tFoNgFe5E0EoCNpYRzAfmjrC32UuW7O0eu3PCcaTxN9hqbSe2/hNL/4mb5AqT+GDg8d4MM/PCRHADrvvtlNbWNza3ytuVnd29/YPq4VHbqFRT1qJKKN0NiWGCS9YCDoJ1E81IHArWCce3U7/zxLThSj5AlrAgJkPJI04JWOmR+KB8LiPI+tWaW3dnwKvEK0gNFWj2qz/+QNE0ZhKoIMb0PDeBICcaOBVsUvFTwxJCx2TIepZKEjMT5LOLJ/jMKgMcKW1LAp6pfydyEhuTxaHtjAmMzLI3Ff/zeilE10HOZZICk3S+KEoFBoWn7+MB14yCyCwhVHN7K6YjogkFG9LCljCe2Ey85QRWSfui7rl17/6y1rgp0imjE3SKzpGHrlAD3aEmaiGKJHpBr+jNeXbenQ/nc95acoqZY7QA5+sXtESXlg==</latexit>
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Quantum anomaly

• quantum mechanical scattering     (attractive interaction by potential well)


• always bound state in 2D of size        , binding energy scale  
breaks classical scale invariance: quantum anomaly

a2D
<latexit sha1_base64="973skUBLdfb6RonWn/sOmAGKxAE=">AAACAXicbVA9SwNBEN2LXzF+RS1tFoNgFe6CoJUEtLCMYD7gcoS9zSZZsrt37M6J4Ujlb7DV2k5s/SWW/hP3kitM4oOBx3szzMwLY8ENuO63U1hb39jcKm6Xdnb39g/Kh0ctEyWasiaNRKQ7ITFMcMWawEGwTqwZkaFg7XB8k/ntR6YNj9QDTGIWSDJUfMApASv5pNcF9gRp7XbaK1fcqjsDXiVeTiooR6NX/un2I5pIpoAKYozvuTEEKdHAqWDTUjcxLCZ0TIbMt1QRyUyQzk6e4jOr9PEg0rYU4Jn6dyIl0piJDG2nJDAyy14m/uf5CQyugpSrOAGm6HzRIBEYIpz9j/tcMwpiYgmhmttbMR0RTSjYlBa2hDLLxFtOYJW0alXPrXr3F5X6dZ5OEZ2gU3SOPHSJ6ugONVATURShF/SK3pxn5935cD7nrQUnnzlGC3C+fgEdppfJ</latexit><latexit sha1_base64="973skUBLdfb6RonWn/sOmAGKxAE=">AAACAXicbVA9SwNBEN2LXzF+RS1tFoNgFe6CoJUEtLCMYD7gcoS9zSZZsrt37M6J4Ujlb7DV2k5s/SWW/hP3kitM4oOBx3szzMwLY8ENuO63U1hb39jcKm6Xdnb39g/Kh0ctEyWasiaNRKQ7ITFMcMWawEGwTqwZkaFg7XB8k/ntR6YNj9QDTGIWSDJUfMApASv5pNcF9gRp7XbaK1fcqjsDXiVeTiooR6NX/un2I5pIpoAKYozvuTEEKdHAqWDTUjcxLCZ0TIbMt1QRyUyQzk6e4jOr9PEg0rYU4Jn6dyIl0piJDG2nJDAyy14m/uf5CQyugpSrOAGm6HzRIBEYIpz9j/tcMwpiYgmhmttbMR0RTSjYlBa2hDLLxFtOYJW0alXPrXr3F5X6dZ5OEZ2gU3SOPHSJ6ugONVATURShF/SK3pxn5935cD7nrQUnnzlGC3C+fgEdppfJ</latexit><latexit sha1_base64="973skUBLdfb6RonWn/sOmAGKxAE=">AAACAXicbVA9SwNBEN2LXzF+RS1tFoNgFe6CoJUEtLCMYD7gcoS9zSZZsrt37M6J4Ujlb7DV2k5s/SWW/hP3kitM4oOBx3szzMwLY8ENuO63U1hb39jcKm6Xdnb39g/Kh0ctEyWasiaNRKQ7ITFMcMWawEGwTqwZkaFg7XB8k/ntR6YNj9QDTGIWSDJUfMApASv5pNcF9gRp7XbaK1fcqjsDXiVeTiooR6NX/un2I5pIpoAKYozvuTEEKdHAqWDTUjcxLCZ0TIbMt1QRyUyQzk6e4jOr9PEg0rYU4Jn6dyIl0piJDG2nJDAyy14m/uf5CQyugpSrOAGm6HzRIBEYIpz9j/tcMwpiYgmhmttbMR0RTSjYlBa2hDLLxFtOYJW0alXPrXr3F5X6dZ5OEZ2gU3SOPHSJ6ugONVATURShF/SK3pxn5935cD7nrQUnnzlGC3C+fgEdppfJ</latexit><latexit sha1_base64="973skUBLdfb6RonWn/sOmAGKxAE=">AAACAXicbVA9SwNBEN2LXzF+RS1tFoNgFe6CoJUEtLCMYD7gcoS9zSZZsrt37M6J4Ujlb7DV2k5s/SWW/hP3kitM4oOBx3szzMwLY8ENuO63U1hb39jcKm6Xdnb39g/Kh0ctEyWasiaNRKQ7ITFMcMWawEGwTqwZkaFg7XB8k/ntR6YNj9QDTGIWSDJUfMApASv5pNcF9gRp7XbaK1fcqjsDXiVeTiooR6NX/un2I5pIpoAKYozvuTEEKdHAqWDTUjcxLCZ0TIbMt1QRyUyQzk6e4jOr9PEg0rYU4Jn6dyIl0piJDG2nJDAyy14m/uf5CQyugpSrOAGm6HzRIBEYIpz9j/tcMwpiYgmhmttbMR0RTSjYlBa2hDLLxFtOYJW0alXPrXr3F5X6dZ5OEZ2gU3SOPHSJ6ugONVATURShF/SK3pxn5935cD7nrQUnnzlGC3C+fgEdppfJ</latexit>
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ma22D
<latexit sha1_base64="8OueJZb2ORrm+OCSR82A3DsiNNY=">AAACJnicbVDLSgNBEJz1/Tbq0ctgEDyF3SDoRRH14FHBaCAbQ++k1wzO7C4zvWJY8hd+hN/gVc/eRLzpnziJOWi0YKC6qpvuqShT0pLvv3tj4xOTU9Mzs3PzC4tLy6WV1Qub5kZgTaQqNfUILCqZYI0kKaxnBkFHCi+jm6O+f3mLxso0Oaduhk0N14mMpQByUqtUCW/BYGalctUh3+NhbEAUYScCc1XtFRpaIeEdFdXjnqtbpbJf8Qfgf0kwJGU2xGmr9Bm2U5FrTEgosLYR+Bk1CzAkhcLeXJhbzEDcwDU2HE1Ao20Wg3/1+KZT2jxOjXsJ8YH6c6IAbW1XR65TA3XsqNcX//MaOcW7zUImWU6YiO9Fca44pbwfEm9Lg4JU1xEQRrpbueiAC4ZclL+2RLqfSTCawF9yUa0EfiU42y4f7A/TmWHrbINtsYDtsAN2wk5ZjQl2zx7ZE3v2HrwX79V7+24d84Yza+wXvI8v30Gmgw==</latexit><latexit sha1_base64="8OueJZb2ORrm+OCSR82A3DsiNNY=">AAACJnicbVDLSgNBEJz1/Tbq0ctgEDyF3SDoRRH14FHBaCAbQ++k1wzO7C4zvWJY8hd+hN/gVc/eRLzpnziJOWi0YKC6qpvuqShT0pLvv3tj4xOTU9Mzs3PzC4tLy6WV1Qub5kZgTaQqNfUILCqZYI0kKaxnBkFHCi+jm6O+f3mLxso0Oaduhk0N14mMpQByUqtUCW/BYGalctUh3+NhbEAUYScCc1XtFRpaIeEdFdXjnqtbpbJf8Qfgf0kwJGU2xGmr9Bm2U5FrTEgosLYR+Bk1CzAkhcLeXJhbzEDcwDU2HE1Ao20Wg3/1+KZT2jxOjXsJ8YH6c6IAbW1XR65TA3XsqNcX//MaOcW7zUImWU6YiO9Fca44pbwfEm9Lg4JU1xEQRrpbueiAC4ZclL+2RLqfSTCawF9yUa0EfiU42y4f7A/TmWHrbINtsYDtsAN2wk5ZjQl2zx7ZE3v2HrwX79V7+24d84Yza+wXvI8v30Gmgw==</latexit><latexit sha1_base64="8OueJZb2ORrm+OCSR82A3DsiNNY=">AAACJnicbVDLSgNBEJz1/Tbq0ctgEDyF3SDoRRH14FHBaCAbQ++k1wzO7C4zvWJY8hd+hN/gVc/eRLzpnziJOWi0YKC6qpvuqShT0pLvv3tj4xOTU9Mzs3PzC4tLy6WV1Qub5kZgTaQqNfUILCqZYI0kKaxnBkFHCi+jm6O+f3mLxso0Oaduhk0N14mMpQByUqtUCW/BYGalctUh3+NhbEAUYScCc1XtFRpaIeEdFdXjnqtbpbJf8Qfgf0kwJGU2xGmr9Bm2U5FrTEgosLYR+Bk1CzAkhcLeXJhbzEDcwDU2HE1Ao20Wg3/1+KZT2jxOjXsJ8YH6c6IAbW1XR65TA3XsqNcX//MaOcW7zUImWU6YiO9Fca44pbwfEm9Lg4JU1xEQRrpbueiAC4ZclL+2RLqfSTCawF9yUa0EfiU42y4f7A/TmWHrbINtsYDtsAN2wk5ZjQl2zx7ZE3v2HrwX79V7+24d84Yza+wXvI8v30Gmgw==</latexit><latexit sha1_base64="8OueJZb2ORrm+OCSR82A3DsiNNY=">AAACJnicbVDLSgNBEJz1/Tbq0ctgEDyF3SDoRRH14FHBaCAbQ++k1wzO7C4zvWJY8hd+hN/gVc/eRLzpnziJOWi0YKC6qpvuqShT0pLvv3tj4xOTU9Mzs3PzC4tLy6WV1Qub5kZgTaQqNfUILCqZYI0kKaxnBkFHCi+jm6O+f3mLxso0Oaduhk0N14mMpQByUqtUCW/BYGalctUh3+NhbEAUYScCc1XtFRpaIeEdFdXjnqtbpbJf8Qfgf0kwJGU2xGmr9Bm2U5FrTEgosLYR+Bk1CzAkhcLeXJhbzEDcwDU2HE1Ao20Wg3/1+KZT2jxOjXsJ8YH6c6IAbW1XR65TA3XsqNcX//MaOcW7zUImWU6YiO9Fca44pbwfEm9Lg4JU1xEQRrpbueiAC4ZclL+2RLqfSTCawF9yUa0EfiU42y4f7A/TmWHrbINtsYDtsAN2wk5ZjQl2zx7ZE3v2HrwX79V7+24d84Yza+wXvI8v30Gmgw==</latexit>



Scattering amplitude

• two-body scattering amplitude

f(k) =
2⇡

i⇡2 � ln(ka2D)
<latexit sha1_base64="sE1fS6SJGBCLBZxuMQE8wJxHkyU="></latexit><latexit sha1_base64="sE1fS6SJGBCLBZxuMQE8wJxHkyU="></latexit><latexit sha1_base64="sE1fS6SJGBCLBZxuMQE8wJxHkyU="></latexit><latexit sha1_base64="sE1fS6SJGBCLBZxuMQE8wJxHkyU="></latexit>

ka2D > 1
<latexit sha1_base64="I/64wDe0Ut7czi0IT0v8Wd42Hsg=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoKdS0IPHCvYD2lA22027dLMJuxOhhP4MLx4U8eqv8ea/cdvmoK0PBh7vzTAzL0ikMOi6305hY3Nre6e4W9rbPzg8Kh+ftE2casZbLJax7gbUcCkUb6FAybuJ5jQKJO8Ek9u533ni2ohYPeI04X5ER0qEglG0Um9CB1ntbkbqxBuUK27VXYCsEy8nFcjRHJS/+sOYpRFXyCQ1pue5CfoZ1SiY5LNSPzU8oWxCR7xnqaIRN362OHlGLqwyJGGsbSkkC/X3REYjY6ZRYDsjimOz6s3F/7xeiuGNnwmVpMgVWy4KU0kwJvP/yVBozlBOLaFMC3srYWOqKUObUsmG4K2+vE7atarnVr2Hq0qjnsdRhDM4h0vw4BoacA9NaAGDGJ7hFd4cdF6cd+dj2Vpw8plT+APn8wetPZAs</latexit><latexit sha1_base64="I/64wDe0Ut7czi0IT0v8Wd42Hsg=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoKdS0IPHCvYD2lA22027dLMJuxOhhP4MLx4U8eqv8ea/cdvmoK0PBh7vzTAzL0ikMOi6305hY3Nre6e4W9rbPzg8Kh+ftE2casZbLJax7gbUcCkUb6FAybuJ5jQKJO8Ek9u533ni2ohYPeI04X5ER0qEglG0Um9CB1ntbkbqxBuUK27VXYCsEy8nFcjRHJS/+sOYpRFXyCQ1pue5CfoZ1SiY5LNSPzU8oWxCR7xnqaIRN362OHlGLqwyJGGsbSkkC/X3REYjY6ZRYDsjimOz6s3F/7xeiuGNnwmVpMgVWy4KU0kwJvP/yVBozlBOLaFMC3srYWOqKUObUsmG4K2+vE7atarnVr2Hq0qjnsdRhDM4h0vw4BoacA9NaAGDGJ7hFd4cdF6cd+dj2Vpw8plT+APn8wetPZAs</latexit><latexit sha1_base64="I/64wDe0Ut7czi0IT0v8Wd42Hsg=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoKdS0IPHCvYD2lA22027dLMJuxOhhP4MLx4U8eqv8ea/cdvmoK0PBh7vzTAzL0ikMOi6305hY3Nre6e4W9rbPzg8Kh+ftE2casZbLJax7gbUcCkUb6FAybuJ5jQKJO8Ek9u533ni2ohYPeI04X5ER0qEglG0Um9CB1ntbkbqxBuUK27VXYCsEy8nFcjRHJS/+sOYpRFXyCQ1pue5CfoZ1SiY5LNSPzU8oWxCR7xnqaIRN362OHlGLqwyJGGsbSkkC/X3REYjY6ZRYDsjimOz6s3F/7xeiuGNnwmVpMgVWy4KU0kwJvP/yVBozlBOLaFMC3srYWOqKUObUsmG4K2+vE7atarnVr2Hq0qjnsdRhDM4h0vw4BoacA9NaAGDGJ7hFd4cdF6cd+dj2Vpw8plT+APn8wetPZAs</latexit><latexit sha1_base64="I/64wDe0Ut7czi0IT0v8Wd42Hsg=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoKdS0IPHCvYD2lA22027dLMJuxOhhP4MLx4U8eqv8ea/cdvmoK0PBh7vzTAzL0ikMOi6305hY3Nre6e4W9rbPzg8Kh+ftE2casZbLJax7gbUcCkUb6FAybuJ5jQKJO8Ek9u533ni2ohYPeI04X5ER0qEglG0Um9CB1ntbkbqxBuUK27VXYCsEy8nFcjRHJS/+sOYpRFXyCQ1pue5CfoZ1SiY5LNSPzU8oWxCR7xnqaIRN362OHlGLqwyJGGsbSkkC/X3REYjY6ZRYDsjimOz6s3F/7xeiuGNnwmVpMgVWy4KU0kwJvP/yVBozlBOLaFMC3srYWOqKUObUsmG4K2+vE7atarnVr2Hq0qjnsdRhDM4h0vw4BoacA9NaAGDGJ7hFd4cdF6cd+dj2Vpw8plT+APn8wetPZAs</latexit>
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<latexit sha1_base64="eLiftIE1PX4GqDtkBCFIlvDsQZI=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoAeRgh48VrAfkIay2W7bpZtN2J0IJfRnePGgiFd/jTf/jds2B219MPB4b4aZeWEihUHX/XYKa+sbm1vF7dLO7t7+QfnwqGXiVDPeZLGMdSekhkuheBMFSt5JNKdRKHk7HN/O/PYT10bE6hEnCQ8iOlRiIBhFK/lj2stqd1NyTbxeueJW3TnIKvFyUoEcjV75q9uPWRpxhUxSY3zPTTDIqEbBJJ+WuqnhCWVjOuS+pYpG3ATZ/OQpObNKnwxibUshmau/JzIaGTOJQtsZURyZZW8m/uf5KQ6ugkyoJEWu2GLRIJUEYzL7n/SF5gzlxBLKtLC3EjaimjK0KZVsCN7yy6ukVat6btV7uKjUb/I4inACp3AOHlxCHe6hAU1gEMMzvMKbg86L8+58LFoLTj5zDH/gfP4AqjGQKg==</latexit><latexit sha1_base64="eLiftIE1PX4GqDtkBCFIlvDsQZI=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoAeRgh48VrAfkIay2W7bpZtN2J0IJfRnePGgiFd/jTf/jds2B219MPB4b4aZeWEihUHX/XYKa+sbm1vF7dLO7t7+QfnwqGXiVDPeZLGMdSekhkuheBMFSt5JNKdRKHk7HN/O/PYT10bE6hEnCQ8iOlRiIBhFK/lj2stqd1NyTbxeueJW3TnIKvFyUoEcjV75q9uPWRpxhUxSY3zPTTDIqEbBJJ+WuqnhCWVjOuS+pYpG3ATZ/OQpObNKnwxibUshmau/JzIaGTOJQtsZURyZZW8m/uf5KQ6ugkyoJEWu2GLRIJUEYzL7n/SF5gzlxBLKtLC3EjaimjK0KZVsCN7yy6ukVat6btV7uKjUb/I4inACp3AOHlxCHe6hAU1gEMMzvMKbg86L8+58LFoLTj5zDH/gfP4AqjGQKg==</latexit><latexit sha1_base64="eLiftIE1PX4GqDtkBCFIlvDsQZI=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoAeRgh48VrAfkIay2W7bpZtN2J0IJfRnePGgiFd/jTf/jds2B219MPB4b4aZeWEihUHX/XYKa+sbm1vF7dLO7t7+QfnwqGXiVDPeZLGMdSekhkuheBMFSt5JNKdRKHk7HN/O/PYT10bE6hEnCQ8iOlRiIBhFK/lj2stqd1NyTbxeueJW3TnIKvFyUoEcjV75q9uPWRpxhUxSY3zPTTDIqEbBJJ+WuqnhCWVjOuS+pYpG3ATZ/OQpObNKnwxibUshmau/JzIaGTOJQtsZURyZZW8m/uf5KQ6ugkyoJEWu2GLRIJUEYzL7n/SF5gzlxBLKtLC3EjaimjK0KZVsCN7yy6ukVat6btV7uKjUb/I4inACp3AOHlxCHe6hAU1gEMMzvMKbg86L8+58LFoLTj5zDH/gfP4AqjGQKg==</latexit><latexit sha1_base64="eLiftIE1PX4GqDtkBCFIlvDsQZI=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoAeRgh48VrAfkIay2W7bpZtN2J0IJfRnePGgiFd/jTf/jds2B219MPB4b4aZeWEihUHX/XYKa+sbm1vF7dLO7t7+QfnwqGXiVDPeZLGMdSekhkuheBMFSt5JNKdRKHk7HN/O/PYT10bE6hEnCQ8iOlRiIBhFK/lj2stqd1NyTbxeueJW3TnIKvFyUoEcjV75q9uPWRpxhUxSY3zPTTDIqEbBJJ+WuqnhCWVjOuS+pYpG3ATZ/OQpObNKnwxibUshmau/JzIaGTOJQtsZURyZZW8m/uf5KQ6ugkyoJEWu2GLRIJUEYzL7n/SF5gzlxBLKtLC3EjaimjK0KZVsCN7yy6ukVat6btV7uKjUb/I4inACp3AOHlxCHe6hAU1gEMMzvMKbg86L8+58LFoLTj5zDH/gfP4AqjGQKg==</latexit>

• how does scattering amplitude depend on scale (zoom out)?

d f(k)

d ln k
=

f(k)2

2⇡
(= 0 scale invariant)
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f(k)≪
0

repulsive: asymptotically freeattractive: strong binding
≪

coupling always energy dependent (log. running coupling)  Holstein 1993

many-body scale k=kF: interaction parameter ln(kFa2D)
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die Reichweite des Potentials beliebig klein ist. Der 
Name „unitär“ bezieht sich auf die Tatsache, dass die  
Streulänge mit einem solchen Potential sehr groß wird 
und der Streuquerschnitt nur durch die Erhaltung 
der Wahrscheinlichkeitsamplitude („Unitarität“) in 
der Quantenmechanik beschränkt ist. Das System ist 
also stark korreliert, aber komplett parameterfrei. Alle 
Streuparameter sind entweder unendlich groß, wie die 
Streulänge, oder sie verschwinden, wie die effektive 
Reichweite.

Dieses Modell diskutierten ursprünglich Eagles und 
Leggett im Zusammenhang mit dem Übergang zwi-
schen Bose-Einstein-Kondensation (BEC) von Mole-
külen, die aus gebundenen Fermionenpaaren bestehen, 
und einer fermionischen Supraflüssigkeit, die sich mit 
der Theorie von Bardeen, Cooper und Schrieffer (BCS) 
beschreiben lässt. Im BEC-Limes ist das Zweiteilchen-
Potential stark attraktiv und die tief gebundenen bo-
sonischen Bindungszustände kondensieren unterhalb 
der Einstein-Temperatur (Abb. 1). Im BCS-Limes gibt 
es keine Bindungszustände im Vakuum. Bei niedrigen 
Temperaturen ist das Vielteilchensystem durch die 
Effekte des Pauli-Prinzips dominiert, und die beiden 
Spinzustände füllen eine Fermi-Kugel. Aufgrund von 
Korrelationen zwischen Fermionen an gegenüberlie-
genden Punkten auf der Fermi-Oberfläche bilden sich 
Cooper-Paare und eine BCS-Superflüssigkeit. Cooper-
Paar-Korrelationen sind im Ortsraum stark delokali-
siert und existieren nur unterhalb der kritischen Tem-
peratur für Superflüssigkeit.

Das unitäre Fermi-Gas liegt zwischen den BEC- 
und BCS-Grenzfällen: Das System lässt sich weder als 
schwach gekoppeltes Bose-Gas noch als Fermi-Gas 
beschreiben. Korrelationen existieren auf allen Skalen, 
nicht nur bei kleinen Abständen im Ortsraum, wie im 
BEC-Limes, oder in einem speziellen Bereich im Im-
pulsraum, wie im BCS-Fall.

Obwohl wir das unitäre Fermi-Gas als einen ma-
thematischen Grenzfall definiert haben, lässt es sich 
erstaunlicherweise experimentell mit ultrakalten 
Quantengasen verwirklichen. Entscheidend hierfür 
sind Magnetfeld-induzierte Feshbach-Resonanzen, die 
es erlauben, die Wechselwirkung der Atome zu kon-

trollieren [1, 2]. Bei einer Feshbach-Resonanz koppeln 
Streuzustände der Atome durch quantenmechanisches 
Tunneln an gebundene Molekülzustände, deren Ener-
gie niveaus sich durch ein externes Magnetfeld kontrol-
lieren lassen. Wenn die Energie des Molekülzustands 
in der Nähe der Energie zweier weit separierter Atome 
liegt, induziert man eine Resonanz in der atomaren 
Streuamplitude. Insbesondere lässt sich so der unitäre 
Punkt a = ∞ experimentell erreichen.

Vom unitären Fermi-Gas zum Neutronenstern

Da die Wechselwirkung keine dimensionsbehafteten 
Skalen enthält, lassen sich die Eigenschaften des uni-
tären Gases allein mit Hilfe der natürlichen Längen-, 
Zeit- und Energieskalen eines nicht wechselwirkenden 
Gases ausdrücken. Diese Relationen sind universell, 
also unabhängig davon, ob das unitäre Fermi-Gas mit-
hilfe von Atomen oder Nukleonen realisiert ist [3]. So 
ist die Energie pro Teilchen E/N gegeben durch die des 
freien Fermi-Gases bei der gleichen Dichte, n = N/V, 
multipliziert mit einem dimensionslosen universellen 
Parameter ξ:

  E __ N    =  ξ     3 __ 5     ħ
2
 ___ 2m     (3π2 n)2 /3  . (1)

ξ ist nach dem theoretischen Kernphysiker George 
Bertsch an der University of Washington, Seattle, als 
Bertsch-Parameter bekannt. Dieser erkannte, dass die 
Zustandsgleichung im unitären Grenzfall universell 
ist und stellte den theoretischen Physikern 1999, also 
einige Jahre vor den ersten Experimenten mit unitären 
Fermi-Gasen, die Hausaufgabe, ξ zu bestimmen. Mit ξ 
sind alle weiteren thermodynamischen Eigenschaften 
des Systems bei Temperatur null bestimmt, z. B. der 
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Abb. 2 Für Neutronenmaterie mit einer Dichte n um 0,1 fm–3 
 ergibt das unitäre Fermi-Gas mit Bertsch-Parameter ξ = 0,37 
praktisch die gleiche Energie pro Teilchen E/N wie die chirale 
effektive Feldtheorie mit Zwei-, Drei- und Vier teilchen wechsel-
wirkungen bis N3LO (vgl. Text) [8 ]. 

a b

Abb. 1 Im BEC-Limes (a) bilden die bei-
den Spinzustände (rot bzw. grün) auf-
grund der stark attraktiven Wechsel-
wirkung tief gebundene Moleküle, die 
unterhalb der Einstein-Temperatur kon-

densieren. Im BCS-Grenzfall (b) füllen die 
beiden Spinkomponenten die Fermi- 
Kugel im Impulsraum. In der Nähe der 
Fermi-Oberfläche bilden sich schwach 
gebundene Cooper-Paare (Doppelpfeile).
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die Reichweite des Potentials beliebig klein ist. Der 
Name „unitär“ bezieht sich auf die Tatsache, dass die  
Streulänge mit einem solchen Potential sehr groß wird 
und der Streuquerschnitt nur durch die Erhaltung 
der Wahrscheinlichkeitsamplitude („Unitarität“) in 
der Quantenmechanik beschränkt ist. Das System ist 
also stark korreliert, aber komplett parameterfrei. Alle 
Streuparameter sind entweder unendlich groß, wie die 
Streulänge, oder sie verschwinden, wie die effektive 
Reichweite.

Dieses Modell diskutierten ursprünglich Eagles und 
Leggett im Zusammenhang mit dem Übergang zwi-
schen Bose-Einstein-Kondensation (BEC) von Mole-
külen, die aus gebundenen Fermionenpaaren bestehen, 
und einer fermionischen Supraflüssigkeit, die sich mit 
der Theorie von Bardeen, Cooper und Schrieffer (BCS) 
beschreiben lässt. Im BEC-Limes ist das Zweiteilchen-
Potential stark attraktiv und die tief gebundenen bo-
sonischen Bindungszustände kondensieren unterhalb 
der Einstein-Temperatur (Abb. 1). Im BCS-Limes gibt 
es keine Bindungszustände im Vakuum. Bei niedrigen 
Temperaturen ist das Vielteilchensystem durch die 
Effekte des Pauli-Prinzips dominiert, und die beiden 
Spinzustände füllen eine Fermi-Kugel. Aufgrund von 
Korrelationen zwischen Fermionen an gegenüberlie-
genden Punkten auf der Fermi-Oberfläche bilden sich 
Cooper-Paare und eine BCS-Superflüssigkeit. Cooper-
Paar-Korrelationen sind im Ortsraum stark delokali-
siert und existieren nur unterhalb der kritischen Tem-
peratur für Superflüssigkeit.

Das unitäre Fermi-Gas liegt zwischen den BEC- 
und BCS-Grenzfällen: Das System lässt sich weder als 
schwach gekoppeltes Bose-Gas noch als Fermi-Gas 
beschreiben. Korrelationen existieren auf allen Skalen, 
nicht nur bei kleinen Abständen im Ortsraum, wie im 
BEC-Limes, oder in einem speziellen Bereich im Im-
pulsraum, wie im BCS-Fall.

Obwohl wir das unitäre Fermi-Gas als einen ma-
thematischen Grenzfall definiert haben, lässt es sich 
erstaunlicherweise experimentell mit ultrakalten 
Quantengasen verwirklichen. Entscheidend hierfür 
sind Magnetfeld-induzierte Feshbach-Resonanzen, die 
es erlauben, die Wechselwirkung der Atome zu kon-

trollieren [1, 2]. Bei einer Feshbach-Resonanz koppeln 
Streuzustände der Atome durch quantenmechanisches 
Tunneln an gebundene Molekülzustände, deren Ener-
gie niveaus sich durch ein externes Magnetfeld kontrol-
lieren lassen. Wenn die Energie des Molekülzustands 
in der Nähe der Energie zweier weit separierter Atome 
liegt, induziert man eine Resonanz in der atomaren 
Streuamplitude. Insbesondere lässt sich so der unitäre 
Punkt a = ∞ experimentell erreichen.

Vom unitären Fermi-Gas zum Neutronenstern

Da die Wechselwirkung keine dimensionsbehafteten 
Skalen enthält, lassen sich die Eigenschaften des uni-
tären Gases allein mit Hilfe der natürlichen Längen-, 
Zeit- und Energieskalen eines nicht wechselwirkenden 
Gases ausdrücken. Diese Relationen sind universell, 
also unabhängig davon, ob das unitäre Fermi-Gas mit-
hilfe von Atomen oder Nukleonen realisiert ist [3]. So 
ist die Energie pro Teilchen E/N gegeben durch die des 
freien Fermi-Gases bei der gleichen Dichte, n = N/V, 
multipliziert mit einem dimensionslosen universellen 
Parameter ξ:

  E __ N    =  ξ     3 __ 5     ħ
2
 ___ 2m     (3π2 n)2 /3  . (1)

ξ ist nach dem theoretischen Kernphysiker George 
Bertsch an der University of Washington, Seattle, als 
Bertsch-Parameter bekannt. Dieser erkannte, dass die 
Zustandsgleichung im unitären Grenzfall universell 
ist und stellte den theoretischen Physikern 1999, also 
einige Jahre vor den ersten Experimenten mit unitären 
Fermi-Gasen, die Hausaufgabe, ξ zu bestimmen. Mit ξ 
sind alle weiteren thermodynamischen Eigenschaften 
des Systems bei Temperatur null bestimmt, z. B. der 
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Abb. 2 Für Neutronenmaterie mit einer Dichte n um 0,1 fm–3 
 ergibt das unitäre Fermi-Gas mit Bertsch-Parameter ξ = 0,37 
praktisch die gleiche Energie pro Teilchen E/N wie die chirale 
effektive Feldtheorie mit Zwei-, Drei- und Vier teilchen wechsel-
wirkungen bis N3LO (vgl. Text) [8 ]. 

a b

Abb. 1 Im BEC-Limes (a) bilden die bei-
den Spinzustände (rot bzw. grün) auf-
grund der stark attraktiven Wechsel-
wirkung tief gebundene Moleküle, die 
unterhalb der Einstein-Temperatur kon-

densieren. Im BCS-Grenzfall (b) füllen die 
beiden Spinkomponenten die Fermi- 
Kugel im Impulsraum. In der Nähe der 
Fermi-Oberfläche bilden sich schwach 
gebundene Cooper-Paare (Doppelpfeile).

Fermi/BCS side: 
small Eb,  
many-body pairing
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Thermodynamics & scale invariance
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Thermodynamics & scale invariance

scale invariance in 2D: 
 
 
interacting 2D Fermi gas: 
 
 
 
scale invariance broken

P = E
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Local many-body correlations
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Scaling dynamics
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Figure 1: Dynamics of a 2D Fermionic superfluid in position and momentum space. A,

B We prepare a 2D Fermi gas and cool it well below the superfluid critical temperature. By
resonantly modulating the trap potential, we excite the isotropic breathing mode. Once the drive
is stopped, the breathing oscillations continue for a variable time t, after which we measure (C)
the in-situ density distribution ⇢(r, t), and (D) the pair momentum distribution n(k, t) using a
matterwave focusing technique. E Example of azimuthally averaged ⇢(r, t) (orange) and n(k, t)
(blue) taken at interaction strength ln(kFa2D) ⇡ 1. The in-situ density oscillates at twice the
trap frequency as expected. The momentum distribution exhibits sharp revivals at twice the
rate of the in-situ oscillation. The frequency doubling arises from the sinusoidal oscillation of
the hydrodynamic velocity field, which vanishes at the inner and outer turning points of the
breathing cycle.

shift at low temperatures [Holten et al.()Holten, Bayha, Klein, Murthy, Preiss, and Jochim]. How-
ever, the relative magnitude of these shifts (⇠ 1 � 2%) is several times smaller than the theo-
retical prediction (⇠ 10%), raising questions on the physical relevance of the quantum anomaly
for the dynamical properties of 2D Fermi gases.

Here, we discovered that fermionic interactions which lead to the quantum anomaly in fact
have a remarkably pronounced influence on the long-range behavior of the 2D system. Rather
than the breathing mode frequencies, we explore the spatial coherence properties in momentum
space, which reveales a dramatic signature of scale-invariance breaking that is nearly absent in
the position space density profiles.

In our experiments, we prepared a gas of approximately 2 ⇥ 104 6Li atoms in the low-
est two hyperfine states, trapped in a highly anisotropic potential and cooled to low temper-

3

!(t)
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Figure 2: Scale-invariance breaking in momentum space. The in-situ (upper panels) and
momentum distributions (lower panels) at the inner and outer turning points for interaction
strengths ln(kFa2D) ⇡ �6 (A, D), 1 (B, E) and 2 (C, F). For a scale-invariant system, the in-
situ density profiles at to (red diamonds) and ti (blue circles) should be scalable with a single
scaling factor �, as well as the momentum distributions (n(k, to) ! n(k, ti) with the inverse
factor ��1. Such scaling behavior is observed both in the weakly interacting BEC and BCS
regimes. However in the strongly interacting crossover regime, we find a clear departure from
scale-invariance. While the evolution of the ⇢(r) is still self-similar (B), the momentum dis-
tribution (E) shows a significant discrepancy from the expected result (green). This scaling
violation at strong interactions is attributed to the quantum anomaly. Since total particle num-
ber is conserved, enhancement of density at low-k is compensated by reduction at high�k (not
shown).

Ries et al.(2015)Ries, Wenz, Zürn, Bayha, Boettcher, Kedar, Murthy, Neidig, Lompe, and Jochim].

In Fig. 1 E, we show an example of the measured time-evolution of the in-situ ⇢(r, t) (or-
ange) and momentum distributions n(k, t) (blue) taken at the interaction parameter ln(kFa2D) ⇡
1. The in-situ distribution exhibits periodic compression and expansion at approximately twice
the trap frequency (!B ⇡ 2!r), as expected. In contrast, n(k, t) undergoes sharp revivals at
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regimes. However in the strongly interacting crossover regime, we find a clear departure from
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tribution (E) shows a significant discrepancy from the expected result (green). This scaling
violation at strong interactions is attributed to the quantum anomaly. Since total particle num-
ber is conserved, enhancement of density at low-k is compensated by reduction at high�k (not
shown).
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Figure 2: Scale-invariance breaking in momentum space. The in-situ (upper panels) and
momentum distributions (lower panels) at the inner and outer turning points for interaction
strengths ln(kFa2D) ⇡ �6 (A, D), 1 (B, E) and 2 (C, F). For a scale-invariant system, the in-
situ density profiles at to (red diamonds) and ti (blue circles) should be scalable with a single
scaling factor �, as well as the momentum distributions (n(k, to) ! n(k, ti) with the inverse
factor ��1. Such scaling behavior is observed both in the weakly interacting BEC and BCS
regimes. However in the strongly interacting crossover regime, we find a clear departure from
scale-invariance. While the evolution of the ⇢(r) is still self-similar (B), the momentum dis-
tribution (E) shows a significant discrepancy from the expected result (green). This scaling
violation at strong interactions is attributed to the quantum anomaly. Since total particle num-
ber is conserved, enhancement of density at low-k is compensated by reduction at high�k (not
shown).

Ries et al.(2015)Ries, Wenz, Zürn, Bayha, Boettcher, Kedar, Murthy, Neidig, Lompe, and Jochim].

In Fig. 1 E, we show an example of the measured time-evolution of the in-situ ⇢(r, t) (or-
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Scaling dynamics

• BEC-BCS crossover 

 
 

• density profiles satisfy scale invariant prediction!
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Figure 2: Scale-invariance breaking in momentum space. The in-situ (upper panels) and
momentum distributions (lower panels) at the inner and outer turning points for interaction
strengths ln(kFa2D) ⇡ �6 (A, D), 1 (B, E) and 2 (C, F). For a scale-invariant system, the in-
situ density profiles at to (red diamonds) and ti (blue circles) should be scalable with a single
scaling factor �, as well as the momentum distributions (n(k, to) ! n(k, ti) with the inverse
factor ��1. Such scaling behavior is observed both in the weakly interacting BEC and BCS
regimes. However in the strongly interacting crossover regime, we find a clear departure from
scale-invariance. While the evolution of the ⇢(r) is still self-similar (B), the momentum dis-
tribution (E) shows a significant discrepancy from the expected result (green). This scaling
violation at strong interactions is attributed to the quantum anomaly. Since total particle num-
ber is conserved, enhancement of density at low-k is compensated by reduction at high�k (not
shown).

Ries et al.(2015)Ries, Wenz, Zürn, Bayha, Boettcher, Kedar, Murthy, Neidig, Lompe, and Jochim].

In Fig. 1 E, we show an example of the measured time-evolution of the in-situ ⇢(r, t) (or-
ange) and momentum distributions n(k, t) (blue) taken at the interaction parameter ln(kFa2D) ⇡
1. The in-situ distribution exhibits periodic compression and expansion at approximately twice
the trap frequency (!B ⇡ 2!r), as expected. In contrast, n(k, t) undergoes sharp revivals at

5

P. A. Murthy, N. Defenu, L. Bayha, M. Holten, P. M. Preiss, T. Enss, S. Jochim, in preparation



Scaling dynamics

• breathing mode frequency                ?


• significant shift of breathing frequency where scale invariance broken

!b = 2!
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FIG. 2. Measured average breathing and dipole fre-
quencies versus magnetic o↵set field B. Statistical er-
rors are on the order of the symbol size. The dipole frequen-
cies were scaled by a factor of 2 to facilitate the comparison
to the breathing mode. We fit a model !R(B,�) for our trap
frequencies to the dipole frequency measurements (solid or-
ange line). The solid black line shows the same model for a
fixed cloud size.

quency !B to the scale invariant result of 2!R, an accu-
rate determination of the radial trap frequency is essen-
tial. To this end, we use the dipole frequency measure-
ments. The dipole mode oscillates at the trap frequency
!R, independent of interactions or temperature. We take
the average of the two measured dipole frequencies as
the reference trap frequency !R ⌘ 1/2 (!D,x + !D,y).
This is justified by the observation that the hydrody-
namic breathing mode in the classical limit in a slightly
anisotropic trap oscillates at this average frequency up
to a correction on the order of less than 0.1% [29, 34].
The insensivity of the breathing mode frequency to
small anisotropies is confirmed by Quantum Monte Carlo
(QMC) simulations at zero temperature [20].

The measured breathing mode is very weakly damped
with damping rates �B on the order of �B/!R ⇡ 0.003.
The latter coincide with the background damping rate
of a non-interacting cloud, confirming that, apart from
technical limitations, the breathing mode is undamped,
as expected from the presence of the SO(2,1) symme-
try. The only exception to this is the very strongly in-
teracting region around ln (kFa2D) = 0 where we observe
significantly larger, yet still small, damping rates of up
to �B/!B ⇡ 0.01. This is a first indication of a broken
SO(2,1) symmetry in the strongly interacting degenerate
gas.

The measured average breathing and dipole frequen-
cies as a function of the magnetic o↵set field are shown
in Fig. 2. In the strongly interacting region around the
Feshbach resonance at B0 = 832G we find a significant
shift of the breathing mode to frequencies above twice
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|1> - |2> Mixture
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FIG. 3. Anomalous shift of the breathing mode fre-
quency. At low temperatures the breathing mode shows
a significant shift away from the scale invariant result of
!B = 2!R towards higher frequencies, even after accounting
for both the e↵ects of anharmonicity and anisotropy of our
trap. The inset compares our data to a zero temperature cal-
culation taken from Ref. [20]. Circles and Squares represent
measurement that were taken with di↵erent spin mixtures.

the dipole frequency (blue shaded area). In the weakly
interacting BEC and BCS limits the shift disappears and
the scale invariant result !B = 2!D ⌘ 2!R is restored.
The data point at B = 700G is shown greyed out due
to the significant heating rates we observe this far in the
BEC limit.
To enhance our confidence in using the dipole mode

measurement as reference, we fit a model for our trap
frequency !R(B,�) to the measured dipole frequencies
!D. By its dependence on the magnetic field B and the
cloud width � our model incorporates the magnetic field
dependence and the anharmonicity of our total confine-
ment respectively. Two free parameters of the model are
determined from the fit.
Our model explains the measured dipole mode frequen-

cies remarkably well (orange solid line). We note that
the origin of the visible scatter of the dipole frequen-
cies on top of their statistical errors is just given by the
fluctuations in particle numbers of di↵erent data points.
These fluctuations translate into small frequency shifts
through an anharmonic correction term that is propor-
tional to the cloud width � squared. The overall e↵ect
of the anharmonicity can be estimated by comparing the
measured data to the model with a fixed cloud size �0.
When the cloud width is fixed, magnetic field dependent
anharmonic shifts are neglected (black solid line). We
use �0 = 65µm in this case such that it matches with
the measured cloud sizes in the BCS limit. In general
this choice is arbitrary and other values shift the black
line along the y-axis. Independent of our selection, the
e↵ective trap frequency is shifted by the anharmonicity

M. Holten, L. Bayha, A. C. Klein, P. A. Murthy, P. M. Preiss, and S. Jochim, arXiv:1803.08879
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momentum distribution strongly violates scaling prediction in crossover
P. A. Murthy, N. Defenu, L. Bayha, M. Holten, P. M. Preiss, T. Enss, S. Jochim, in preparation
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Figure 2: Scale-invariance breaking in momentum space. The in-situ (upper panels) and
momentum distributions (lower panels) at the inner and outer turning points for interaction
strengths ln(kFa2D) ⇡ �6 (A, D), 1 (B, E) and 2 (C, F). For a scale-invariant system, the in-
situ density profiles at to (red diamonds) and ti (blue circles) should be scalable with a single
scaling factor �, as well as the momentum distributions (n(k, to) ! n(k, ti) with the inverse
factor ��1. Such scaling behavior is observed both in the weakly interacting BEC and BCS
regimes. However in the strongly interacting crossover regime, we find a clear departure from
scale-invariance. While the evolution of the ⇢(r) is still self-similar (B), the momentum dis-
tribution (E) shows a significant discrepancy from the expected result (green). This scaling
violation at strong interactions is attributed to the quantum anomaly. Since total particle num-
ber is conserved, enhancement of density at low-k is compensated by reduction at high�k (not
shown).

Ries et al.(2015)Ries, Wenz, Zürn, Bayha, Boettcher, Kedar, Murthy, Neidig, Lompe, and Jochim].

In Fig. 1 E, we show an example of the measured time-evolution of the in-situ ⇢(r, t) (or-
ange) and momentum distributions n(k, t) (blue) taken at the interaction parameter ln(kFa2D) ⇡
1. The in-situ distribution exhibits periodic compression and expansion at approximately twice
the trap frequency (!B ⇡ 2!r), as expected. In contrast, n(k, t) undergoes sharp revivals at
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SI: n(k, t) = �2n
�
�k, t = 0

�
at turning points �̇ = 0
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Phase correlations

• density scale invariant but superfluid density          anomalously enhanced: 
scale dependence (scaling violation) of critical exponent

P. A. Murthy, N. Defenu, L. Bayha, M. Holten, P. M. Preiss, T. Enss, S. Jochim, in preparation
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Figure 3: The quantum anomaly and spatial coherence. A The first-order correla-
tion function g1(r, ti) at inner point (red) and rescaled correlation function g1(�r, to) at
the outer points (blue), for ln(kFa2D) ⇠ �6 (upper panel, BEC) and ln(kFa2D) ⇠ 1.2
(lower panel, crossover). In BEC regime, g1(r, ti) and g1(�r, to) coincide, whereas in
the crossover regime, the two curves are conspicuously different. From the power-law
decay of g1(r) ⇠ r�⌘, we extract the exponent ⌘. B The ratio ⌘i/⌘o across the BEC-BCS
crossover. The purple line is a guide to the eye. The scale-invariant expectation ⌘i/⌘o = 1
is reproduced in the BEC regime. In the crossover regime, we observe a sharp dip in the
ratio signaling the scaling violation in the long-range phase correlations. The minimum
ratio is at ln(kFa2D) ⇠ 1 which coincides with the regime of many-body pairing observed in
[Murthy et al.(2018)Murthy, Neidig, Klemt, Bayha, Boettcher, Enss, Holten, Zürn, Preiss, and Jochim].

n(k) (D, E, F) at the inner and outer turning points for three interaction strengths ln(kFa2D) =
�6, 1, and 2. In the in-situ distrbutions, we can collapse the ⇢(r, to) (blue) onto ⇢(r, ti) using
a global scaling factor 0 < � < 1. This rescaling is represented by the green curves in panels
A-C, where ⇢sc(r) = ��2⇢(r/�, to). The relative deviations from perfect scaling are found to
be in the range of 1� 2%.

In momentum space, the inverse scaling factor ��1 should collapse the inner and outer
turning point distributions if the system were scaling invariant. This condition is satisfied to
a good approximation both in the BEC (ln(kFa2D) ⇠ �6) and BCS (ln(kFa2D) ⇠ 2) regimes
(Fig. 2 D, F ). However, in the crossover region ln(kFa2D) ⇠ 1, we find a striking discrepancy
between the measured n(k, ti) at the inner turning point and the rescaled distribution nsc(k). In
fact, while we expect n(k, ti) to be always broader than n(k, to) (see Fig. 2 D,F), the measured
momentum distribution at ln(kFa2D) ⇠ 1.5 shows the opposite effect. Here, the occupation
of the low-k region of n(k) is significantly enhanced not only with respect to the expected
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Conclusion

• 2D classical gas scale invariant, exact scaling dynamics


• 2D Fermi gas: quantum anomaly breaks scale invariance 

➡ density driven crossover from Bose to Fermi


➡Small breathing frequency corrections.


➡Small density profile corrections.


➡‘Large’ critical properties correction.

` ⇡ a2D
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Figure 3: The quantum anomaly and spatial coherence. A The first-order correla-
tion function g1(r, ti) at inner point (red) and rescaled correlation function g1(�r, to) at
the outer points (blue), for ln(kFa2D) ⇠ �6 (upper panel, BEC) and ln(kFa2D) ⇠ 1.2
(lower panel, crossover). In BEC regime, g1(r, ti) and g1(�r, to) coincide, whereas in
the crossover regime, the two curves are conspicuously different. From the power-law
decay of g1(r) ⇠ r�⌘, we extract the exponent ⌘. B The ratio ⌘i/⌘o across the BEC-BCS
crossover. The purple line is a guide to the eye. The scale-invariant expectation ⌘i/⌘o = 1
is reproduced in the BEC regime. In the crossover regime, we observe a sharp dip in the
ratio signaling the scaling violation in the long-range phase correlations. The minimum
ratio is at ln(kFa2D) ⇠ 1 which coincides with the regime of many-body pairing observed in
[Murthy et al.(2018)Murthy, Neidig, Klemt, Bayha, Boettcher, Enss, Holten, Zürn, Preiss, and Jochim].

n(k) (D, E, F) at the inner and outer turning points for three interaction strengths ln(kFa2D) =
�6, 1, and 2. In the in-situ distrbutions, we can collapse the ⇢(r, to) (blue) onto ⇢(r, ti) using
a global scaling factor 0 < � < 1. This rescaling is represented by the green curves in panels
A-C, where ⇢sc(r) = ��2⇢(r/�, to). The relative deviations from perfect scaling are found to
be in the range of 1� 2%.

In momentum space, the inverse scaling factor ��1 should collapse the inner and outer
turning point distributions if the system were scaling invariant. This condition is satisfied to
a good approximation both in the BEC (ln(kFa2D) ⇠ �6) and BCS (ln(kFa2D) ⇠ 2) regimes
(Fig. 2 D, F ). However, in the crossover region ln(kFa2D) ⇠ 1, we find a striking discrepancy
between the measured n(k, ti) at the inner turning point and the rescaled distribution nsc(k). In
fact, while we expect n(k, ti) to be always broader than n(k, to) (see Fig. 2 D,F), the measured
momentum distribution at ln(kFa2D) ⇠ 1.5 shows the opposite effect. Here, the occupation
of the low-k region of n(k) is significantly enhanced not only with respect to the expected
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Additional material



Scale invariance and scattering

f(k) =
2⇡
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