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1. Short nuclear entanglement intro


2. Quantifying entanglements in the nuclear shell model


3. Harnessing (low) entanglement with circuit cutting
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1. Single particle Schrodinger equation


➡ H.O. potential + spin-orbit 



➡ Predicts magic numbers


➡ Provides orbital/valence space


2. Interaction shell model:


➡ Mean field + residual two-body 
interactions: 




➡ Diagonalization problem

V(r) = 1
2 ℏωr2 + D ⃗l2 + C ⃗l ⋅ ⃗s

ℋ = ∑
ij

Kij a†
i aj + ∑

ij

Vijkl a†
i a†

j akal
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Shell model
1. Single particle Schrodinger equation


➡ H.O. potential + spin-orbit 



➡ Predicts magic numbers


➡ Provides orbital/valence space


2. Interaction shell model:


➡ Mean field + residual two-body 
interactions: 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Shell model

3.    Entanglement depends on:


➡ Basis chosen (M-scheme, J-scheme)


➡ fermion-qubit mappings (JW, BK, VC)


➡ Partition (1 orbital, 2 orbital, 
equipartition)

1. Single particle Schrodinger equation


➡ H.O. potential + spin-orbit 



➡ Predicts magic numbers


➡ Provides orbital/valence space


2. Interaction shell model:


➡ Mean field + residual two-body 
interactions: 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mutual information across the sd shell
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mutual information across the sd shell
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mutual information across the sd shell
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mutual information across the sd shell
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mutual information across the sd shell
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mutual information across the sd shell
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equipartition entanglement

2 4 6 8 10
NCI, valence neutron number

101

102

103

104

105

106

107

108

109

1010

N
um

be
ro

fs
ta

te
s,

di
m

m
b

He
Be
O
F
Ne

Al
Ca
Ti
Cr
Zn

(a) (b) (c)Nuclei
This work
p shell
sd shell
pf shell

H
He

Li
Be

B
C
N

O
F

Ne
Na

Mg
Al
Si
P
S
Cl
Ar
K
Ca
Sc
Ti
V
Cr
Mn
Fe
Co
Ni
Cu
Zn
Ga

Be
B
C
N
O
F

Ne
Na
Mg
Al
Si
P
S
Cl
Ar
K
Ca
Sc
Ti
V
Cr
Mn
Fe
Co
Ni

Cu
Zn
Ga

2 8 20 28
N, neutron number

2

8

20

28

Z,
pr
ot
on
nu
m
be
r

p

sd

pf

< �7
2 �5

2 �3
2 �1

2
1
2

3
2

5
2

7
2

0?3/2
3 2 1 0

0?1/2
5 4

035/2
5 4 3 2 1 0

1B1/2 7 6

033/2
11 10 9 8

0 57/2
7 6 5 4 3 2 1 0

1?3/2 11 10 9 8
1?1/2 13 12

0 55/2
19 18 17 16 15 14

103

106

1011

2 4 6 8 10
NCI, valence neutron number

101

102

103

104

105

106

107

108

109

1010

N
um

be
ro

fs
ta

te
s,

di
m

m
b

He
Be
O
F
Ne

Al
Ca
Ti
Cr
Zn

(a) (b) (c)Nuclei
This work
p shell
sd shell
pf shell

H
He

Li
Be

B
C
N

O
F

Ne
Na

Mg
Al
Si
P
S
Cl
Ar
K
Ca
Sc
Ti
V
Cr
Mn
Fe
Co
Ni
Cu
Zn
Ga

Be
B
C
N
O
F

Ne
Na
Mg
Al
Si
P
S
Cl
Ar
K
Ca
Sc
Ti
V
Cr
Mn
Fe
Co
Ni

Cu
Zn
Ga

2 8 20 28
N, neutron number

2

8

20

28

Z,
pr
ot
on
nu
m
be
r

p

sd

pf

< �7
2 �5

2 �3
2 �1

2
1
2

3
2

5
2

7
2

0?3/2
3 2 1 0

0?1/2
5 4

035/2
5 4 3 2 1 0

1B1/2 7 6

033/2
11 10 9 8

0 57/2
7 6 5 4 3 2 1 0

1?3/2 11 10 9 8
1?1/2 13 12

0 55/2
19 18 17 16 15 14

103

106

1011

2 4 6 8 10
NCI, valence neutron number

101

102

103

104

105

106

107

108

109

1010

N
um

be
ro

fs
ta

te
s,

di
m

m
b

He
Be
O
F
Ne

Al
Ca
Ti
Cr
Zn

(a) (b) (c)Nuclei
This work
p shell
sd shell
pf shell

H
He

Li
Be

B
C
N

O
F

Ne
Na

Mg
Al
Si
P
S
Cl
Ar
K
Ca
Sc
Ti
V
Cr
Mn
Fe
Co
Ni
Cu
Zn
Ga

Be
B
C
N
O
F

Ne
Na
Mg
Al
Si
P
S
Cl
Ar
K
Ca
Sc
Ti
V
Cr
Mn
Fe
Co
Ni

Cu
Zn
Ga

2 8 20 28
N, neutron number

2

8

20

28

Z,
pr
ot
on
nu
m
be
r

p

sd

pf

< �7
2 �5

2 �3
2 �1

2
1
2

3
2

5
2

7
2

0?3/2
3 2 1 0

0?1/2
5 4

035/2
5 4 3 2 1 0

1B1/2 7 6

033/2
11 10 9 8

0 57/2
7 6 5 4 3 2 1 0

1?3/2 11 10 9 8
1?1/2 13 12

0 55/2
19 18 17 16 15 14

103

106

1011

2 4 6 8 10
NCI, valence neutron number

101

102

103

104

105

106

107

108

109

1010

N
um

be
ro

fs
ta

te
s,

di
m

m
b

He
Be
O
F
Ne

Al
Ca
Ti
Cr
Zn

(a) (b) (c)Nuclei
This work
p shell
sd shell
pf shell

H
He

Li
Be

B
C
N

O
F

Ne
Na

Mg
Al
Si
P
S
Cl
Ar
K
Ca
Sc
Ti
V
Cr
Mn
Fe
Co
Ni
Cu
Zn
Ga

Be
B
C
N
O
F

Ne
Na
Mg
Al
Si
P
S
Cl
Ar
K
Ca
Sc
Ti
V
Cr
Mn
Fe
Co
Ni

Cu
Zn
Ga

2 8 20 28
N, neutron number

2

8

20

28

Z,
pr
ot
on
nu
m
be
r

p

sd

pf

< �7
2 �5

2 �3
2 �1

2
1
2

3
2

5
2

7
2

0?3/2
3 2 1 0

0?1/2
5 4

035/2
5 4 3 2 1 0

1B1/2 7 6

033/2
11 10 9 8

0 57/2
7 6 5 4 3 2 1 0

1?3/2 11 10 9 8
1?1/2 13 12

0 55/2
19 18 17 16 15 14

103

106

1011

2 4 6 8 10
NCI, valence neutron number

101

102

103

104

105

106

107

108

109

1010

N
um

be
ro

fs
ta

te
s,

di
m

m
b

He
Be
O
F
Ne

Al
Ca
Ti
Cr
Zn

(a) (b) (c)Nuclei
This work
p shell
sd shell
pf shell

H
He

Li
Be

B
C
N

O
F

Ne
Na

Mg
Al
Si
P
S
Cl
Ar
K
Ca
Sc
Ti
V
Cr
Mn
Fe
Co
Ni
Cu
Zn
Ga

Be
B
C
N
O
F

Ne
Na
Mg
Al
Si
P
S
Cl
Ar
K
Ca
Sc
Ti
V
Cr
Mn
Fe
Co
Ni

Cu
Zn
Ga

2 8 20 28
N, neutron number

2

8

20

28

Z,
pr
ot
on
nu
m
be
r

p

sd

pf

< �7
2 �5

2 �3
2 �1

2
1
2

3
2

5
2

7
2

0?3/2
3 2 1 0

0?1/2
5 4

035/2
5 4 3 2 1 0

1B1/2 7 6

033/2
11 10 9 8

0 57/2
7 6 5 4 3 2 1 0

1?3/2 11 10 9 8
1?1/2 13 12

0 55/2
19 18 17 16 15 14

103

106

1011

protons neutrons

2 4 6 8 10
NCI, valence neutron number

101

102

103

104

105

106

107

108

109

1010

N
um

be
r

of
st

at
es

,d
im

m
b

He
Be
O
F
Ne

Al
Ca
Ti
Cr
Zn

(a) (b) (c)Nuclei
This work
p shell
sd shell
pf shell

H
He

Li
Be

B
C
N

O
F

Ne
Na

Mg
Al
Si
P
S
Cl
Ar
K
Ca
Sc
Ti
V
Cr
Mn
Fe
Co
Ni
Cu
Zn
Ga

Be
B
C
N
O
F

Ne
Na
Mg
Al
Si
P
S
Cl
Ar
K
Ca
Sc
Ti
V
Cr
Mn
Fe
Co
Ni

Cu
Zn
Ga

2 8 20 28
N, neutron number

2

8

20

28

Z,
pr
ot
on
nu
m
be
r

p

sd

pf

< �7
2 �5

2 �3
2 �1

2
1
2

3
2

5
2

7
2

0?3/2
3 2 1 0

0?1/2
5 4

035/2
5 4 3 2 1 0

1B1/2 7 6

033/2
11 10 9 8

0 57/2
7 6 5 4 3 2 1 0

1?3/2 11 10 9 8
1?1/2 13 12

0 55/2
19 18 17 16 15 14

103

106

1011

2 4 6 8 10
NCI, valence neutron number

101

102

103

104

105

106

107

108

109

1010

N
um

be
r

of
st

at
es

,d
im

m
b

He
Be
O
F
Ne

Al
Ca
Ti
Cr
Zn

(a) (b) (c)Nuclei
This work
p shell
sd shell
pf shell

H
He

Li
Be

B
C
N

O
F

Ne
Na

Mg
Al
Si
P
S
Cl
Ar
K
Ca
Sc
Ti
V
Cr
Mn
Fe
Co
Ni
Cu
Zn
Ga

Be
B
C
N
O
F

Ne
Na
Mg
Al
Si
P
S
Cl
Ar
K
Ca
Sc
Ti
V
Cr
Mn
Fe
Co
Ni

Cu
Zn
Ga

2 8 20 28
N, neutron number

2

8

20

28

Z,
pr
ot
on
nu
m
be
r

p

sd

pf

< �7
2 �5

2 �3
2 �1

2
1
2

3
2

5
2

7
2

0?3/2
3 2 1 0

0?1/2
5 4

035/2
5 4 3 2 1 0

1B1/2 7 6

033/2
11 10 9 8

0 57/2
7 6 5 4 3 2 1 0

1?3/2 11 10 9 8
1?1/2 13 12

0 55/2
19 18 17 16 15 14

103

106

1011

2 4 6 8 10
NCI, valence neutron number

101

102

103

104

105

106

107

108

109

1010

N
um

be
r

of
st

at
es

,d
im

m
b

He
Be
O
F
Ne

Al
Ca
Ti
Cr
Zn

(a) (b) (c)Nuclei
This work
p shell
sd shell
pf shell

H
He

Li
Be

B
C
N

O
F

Ne
Na

Mg
Al
Si
P
S
Cl
Ar
K
Ca
Sc
Ti
V
Cr
Mn
Fe
Co
Ni
Cu
Zn
Ga

Be
B
C
N
O
F

Ne
Na
Mg
Al
Si
P
S
Cl
Ar
K
Ca
Sc
Ti
V
Cr
Mn
Fe
Co
Ni

Cu
Zn
Ga

2 8 20 28
N, neutron number

2

8

20

28

Z,
pr
ot
on
nu
m
be
r

p

sd

pf

< �7
2 �5

2 �3
2 �1

2
1
2

3
2

5
2

7
2

0?3/2
3 2 1 0

0?1/2
5 4

035/2
5 4 3 2 1 0

1B1/2 7 6

033/2
11 10 9 8

0 57/2
7 6 5 4 3 2 1 0

1?3/2 11 10 9 8
1?1/2 13 12

0 55/2
19 18 17 16 15 14

103

106

1011

pr
ot

on
s

ne
ut

ro
ns

2 4 6 8 10
NCI, valence neutron number

101

102

103

104

105

106

107

108

109

1010

N
um

be
r

of
st

at
es

,d
im

m
b

He
Be
O
F
Ne

Al
Ca
Ti
Cr
Zn

(a) (b) (c)Nuclei
This work
p shell
sd shell
pf shell

H
He

Li
Be

B
C
N

O
F

Ne
Na

Mg
Al
Si
P
S
Cl
Ar
K
Ca
Sc
Ti
V
Cr
Mn
Fe
Co
Ni
Cu
Zn
Ga

Be
B
C
N
O
F

Ne
Na
Mg
Al
Si
P
S
Cl
Ar
K
Ca
Sc
Ti
V
Cr
Mn
Fe
Co
Ni

Cu
Zn
Ga

2 8 20 28
N, neutron number

2

8

20

28

Z,
pr
ot
on
nu
m
be
r

p

sd

pf

< �7
2 �5

2 �3
2 �1

2
1
2

3
2

5
2

7
2

0?3/2
3 2 1 0

0?1/2
5 4

035/2
5 4 3 2 1 0

1B1/2 7 6

033/2
11 10 9 8

0 57/2
7 6 5 4 3 2 1 0

1?3/2 11 10 9 8
1?1/2 13 12

0 55/2
19 18 17 16 15 14

103

106

1011

most natural partitions



equipartition entanglement

2 4 6 8 10
NCI, valence neutron number

101

102

103

104

105

106

107

108

109

1010

N
um

be
ro

fs
ta

te
s,

di
m

m
b

He
Be
O
F
Ne

Al
Ca
Ti
Cr
Zn

(a) (b) (c)Nuclei
This work
p shell
sd shell
pf shell

H
He

Li
Be

B
C
N

O
F

Ne
Na

Mg
Al
Si
P
S
Cl
Ar
K
Ca
Sc
Ti
V
Cr
Mn
Fe
Co
Ni
Cu
Zn
Ga

Be
B
C
N
O
F

Ne
Na
Mg
Al
Si
P
S
Cl
Ar
K
Ca
Sc
Ti
V
Cr
Mn
Fe
Co
Ni

Cu
Zn
Ga

2 8 20 28
N, neutron number

2

8

20

28

Z,
pr
ot
on
nu
m
be
r

p

sd

pf

< �7
2 �5

2 �3
2 �1

2
1
2

3
2

5
2

7
2

0?3/2
3 2 1 0

0?1/2
5 4

035/2
5 4 3 2 1 0

1B1/2 7 6

033/2
11 10 9 8

0 57/2
7 6 5 4 3 2 1 0

1?3/2 11 10 9 8
1?1/2 13 12

0 55/2
19 18 17 16 15 14

103

106

1011

2 4 6 8 10
NCI, valence neutron number

101

102

103

104

105

106

107

108

109

1010

N
um

be
ro

fs
ta

te
s,

di
m

m
b

He
Be
O
F
Ne

Al
Ca
Ti
Cr
Zn

(a) (b) (c)Nuclei
This work
p shell
sd shell
pf shell

H
He

Li
Be

B
C
N

O
F

Ne
Na

Mg
Al
Si
P
S
Cl
Ar
K
Ca
Sc
Ti
V
Cr
Mn
Fe
Co
Ni
Cu
Zn
Ga

Be
B
C
N
O
F

Ne
Na
Mg
Al
Si
P
S
Cl
Ar
K
Ca
Sc
Ti
V
Cr
Mn
Fe
Co
Ni

Cu
Zn
Ga

2 8 20 28
N, neutron number

2

8

20

28

Z,
pr
ot
on
nu
m
be
r

p

sd

pf

< �7
2 �5

2 �3
2 �1

2
1
2

3
2

5
2

7
2

0?3/2
3 2 1 0

0?1/2
5 4

035/2
5 4 3 2 1 0

1B1/2 7 6

033/2
11 10 9 8

0 57/2
7 6 5 4 3 2 1 0

1?3/2 11 10 9 8
1?1/2 13 12

0 55/2
19 18 17 16 15 14

103

106

1011

2 4 6 8 10
NCI, valence neutron number

101

102

103

104

105

106

107

108

109

1010

N
um

be
ro

fs
ta

te
s,

di
m

m
b

He
Be
O
F
Ne

Al
Ca
Ti
Cr
Zn

(a) (b) (c)Nuclei
This work
p shell
sd shell
pf shell

H
He

Li
Be

B
C
N

O
F

Ne
Na

Mg
Al
Si
P
S
Cl
Ar
K
Ca
Sc
Ti
V
Cr
Mn
Fe
Co
Ni
Cu
Zn
Ga

Be
B
C
N
O
F

Ne
Na
Mg
Al
Si
P
S
Cl
Ar
K
Ca
Sc
Ti
V
Cr
Mn
Fe
Co
Ni

Cu
Zn
Ga

2 8 20 28
N, neutron number

2

8

20

28

Z,
pr
ot
on
nu
m
be
r

p

sd

pf

< �7
2 �5

2 �3
2 �1

2
1
2

3
2

5
2

7
2

0?3/2
3 2 1 0

0?1/2
5 4

035/2
5 4 3 2 1 0

1B1/2 7 6

033/2
11 10 9 8

0 57/2
7 6 5 4 3 2 1 0

1?3/2 11 10 9 8
1?1/2 13 12

0 55/2
19 18 17 16 15 14

103

106

1011

2 4 6 8 10
NCI, valence neutron number

101

102

103

104

105

106

107

108

109

1010

N
um

be
ro

fs
ta

te
s,

di
m

m
b

He
Be
O
F
Ne

Al
Ca
Ti
Cr
Zn

(a) (b) (c)Nuclei
This work
p shell
sd shell
pf shell

H
He

Li
Be

B
C
N

O
F

Ne
Na

Mg
Al
Si
P
S
Cl
Ar
K
Ca
Sc
Ti
V
Cr
Mn
Fe
Co
Ni
Cu
Zn
Ga

Be
B
C
N
O
F

Ne
Na
Mg
Al
Si
P
S
Cl
Ar
K
Ca
Sc
Ti
V
Cr
Mn
Fe
Co
Ni

Cu
Zn
Ga

2 8 20 28
N, neutron number

2

8

20

28

Z,
pr
ot
on
nu
m
be
r

p

sd

pf

< �7
2 �5

2 �3
2 �1

2
1
2

3
2

5
2

7
2

0?3/2
3 2 1 0

0?1/2
5 4

035/2
5 4 3 2 1 0

1B1/2 7 6

033/2
11 10 9 8

0 57/2
7 6 5 4 3 2 1 0

1?3/2 11 10 9 8
1?1/2 13 12

0 55/2
19 18 17 16 15 14

103

106

1011

2 4 6 8 10
NCI, valence neutron number

101

102

103

104

105

106

107

108

109

1010

N
um

be
ro

fs
ta

te
s,

di
m

m
b

He
Be
O
F
Ne

Al
Ca
Ti
Cr
Zn

(a) (b) (c)Nuclei
This work
p shell
sd shell
pf shell

H
He

Li
Be

B
C
N

O
F

Ne
Na

Mg
Al
Si
P
S
Cl
Ar
K
Ca
Sc
Ti
V
Cr
Mn
Fe
Co
Ni
Cu
Zn
Ga

Be
B
C
N
O
F

Ne
Na
Mg
Al
Si
P
S
Cl
Ar
K
Ca
Sc
Ti
V
Cr
Mn
Fe
Co
Ni

Cu
Zn
Ga

2 8 20 28
N, neutron number

2

8

20

28

Z,
pr
ot
on
nu
m
be
r

p

sd

pf

< �7
2 �5

2 �3
2 �1

2
1
2

3
2

5
2

7
2

0?3/2
3 2 1 0

0?1/2
5 4

035/2
5 4 3 2 1 0

1B1/2 7 6

033/2
11 10 9 8

0 57/2
7 6 5 4 3 2 1 0

1?3/2 11 10 9 8
1?1/2 13 12

0 55/2
19 18 17 16 15 14

103

106

1011

protons neutrons

2 4 6 8 10
NCI, valence neutron number

101

102

103

104

105

106

107

108

109

1010

N
um

be
r

of
st

at
es

,d
im

m
b

He
Be
O
F
Ne

Al
Ca
Ti
Cr
Zn

(a) (b) (c)Nuclei
This work
p shell
sd shell
pf shell

H
He

Li
Be

B
C
N

O
F

Ne
Na

Mg
Al
Si
P
S
Cl
Ar
K
Ca
Sc
Ti
V
Cr
Mn
Fe
Co
Ni
Cu
Zn
Ga

Be
B
C
N
O
F

Ne
Na
Mg
Al
Si
P
S
Cl
Ar
K
Ca
Sc
Ti
V
Cr
Mn
Fe
Co
Ni

Cu
Zn
Ga

2 8 20 28
N, neutron number

2

8

20

28

Z,
pr
ot
on
nu
m
be
r

p

sd

pf

< �7
2 �5

2 �3
2 �1

2
1
2

3
2

5
2

7
2

0?3/2
3 2 1 0

0?1/2
5 4

035/2
5 4 3 2 1 0

1B1/2 7 6

033/2
11 10 9 8

0 57/2
7 6 5 4 3 2 1 0

1?3/2 11 10 9 8
1?1/2 13 12

0 55/2
19 18 17 16 15 14

103

106

1011

2 4 6 8 10
NCI, valence neutron number

101

102

103

104

105

106

107

108

109

1010

N
um

be
r

of
st

at
es

,d
im

m
b

He
Be
O
F
Ne

Al
Ca
Ti
Cr
Zn

(a) (b) (c)Nuclei
This work
p shell
sd shell
pf shell

H
He

Li
Be

B
C
N

O
F

Ne
Na

Mg
Al
Si
P
S
Cl
Ar
K
Ca
Sc
Ti
V
Cr
Mn
Fe
Co
Ni
Cu
Zn
Ga

Be
B
C
N
O
F

Ne
Na
Mg
Al
Si
P
S
Cl
Ar
K
Ca
Sc
Ti
V
Cr
Mn
Fe
Co
Ni

Cu
Zn
Ga

2 8 20 28
N, neutron number

2

8

20

28

Z,
pr
ot
on
nu
m
be
r

p

sd

pf

< �7
2 �5

2 �3
2 �1

2
1
2

3
2

5
2

7
2

0?3/2
3 2 1 0

0?1/2
5 4

035/2
5 4 3 2 1 0

1B1/2 7 6

033/2
11 10 9 8

0 57/2
7 6 5 4 3 2 1 0

1?3/2 11 10 9 8
1?1/2 13 12

0 55/2
19 18 17 16 15 14

103

106

1011

2 4 6 8 10
NCI, valence neutron number

101

102

103

104

105

106

107

108

109

1010

N
um

be
r

of
st

at
es

,d
im

m
b

He
Be
O
F
Ne

Al
Ca
Ti
Cr
Zn

(a) (b) (c)Nuclei
This work
p shell
sd shell
pf shell

H
He

Li
Be

B
C
N

O
F

Ne
Na

Mg
Al
Si
P
S
Cl
Ar
K
Ca
Sc
Ti
V
Cr
Mn
Fe
Co
Ni
Cu
Zn
Ga

Be
B
C
N
O
F

Ne
Na
Mg
Al
Si
P
S
Cl
Ar
K
Ca
Sc
Ti
V
Cr
Mn
Fe
Co
Ni

Cu
Zn
Ga

2 8 20 28
N, neutron number

2

8

20

28

Z,
pr
ot
on
nu
m
be
r

p

sd

pf

< �7
2 �5

2 �3
2 �1

2
1
2

3
2

5
2

7
2

0?3/2
3 2 1 0

0?1/2
5 4

035/2
5 4 3 2 1 0

1B1/2 7 6

033/2
11 10 9 8

0 57/2
7 6 5 4 3 2 1 0

1?3/2 11 10 9 8
1?1/2 13 12

0 55/2
19 18 17 16 15 14

103

106

1011

pr
ot

on
s

ne
ut

ro
ns

Z=2, N=2

1
10
100
1000

Z=2, N=4

1
10
100
1000

Z=2, N=6

1
10
100
1000

Z=2, N=8

1
10
100
1000

Z=2, N=10

1
10
100
1000

1 2 3 4 5 6

2 4 6 8 10
NCI, valence neutron number

101

102

103

104

105

106

107

108

109

1010

N
um

be
r

of
st

at
es

,d
im

m
b

He
Be
O
F
Ne

Al
Ca
Ti
Cr
Zn

(a) (b) (c)Nuclei
This work
p shell
sd shell
pf shell

H
He

Li
Be

B
C
N

O
F

Ne
Na

Mg
Al
Si
P
S
Cl
Ar
K
Ca
Sc
Ti
V
Cr
Mn
Fe
Co
Ni
Cu
Zn
Ga

Be
B
C
N
O
F

Ne
Na
Mg
Al
Si
P
S
Cl
Ar
K
Ca
Sc
Ti
V
Cr
Mn
Fe
Co
Ni

Cu
Zn
Ga

2 8 20 28
N, neutron number

2

8

20

28

Z,
pr
ot
on
nu
m
be
r

p

sd

pf

< �7
2 �5

2 �3
2 �1

2
1
2

3
2

5
2

7
2

0?3/2
3 2 1 0

0?1/2
5 4

035/2
5 4 3 2 1 0

1B1/2 7 6

033/2
11 10 9 8

0 57/2
7 6 5 4 3 2 1 0

1?3/2 11 10 9 8
1?1/2 13 12

0 55/2
19 18 17 16 15 14

103

106

1011

most natural partitions



equipartition entanglement

2 4 6 8 10
NCI, valence neutron number

101

102

103

104

105

106

107

108

109

1010

N
um

be
ro

fs
ta

te
s,

di
m

m
b

He
Be
O
F
Ne

Al
Ca
Ti
Cr
Zn

(a) (b) (c)Nuclei
This work
p shell
sd shell
pf shell

H
He

Li
Be

B
C
N

O
F

Ne
Na

Mg
Al
Si
P
S
Cl
Ar
K
Ca
Sc
Ti
V
Cr
Mn
Fe
Co
Ni
Cu
Zn
Ga

Be
B
C
N
O
F

Ne
Na
Mg
Al
Si
P
S
Cl
Ar
K
Ca
Sc
Ti
V
Cr
Mn
Fe
Co
Ni

Cu
Zn
Ga

2 8 20 28
N, neutron number

2

8

20

28

Z,
pr
ot
on
nu
m
be
r

p

sd

pf

< �7
2 �5

2 �3
2 �1

2
1
2

3
2

5
2

7
2

0?3/2
3 2 1 0

0?1/2
5 4

035/2
5 4 3 2 1 0

1B1/2 7 6

033/2
11 10 9 8

0 57/2
7 6 5 4 3 2 1 0

1?3/2 11 10 9 8
1?1/2 13 12

0 55/2
19 18 17 16 15 14

103

106

1011

2 4 6 8 10
NCI, valence neutron number

101

102

103

104

105

106

107

108

109

1010

N
um

be
ro

fs
ta

te
s,

di
m

m
b

He
Be
O
F
Ne

Al
Ca
Ti
Cr
Zn

(a) (b) (c)Nuclei
This work
p shell
sd shell
pf shell

H
He

Li
Be

B
C
N

O
F

Ne
Na

Mg
Al
Si
P
S
Cl
Ar
K
Ca
Sc
Ti
V
Cr
Mn
Fe
Co
Ni
Cu
Zn
Ga

Be
B
C
N
O
F

Ne
Na
Mg
Al
Si
P
S
Cl
Ar
K
Ca
Sc
Ti
V
Cr
Mn
Fe
Co
Ni

Cu
Zn
Ga

2 8 20 28
N, neutron number

2

8

20

28

Z,
pr
ot
on
nu
m
be
r

p

sd

pf

< �7
2 �5

2 �3
2 �1

2
1
2

3
2

5
2

7
2

0?3/2
3 2 1 0

0?1/2
5 4

035/2
5 4 3 2 1 0

1B1/2 7 6

033/2
11 10 9 8

0 57/2
7 6 5 4 3 2 1 0

1?3/2 11 10 9 8
1?1/2 13 12

0 55/2
19 18 17 16 15 14

103

106

1011

2 4 6 8 10
NCI, valence neutron number

101

102

103

104

105

106

107

108

109

1010

N
um

be
ro

fs
ta

te
s,

di
m

m
b

He
Be
O
F
Ne

Al
Ca
Ti
Cr
Zn

(a) (b) (c)Nuclei
This work
p shell
sd shell
pf shell

H
He

Li
Be

B
C
N

O
F

Ne
Na

Mg
Al
Si
P
S
Cl
Ar
K
Ca
Sc
Ti
V
Cr
Mn
Fe
Co
Ni
Cu
Zn
Ga

Be
B
C
N
O
F

Ne
Na
Mg
Al
Si
P
S
Cl
Ar
K
Ca
Sc
Ti
V
Cr
Mn
Fe
Co
Ni

Cu
Zn
Ga

2 8 20 28
N, neutron number

2

8

20

28

Z,
pr
ot
on
nu
m
be
r

p

sd

pf

< �7
2 �5

2 �3
2 �1

2
1
2

3
2

5
2

7
2

0?3/2
3 2 1 0

0?1/2
5 4

035/2
5 4 3 2 1 0

1B1/2 7 6

033/2
11 10 9 8

0 57/2
7 6 5 4 3 2 1 0

1?3/2 11 10 9 8
1?1/2 13 12

0 55/2
19 18 17 16 15 14

103

106

1011

2 4 6 8 10
NCI, valence neutron number

101

102

103

104

105

106

107

108

109

1010

N
um

be
ro

fs
ta

te
s,

di
m

m
b

He
Be
O
F
Ne

Al
Ca
Ti
Cr
Zn

(a) (b) (c)Nuclei
This work
p shell
sd shell
pf shell

H
He

Li
Be

B
C
N

O
F

Ne
Na

Mg
Al
Si
P
S
Cl
Ar
K
Ca
Sc
Ti
V
Cr
Mn
Fe
Co
Ni
Cu
Zn
Ga

Be
B
C
N
O
F

Ne
Na
Mg
Al
Si
P
S
Cl
Ar
K
Ca
Sc
Ti
V
Cr
Mn
Fe
Co
Ni

Cu
Zn
Ga

2 8 20 28
N, neutron number

2

8

20

28

Z,
pr
ot
on
nu
m
be
r

p

sd

pf

< �7
2 �5

2 �3
2 �1

2
1
2

3
2

5
2

7
2

0?3/2
3 2 1 0

0?1/2
5 4

035/2
5 4 3 2 1 0

1B1/2 7 6

033/2
11 10 9 8

0 57/2
7 6 5 4 3 2 1 0

1?3/2 11 10 9 8
1?1/2 13 12

0 55/2
19 18 17 16 15 14

103

106

1011

2 4 6 8 10
NCI, valence neutron number

101

102

103

104

105

106

107

108

109

1010

N
um

be
ro

fs
ta

te
s,

di
m

m
b

He
Be
O
F
Ne

Al
Ca
Ti
Cr
Zn

(a) (b) (c)Nuclei
This work
p shell
sd shell
pf shell

H
He

Li
Be

B
C
N

O
F

Ne
Na

Mg
Al
Si
P
S
Cl
Ar
K
Ca
Sc
Ti
V
Cr
Mn
Fe
Co
Ni
Cu
Zn
Ga

Be
B
C
N
O
F

Ne
Na
Mg
Al
Si
P
S
Cl
Ar
K
Ca
Sc
Ti
V
Cr
Mn
Fe
Co
Ni

Cu
Zn
Ga

2 8 20 28
N, neutron number

2

8

20

28

Z,
pr
ot
on
nu
m
be
r

p

sd

pf

< �7
2 �5

2 �3
2 �1

2
1
2

3
2

5
2

7
2

0?3/2
3 2 1 0

0?1/2
5 4

035/2
5 4 3 2 1 0

1B1/2 7 6

033/2
11 10 9 8

0 57/2
7 6 5 4 3 2 1 0

1?3/2 11 10 9 8
1?1/2 13 12

0 55/2
19 18 17 16 15 14

103

106

1011

protons neutrons

2 4 6 8 10
NCI, valence neutron number

101

102

103

104

105

106

107

108

109

1010

N
um

be
r

of
st

at
es

,d
im

m
b

He
Be
O
F
Ne

Al
Ca
Ti
Cr
Zn

(a) (b) (c)Nuclei
This work
p shell
sd shell
pf shell

H
He

Li
Be

B
C
N

O
F

Ne
Na

Mg
Al
Si
P
S
Cl
Ar
K
Ca
Sc
Ti
V
Cr
Mn
Fe
Co
Ni
Cu
Zn
Ga

Be
B
C
N
O
F

Ne
Na
Mg
Al
Si
P
S
Cl
Ar
K
Ca
Sc
Ti
V
Cr
Mn
Fe
Co
Ni

Cu
Zn
Ga

2 8 20 28
N, neutron number

2

8

20

28

Z,
pr
ot
on
nu
m
be
r

p

sd

pf

< �7
2 �5

2 �3
2 �1

2
1
2

3
2

5
2

7
2

0?3/2
3 2 1 0

0?1/2
5 4

035/2
5 4 3 2 1 0

1B1/2 7 6

033/2
11 10 9 8

0 57/2
7 6 5 4 3 2 1 0

1?3/2 11 10 9 8
1?1/2 13 12

0 55/2
19 18 17 16 15 14

103

106

1011

2 4 6 8 10
NCI, valence neutron number

101

102

103

104

105

106

107

108

109

1010

N
um

be
r

of
st

at
es

,d
im

m
b

He
Be
O
F
Ne

Al
Ca
Ti
Cr
Zn

(a) (b) (c)Nuclei
This work
p shell
sd shell
pf shell

H
He

Li
Be

B
C
N

O
F

Ne
Na

Mg
Al
Si
P
S
Cl
Ar
K
Ca
Sc
Ti
V
Cr
Mn
Fe
Co
Ni
Cu
Zn
Ga

Be
B
C
N
O
F

Ne
Na
Mg
Al
Si
P
S
Cl
Ar
K
Ca
Sc
Ti
V
Cr
Mn
Fe
Co
Ni

Cu
Zn
Ga

2 8 20 28
N, neutron number

2

8

20

28

Z,
pr
ot
on
nu
m
be
r

p

sd

pf

< �7
2 �5

2 �3
2 �1

2
1
2

3
2

5
2

7
2

0?3/2
3 2 1 0

0?1/2
5 4

035/2
5 4 3 2 1 0

1B1/2 7 6

033/2
11 10 9 8

0 57/2
7 6 5 4 3 2 1 0

1?3/2 11 10 9 8
1?1/2 13 12

0 55/2
19 18 17 16 15 14

103

106

1011

2 4 6 8 10
NCI, valence neutron number

101

102

103

104

105

106

107

108

109

1010

N
um

be
r

of
st

at
es

,d
im

m
b

He
Be
O
F
Ne

Al
Ca
Ti
Cr
Zn

(a) (b) (c)Nuclei
This work
p shell
sd shell
pf shell

H
He

Li
Be

B
C
N

O
F

Ne
Na

Mg
Al
Si
P
S
Cl
Ar
K
Ca
Sc
Ti
V
Cr
Mn
Fe
Co
Ni
Cu
Zn
Ga

Be
B
C
N
O
F

Ne
Na
Mg
Al
Si
P
S
Cl
Ar
K
Ca
Sc
Ti
V
Cr
Mn
Fe
Co
Ni

Cu
Zn
Ga

2 8 20 28
N, neutron number

2

8

20

28

Z,
pr
ot
on
nu
m
be
r

p

sd

pf

< �7
2 �5

2 �3
2 �1

2
1
2

3
2

5
2

7
2

0?3/2
3 2 1 0

0?1/2
5 4

035/2
5 4 3 2 1 0

1B1/2 7 6

033/2
11 10 9 8

0 57/2
7 6 5 4 3 2 1 0

1?3/2 11 10 9 8
1?1/2 13 12

0 55/2
19 18 17 16 15 14

103

106

1011

pr
ot

on
s

ne
ut

ro
ns

Z=2, N=2

1
10
100
1000

Z=2, N=4

1
10
100
1000

Z=2, N=6

1
10
100
1000

Z=2, N=8

1
10
100
1000

Z=2, N=10

1
10
100
1000

1 2 3 4 5 6

2 4 6 8 10
NCI, valence neutron number

101

102

103

104

105

106

107

108

109

1010

N
um

be
r

of
st

at
es

,d
im

m
b

He
Be
O
F
Ne

Al
Ca
Ti
Cr
Zn

(a) (b) (c)Nuclei
This work
p shell
sd shell
pf shell

H
He

Li
Be

B
C
N

O
F

Ne
Na

Mg
Al
Si
P
S
Cl
Ar
K
Ca
Sc
Ti
V
Cr
Mn
Fe
Co
Ni
Cu
Zn
Ga

Be
B
C
N
O
F

Ne
Na
Mg
Al
Si
P
S
Cl
Ar
K
Ca
Sc
Ti
V
Cr
Mn
Fe
Co
Ni

Cu
Zn
Ga

2 8 20 28
N, neutron number

2

8

20

28

Z,
pr
ot
on
nu
m
be
r

p

sd

pf

< �7
2 �5

2 �3
2 �1

2
1
2

3
2

5
2

7
2

0?3/2
3 2 1 0

0?1/2
5 4

035/2
5 4 3 2 1 0

1B1/2 7 6

033/2
11 10 9 8

0 57/2
7 6 5 4 3 2 1 0

1?3/2 11 10 9 8
1?1/2 13 12

0 55/2
19 18 17 16 15 14

103

106

1011

most natural partitions



Can we harness (low) entanglement?
1. Tensor networks


2. Basis rearrangement (C. Robin, M. Savage)


3. Lanczos (C. Johnson) ?


4. Circuit cutting |ψ⟩ ≃ |ψ1⟩ ⊗ |ψ2⟩?
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Can we harness (low) entanglement?

Reminder:

1. low p-n entanglement

2. specially low for nuclei 

with large N excess

Use ADAPT-VQE with two separate 
ansatz (circuits) for protons/neutrons


1. 


2.

|ψp( ⃗θ )⟩ = eiθ1T1 … eiθNTN |refp⟩

|ψn( ⃗ϕ )⟩ = eiϕ1T′ 1 … eiϕÑT′ ̃N |refn⟩

sd shell with Z=2 ( )Smax = 6.04
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Can we harness (low) entanglement?

|ψGS⟩ = λ1 |ψ(1)
p ⟩ ⊗ |ψ(1)

n ⟩

+λ2 |ψ(2)
p ⟩ ⊗ |ψ(2)

n ⟩

+λ3 |ψ(3)
p ⟩ ⊗ |ψ(3)

n ⟩

+λ4 |ψ(4)
p ⟩ ⊗ |ψ(4)

n ⟩

+λ5 |ψ(5)
p ⟩ ⊗ |ψ(5)

n ⟩

+λ6 |ψ(6)
p ⟩ ⊗ |ψ(6)

n ⟩
+…

∑
j

λ2
j = 1

⟨ψ( j)
p , ψ( j)

n |ψ(k)
p , ψ(k)

n ⟩ = δjk

normalization

orthogonality

Maybe that was too naive/optimistic

➡ Let’s be systematic (Schmidt decomposition)
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Can we harness (low) entanglement?


|ψp( ⃗α )⟩ = eiα1T1 … eiαNTN |ref (1)
p ⟩

|ψn( ⃗ϕ )⟩ = eiα′ 1T′ 1 … eiα′ N′ T′ N′ |ref (1)
n ⟩


|ψp( ⃗β )⟩ = eiβ1T1 … eiβNTN |ref (2)
p ⟩

|ψn( ⃗β )⟩ = eiβ′ 1T′ 1 … eiβ′ N′ T′ N′ |ref (2)
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1. there will be crossed statistics 
when measuring


2. need to optimize/scan λ ∈ (0.5,1)

let’s simulate 6 product states

same operators to 
ensure orthogonality



Can we harness (low) entanglement?


|ψp( ⃗α )⟩ = eiα1T1 … eiαNTN |ref (1)
p ⟩

|ψn( ⃗ϕ )⟩ = eiα′ 1T′ 1 … eiα′ N′ T′ N′ |ref (1)
n ⟩


|ψp( ⃗β )⟩ = eiβ1T1 … eiβNTN |ref (2)
p ⟩

|ψn( ⃗β )⟩ = eiβ′ 1T′ 1 … eiβ′ N′ T′ N′ |ref (2)
n ⟩


|ψp( ⃗α )⟩ = eiα1T1 … eiαNTN |ref (6)
p ⟩

|ψn( ⃗ϕ )⟩ = eiα′ 1T′ 1 … eiα′ N′ T′ N′ |ref (6)
n ⟩

+

+

M = -2

M = 2

M = 0

M = 0

M = 0

M = 0

(…)

Minimize energy with adapt-vqe
λ ⟨ψp( ⃗α ), ψn( ⃗α ′ ) |H |ψp( ⃗α ), ψn( ⃗α ′ )⟩
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1. there will be crossed statistics 
when measuring


2. need to optimize/scan λ ∈ (0.5,1)
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same operators to 
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Conclusions
1. Entanglement in nuclei: fundamental & practical interests


2. Entanglement is low (lowest) between protons & neutrons 
and large (~largest) between M < 0 & M > 0


3. Circuit cutting + degeneracy of SV improves adapt VQE 
(smaller circuits, faster convergence)
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