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Random motivations
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One example for using factorization in pp
Azimuthal decorrelation: ∆φ ≡ |φV − φJ | (δφ ≡ π −∆φ) (near mid-rapidity)

p T,
 J

pT, V

∆ϕ

δϕ

Let us neglect terms of O(ΛQCD/pT ). At lowest order

1

σ

dσ

dδφ
= δ(δφ)⇔ Σ(δφ) =

∫ δφ

0

1

σ

dσ

dδφ
= 1
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LL at one loop

One-loop LL along the beam directions

Σ(1)
a (qT ) = −2αs

π
Ca

∫ pT

qT

dkT
kT

∫ pT

kT

dω

ω
= −αs

π
Ca log2

(
pT
qT

)
for a = 1, 2

with qT = |~pJ + ~pV | ≈ pT δφ.
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LL at one loop
One-loop LL along the jet direction using SJA: pµr = pµi + pµj

Σ
(1)
k = −2αs

π
Ck

∫ pT

qT

dω

ω

∫ ω

ωR

dkT
kT

= −αs

π
Ck log

(
1

R2

)
log

(
pT
qT

)

⇒ The Sudakov facotr: ΣLL(qT ) = e
−αs
π

[
(Ci+Cj ) log2

(
pT
qT

)
+Ck log

(
1
R2

)
log
(

pT
qT

)]

Up to NLL resummation: Y. T. Chien, D. Y. Shao and BW, JHEP 11, 025 (2019) [arXiv:1905.01335 [hep-ph]].
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LL at one loop
One-loop LL along the jet direction using WTA:

pT ,r = pT ,i + pT ,j , (yr , φr ) = (y , φ) of larger pT

Σ
(1)
k (qT ) = −2αs

π
Ck

∫ pT

qT

dkT
kT

∫ pT

kT

dω

ω
= −αs

π
Ck log2

(
pT
qT

)

⇒ The Sudakov facotr: ΣLL(qT ) = e
−αs
π

[
(Ci+Cj+Ck ) log2

(
pT
qT

)]
NNLL: Chien, Rahn, Schrijnder van Velzen, Shao, Waalewijn and BW, Phys. Lett. B 815, 136124 (2021) [arXiv:2005.12279 [hep-ph]].

Chien, Rahn, Shao, Waalewijn and BW, [arXiv:2205.05104 [hep-ph]].
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Sudakov double log along each collinear direction

Another example: sudakov double logs in DIS using A+ = 0 gauge:

p

k

q

l

(D)

+ c.c.

p

kq
l

(C)

+ c.c.

p

kq l

(E)

p
kq

l

(B)

+ c.c.

p
kq

l

(A)

p

kq
l

(F)

+ c.c.

A + B ≈ −αsCF

π
ρ0xqN

∫ Q2

k2
⊥

dl2
⊥

l2
⊥

∫ q+

0

dl+

l+
, E + F ≈ 0

C + D ≈ αsCF

π
ρ0xqN

∫ Q2

k2
⊥

dl2
⊥

l2
⊥

∫
l−>q−

dl+

l+
=
αsCF

π
ρ0xqN

∫ Q2

k2
⊥

dl2
⊥

l2
⊥

∫ q+ l2⊥
Q2

0

dl+

l+
,

A + B + C + D ≈ −2αsCF

π
ρ0xqN ln2 Q

k⊥
.

Mueller, BW, Xiao and Yuan, Phys. Rev. D 95, no.3, 034007 (2017) [arXiv:1608.07339 [hep-ph]].
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Factorization in DIS on nuclei

When 1
q−
� L:

dN

d2b⊥d2k⊥
=

Q2Nc

32π6

∫
d2x1d

2x2

∫ 1

0

[z2 + (1− z)2]e−ik⊥·(x1−x2)

×∇x1K0(
√

Q2x2
1 z(1− z))∇x2K0(

√
Q2x2

2 z(1− z))

× [S(x1 − x2)− S(x1)− S(x2) + 1]︸ ︷︷ ︸
medium-induced

e−
αs CF

2π
ln2(Q2x2

⊥)︸ ︷︷ ︸
vacuum radiation

where S is the solution of the BK equation with S(x⊥, b⊥,Y0) = e−
1
4
q̂tLx

2
⊥ .

Mueller, BW, Xiao and Yuan, Phys. Rev. D 95, no.3, 034007 (2017) [arXiv:1608.07339 [hep-ph]].
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Additional LL in the medium

Resummation of medium-induced double log:

0⊥
x⊥

k2

l l

k1

q̂t =


q̂ if x2

⊥ > 1/q̂r0,

q̂ 1√
ᾱsK

I1(2
√
ᾱsK ) if 1/q̂r0 ≥ x2

⊥ ≥ 1/q̂L,

q̂
[

1√
ᾱsKτ

I1(2
√
ᾱsKτ) +

(
1− τ

K

)
I2(2
√
ᾱsKτ)

]
if x2

⊥ ≤ 1/q̂L.

with q̂L = Q2
s (MV), K = ln 1

q̂r0x
2
⊥

and τ = ln L
r0
∼ ln 10.

Liou, Mueller and BW (2013); Blaizot and Mehtar-Tani (2014); Iancu(2014); Iancu & Triantafyllopoulos (2014).

How to go beyond LL?
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Factorization formula in SCET
An all-order resummation formula using the WTA axis:

Hard function: Hij→Vk ← parton-level σ̂

Beam functions: Bi ,Bj ← TMDs in hadrons

Soft function: Sijk ← soft radiation

Jet function: Jk does NOT contain NGLs!

dσ

dqx dpT,V dyV dηJ

=

∫ dbx

2π
ebx qx

∑
ijk

Hij→Vk (pT,V , yV − ηJ )Bi (xa, bx )Bj (xb, bx )Jk (bx )Sijk (bx , ηJ )

Each function contains the full QCD diagrams expanded by assuming their
momenta to have certain scaling!
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Parton TMD distributions
Rapidity divergences in beam functions:

cancelled by those in jet functions

Linearly-polarized beam functions start to contribute to δφ at NLO/NNLL:

BL
g (x , bx) =

d − 2

d − 3

(
1

d − 2
gαα

′
T +

bαTb
α′
T

~b 2
T

)
Bαα′(x , bx)

= O(αs),

where

Bα
′α(x , bx) ≡ 2xn̄ · P

∫
dt

2π
e−iξtn̄·p〈P|Baα′

n⊥ (tn̄ + bx)Baα
n⊥(0)|P〉

with (n̄µ = (1, ~n))

Bαn =
1

n̄ · PW †n i n̄νF
νµWn

Chien, Rahn, Schrijnder van Velzen, Shao, Waalewijn and BW, Phys. Lett. B 815, 136124 (2021) [arXiv:2005.12279 [hep-ph]].

Chien, Rahn, Shao, Waalewijn and BW, [arXiv:2205.05104 [hep-ph]].

They contribute to Higgs production starting only at NNLO!

Gutierrez-Reyes, Leal-Gomez, Scimemi and Vladimirov, JHEP 11, 121 (2019) [arXiv:1907.03780 [hep-ph]].
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TMD in jets

H

R

δϕ

SJA WTA
TMD jet function: offset of the WTA axis w.r.t SJA

Gutierrez-Reyes, Scimemi, Waalewijn and Zoppi, Phys. Rev. Lett. 121, 162001 (2018).

Linearly-polarized TMD jet function starts to contribute

J
T
g =

−g
µν
⊥

d − 2
Jgµν = 1 + O(αs ),

J
L
g =

1

(d − 2)(d − 3)

[
g
α′JαJ
⊥ + (d − 2)

b
α′J
⊥ b

αJ
⊥

~b2
⊥

]
Jgµν

=
αs

4π

(
−

1

3
CA +

2

3
TF nf

)
+ O(α2

s )

with

J
µν
g =

2(2π)d−1

N2
c − 1

n̄ · pJ 〈0|B
aµ
n⊥(0)eδx bx δ(n̄ · pJ − n̄ · pc )δ(d−2)(~p⊥,c )Baνn⊥(0)|0〉

and δx ≡ px,c − px,J .

TMD in jets contributes to δφ using WTA!
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Theoretical predictions

At NNLL + NL0 accuracy
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Large nonsingular corrections are not accounted for in Pythia simulations!

The error is still HUGE! Time to come back to CGC, which does not have error.
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A potential issue: factorization breaking?

Glauber topologies:

Don’t spoil factorization up to and including O(α3
s )

Chien, Rahn, Shao, Waalewijn and BW, [arXiv:2205.05104 [hep-ph]].
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The proton seems quite different from heavy nuclei

Take DIS for example

Glauber topologies:

(a) ep: (correlated) multi-parton states (b) eA:(uncorrelated) multi-nucleons

Can we use the same medium average for protons as heavy nuclei?
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Impact-parameter dependent cross section
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The standard picture in AA collisions

The CLASSICAL picture of collision geometry in the Glauber model:

Miller, Reygers, Sanders and Steinberg, Ann. Rev. Nucl. Part. Sci. 57 (2007) 205.
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Flow in pp, pA and AA collisions

CMS collaboration, Phys. Lett. B 765 (2017) 193 [1606.06198].

For a review in CGC: T. Altinoluk and N. Armesto, Eur. Phys. J. A 56, no.8, 215 (2020) [arXiv:2004.08185 [hep-ph]].

Is this classical picture still valid for pp collisions?
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The impact parameter

Quantum picture of two beam particles:

wave packets φA and φB are not measured!

I The probability to produce any final state {pf }

Pb(φA, φB → {pf }) = 〈φAφB |Ŝ†|{pf }〉〈{pf }|Ŝ |φAφB〉.

I Cross section can be defined if φi can be integrated out!

Otherwises, measurements, e.g., at RHIC and the LHC are not the same.
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The impact-parameter dependent cross section
Two conditions are needed:

φi are 1) localized compared to b; 2) pz � pT .

For producing any observable O

dPb

dO
→ dσ

d2bdO
=

∫
d2q

(2π)2
e iq·b

∫ ∏
f

[dΓpf ] δ(O − O({pf }))

× 1

2s
M(pA, pB → {pf })M∗(p̄A, p̄B → {pf })(2π)4δ(4)(pA + pB −

∑
pf ),

with the incoming momenta

pµA ≈ n̄A · PA
nµA
2

+
qµT
2
, pµB ≈ n̄B · PB

nµB
2
−

qµT
2
,

p̄µA ≈ n̄A · PA
nµA
2
−

qµT
2
, p̄µB ≈ n̄B · PB

nµB
2

+
qµT
2
.

BW, JHEP 07, 002 (2021) [arXiv:2102.12916 [hep-ph]].
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Single parton distributions for pT �1 GeV?
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The factorization formula for the Drell-Yan process

dσAB

d2bdyCd2pC
=

1

4πs

∑
j,k

∫
d2X

∫
d2xe ipC ·x

∫ 1

0

dzA
zA

dzB
zB
Tj/A(X, zA, x)Tk/B(X− b, zB , x)︸ ︷︷ ︸

Thickness beam functions

×
∫ ∏

f

[dΓpf ]
∏

i=A,B

δ(zi n̄i · Pi − n̄i · pC −
∑

n̄i · pf )

× H āA āB
aAaB (zAPA, zBPB → pC , {pf })︸ ︷︷ ︸

hard function

S āA āB
aAaB (x)︸ ︷︷ ︸

soft function

.

Valid for all pp, pA and AA!
BW, JHEP 07, 002 (2021) [arXiv:2102.12916 [hep-ph]].
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Thickness beam functions
I Definition:

Tj/i (r, z , x) =

∫
d2q

(2π)2
e iq·r

∫
dt

2π
e−iztn̄·P

×
〈
n̄ · P,−q

2

∣∣∣ [φ†n]α
′

a

(
tn̄

2
+

xT
2

)
Γα′α[φn]αa

(
− tn̄

2
− xT

2

) ∣∣∣n̄ · P, q

2

〉
where Γ: some projector in spin/polarization

φn : gauge invariant gluon/quark fields.

Beam function/TMD at r!

I Fourier transform of TPS PDF with respect to x:

fj/i (r, z , p) = =

∫
d2xe ip·xTj/i (r, z , x).

TMD PDF at r !
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Can one neglect other partons for pT ∼1 GeV?
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Why are single parton distributions enough?

When Q ∼ pT � Λ

dσ

dQ
∼ αs ln

Q

Λ
+ power suppressed terms in Λ/Q

The presence of the multi-parton states only provides the infrared cutoff Λ.

When Q ∼ pT ∼ 1 GeV, interference between partons becomes important!

it becomes equally likely for one parton to initial the process with all the
partons from another proton.

One may expect that all the multi-parton states matters.
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dσ/db in the eikonal limit
For meson-meson collisions, in the eikonal limit

dσ

d2bdO
=
∏

i=A,B

∫
d2ri

∑
s iq ,s

i
q̄

1

4π

∫ 1

0

dξi |ψs iq s iq̄/σ
(ri , ξi )|2

d σ̂

d2bdO
,

where the dipole cross section at fixed impact parameter b is defined as

d σ̂

d2bdO
≡
∫ ∏

f

[dΓpf ] δ(O − O({pf }))
1

N2
c

 b

x1

x2

x3

x4

pf

 ,

in which the transverse coordinates of the valence quarks and antiquarks of the
two pions are given by

x1 = xA,q = xA + (1− ξA)rA, x2 = xA,q̄ = xA − ξArA,

x3 = xB,q = xB + (1− ξB)rB , x4 = xB,q̄ = xB − ξB rB .

Meijian Li, Wenyang Qian, BW and Hong Zhang, arXiv:2304.06557.
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Soft gluon production

d σ̂

d2bdηd2k
=

1

2(2π)3

1

N2
c

 b

x1

x2

x3

x4

k

 = 8α3
sCF |J({xi})|2

=
2α2

sCF

Nc

∫
d2l

(2π)2

1

|l|2
d2l′

(2π)2

1

|l′|2
(
e−i l·x3 − e−i l·x4

)(
e i l
′·x3 − e i l

′·x4

)
× 4αsNc

(
k

|k|2 −
k− l

|k− l|2

)
·
(

k

|k|2 −
k− l′

|k− l′|2

)
×
[
e i(l−k)·x1 − e i(l−k)·x2

] [
e−i(l′−k)·x1 − e−i(l′−k)·x2

]
.

where

J({xi}) =
k

|k|2

{ [
F1(x13) − F1(x14)

]
e−ik·x1 −

[
F1(x23) − F1(x24)

]
e−ik·x2

}

− e−ik·x1 (k + i∇)
[
F2(x13) − F2(x14)

]
+ e−ik·x2 (k + i∇)

[
F2(x23) − F2(x24)

]
with F2 = 1+eik·x

|k|2
F1 −

2
|k|2

F3, F1(x, y) = − 1
4π

[
1
ε

+ γE + ln(πr2µ2)

]
and for k ∦ x

F3(r, k) =
1

8π
e
− 1

2
r(k1−ik2)

{
− ek1r

[
Ci

( 1

2
(ik1 − k2)r

)
+ Ci

( 1

2
(−ik1 − k2)r

)

− iSi

( 1

2
(−ik1 + k2)r

)
+ iSi

( 1

2
(ik1 + k2)r

) ]
− Ci

( 1

2
(k2 − ik1)r

)

− Ci

( 1

2
(ik1 + k2)r

)
− iSi

( 1

2
(−ik1 + k2)r

)
+ iSi

( 1

2
(ik1 + k2)r

)}
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The flow coefficients
The azimuthal flow coefficients vn and their associated flow angles ψn:

dσ

dφ
=

σ

2π

[
1 + 2

∑
n

vn cos(n(φ− ψn))

]
such that vn > 0.

At low kT ,

lim
kT→0

v2 =

∑4
i,j=1 Dij

4B0
cos(θi + θj)|k|2 +O(|k|3)

As kT →∞, it confirms the validity of TPS PDFs (v2 → 0):

lim
kT→∞

v2 =
1

B1

√
2

π|k|

 4∑
m,n=1
m 6=n

fmn√
xmn

cos(|k|xmn −
π

4
) cos(2θmn)

+
∑
n=1,2
m=3,4

gmn√
xmn

cos(|k|xmn −
π

4
).

Interference effect decreases rather slowly as k increases!
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v2 for pion-pion collisions

Using the light-front wave function: parameters fixed by light hadron masses

W. Qian, S. Jia, Y. Li and J. P. Vary, Phys. Rev. C 102, no.5, 055207 (2020) [arXiv:2005.13806 [nucl-th]].

v2 at different b

b = 0.36 fm

b = 0.08 fm

b = 0.16 fm

b = 0.20 fm

b = 0.24 fm

b = 0.28 fm

b = 0.32 fm

b = 0.04 fm

b = 0.12 fm

b = 0.40 fm

0 1 2 3 4 5
0.00

0.02

0.04

0.06

0.08

kT / GeV

v 2

The peak locations are roughly determined by the pion sizes.
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v2 for pion-pion collisions

v2 after integrating out b

0 2 4 6 8
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v 2

Collision geometry and transverse momentum anisotropies

px

py

interference
x

y

Bin Wu 28/ 29 anisotropic flow and the valence quarks



Comparisons (with caution)

E. Iancu and A. H. Rezaeian, Phys. Rev. D 95, no.9, 094003 (2017) [arXiv:1702.03943 [hep-ph]].

CMS collaboration, Phys. Lett. B 765 (2017) 193 [1606.06198].
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Backup slides
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Interference pattern

The azimuthal distribution 1
σ̂

dσ̂
dφ

(cosφ, sinφ) with σ̂ dipole cross section:
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ψ2: the angle of the long-axis of an ellipseenclosing the distribution curve
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