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High Energy Scattering

Target (p') Projectile (p")

(T| — ~— |P)
Projectile averaged S-matrix:

2(Y) = (P|S(¢, p°) IP)

evolves with rapidity as
(Y +68Y) = e Y 5(Y)

S

JIMWLK Hamiltonian is a limit of H for dilute projectile which scatters on a dense target.
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LO JIMWLK Hamiltonian

Hio = / Ko {J5(0)IL(y) + Th(x)IR(y) — 205 (x)SY ()R () }

as (x —2z)i(y — 2)i
272 (x — z)*(y — z)?

— 1 T—

SAYz) = P exp {i/dxJr Taa?(z,x+)} : Aoy = py (YM)

Kro(x,y,z) =

Here p? — Ji, and SpP? — Jg are left and right SU(N) generators:

Ji(x)8%(2) = (T"Sa(2))" 6% (x — 2) JR(x)81(2) = (Sa(2)T*)" 6% (x — 2)
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JIMWLK Hamiltonian @ NLO
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JIMWLK Hamiltonian @ NLO

Kovner, ML & Mulian (2013) based on Balitsky & Chirilli (2007), Grabovsky (2013); ML & Mulian (2016)

2 NLO JIMWLK _ / Kss(z,y; 2) [JZ(x)Jz(y) + Jg(x) Jg(y) — ZJZ(w)SZb(z)J%(y)]

+/ / Kissi(x,y; z, Z/) [fabcfdesz(x)sze(Z)Sif(zl)ch:lz(y) - NCJZ(x)SZb(z)J%(y)]
TYzz
b K2 [208@) 0lSLe) ¢ SpE Thiy) — Ji@) SE) Thw)]
x7y7z7z
+ / Ksssi(wie,ys 2z, 2) £ [ TL(@) T;(y) S5 (2) S5(Z) Ti(w)
w,x7y7z,z

— Ji(w) S3(2) S (=) T(@) Ti(y) |

+ / Kygsa(wi e, y; 2) [ | T1() T5 (y) S5(2) Tp(w) = Jj(w) S3(2) Ta(e) Ta(y)]

b [ K y) £ 1) Ty 0) T (w) = Th@) Tay) Thw)]
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NLO Kernels

X=x—-2z X =x-17, Y =y — z, Y/:y—zl, W=w-—1z

, o 4 XY+ XPY? — 4(z — y)? (2 — 2')?
Kissi(z,y;2,2) = _ (z — /)4 {2

16 74 (z — 2/)4[X2Y"? — X'*Y?]
2
(x — y)* 1 1 (x—y)*r 1 1 X2y’ - ,
X2Y7”? — XY [X2Y’2+Y2X’2] (z — 2')2 [X2Y’2_X/2y2] } In s | T K(z,y,z,2).
(x —y)? s 5  XP-Y? X2 10
K T,Y; %) = — [bln T — —b In — 4+ (—— — S ]

157 (T, Y3 2) 1623 X2y2 (x—y) p (z — y)? Yy ( ) g

N, ~

—— / K(x,y,z, 2).
2 Jyu
Here 1 is the normalization point, b = 2N, — 2n;
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Resummation of large Logs

= [ Koy [T + T0T() - 25560 S ()]

Resum large Logs into an effective kernel K = Ko + Kjsy + ....

Action on a dipole S(u, v)
HS(u,v) = Nc/Kdipole(U—aVaZ) [S(u,z)S(z,v) — S(u,v)]
Kaipole(u,v,z) = K(u,u,z) + K(v,v,z) — K(u,v,z) — K(v,u, z)
Positive semidefinite kernels:
/d2Xd2Yf(X)K(X,Y) f(Y) >0 for f

K(X,X) + K(Y,Y) — 2K(X,Y) > 0 -  Kagp(X,Y) > 0

K(X,X) + K(Y,Y) - K*(X,Y) > 0
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Running coupling

Large UV Logs:

—y)? b b
Kjss(b terms) = O‘; {—bu In(x —y)u® + e InY?u® + vz In X2

Bal as(X—Y)X Y as(X) 1 as(X —Y) as(Y) 1 as(X —Y)
K T ey Tae x (1 (YY) ) Am2 Y?2 (1 (X)) )

KKW L Oés(X)as(Y) 1 XY
- as(R(X,Y)) 272 X2Y?2

Finite terms are different too due to different UV subtraction/reshuffling schemes
None of the kernels is positive semidefinite

These results are problematic: what o is doing in the denominators? why is the charge
renormalization of the emitter at position x sensitive to position of another emitter at y?
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A different approach

Key ideas:

e Not all Logs proportional to b are due to charge renormalization and should be absorbed
into some form of oy running.

e Charge in the amplitude and the conjugate amplitude must be renormalized
independently. We will get the most intuitive result:

as XY R Vas(X)as(Y) XY
272 X2Y? 272 X2Y?2

Kio =

e Finite resolution for gluon splitting into two must be introduced (this could be
identified with non-linear wavefunction renormalization of the soft gluon field). Large
Logs associated with this resolution are to be resummed a la DGLAP.

Vas(X)as(Y) XY Vas(X)as(Y) XY

272 X2Y? ~ 272 X2Y? X oK
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The way of Kovchegov and Weigert

w

1
Kissi(X,y;2,2) = / dé Kyssy(x,y; 2,2 €)
0

(a)

¢ is the fraction of longitudinal momentum carried by one of the gluons.

1
/ d¢g Kissi(x,y; 2,25 €) It (x) IR (y) [Dab(L ) — NSV (éz+ (1 — f)Z,)]
0 xyz,z/

D™ (21,22) = Tr[T"Sa(2)T S} (z)]

The UV divergence in JSSJ is trivial: when the two gluons are too close to each other,
they cannot be resolved by the target and hence should be counted as a single gluon
scattering. We are thus prompted to introduce a "resolution scale” () pretty much the
same way as it is done in the DGLAP.

The alternative (correct) way to go

g .
NC /KJSSJ SA — — e SA(Z) = ——b 1H(Q 2/,Lz) KL() SA(Z)
4T 3 47

o 11N. /Q2 dZ>
LO M—Z Z2

M. Lublinsky



Dressed Wilson line

a Y (;/O d§ o (§) / Dab(z—l— (1 —&)Z,z — £Z) — N, sab(z))
(&) = {6(1—1—5) (62 +(1-8)" +&(1 - 5)2)] . 2N /1d§a(§) = — 11?“
+ 0

This is a P,, splitting function except that we introduce the " 4" prescription both for
¢ =1 and £ = O poles (they enter fully symmetrically). In the usual DGLAP, £ > xp;. In
the eikonal approximation we have lost a track of the longitudinal momenta, equivalent
to xp; — 0. Further extension is to go beyond the eikonal S — S¢.

The " 4" prescription emerges from the 1/¢ subtraction absorbed into (LO)? part of the
evolution.

The sign is negative — correcting for the over-subtraction in the LO.

Apart a somewhat modified splitting function, we go beyond the usual DGLAP: we allow
simultaneous scattering of all gluons.
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Resolution scale

Express S in terms of Sq and substitute it into the JIMWLK Hamiltonian.
Consequently, the Hamiltonian will feature In Q* terms, such as In(Q*X?).

What value of QQ should we take?

o If we take Q = Q;r then Sq = Sa - the target does not resolve gluon splitting at
distances smaller than 1/Q_. This is also the scale of the real-virtual cancelation inside
the JIMWLK Hamiltonian. The In Q? terms in the Hamiltonian will be large and have
to be resummed.

e We assume existence of a typical scale QE < QST associated with the projectile, such
that In(QF'X?) are small. If we set Q = Q, then there will be no large Logs in the
Hamiltonian, but Sq is very different from S,, roughly
Sq ~ Sa[l + as# Log(Q?*/Ql)]. This large Log has to be resummed into Sq via
inclusion of multiple consecutive DGLAP splittings:

O0Sq(z) s | B ) )
olnQ 272 /50(5) ¢Q[DQ(Z) — NcSq(z)]; Dq(z1,22) = Tr[T"Sq(z1)T 55(22)]
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RG

e The resummed Hamiltonian should be (Q-independent:

dH  OH SH 0Sq(u)]
dinQ aanJr/u [5SQ(u) aan] =0

Recall that H (or rather X) is the diagonal element of the S-matrix.

OH
H = / [ SQ(u)} ” = 7 probability to emit gluon ® hard scattering

DGLAP-like evolution for the Hamiltonian (evolution in the space of Hamiltonians):

oH OH 0OSq(u)]  as OH
olnQ B /u {6SQ(u) 8an} T 92 /u [5SQ(U) 50(5) ¢Q[DQ(U) — N¢Sq(u)]
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Initial conditions and the running coupling

Initial conditions: at Q = QSP

Hin = / Kin [Sa(2)S}4(2) + Sq()Sh(y) — Sq(x)S}(2) — Sa(2)Sh(x)] " T 12(y)

K;, = Kio (1 + %b (In X2u2 + In Y2,LL2 — In Q2u2> 4+ other O(a?) stuff
s

The remaining part of the Hamiltonian proportional to b is UV finite and does not have
any large Logs. So, we ignore it for now. To be precise, there are large Logs hidden in
JJSJ/JISSJ kernels

K _ Vas(X) as(Y) XY
" 2772 X2Y?2

{1 + 2 (InX2QP? + InY?QP?)
81
The Log terms in Kj;, are small NLO corrections.

Evolve up to Q = QST.
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Formal Solution

Q% 4Q
H = Exp / —Hpgrar| Hin

of Q

HpcLap = asz(f;) /u/f(ﬁ) o Tr ([DQ(U) — N Sq(u)] 585(11))

where we have promoted oy = «4(Q?) into running coupling, formally exceeding the
accuracy of the derivation.
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Weak target field approximation — linearization

a a apcC C a a 1 apcCc C C >k
S§ = M+ 0Gs DYGam) = N (6 + 20 [ () + (o) ] )

Expand the Hamiltonian (BFKL-like)

) )
dagy(x) 6(15 (y)

H = / p KQ(X7 Y, 42, Z/) (aQ(X) - aQ(Z))a (aQ(Y) - aQ(Z/) )b

) )
50&3(131) 5055(132)

b
H = / KQ(p17 P2, q1, q2) az(ql) OéQ(qz)
q1,92:P1,P2

1)
Hpgrap ~ aq P
Q

Hpgrap is homogeneous
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The DGLAP-like RG evolution becomes a closed equation for the kernel K.

Q% 4Q
Kq(p1, P2, d1,92) = Exp (/P E(R(QLQ) —|—R(Q2,Q))) Kin(p1, P2, d1, 92)

Here K, is the non-forward BFKL kernel, which is multiplicatively " renormalized”

(87

R(q,Q) = 2S7TN2C/d§a(§) /dgb (ei(l—f)Q_lq’.% _ 1)

The kernel can be evaluated approximately
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X-Y
K, ~ /ZX2Y2 [5(Z1—Z2)5(Z1—Z)+5(X—Z1)5(y—Z2)—5(X—Z1)5(Z—Z2)—5(y—z2)5(z—zl)]

Kq ~ /X2Y2 (zl—z2)r(z1—z)—i—r(x—zl)r(y—z2)—r(x—zl)r(z—zz)—r(y—z2)r(z—zl)]

r(z) = 6(z), for z > 1/Q.
1 1 0‘2—57:) P T
r(z) = ;([ZQE] —1), for 1/Q, > z > 1/Q,
1 |QY| ™
r(z) = ;([Qé’] —1), for z < 1/Q)

For small distances, the WW fields get smeared
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Saturation region

Qs a o
Hoauar = ooy [ [0(©) [ ([TSa(an TS, — NeSo(w)] 75— )

2m® JuJe bqQ 68q(u)
Since |z, — 72| = 1/Q > 1/QJ, the two gluons are well separated and outside the

correlation region in the target (in a sense of averaging over the target).

Dq < N¢Sq — Hbpcgrap isagain homogeneous
f i f F e ]™ 120y TP
H = / Kq [SA(Z)SA(Z) + SA(x)S,(y) — Sa(x)S,(z) — SA(Z)SA(y)] JL(x) I (y)
X,y.,zZ

125
Kq = Q. Kin
QP

the kernel scales with the constant
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Summary/QOutlook

DGLAP resummation inside the JIMWLK Hamiltonian has been performed. The result
is a smearing of the WW fields within the 1/Q distance

The DGLAP resummation leads to a different scale choice in the running coupling,
K ~ /o (X)as(Y)

Numerical implementations are to follow
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