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Introduction

Understanding out-of-equilibrium dynamics of quantum fields is one of the
main challenges of current physics research.

Such conditions exist in many length scales, e.g. highly occupied bosonic
fields may arise during the reheating process in the early universe.
[M. A. Amin, M. P. Hertzberg, D. I. Kaiser and J. Karouby, 15]

Initial stages of a heavy-ion collisions (HIC) constitute of an
out-of-equilibrium highly-occupied plasma of gauge fields.
[T. Lappi and L. McLerran, 06, F. Gelis, 15, J. Berges, M. P. Heller, A. Mazeliauskas and R. Venugopalan, 21]

Studying the dynamics of heavy quarks in presence of such highly occupied
gauge fields in the pre-equilibrium stage could be an excellent probe in
understanding the approach to thermalization in such systems.
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Motivation

It has been experimentally demonstrated that light quarks show strong
collective behaviour in the hot QCD matter formed in HICs.
[P. Jacobs and X. Wang, 05]

Recent experimental data point to the fact that even heavier quarks like the
charm show substantial collectivity similar to their lighter counterparts.
[PHENIX, A. Adare et al., 07]

Studies involving charm quarks inside a glasma have been performed
primarily in the infinite-mass limit using electric field (EE) correlators until
now.

Our goal is to study heavy quark dynamics using relativistic fermion fields
and perform a comparative analysis with light quarks under
out-of-equilibrium conditions.
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Summary of our main results

To start with, we study the quark spectral functions in an out-of-equilibrium
condition of highly occupied gluon fields in self-similar scaling regime using
relativistic fermions.

We map out spectral properties of quark quasi-particles for a range of masses
and perform a comparative analysis of decay widths of quasi-particles.

We then set up the formalism for measuring heavy quark momentum
broadening and to calculate the momentum diffusion coefficient from it.

We observed that in-medium effects on the quark dynamics dictate the
validity of various approximation schemes to study quark momentum
broadening and diffusion.

Reliable results for heavy quark momentum diffusion coefficient from our
analysis to appear soon.
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Initial Conditions: Non-abelian plasma in the self-similar
regime

During the initial stages of HICs, the plasma is primarily gluon dominated
with high occupancy (f ∼ 1

αs
≫ 1) hence gauge fields are evolved classically

using Hamilton’s equations.

Such systems undergo a rapid memory loss and subsequently enter a
self-similar scaling regime. [J. Berges, K. Boguslavski, S. Schlichting, and R. Venugopalan, 14]

Plasma in the self-similar regime represents a characteristic non-equilibrium
state which we use as our initial state.

We consider the following initial phase-space distribution of the gluons,

g2fg (p) = n0
Q
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where n0/g
2 >> 1.
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Technical Details

We have performed our simulations on large volume N3
s = 2563 lattice, with

lattice spacing Qas = 0.25, with Nc = 2 and Nf = 1.

To be deep within the self-similar scaling regime we have evolved the gauge
fields till Qt = 750.
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Quarks are evolved using Wilson-Dirac Hamiltonian on the lattice.

Our formalism is thus much more general in comparison to studies done
earlier in the infinite-mass limit with non-relativistic quarks.

We have chosen a wide set of quark masses,
m/Q = 0.0012, 0.012, 0.12, 0.24, 0.4, 1.2, 2.4, 3.6, 4.8.
For Q ∼ 1GeV , the choice of m/Q = 1.2 represents a charm quark.
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Calculating Quark Spectral Functions

Quark spectral function, in terms of quark fields, is defined as

ραβ(x , y) =
〈{
ψ̂α(x), ψ̂

β
(y)

}〉

In general, it can be decomposed into the following parts

ρ = ρS + iγ5ρP + γµρ
µ
V + γµγ5ρ

µ
A +

1

2
σµνρ

µν
T

Scalar, Pseudo-scalar, Vector, Axial-vector, Tensor

Here, for example, the vector component of the spectral function ρV
can be extracted as

ρ0V =
1

4
Tr(ργ0), ρV = −Epp

j

4p2
Tr(ργj)
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Calculating Quark Spectral Functions

Fermionic field, in terms of creation (b), annihilation operators (d)
and fermionic wavefunctions (ϕ’s)

Ψ(t ′, x) =
1√
N3

∑
λ,p

(
ϕuλ,p(t

′, x)bλ(t
′ = 0, p) + ϕvλ,p(t

′, x)d†
λ(t

′ = 0, p)
)

Using the above mode function expansion, we obtain the spectral
function as in

ραβ(x , y) =
∑
λ,p

(
ϕu,αλ,p(x

0, x)(ϕu,γλ,p(y
0, y))∗

+ϕv ,αλ,p (x
0, x)(ϕv ,γλ,p(y

0, y))∗
)
γγβ0
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Calculating Quark Spectral Functions

Taking the Fourier transform, we obtain the momentum space
spectral function

ραβ(x0, y0,p) =
1

V

∑
λ,q

(
ϕ̃u,αλ,q(x

0,p)(ϕ̃u,γλ,q(y
0,p))∗

+ϕ̃v ,αλ,q (x
0,p)(ϕ̃v ,γλ,q(y

0,p))∗
)
γγβ0

Choosing y0 to be the reference time, ϕ’s at y0 are simply given in
terms of u and v spinors (plane-wave solutions)

ραβ(x0, y0,p) =
1

V

∑
λ

(
ϕ̃u,αλ,p(x

0,p)u†,γλ (p) + ϕ̃v ,αλ,q (x
0,p)v†,γ

λ (−p)
)
γγβ0

Hence, we need to only evolve ϕ’s for a specific momentum mode and
plug it in the above expression to obtain spectral functions.
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Quark Spectral Functions within HTL approximation

We perform a comparison of our results with perturbative calculations within
Hard Thermal loop (HTL) approximation.

Within our non-equilibrium plasma, typical momenta of gluons,
p/Qs ∼ 3− 4, hence HTL approximation is justified for heavy quarks with
momenta p = 0 << mbare .

For heavy quarks with soft momenta (p << m), the spectral function
components within HTL turns out to be

Reρ0V (t) = e−γ(mbare)t cosmeff t , ρ
0
S(t) = e−γ(mbare)t sinmeff t.

For light quarks with zero momenta (p = 0), expression for the HTL
spectral function simplifies to

Reρ0V (t, p = 0) ≈ e−γ(meff ,p=0)t cos[ω(meff , 0)t]
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Lattice Results: quark spectral function across a mass
range
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In-Medium effects on the mass of quark quasi-particles

We obtain effective mass (mEff ) via fit to spectral function and subtract the
bare mass to obtain medium-induced mass → medium modification
decreases from > 99% to < 0.1% from light to heavy
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Quark Spectral Functions: Variation of γ with mbare

Lifetime of quasi-particles increases > 10× going from light to heavy
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Observations from the Spectral Function Analysis

For mbare/Q < 0.1 : medium modification effects are similar and large
decay width =⇒ small decay time, doesn’t make much sense to talk about
diffusion.

For mbare/Q > 2.0 : in-medium mass shows flattening trend signifying
more stable quasi-particles → onset of heavy-quark NR regime. Due to
small decay width, survives long enough in the medium to get kicks from
gluons and diffuse.

In this regime, the validity of Boltzmann equation can be thus justified.

Intermediate mbare/Q ≈ 1.2, i.e. close to charm mass lies in the transient
region =⇒ may have enough time to diffuse but has to be evolved
relativistically to capture the correct dynamics.
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Momentum Broadening: How do we calculate it?

The fermion field at a time t in terms of time-evolved creation and
annihilation operators can be defined as,

Ψ(t, x) =
1√
N3

∑
λ,p

(
uλ(p) bλ(t, p)e

−ipx +

vλ(p)d
†
λ(t, p)e

+ipx
)

Inverting the above expression using the orthonormality of Dirac
spinors, we get

bλ′(t, q) =
∑
x

u†λ′(q)Ψ(t, x)e+iqx

= u†λ′(q)Ψ̃(t,q)
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Momentum Broadening: How do we calculate it?

We start with a single quark in a fixed momentum (P) and spin polarization
(s) mode and let it evolve in the background of gauge fields. The quark field
after a time t ′ is

Ψ(t ′, x) =
1√
N3

∑
λ,p

[
ϕuλ,p(t

′, x)bλ(t
′ = 0, p) + ϕvλ,p(t

′, x)d†
λ(t

′ = 0, p)
]

with initial conditions

⟨b†λ(t = 0, p)bλ′(t = 0, p′)⟩ = δλλ′δ(p − p′)δλsδ(p − P)

⟨d†
λ(t = 0, p)dλ′(t = 0, p′)⟩ = 0

Momentum mode occupancy is then calculated as,

dN

d3q
=

∑
λ′

⟨b†λ′(t
′,q)bλ′(t ′,q)⟩ =

∑
λ′

|u†λ′(q)ϕ̃
u
s (t

′,P)|2
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Momentum Broadening: Lattice Results

For quark mass m/Q = 1.2, momentum broadening profiles at
different times come out to be
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Momentum broadening of a quark with zero initial momenta can be
seen quite clearly.

But more analysis is needed to get a better understanding and reliable
estimates for the momentum diffusion coefficient (Work going on).
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Summary and Outlook

Heavy quarks in the presence of highly occupied gauge fields provide
an excellent paradigm for studying the properties of pre-equilibrium
stage of heavy-ion collisions, reheating in the early universe etc.

In this work, we have done a comprehensive study of quark spectral
functions inside a non-abelian plasma off-equilibrium using
first-principle lattice simulations.

We have also set up the formalism to study heavy quark momentum
broadening and extraction of heavy quark momentum diffusion
coefficient.

The immediate goal is to provide reliable estimates of heavy quark
momentum diffusion coefficient in the pre-equilibrium stage
(especially charm, in the context of HICs) and possibly relate it to
experimental observations of charm collectivity.

Thanks :)
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Brief HTL calculation for heavy quarks with soft momenta

ρHTL+γ
+ (ω, p) = 2πβ+(ω/p, p) + 2

[ Z+(p)γ+(p)

(ω − ω+(p))2 + γ2+(p)
+

Z−(p)γ−(p)

(ω + ω−(p))2 + γ2−(p)

]
where

β+(x , p) =
m2

f

2p
(1− x)θ(1− x2)

[(
p(1− x) +

m2
f

2p
[(1− x)ln

∣∣∣x + 1

x − 1

∣∣∣+ 2]
)2

+
π2m4

f

4p2
(1− x)2

]−1

with x = ω/p
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Brief HTL calculation for heavy quarks with soft momenta

For the limit m >> p =⇒ ω >> p,

β+(x , p) ≃
p2

π2m3
f

→ 0

Z±(p) ≃
1

2
± p

3mf
→ 1

2

ω± ≃ mf ±
p

3
→ mf

ρHTL+γ
+ (ω, p) =

1

2

[ γ+(0)

(ω −mf )2 + γ2+(0)
+

γ−(0)

(ω +mf )2 + γ2−(0)

]
Taking Fourier transform to go from frequency domain to real-time domain, we
obtain

ρHTL+γ
+ (t, p) =

∫
dωρHTL+γ

+ (ω, p) ≈ e−γ(0)tcos(mf t)

Harshit Pandey Heavy Quark Spectral Functions and Momentum Broadening Slide 20 of 21



Spectral Function Plots Zoomed
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