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EOS of nuclear matter

p
n

p
nn

p

n
p

-q

+q

p n
pnnp

n psymmetry nuclear matter

30

20

10

0

-10

-20

0.200.150.100.050.00

E
/N

[M
eV

]

n [fm-3]

𝒏𝟎𝒏𝟎/𝟐

pure neutron matter

symmetry energy
• Optical response (Dipole polarizability)

• Neutron skin of neutron-rich nuclei

Dilute region is difficult for nuclear experiments

nuclear matter EOS

• Neutron stars
• Proto–neutron stars
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Cold atom and neutron matter
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Spin-1/2 fermion Spin-1/2 fermion

𝟓𝟔𝟎𝟎 𝐌𝐞𝐕 𝟗𝟒𝟎 𝐌𝐞𝐕

Electro-magnetic force Nuclear force

∼ 𝟐 𝐧𝐦 ∼ 𝟐 𝐟𝐦

∼ 𝟐𝟓𝟎 𝐧𝐦

∼ 𝟏𝟎𝟎 𝐧𝐊

∼ 𝟑𝟓𝟎 𝐧𝐦

> 𝟐. 𝟑 𝐟𝐦 (𝒏 = 𝒏𝟎/𝟐)

𝟏𝟎𝟓 ∼ 𝟏𝟎𝟕 𝐊

𝟏𝟎𝟎 ∼ 𝟗𝟎𝟎 𝐟𝐦

Short range Short range

𝒓𝟎 < 𝒅, 𝝀𝑻

Van der Waals potential NN potential (spin singlet)

r

𝑽 𝒓

𝒓𝟎 𝒓𝟎

[ N.Ishii, Phys. Rev. Lett. 99, 022001 (2007) ]6

Dilute and Low energy

Particle

Mass (𝒎𝒄𝟐)

Force

Interaction region (𝒓𝟎)

Inter particle distance (𝒅)

Temperature (𝑻)

Thermal length (𝝀𝑻 =
ℏ

𝟐𝝅𝒎𝒌𝑩𝑻
)

Potential type



Incident wave：𝒆𝒊𝒌∙𝒓

Scattering wave：𝝍 𝒓
|𝒓↑−𝒓↓|≫𝒓𝟎 𝑪

𝒌𝒓
𝐬𝐢𝐧 𝒌𝒓 + 𝜹𝟎

𝑼(𝒓)

Phase shift：𝐜𝐨𝐭 𝜹𝟎 = −
𝟏

𝒂𝒌
+

𝟏

𝟐
𝒓𝐞𝒌

𝑈(𝒓↑ − 𝒓↓)

• Low energy (low temperature)
• Dilute
• Short-range potential
• Two-body elastic collision

Collisional phase shift



[A. Gezerlis, C. J. Pethick, A. Schwenk, 
arXiv:1406.6109]

𝒏𝟎𝒏𝟎/𝟐

90 Unitarity limit
𝒓𝒆 = 𝟎 (zero range)

𝒓𝒆 = 𝟐. 𝟕fm

𝒂𝑺 = −𝟏𝟖. 𝟓fm

• Collisional phase shift of neutrons

S-wave scattering

• Scattering length of 6Li atoms
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6Li : |1>-|2>

Feshbach resonance

−∞ < 𝒂𝑺 < +∞

𝒓𝒆 = 𝟒. 𝟕 𝐧𝐦

𝒏𝟎/𝟏𝟎𝟎



Universal Equation of state of the many-body system
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𝑻𝑭
, 𝒌𝑭𝒂, 𝒌𝑭𝒓𝒆
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Number density : 𝒏 [𝐟𝐦−𝟑]
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𝐍
𝐍 𝒌

𝐅
𝒏
𝒓
𝒆
𝐍
𝐍

Density dependent dimensionless parameters for neutron matter

𝒎𝑵 = 𝟗𝟒𝟎𝐌𝐞𝐕
𝒂𝐍𝐍 = −𝟏𝟖. 𝟓 𝐟𝐦
𝒓𝒆𝐍𝐍 = 𝟐. 𝟕 𝐟𝐦

BCS limit

Unitarity limit

Zero range

Finite range

𝛀 = 𝛀 𝑽, 𝑻, 𝝁, 𝒂, 𝒓𝒆



𝑻/𝑻𝑭

BCS limit BEC limit

𝟏

𝒌𝑭𝒂

BCS superfluid

𝑻𝒄

Molecular BEC

Thermal molecule

Fermi gas

Phase diagram of cold atom and neutron matter

Unitarity limit

𝒌𝑭𝒓𝒆
Neutron matter @

𝑻

𝑻𝑭
= 𝟎
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The first step to neutron matter EOS

𝑻/𝑻𝑭

BCS limit BEC limit

𝟏

𝒌𝑭𝒂

BCS superfluid

𝑻𝒄

Molecular BEC

Thermal molecule

Fermi gas

Unitarity limit

ℰ

𝟑
𝟓
𝒏𝜺𝑭

= 𝒇ℰ
𝟏

𝒌𝑭𝒂
Zero-range & Zero- 𝑇/𝑇𝐹 EOS : 
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Preceding experiment

𝒇
𝑷
𝑿

=
𝑷

𝑷
𝐅
𝐆
𝝁

𝒇
𝑬
𝒙

=
𝓔

𝓔
𝑭
𝑮
𝒏

𝑿 =
𝟏

𝒌𝝁𝒂
=

ℏ

𝟐𝒎𝝁𝒂
𝒙 =

𝟏

𝒌𝑭𝒂

Conversion by a model function

Pressure Internal energy



Hamiltonian : 

Motivation from the point of view of physics

Validity of BCS mean-field model at unitary regime

BCS mean field @ T=0

෡ℋ − 𝜇 ෡𝒩 =෍

𝜎

න
ℏ2

2𝑚
𝛻෡𝛹𝜎

† 𝒓 𝛻 ෡𝛹𝜎 𝒓 − 𝜇 𝑑𝒓 −
ℏ2

𝑚
𝑔(𝑎)න ෡𝛹↑

† 𝒓 ෡𝛹↓
† 𝒓 ෡𝛹↓ 𝒓 ෡𝛹↑ 𝒓 𝑑𝒓

1

𝑔 𝑎
= −

1

4𝜋𝑎
+
1

𝑉
෍

𝑘

1

𝑘2
> 0Renormalized coupling constant :

[ Marini, M., Pistolesi, F. & Strinati, G. Eur. Phys. J. B (1998) 1: 151 ]

Gap equation : −
1

𝑎
=
2

π
2𝑚𝛥𝐼1(𝜇/𝛥) 𝑥 = −

2

𝜋
𝑓𝛥 𝑥 𝐼1

𝑓𝜇 𝑥

𝑓𝛥 𝑥

EOS

𝑥 ≡
1

𝑘𝐹𝑎
, 𝑓𝜇 ≡

𝜇

𝜀𝐹
, 𝑓𝛥 ≡

𝛥

𝜀𝐹

Pairing gap



14

1. Cold atom and neutron matter

2. Our cold atom experiment

3. Discussion
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6Li(fermion) 7Li(boson)

• Dual BECs of paired-fermions and bosons

[J. Phys. B: At. Mol. Opt. Phys. 50 01LT01 (2017)]

• Probe condition for Li atom imaging

𝑧

𝑥

1.7mm 70mm

(a)

• Thermodynamic quantities from the BCS 
region to the unitarity limit

[Phys. Rev. X 7, 041004 (2017) ]
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𝑥 = 1/𝑘𝐹𝑎

This work

Experiment (spin imbalance)

Experiment

(spin balance)

Theory (QMC)

Theory (FNDMC)

Theory (LW)

Theory (NSR)

Theory (ETMA)

• Dynamical phase transition for attractive 
bosons

[submitted]

Recent results

Repulsive BEC (Dark solitons)

Attractive BEC (Bright solitons)

[J. Phys. Soc. Jpn. 86, 104301 (2017) ]
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2D-MOT

3D-MOT

Lithium

Cold atoms
1mK

Oven
600K

Evaporative cooling
< 100nK

6Li 7Li
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Our experimental apparatus

Push beam



6Li imaging

Optical trap

Density distribution of 6Li (Fermion)

𝑼𝐭𝐫𝐚𝐩(𝒙, 𝒚, 𝒛)

ഥ𝒏 𝒙, 𝒛 = න
−∞

+∞

𝒏 𝒙, 𝒚, 𝒛 𝒅𝒚

832Gauss Magnetic field
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6Li：↑-↓

Feshbach resonance

Experimental setup

𝒙
𝒚

𝒛

Spin 1/2 fermions

Laser cooling

6Li atoms
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𝑻/𝑻𝑭

BCS limit BEC limit
𝒙 =

𝟏

𝒌𝑭𝒂

𝑻𝒄

777Gauss

Evaporation

Adiabatic sweep

Take in-situ images from the BCS limit to the unitarity limit

Experimental procedure
Laser cooled 6Li gas

BEC transition

𝑻/𝑻𝑭~𝟎. 𝟎𝟔

Normal state

Superfluid state

𝒙∗

[Phys. Rev. X 7, 041004 (2017) ]
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Result : The dimensionless EOS
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2

1

-4 -3 -2 -1 0

𝒇
𝑷
𝑿

=
𝑷

𝑷
𝐅
𝐆
(𝝁
)

𝑿∗

5

4

3

2

1

-4 -3 -2 -1 0

𝒇
𝒏
𝑿

=
𝒏

𝒏
𝐅
𝐆
(𝝁
)

𝑿∗

1.0

0.8

0.6

0.4

𝒇
𝓔
𝒙

=
𝓔

𝓔
𝐅
𝐆
(𝒏
)

-4 -3 -2 -1 0

𝒙∗

1.0

0.8

0.6

0.4

-4 -3 -2 -1 0

𝒇
𝝁
𝒙

=
𝝁

𝜺
𝑭
(𝒏
)

𝒙∗

𝒙 =
𝟏

𝒌𝑭 𝒏 𝒂

𝑿 =
𝟏

𝒌𝝁(𝝁)𝒂
=

ℏ

𝟐𝒎𝝁𝒂
𝑿 =

𝟏

𝒌𝝁(𝝁)𝒂
=

ℏ

𝟐𝒎𝝁𝒂

𝒙 =
𝟏

𝒌𝑭 𝒏 𝒂

Chemical potentialInternal energy density

Pressure Number density
𝑓 𝐸
𝑀
𝐹
+
𝐿
𝑌
𝑥

=
1
+
1
0

9
𝜋
𝑥
−
1
+
4
(1
1
−
2
ln
2
)

2
1
𝜋
2

𝑥
−
2



Pressure Internal energy density

• Experiment (ENS) : N. Navon, Science 328, 729 (2010)

• Experiment (MIT) : M. Ku, Science 335, 563 (2012)

• Theory (QMC) : A Bulgac, Phys. Rev. A 78, 023625 (2008)

• Theory (FNDMC) : S Gandolfi, Phys. Rev. A 83, 041601(R) (2011)

• Theory (LW) : R. Haussmann, Phys. Rev. A 75, 023610 (2007)

• Theory (NSR) : H. Hu, EPL 74, 574 (2006)

• Theory (ETMA) : H. Tajima, Phys. Rev. A 93, 013610 (2016)

Comparisons
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This work

Experiment

(spin-imbalance)

Experiment

(spin-balance)

𝑋∗𝑓 𝑃
𝑋

=
𝑃

𝑃
F
G
(𝜇
)

𝑋 =
1

𝑘𝜇(𝜇)𝑎
=

ℏ

2𝑚𝜇𝑎

𝑓 ℰ
𝑥

=
ℰ

ℰ
F
G
(𝑛
)

𝑥 =
1

𝑘𝐹 𝑛 𝑎
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𝑥 =
1

𝑘𝐹𝑎

6
8

0.01

2

4

6
8

0.1

2

4

6

-2.0 -1.0 0.0 1.0

This work

Experiment (rf lineshape)

Experiment (PES)

Theory (FNDMC)

Theory (LW)

Theory (NSR)

Theory (TMA)

Theory (ETMA)

𝑥∗

Contact density (short range correlation) : 𝑪

𝑑ℇ = 𝜇𝑑𝑛 −
ℏ2

4𝜋𝑚
𝐶 𝑑𝑎−1

𝑓𝐶 𝑥 =
𝐶

𝑘𝐹 𝑛 4

𝑓𝐶 𝑥 = −
2

5𝜋

𝑑𝑓ℇ 𝑥

𝑑𝑥

Differential form of internal energy density :

Dimensionless contact :

Universal relation :

Experiment (rf lineshape)

Experiment (PES)

Yoav Sagi, Phys. Rev. Lett. 114, 075301 (2015)

𝑓 𝐶
𝑥

=
𝐶 𝑘
𝐹4



Validity of BCS mean-field model at unitary regime

[ Marini, Eur. Phys. J. B 1, 151-159 (1998) ]
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0.8

0.6
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-1.5 -1.0 -0.5 0.0 0.5

𝒇
𝜟
(𝒙
)
=

𝚫

𝜺
𝑭
(𝒏
)

𝒙

1.0

0.8

0.6

0.4

-4 -3 -2 -1 0

𝒇
𝝁
𝒙

=
𝝁

𝜺
𝑭
(𝒏
)

𝒙∗

𝒙 =
𝟏

𝒌𝑭 𝒏 𝒂
=

𝟏

𝟑𝝅𝟐𝒏 𝟏/𝟑𝒂

Gap equation : 𝑥 = −
2

𝜋
𝑓𝛥 𝑥 𝐼1

𝑓𝜇 𝑥

𝑓𝛥 𝑥

: Experiment (rf spectroscopy) [ A. Schirotzek, Phys. Rev. Lett. 101, 140403 (2008) ]

: Theory (QMC) [ J. Carlson, Phys. Rev. Lett. 95, 060401 (2005) ]

: Theory (QMC) [ A. Gezerlis, Phys. Rev. C 77, 032801 (2008) ]
Δ = 𝐸 𝑁 + 1 −

𝐸 𝑁 + 𝐸(𝑁 + 2)

2



Neutron matter EOS from the cold atom experiment

𝑚N = 940 MeV
𝒂𝐍𝐍 = −𝟏𝟖. 𝟓 𝐟𝐦

Internal energy per neutron at 𝑻/𝑻𝑭 = 𝟎 limit : 

𝑬/𝑵 =
𝟑

𝟓
𝜺𝑭 𝒏 × 𝒇𝓔 𝒌𝑭 𝒏 𝒂𝑵𝑵

0.8

0.7

0.6

0.5

0.4

0.3
-1.0 -0.8 -0.6 -0.4 -0.2 0.0

𝑥 = 1/𝑘𝐹𝑎

𝑓 ℰ
𝑥

Our result

𝒌𝑭𝒓𝒆 = 𝟎. 𝟑

𝐸/𝑁 =
3

5
𝜀𝐹 𝑛 𝑓ℰ 𝑘𝐹 𝑛 𝑎𝑁𝑁 + 0.127𝑘𝐹 𝑛 𝑟𝑒𝑁𝑁 for  𝑘𝐹𝑟𝑒 < 0.3

[ M.M.Forbes, et al., PRA 86, 053603 (2012) ]



Compasison with a nuclear theory
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Cold atom experiment- APR

APR

5

4

3

2

1

0

Energy

E
/N

[M
eV

]

P
[M

eV
/f

m
3
]

S
[M

eV
]

n [fm-3]
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APR : [ A. Akmal, Phys. Rev. C 58, 1804 (1998) ]

𝒏𝟎 𝒏𝟎 𝒏𝟎



M-R curve for neutron stars

𝒓

𝒅𝒓

𝑷 𝒓 + 𝒅𝒓 𝒅𝑺

𝑷 𝒓 𝒅𝑺

𝑮𝑴 𝒓

𝒓𝟐
𝝆(𝒓)𝒅𝑺𝒅𝒓

𝝆𝒄

𝝆 𝒓

Density distributions 𝝆 𝒓 in neutron stars are determined by the EOS of neutron star matter

𝝆𝒄

𝝆 𝒓

𝒓
𝑹𝟎

𝑴(𝑹)

EOS ：

𝒅𝑷

𝒅𝒓
= −

𝑮 𝒎 𝒓 + 𝟒𝝅𝑷𝒓𝟑/𝒄𝟐 𝝆 𝒓 + 𝑷/𝒄𝟐

𝒓𝟐 𝟏 − 𝟐𝑮𝒎 𝒓 /𝒄𝟐𝒓
TOV ：

Mass ： 𝒎 𝒓 = න
𝒐

𝒓

𝟒𝝅𝒓𝟐𝝆 𝒓 𝒅𝒓

𝑷 = 𝓕𝑷 𝝆, 𝒏𝐍, 𝒏𝐏, 𝒏𝚲, ⋯ = 𝝆𝟐
𝝏𝓕𝑬 𝝆

𝝏𝝆

General relativity correction

25

Force balance ：
𝒅𝑷 𝒓

𝒅𝒓
= −

𝑮𝝆 𝒓 𝑴 𝒓

𝒓𝟐

𝑴 𝒓 = න
𝒐

𝒓

𝟒𝝅𝒓𝟐𝝆 𝒓 𝒅𝒓Mass ：



relativistic ideal fermion

non-relativistic ideal fermion

non-relativistic s-wave fermion

M-R curve from the s-wave EOS

26
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Discussions

1. Where is the reliable region?

2. Can this EOS constrain the neutron matter EOS?

30

20

10

0

-10

-20

0.200.150.100.050.00

Cold atom experiment

Neutron matter (APR)

Nuclear matter (APR)

Cold atom experiment

APR

40

30

20

10

0
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Pressure Symmetry Energy
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APR : [ A. Akmal, Phys. Rev. C 58, 1804 (1998) ]

𝒏𝟎 𝒏𝟎 𝒏𝟎



90 Unitarity limit
𝒓𝒆 = 𝟎 (zero range)

𝒓𝒆 = 𝟐. 𝟕fm

𝒂𝑺 = −𝟏𝟖. 𝟓fm

𝒏𝟎/𝟏𝟎𝟎

1. Where is the reliable region?

(𝒌𝑭𝒓𝒆~𝟏)

𝒏𝟎/𝟓

(𝒌𝑭𝒓𝒆~𝟐. 𝟕)

(𝟏/𝒌𝑭𝒂~− 𝟎. 𝟏𝟓) (𝟏/𝒌𝑭𝒂~− 𝟎. 𝟎𝟓𝟓)

Internal energy density
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𝑥

This work

Experiment (spin imbalance)

Experiment

(spin balance)

Theory (QMC)

Theory (FNDMC)

Theory (LW)

Theory (NSR)

Theory (ETMA)

Dilute limit only

𝒏𝟎/𝟏𝟎𝟎

We must consider finite range effect
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2. Can this EOS constrain the neutron matter EOS?

NSR approach

Pieter van Wyk, Phys. Rev. A 97, 013601 (2018)

𝐸 𝑟𝑒 = 2.7fm > 𝐸 𝑟𝑒 = 0 for 𝜌 < 𝜌0/5

𝝆𝟎/𝟓

Two key effects of effective range

Energy decrease due to Hartree energy

𝐸Hartree = −𝑈𝑛↑𝑛↓ = −𝑈𝑛2

𝑈 =
4𝜋𝑎

𝑚

1

1 − 𝑝𝑐𝑎

Energy increase due to decrease of 
pairing gap

Pairing interaction is restricted to 

0 ≤ 𝑝 ≲ 𝑝𝑐

Cutoff momentum : 𝑝𝑐 =
1

𝑟𝑒
1 + 1 −

2𝑟𝑒
𝑎

𝑐𝑜
𝑡
𝛿
0
=
−
1 𝑎
𝑘
+
1 2
𝑟 e
𝑘
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2. Can this EOS constrain the neutron matter EOS?

𝝆𝟎/𝟓𝟎

QMC approach

Stefano Gandolfi, Annual Review of 
Nuclear and Particle Science 65 (2015): 
303-328.

Denis Lacroix, Phys. Rev. C 95, 054306 (2017)

Density-functional approach

𝒓𝒆 = 𝟐. 𝟕fm

𝒓𝒆 = 𝟎

𝐸 𝑟𝑒 = 2.7fm > 𝐸 𝑟𝑒 = 0 for 𝜌 < 𝜌0

𝐸 𝑟𝑒 = 2.7fm > 𝐸 𝑟𝑒 = 0 for 𝜌 < 𝜌0/50



Conclusion

1. The determined EOS provides the asymptotic curve of neutron matter at 
the dilute limit 

2. The small deviation at low density can be caused by finite range effect

3. Coincidence between the zero-range EOS and the nuclear theory
up to 𝑛0/2 can be accidental. 

4. The EOS gives the lower bound to the 
neutron matter EOS up to 𝑛0/5

5. Future experiments will draw 
the correct EOS curve
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“Optical control of the scattering length and 
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Summary

This is one of the nice examples of cold atom 
quantum simulator to progress nuclear physics
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