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Quantum ChromoDynamics

The phenomena of QCD can be mapped into one phase
diagram:

quark-gluon plasma at high
temperature and chemical potential
Color-superconducting phase at low
temperature and high baryon
density
The phase transition between the
normal hadron phase and the
quark-gluon plasma phase driven
by different combination of
temperature and chemical potential,
and connected with crossover at low
density by critical end point (CEP)

when ordinary substances are 
subjected to variations in tempera-

ture or pressure, they will often undergo 
a phase transition: a physical change 
from one state to another. At normal 
atmospheric pressure, for example, water 
suddenly changes from liquid to vapor 
as its temperature is raised past 100° C; 
in a word, it boils. Water also boils if the 
temperature is held fixed and the pres-
sure is lowered—at high altitude, say. The 
boundary between liquid and vapor for 
any given substance can be plotted as a 
curve in its phase diagram, a graph of tem-
perature versus pressure. Another curve 
traces the boundary between solid and 
liquid. And depending on the substance, 
still other curves may trace more exotic 
phase transitions. (Such a phase diagram 
may also require more exotic variables, as 
in the figure).

One striking fact made apparent by 
the phase diagram is that the liquid-
vapor curve can come to an end. Beyond 
this “critical point,” the sharp distinction 
between liquid and vapor is lost, and 
the transition becomes continuous. The 
location of this critical point and the 
phase boundaries represent two of the 
most fundamental characteristics of any 
substance. The critical point of water, for 
example, lies at 374° C and 218 times nor-
mal atmospheric pressure. 

The schematic phase diagram shown 
in the figure shows the different phases 
of nuclear matter predicted for various 
combinations of temperature and baryon 
chemical potential. The baryon chemical 
potential determines the energy required 
to add or remove a baryon at fixed pres-
sure and temperature. It reflects the net 
baryon density of the matter, in a similar 
way as the temperature can be thought to 
determine its energy density from micro-
scopic kinetic motion. At small chemical 
potential (corresponding to small net 
baryon density) and high temperatures, 
one obtains the quark-gluon plasma phase; 

a phase explored by 
the early universe dur-
ing the first few micro-
seconds after the Big 
Bang. At low tempera-
tures and high baryon 
density, such as those 
encountered in the 
core of neutron stars, 
the predictions call for 
color-superconduct-
ing phases. The phase 
transition between a 
quark-gluon plasma 
and a gas of ordinary 
hadrons seems to be 
continuous for small 
chemical potential 
(the dashed line in 
the figure). However, 
model studies sug-
gest that a critical 
point appears at 
higher values of the 
potential, beyond 
which the bound-
ary between these 
phases becomes a sharp line (solid line in 
the figure). Experimentally verifying the 
location of these fundamental “landmarks” 
is central to a quantitative understanding 
of the nuclear matter phase diagram.

Theoretical predictions of the loca-
tion of the critical point and the phase 
boundaries are still uncertain. However, 
several pioneering lattice QCD calculations 
have indicated that the critical point is 
located within the range of temperatures 
and chemical potentials accessible with 
the current RHIC facility, with the envi-
sioned RHIC II accelerator upgrade, and at 
existing and future facilities in Europe (i.e., 
the CERN SPS and the GSI FAIR). Indeed, 
the recent discovery of the quark-gluon 
plasma at RHIC gives evidence for the 
expected continuous transition (dashed 
line in the figure) from plasma to hadron 
gas. Physicists are now eagerly anticipat-

ing further experiments in which nuclear 
matter will be prepared with a broad range 
of chemical potentials and temperatures, 
so as to explore the critical point and the 
phase boundary fully. As the experiments 
close in, for example, the researchers 
expect the critical point to announce itself 
through large-scale fluctuations in several 
observables. These required inputs will be 
achieved by heavy-ion collisions spanning 
a broad range of collision energies at RHIC, 
RHIC II, the CERN SPS and the FAIR at GSI.

The large range of temperatures and 
chemical potentials possible at RHIC and 
RHIC II, along with important technical 
advantages provided by a collider coupled 
with advanced detectors, give RHIC scien-
tists excellent opportunity for discovery of 
the critical point and the associated phase 
boundaries.

Search for the Critical Point: “A Landmark Study”
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1The frontiers of nuclear science, A long range plan[J]. 2008.
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phenomena

QCD in heavy ion collision and Universe evolution:
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Framework of functional QCD method

Dyson-Schwinger equations (DSEs) and functional
renormailization group (fRG) approach are the nonperturbative
approach in continuum QCD which contain the features of both
confinement and chiral symmetry breaking.

DSEs are the equations of motions in quantum field theory:

∂S
∂φ

= J

fRG is based on the idea of homotopy:

f (λ) =

∫ ∞

0
dxe−λx2 → ∂f (λ)

∂λ
= −

∫ ∞

0
dxx2e−λx2

= − f (λ)

2λ
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The truncation of the functional QCD methods

The truncation is required in functional QCD methods as the
equations are not closed.

How to generally evaluate the truncation?
How to reduce the higher order correction and make the
truncation controllable?

( ) = ( ) +
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Effective Charge

The hints from effective charge:

The running of the coupling can be partly captured by the
running of two point functions (STIs)
The efforts beyond props are "perturbative", and can be
captured by the correction of vertex.

D. Binosi et al, PRD96, 054026 (2017); A. Aguilar et al, PRD80, 085018 (2009).
A. Deur et al, Prog. Part.Nucl. Phys. 90, 1 (2016);
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AdS/CFT correspondence from fRG

fRG equation:

k∂k Γk =
1
2

Tr [k∂kRk (p) ·Gk (p)] ≡ βΓ

Identifying k = 1/z, the equation becomes Holographic
equation:

(
− d2

dz2 −
1− 4L2

4z2 + UJ(z)

)
ψ(z) =M2ψ(z)

UJ(z) = −z−1−δ

Γ
(n)
z

∂z

(
zδβ(n)

Γ

)

1FG, Masatoshi Yamada, PRD 106, 126003(2022).
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The hints from the relation between fRG and holographic
equation:

AdS/CFT correspondence is hold through the fixed point
since only there the potential can be uniquely determined.
The bound states spectrum (Regge trajectory, etc) can be
studied through AdS/CFT correspondence, and it is also a
useful tool for studying phase transition(universality class).

The fixed point simplifies the truncation:
The fixed point defines an "perturbative" expansion in
infrared.
Only the running of propagator and vertex is relevant.
It is possible to construct a minimal truncation in quark gap
equation which can describe both the vacuum and the
finite T and µ physics (see Yi Lu’s talk)
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The baseline of the truncation:

The truncation that describes both the vacuum and the phase
transition region requires:

Describe the running mass of quark and gluon
Describe the running of the coupling

The Yang-Mills sector is relatively separable:
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Lattice:
A. G. Duarte et al, PRD 94, 074502 (2016),

P. Boucaud et al, PRD 98, 114515 (2018),
S. Zafeiropoulos et al, PRL122, 162002 (2019)

fRG:
W.-j. Fu et al, PRD 101, 054032 (2020)
Cyrol, Fister, Mitter, Pawlowski, Strodthoff, PRD 94 (2016) 5,
054005
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Quark gluon vertex
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With Landau gauge, only the transversally projection:

Γµ(q,−p) =
8∑

i=1

λi(q,−p)Pµν(q − p)T νi (q,−p) ,

The three dominant components associated with

T µ1 (p,q) = −iγµ ,

T µ4 (p,q) = (p/+ q/)γµ , T µ7 (p,q) =
i
2

[p/,q/]γµ .

O(4) symmetry approx. at finite T/µ is sometimes applied.
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Quark gluon vertex

1. fRG assisted gap equation:

Input: Nf = 2 gluon propagator and quark gluon vertex in
vacuum from FRG (A. K. Cyrol, et al, Phys. Rev. D97, 054006 (2018)).

Difference-DSE: The gluon propagator and quark gluon vertex
in finite temperature and chemical potential by computing the
difference:

Γ(n)(p)
∣∣∣
T ,µB ,Nf

= Γ(n)(p)
∣∣∣
0,0,2

+ ∆Γ(n)(p) .
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Quark gluon vertex

Note that the couplings rely on the schemes and the approx.
involved, and therefore,

2. Self-consistency condition:

Compute the running couplings in the present SDE setup
with the input of gluon propagator, and adjust αs(µ) to
match with the data of couplings
Or simply employ the STI of the quark-gluon vertex:

λ1(p̄) = gs(µ)L1(p̄) ,

where L1 is the solution of the STI for the classical tensor
structure, and minimising the difference between the two
sides singles out a unique αs(µ).

1FG, J. Papavassiliou and J. M. Pawlowski, PRD103, 094013(2021).
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Running mass of quark:
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The running coupling coincides
with 2 loop running till 3 GeV.
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DSE:
FG, J. Papavassiliou, J. Pawlowski, PRD103, 094013(2021).
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Towards the realistic phase structure of QCD

lattice QCD simulation:
solid computations at vanishing chemical potential,
due to the sign problem, it is difficult for lattice QCD to
reach large chemical potential region.

Large chemical potential is accessible by functional QCD
approaches.

For functional QCD method, the phase diagram of DCSB since
the chiral phases is identified by quark propagator.

chiral symmetry breaking phase: Nambu phase
chiral symmetry preserved phase: Wigner phase

1FG and Jan M. Pawlowski, PLB 820 (2021) 136584 .
2FG and Jan M. Pawlowski, PRD (2020) 102, 034027 .

Fei Gao Closing the gap between functional QCD method and experimental observables 15/ 35



Backgrounds The truncation of functional QCD method and the up-to-date chiral phase diagram QCD Thermodynamic properties and its possible application SummaryFramework of functional QCD method Chiral phase diagram of QCD

QCD phase diagram

The Cornwall–Jackiw–Tomboulis (CJT) effective potential:

Γ(S) = −Tr [ln(S−1
0 S)− S−1

0 S + 1] + Γ2(S)

where S0 and S stands for the bare and full quark
propagator,Γ2 is the 2PI contribution. Calculating the variation
respective to quark propagator, we have:

∂2Γ

∂S2 = S−2 +
∂Γ2(S)

∂S
combing with the derivative on the quark propagator DSE as:

−S−2 ∂S
∂T

= 1 +
∂Γ2(S)

∂S
∂S
∂T

The criterion is then given by1:
∂S
∂T

= − 1
∂2Γ/∂S2

1FG, Yu-xin Liu. Phys. Rev. D 94 (2016) 7, 076009.
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phase diagram

d(PN − PW )

dT
=
(∂PN
∂µ
− ∂PW

∂µ

) ∂µ
∂T

+
(∂PN
∂T
− ∂PW

∂T
)

= 0 .

Therefore, the phase transition line should bend down typically:
∂µ

∂T
= − sN − sW

nN − nW
< 0 .

The line can be parametrized as:

Tc(µB)

Tc
= 1− κ

(
µB

Tc

)2

+ λ

(
µB

Tc

)4

+ · · · ,
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QCD phase diagram

Phase diagram in temperature-chemical potential region for
2+1 flavour QCD
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freezeout: Andronic et al.
freezeout: Becattini et al.
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The fQCD computations of
chiral phase transition are
converging:

TC = 155 MeV and
κ ∼ 0.16
Estimated range of CEP:
T ∈ (100,110) MeV
µB ∈ (600,700) MeV
√

sNN ∈ 2 ∼ 4 GeV.
W.-j. Fu et al, PRD 101, 054032 (2020)
FG and Jan M. Pawlowski, PLB 820, 136584(2021)
P.J. Gunkel, C. S. Fischer, PRD 104, 054022 (2021).

with no model parameters included
subleading term: the hadron resonance channel
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QCD thermodynamic properties

QCD thermodynamic properties

QCD EoS and related thermodynamic properties are important
for numerous reasons:

essential for our understanding of QCD matter.
necessary for interpreting data collected at running and
planned heavy-ion experiments as well as further
predictions
explaining the evolution of the Universe.
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QCD thermodynamic properties

The obstacle for DSEs is that the effective potential is divergent
and need to be subtracted of the vacuum energy to get the
physical pressure.

Recalling the quark effective potential of QCD in the mean field
approximation (with bare vertex and modelling interaction
kernel), which is

P[S] =
T
V

lnZ =
T
V

(TrLn[βS−1]− 1
2

Tr [ΣS]) , (1)

If we put a free propagator in, we could get its analytic form

P(T ) = 2
∫

d3~p
(2π)3 [A + ω + 2ln(1 + e−βω)] , (2)

where ω =
√
~p2 + m2, A is a constant.

The first two terms bring in the divergence.
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QCD thermodynamic properties

Considering such a relation of analytic continuation
( FG et al, PRD 93, 094019 (2016))

T
∞∑

n=−∞
f (p0 = iωn + µ) =

1
2πi

∫ i∞

−i∞
dp0f (p0)

+

∮
dp0f (p0)− 1

2πi

∫ i∞+µ+ε

−i∞+µ+ε
dp0f (p0)

1
e(p0−µ)/T + 1

− 1
2πi

∫ i∞+µ−ε

−i∞+µ−ε
dp0f (p0)

1
e−(p0−µ)/T + 1

. (3)

The subtraction scheme leads to a cutoff-independent result
(C. S. Fischer, Prog.Part.Nucl.Phys. 105 (2019) 1-60).
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QCD thermodynamic properties

Currently, the functional QCD approaches can only calculate
the quark potential directly, while the gluon sector still awaits
further investigations.
One may incorporate the lattice QCD simulation at µ = 0 here
to combine the advantages of the two methods. One can
calculate the quark number densities {nq} at finite chemical
potential and obtain the pressure by:

P(T ,µ) = PLatt .(T ,0) +
∑

q

∫ µq

0
nq(T , µ) dµ

The results will be depicted in Yi Lu’s talk.

1private comm. with N. Wink and J. M. Pawlowski
2P. Isserstedt, C.S. Fischer and T. Steinert, PRD103 (2021) 054012
3FG, Yuxin Liu, PRD 94 (2016) 9, 094030
4H. Chen, M. Baldo, G. F. Burgio, and H.-J. Schulze, PRD86(2012)045006
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Determining the evolution of universe

The idea of leptogenesis is to initially create an asymmetry in
the less constrained leptonic sector and transfer this lepton
asymmetry into a baryon asymmetry:

CMB measurements on the baryon asymmetry:
b = (8.7± 0.06)−11 (N. Aghanim et al. (Planck), arXiv: 1807.06209 (2018));
Observational constraints from big bang nucleosynthesis
(BBN) and the CMB on the value of the lepton asymmetry
allow values of the lepton asymmetry as large as
|l | < 1.2× 10−2, i.e. around 8− 9 orders of magnitude
larger. (M. Wygas, I. Oldengott, et al, PRL 121, 201302 (2018).)

1FG, I. Oldengott, PRL. 128, 131301(2022).
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Assuming a homogeneous Universe, five conserved quantities
are then: nLα/s = lα, nB/s = b, and nQ/s = q. The entropy
density s fulfills the relation
Ts(T , µ) = ε(T , µ) + p(T , µ)−∑a µana(T , µ), with ε the total
energy density, p the total pressure, and the sum over
conserved charges a ∈ {B,Q,Lα}. The five local conservation
laws can be written in terms of the particle net number
densities,

lαs = nα + nνα ,

bs =
∑

i

Bini ,

qs =
∑

i

Qini ,

Fei Gao Closing the gap between functional QCD method and experimental observables 24/ 35



Backgrounds The truncation of functional QCD method and the up-to-date chiral phase diagram QCD Thermodynamic properties and its possible application SummaryQCD Thermodynamic properties Determining the evolution of universe

we focus on the following choices for lepton asymmetries lα
during the QCD epoch, Cases (ii)-(vii) were chosen such that
the total lepton asymmetry l = le + lµ + lτ always fulfills the
CMB constraints.

(i) le = lµ = lτ = l
3 (equilibrated case),

(ii) le = 0, lµ = −lτ ,
(iii) le = −lτ , lµ = 0,
(iv) le = −lµ, lτ = 0,
(v) le = lµ, lτ = −2le
(vi) le = lτ , lµ = −2le

(vii) le = −2lµ, lµ = lτ
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Values of the lepton asymmetry for which either the u (left
column) or the d quark (right column) experience a first-order
transition.

µu ≥ 111 MeV µd ≥ 111 MeV
(i) l ≥ 1.10× 10−1 l ≤ −1.03× 10−1

(ii) lµ ≥ 7.43× 10−2 lµ ≤ −6.85× 10−2

(iii) le ≥ 7.1× 10−2 le ≤ −6.59× 10−2

(iv) le ≥ 1.36× 10−3 no solution
(v) le ≥ 3.46× 10−2 le ≤ −3.23× 10−2

(vi) le ≤ −1.199012× 10−1 le ≥ 1.02× 10−1

(vii) le ≤ −1.14× 10−1 le ≥ 9.43× 10−2
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Temperature evolution of chemical potentials for different
negative total lepton asymmetries l .
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low chemical potential, consistent with other results
the deviation is mostly due to the phase transition line.
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Temperature evolution with first order phase transition:
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a kink in the number density;
discontinuity in the trajectory.

Lepton Asymmetry can induce cosmic QCD first order phase
transition, and can be detected via the gravitational wave
experiments.
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In the future:

Incorporating the EoS of QCD into hydrodynamics
simulations;
Studying the global properties of QCD matter generated in
HIC, for instance, the transport coefficients and the
polarization structure.
Investigating the spectral function of QCD states at finite T
and µ.
Improving the estimation of Cosmic QCD Phase structure;
Impact on the observables of gravitational waves and also
productions of exotic relics (Primordial Black Holes)

Thank you!

Fei Gao Closing the gap between functional QCD method and experimental observables 29/ 35



Backgrounds The truncation of functional QCD method and the up-to-date chiral phase diagram QCD Thermodynamic properties and its possible application Summary

Thermal hadrons

To understand deeper on QCD states, the spectrum of QCD
matter at finite temperature is important.

Hadrons at finite temperature

The practical way of computing BSEs for mesons at finite
temperature is through the imaginary time formula which is
simply to change the fourth component of all the momentum in
Euclidean space to Matsubara frequency:

λ(~P2,Ω2
m)Γab

π,ρ(k ; P) = T
∑

n

∫
d3q

(2π)3 g2Dµν(k − q; T )

× γµχab
π,ρ(q; P)γν , (5)

1FG and Minghui Ding. Eur.Phys.J.C 80 (2020)12, 1171.
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Pole and screening mass of hadron at finite temperautre

screening mass Mscr via putting Ω2
m = 0, extending ~P into

complex plane and then locating the screening mass at
λ(−M2

scr,0) = 1.
the pole mass is in principle difficult to define since an
analytic continuation of the Matsubara frequency in the
form of spectral representation is required:

1

Ω2
m + ~P2 + M2(~P2,Ω2

m)
=

∫ ∞

−∞
dω

ρ(~P, ω)

ω − iΩm
. (6)

The pole mass is located at λ(~P = 0,P2 = −M2
pole) = 1 through

replacing iΩm with Mpole in the above spectral representation.
Therefore, if people try to obtain the pole mass directly, the BSE
in real time formula with the spectral representation is required.

Fei Gao Closing the gap between functional QCD method and experimental observables 31/ 35



Backgrounds The truncation of functional QCD method and the up-to-date chiral phase diagram QCD Thermodynamic properties and its possible application Summary

A novel method of computing pole mass

A novel method of computing pole mass:

We compute the eigenvalues λ(P2 = Ω2
m) at each Ωm with

m = 1,2, ...,mMax, and extrapolate them to obtain the pole
mass of the meson Mπ,ρ at λ(P2 = −M2

π,ρ) = 1.
Based on the similar consideration to apply this extrapolation,
ie, the extrapolation can work because we know the eigenvalue
of Bethe-Salpeter equation increases smoothly and
monotonously from 0 to 1, as P2

0 goes from positive to the
on-shell pole mass P2

0 = −M2
pole.
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An example of extrapolation for π pole mass at T = 150 MeV
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At low temperature, π pole mass increases monotonously ,
ρ pole mass mass at Ts has reached the vacuum value.
At high temperature, π pole mass gets close to the free
field limit above the critical temperature, while the ρ meson
pole mass is twice as large as this limit.
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monotonous increase for f T
ρ

similar behavior for fπ and fρ
fπ and fρ can be considered as the criterion of phase
transition.
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