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Outline

✓ DIS in the dipole picture

✓ DIS cross section (inclusive) at NLO: massless quarks

✓ Including massive quarks at NLO
G. Beuf, T. Lappi, R.P., Phys.Rev.Lett. 129 (2022)

Phys.Rev.D 106 (2022)

Phys.Rev.D 104 (2021)

✓ NLO heavy quark cross section in action
H. Hänninen, H. Mäntysaari, R.P., J. Penttala, Phys.Rev.Lett. 130 (2023)

Risto Paatelainen CGC at the Electron-Ion Collider 2/22



Dipole picture of DIS
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Picture DIS as γ∗ scattering on target

✓ At high energy (in TRF) scattering conveniently studied in Dipole Picture
(Nikokaev, Zakharov (1991))

γ∗

p/A
. . .

✓ γ∗ fluctuates into hadrons before the collision
✗ Simplest hadronic state in the interacting γ∗ is quark-antiquark dipole

✓ Hadronic component of the γ∗ state then scatters off the target
✗ At high energy, target described by a classical gluon field (”heart” of the CGC)
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We want to understand the partonic content of the γ∗

✓ Unlike the target, γ∗ is a clean perturbative object; calculable

The theoretical tool of choice: Hamiltonian perturbation theory in LC gauge (LCPT)
[Bjorken, Kogut, and Soper PRD (1971)]

✓ LC quantize γ∗ with x+ as time coordinate

✓ LC gauge A+ = 0; only physical polarizations

Idea: Know free particle Fock states: |γ∗⟩0, |qq̄⟩0, |qq̄g⟩0, . . .

Interacting states are superpositions of these

|γ∗⟩ = (1 + · · · ) |γ∗⟩0 +Ψγ∗→qq̄|qq̄⟩0 +Ψγ∗→qq̄g |qq̄g⟩0 + · · ·

✓ Coefficients Ψγ∗→qq̄,Ψγ∗→qq̄g . . . are LC wave functions, computed using LCPT
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At high energy interaction of bare partonic states with target color field is eikonal

SE |qi (x)⟩0 =
∑

j

[V (x)]ji |qj(x)⟩0, V (x) = Wilson line

✓ The state vector of the scattered quark in the ⊥ x-space is color rotated by the
Wilson line

Dipole-target amplitude:

Nqq̄(x0, x1) = 1− 1

Nc
TrV †(x0)V (x1)

✓ Naturally includes gluon saturation

✓ Satisfies non-linear BK evolution equation in leading ln 1/xBj
✗ Perturbative energy evolution with non-perturbative initial condition
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DIS (inclusive) cross section at NLO
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To be specific: we wish to calculate the elastic scattering amplitude

⟨γ∗λ(q⃗′,Q2)|SE − 1|γ∗λ(q⃗,Q2)⟩ = 2q+(2π)δ(q′+ − q+)iMfwr
γ∗
λ→γ∗

λ

for high energy γ∗ scattering off an external gluon field (= target)

Total γ∗-target (proton) cross section is then obtained by using the optical theorem

σγ∗p
tot = 2Re

[
(−i)Mfwr

γ∗
λ→γ∗

λ

]

Risto Paatelainen CGC at the Electron-Ion Collider 8/22



Procedure
[G. Beuf 2016, H. Hänninen, T. Lappi, R.P. 2017]

At NLO we need the perturbative Fock state expansion of |γ∗⟩ (and ⟨γ∗|) up to g2

|γ∗λ(q⃗,Q2)⟩ = (1 + ...)|γ∗λ(q⃗,Q2)⟩0 +Ψγ∗
λ→qq̄ ⊗ |q(k⃗0)q̄(k⃗1)⟩0

+Ψγ∗
λ→qq̄g ⊗ |q(k⃗0)q̄(k⃗1)g(k⃗2)⟩0 + · · ·

Note: q⃗ = (q+,q) etc...

1. Compute LCPT diagrams in momentum space

✓ Ψγ∗
λ→qq̄ to one loop ∼ O(eg2); gluon loops are regularized

∫
α

dk+

k+

∫
d2−2εk

✓ Ψγ∗
λ→qq̄g at tree level ∼ O(eg)

γ∗

k⃗1

k⃗0

k⃗ k⃗2
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Then

2. Square to get ⟨γ∗λ(q⃗′,Q2)|SE − 1|γ∗λ(q⃗,Q2)⟩

3. Fourier-transform to transverse coordinate space (k+i , ki ) → (k+i , xi )
✓ Why? In mixed space factorization between the |Ψ|2 and target N

x0

x1

k⃗

x0

x1

x2

Virtual (gluon loop) corrections:

✓ UV divergences from
∫

d2−2εk integrals

Real (gluon emission) corrections:

✓ UV divergences from
∫

d2−2εx2 integrals
∫
α

dk+

k+ → logα divergences cancel at full cross section level
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Total DIS cross section at NLO: massless quarks

σ
γ∗
λp

tot ≃
∫ 1

0
dz1

∫

x0,x1

|Ψ̃γ∗
λ→qq̄

LO (z1, {xi})|2
[
1 +

(
αsCF

π

)
KNLO

]
Nqq̄(x0, x1)

+ αsCF

∫

z1,z2

∫

x0,x1,x2

[
|Ψ̃γ∗

λ→qq̄g (z1, z2, {xj})|2 − |Ψ̃γ∗
λ→qq̄g (z1, 0, {xj})|2

]
Nqq̄g (x0, x1, x2)

No UV renormalization with massless quarks:

✓ UV 1/ε cancel between virtual and real parts because for Wilson lines

Nqq̄g (x0, x1, x2 → x0) = Nq(x0, x1, x2 → x1) = Nqq̄(x0, x1)

BK subtraction in z2 → 0:

✓ LL: subtract leading ln 1/x , already in BK-evolved Nqq̄ in LO
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Including quark masses

Risto Paatelainen CGC at the Electron-Ion Collider 12/22



Heavy quarks, motivation, issues
There is data F c

2 ; charm contribution is sizable at HERA

✓ Leading order F c
2 problematic in existing fits (do not actually work!)

Charm will be measured at EIC, both inclusive and exclusive

✓ Critical input for gluon saturation/small x phenomenology

Full NLO accuracy with massive quarks is necessary for the desired precision!

The rest of the talk: Major technical/phenomenological progress

✓ γ∗λ → qq̄ to 1-loop with quark masses
[G. Beuf, T. Lappi, R.P.; (short) PRL 129 (2022), (long) PRD’s 104 (2021) and 106 (2022)]

✓ First numerical calculation of F c
2 ,FL with full NLO accuracy

[H. Hänninen, H. Mäntysaari, R.P., J. Penttala; PRL 130 (2023)]
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LCPT diagrams with massive quark case
Look at LO diagrams for γ∗λ → qq̄

= e
ūh′(k0)ε/λvh(k1)

EDLO

γ∗λ

k0, h
′

k1, h

P

z

1− z

New features and technical complications appearing in the massive case:

✓ New 3rd light-cone-helicity-flip structure ∝ quark mass mq

ūh′ε/λvh ∝ ūh′γ
+vh (P · ελ) + ūh′γ

+[γ i , γj ]vh Piεjλ +mq ūh′γ
+ε/λvh

✓ LC energy denominator (ED) ∝ m2
q

1

EDLO
∝ 1

P2 + z(1− z)Q2 +m2
q
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Quark mass renormalization in LCPT
In LCPT mass has two conceptually different roles
: 1 parameter in Lagrangian, but 2 parameters in LCPT Hamiltonian

✓ Kinetic mass: relates energy and momentum in ED’s

✓ Vertex mass: coefficient of LC helicity-flip amplitude

Lorentz invariance requires they stay the same

In practical LCPT calculations so far used regularization scheme violates rotational
invariance : kinetic mass ̸= vertex mass

1. Regularize as before, but use additional renormalization condition to set
separately kinetic and vertex mass : this talk

2. Use some other Lorentz invariant regularization framework

In practice, there are two options to deal with this:
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Then look at 1-loop diagrams for γ∗λ → qq̄

∝ 1

EDLO

{
V ūε/λv , N (P · ϵλ)ūγ+v , S (P · ϵλ)

P2
P jmqūγ

+γjv , M mqūγ
+ε/λv

}

4 scalar coefficients V,N ,S,M of 4 independent Dirac structures

New UV divergent (and finite) mass contributions in:

, . . .

calculation is complicated, but physics simple

✓ 1 flip: generates UV-divergence ∝ mq/ε

✓ absorb into vertex mass counterterm in M

, . . .

calculation is simple, but the interpretation not

✓ 2 flip: generates UV-divergence ∝ m2
q/ε

✓ absorb into kinetic mass counterterm in V
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On-shell renormalization scheme
Look at the γ∗λ → qq̄ in a specific kinematical configuration that we refer to as the
on-shell renormalization point

✓ Timelike virtual γ∗λ → qq̄ with q− > 0 (same diagrams as for spacelike (q− < 0) DIS γ∗)

✓ On-shell final state P2 = −z(1− z)Q2 −m2
q (i.e. LO energy denominator EDLO → 0)

, . . .

First condition:

✓ Self energy diagrams: no pole at the on-shell
point : Kinetic mass renormalization

, . . .

Second condition (+ cross checks):

✓ At on-shell point V,N ,S,M must reproduce
2 Lorentz-invariant form factors (Dirac & Pauli)

S ∝ FP , N ∝ FD , V ∝ −1+FP+FD , M → 0

: Vertex mass renormalization
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NLO heavy quark cross section in action
Full NLO accuracy requires:

✓ NLO Impact factor ∼ γ∗ with massive quarks

✓ Evolution equation

✗ NLO BK (Balitsky, Chirilli 0710.4330)

✗ Resummation of transverse logs (Iancu et al, 1502.05642, 1507.03651)

✗ Numerical solution (Lappi, Mäntysaari 1601.06598)

If mq and x ,Q2 dependence is compatible with HERA at full NLO?

Quantitative question:
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FIG. 6: Total and light quark reduced cross sections com-
puted from KCBK fit compared with the light quark pseudo-
data data and HERA reduced cross section data [1]. Balit-
sky + smallest dipole running coupling is used with Y0,BK =
ln 1/0.01.

B. Fitting the interpolated light quark reduced
cross section

Next we consider fits to our interpolated light quark
data set. The fit results are also shown in Tables. I,
II and III. Figure 6 shows a comparison between the
HERA and interpolated light quark data with one of the
fits, obtained with the KCBK equation with the Balitsky
+ smallest dipole running coupling and initial condition
parametrized at Y0,BK = ln 1/0.01.

The light quark only fits have quite distinct systemat-
ics in comparison to the actual HERA data fits. Every
single fit setup used needs a substantially larger C2 and
to a varying degree larger anomalous dimensions. Lastly,
and importantly, light quark fits need larger values of �0

compared to the corresponding total HERA cross section
fit.

The slow evolution speed (visible as a large C2 espe-
cially when using the parent dipole prescription) and a
large �0 in the light quark pseudodata fits can be un-
derstood to result from an e↵ective description of non-
perturbative e↵ects. We expect that there is a non-
perturbative hadronic contribution in the light quark
production cross section which is large (resulting in
a large �0) and evolves more slowly as a function of
Bjorken-xBj than the fully perturbative cross sections,
like charm production. In our framework, these non-
perturbative e↵ects correspond to large dipoles, with
sizes larger than roughly the inverse pion mass. In this
case, quark-antiquark dipoles are not the right degrees
of freedom, and one should in principle use an another
e↵ective desription for the non-perturbative physics, e.g.
the vector meson dominance [97–100] model.

The same non-perturbative e↵ects are there also in the

total reduced cross section, and consequently in our fits
to full HERA data. However, the full reduced cross sec-
tion also includes the more reliably perturbative charm
production contribution (and a small b quark one), with
a much faster x evolution and a smaller magnitude (�0).
Consequently, when performing our (massless) NLO fits
to the full HERA data more weight is given to perturba-
tive contributions compared to light quark fits, and there
is less need for the fit parameters to adjust to nonpertur-
bative e↵ects with unnatural values.

These observations are compatible with some of the
previous analyses. In the study by the AAMQS collabo-
ration [8] it was found that a combined fit to both charm
and total reduced cross section requires one to introduce
separate fit parameters for the charm quarks, especially
the charm quarks require a smaller �0. A slowly evolving
non-perturbative contribution to the light quark produc-
tion was also found to be necessary in Refs. [29, 40]. In
the dipole picture applied here, one finds that very large
dipoles up to a few femtometers contribute significantly
to the light quark structure function [86]. In reality,
non-perturbative confinement scale e↵ects not included
in our perturbative calculation are expected to dominate
in these cases as discussed above.

To arrive at one of our central points of this article, we
make the observation that even though the HERA DIS
data has been described well with leading order dipole
picture fits with the BK equation in the past, simulta-
neous fits to the full data and charm quark data have
not been successful with a single BK-evolved amplitude
(note however the existence of fits [94, 101, 102] using
parametrizations that mimic BK evolution). Similar re-
sults are found in the recent study with the target rapid-
ity BK prescription as well [82]: fits to the full data are
excellent but the fit parametrizations do not describe the
heavy quark data. Our next-to-leading order analysis,
where we separately consider the light quark production
only, results in similar conclusions. This indicates that
the description of the light quark contribution has a large
theoretical uncertainty as well in any such fit to the full
DIS data.

Thus we find that it would be preferable to fit the
charm quark structure function F2,c separately (or inclu-
sive FL data, as the longitudinal photon splits generally
to smaller dipoles, resulting in smaller non-perturbative
contributions). The FL measurements from HERA [103]
are however not precise enough for our purposes (see the
next section). Very precise FL data (among with inclu-
sive and charm structure functions) can be expected from
the future Electron Ion Collider [104, 105] or from the
LHeC [106].

C. Beyond HERA

Given the equality in the capabilities of the di↵erent
versions of the BK equation in describing the HERA and
light quark data, a question arises if it is possible to dis-

Goal: Fit simultaneously total and c & b data

✓ Experimental data (reduced cross section)

σr = F2(xBj,Q
2)− y2

1 + (1− y)2
FL(xBj,Q

2)

Here y = Q2/(xBjs) is inelasticity.

Setup: Use massless fits from
(Beuf, Hänninen, Lappi, Mäntysaari, 2007.01645)

✓ Fitted light quark pseudodata: interpolated c
& b subtracted from total σr

✓ In total 12 different fits (different running

coupling prescription, resummation scheme,...)

: Compute predictions for c & b production
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✓ 3/12 fits (ResumBK, KCKB, TBK): successful predictions if χ2
c/N < 2.5 using

optimal 1.1GeV < mc < 1.6GeV (in pole mass scheme)

✓ Also b data well described with these 3 fits

✓ Obtain χ2/N = 1 . . . 2: excellent description of all small-x DIS data

Why: NLO impact factor enhances heavy quark production compared to LO;
Opposite effect than from the evolution
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✓ No FL data included in fits

✓ All 3 determined fits compatible with the FL
data

✓ More precise data from the EIC can provide
further constraints

Risto Paatelainen CGC at the Electron-Ion Collider 21/22



Conclusions
DIS total cross section calculation with massive quarks:

✓ Many features similar to massless case

✓ Sizeable calculation, nontrivial amount of algebra

✓ Full practicable solution for mass renormalization, including finite parts

First CGC description of all (total+charm+bottom) HERA small-x structure function
data

✓ Successfully predict heavy quark production data at full NLO accuracy

✓ Charm provides strong additional constraints for the initial condition of the BK
evolution

✓ Having both NLO evolution and massive NLO impact factor is crucial

Outlook/in progress: Bayesian inference including total and heavy quark data
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