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Vertices

regular 3-gluon vertex

analogously for 4-gluon vertex and quarks
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Higher orders

∼ ∫p ∫k

e−2 t p2

p4 k2 (p − k)2

t

s

t

∫
t

0
ds ∫p ∫k

e−(2t−s)p2

p2 k2 (p − k)2

• generalized loop integrals
• integration over flow-time parameters
• renormalization: same as fundamental QCD!



 R. Harlander, Aspects of the perturbative gradient flow, ECT* 2023

resulting perturbative 

accuracy on αs:  ± 3-5%

⟨t2E(t)⟩ =
3αs(μ)

4π [1 + k1(t, μ) αs(μ)]

PDG:  ± 1%

k1 = ( 52
9

+
22
3

ln 2 − 3 ln 3 −
11
3

Ltμ) CA −
8
9

nfTR

Ltμ = ln 2μ2t + γE

μ0 =
1

8t

[Lüscher ’10]
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Three-loop calculation

The usual problems:

• many diagrams (NLO: 20;  NNLO: 3651)

• many integrals

• complicated integrals

t
t3

t2 t1

The usual solutions:

• automatic diagram generation

• reduce to master integrals

• evaluate master integrals

Artz, RH, Lange, Neumann, Prausa ’19 
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resulting perturbative 

accuracy on αs:  O(1%)

⟨t2E(t)⟩ =
3αs(μ)

4π [1 + k1(t, μ) αs(μ) + k2(t, μ) α2
s (μ)]

PDG:  ± 1%

RH, Neumann 2016
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Derive αs(mZ)
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ζmn(t) = Pn[𝒪̃m(t)]
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Hadronic vacuum polarization

∫ d4x eiQx⟨T j(x) j(0)⟩ → ∑
n

Cn(Q)⟨𝒪n⟩ = ∑
n

C̃n(Q, t)⟨𝒪̃n(t)⟩

contribution to (g-2)mu
𝒪1 = Ga

μνGa
μν

𝒪2 = mψ̄ψ
𝒪3 = m4

dim 4:

dim 0: 1
dim 2: m21

RH, Lange, Neumann ‘20
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ζ11(t) = P1[𝒪̃1(t)] ζ21(t) = P2[𝒪̃1(t)]

𝒪1 = Ga
μνGa

μν
𝒪2 = mψ̄ψ
𝒪3 = m4

dim 4:

all scales except  can be set to zerot [Gorishnii, Larin, Tkachov ’83]
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QCD energy-momentum tensor

Tμν = ∑
n

Cn𝒪n,μν

𝒪1,μν =
1
g2

0
Fa

μρFa
νρ

𝒪2,μν =
δμν

g2
0

Fa
ρσFa

ρσ

𝒪3,μν = ψ̄ (γμDν + γνDμ) ψ

𝒪4,μν = δμνψ̄D/ ψ

C1 ≡ 1

C2 ≡ −
1
4

C3 ≡
1
4

C4 ≡ 0

Tμν = ∑
n

C̃n(t)𝒪̃n,μν(t)

Suzuki, Makino ’13, ‘14
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NNLO result

RH, Kluth, Lange ‘18etc.
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μ0 =
e−γE/2

2t
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Application

Entropy density:

NLO

Tμν(x) =
4

∑
n=1

cn(t)𝒪̃n,μν(t, x)

Suzuki, Takaura ‘21
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Application

Iritani, Kitazawa, Suzuki, Takaura 2019

Entropy density:
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[Artz, RH, Lange, Neumann, Prausa ’19]
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e.g. NNLO chromo-magnetic dipole operator:

O(4000) integrals reduced to 13 master integrals
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Numerical evaluation of the master integals

∫
1

0
du1 uc1

1 ⋯ ∫
1

0
duf ucf

f ∫ ∫p1,p2,p3

exp (−pT A(u1, …, uf) p)
p2

1 p2
2 p2

3 (p1 − p2)2 (p1 − p3)2 (p2 − p3)2
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Numerical evaluation of the master integals

1
p2

= ∫
∞

0
dx e−xp2Schwinger parameters:

∫
1

0
du1 uc1

1 ⋯ ∫
1

0
duf ucf

f ∫ ∫p1,p2,p3

exp (−pT A(u1, …, uf) p)
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2 p2
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1
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1

0
duf ucf

f ∫
∞

0
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∞

0
dx6 ∫ ∫p1,p2,p3

exp (−pTB(u1, …, uf, x1, ⋯, x6) p)

∫
1

0
du1 uc1

1 ⋯ ∫
1

0
duf ucf

f ∫
∞

0
dx1 ⋯ ∫

∞

0
dx6 [det B(u1, ⋯, uf, x1, ⋯, x6)]−D/2
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∫
∞

0
dx f(x) = ∫

1

0

dy
y2

f(x(y))

y =
1

1 + x
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overlapping singularities

as xi, uj → 0
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∫
∞

0
dx f(x) = ∫

1

0

dy
y2

f(x(y))

y =
1

1 + x

overlapping singularities

as xi, uj → 0

→ sector decomposition
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example: 
[Heinrich ‘08]
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= −
1

(a + b) ϵ ∫
1

0
dt

t−bϵ

1 + t
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= −
1

(a + b) ϵ ∫
1

0
dt

t−bϵ

1 + t
−

1
(a + b) ϵ ∫

1

0

dt
1 + t [−

1
a ϵ

δ(t) − ( 1
t )

+
+ aϵ ( ln t

t )
+

+ ⋯]
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= −
1

(a + b) ϵ ∫
1

0
dt

t−bϵ

1 + t
−

1
(a + b) ϵ ∫

1

0

dt
1 + t [−

1
a ϵ

δ(t) − ( 1
t )

+
+ aϵ ( ln t

t )
+

+ ⋯]

∫
1

0
dt ( lnn t

t )
+

f(t) = ∫
1

0
dt

lnn t
t [f(t) − f(0)]
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pySecDec [Borowka, Heinrich, Jahn, Jones, Kerner, Schlenk, Zirke ’18]

[ + ep^(-1)*((-1.20205690407937649) + 
(6.74709950249940753e-9)*numerr )


 + ep^(0)*((-11.4409624237256917) + 
(4.99888756503079786e-8)*numerr ) ]

=
1

(4π)3d/2

[RH, Nellopoulos ’22 (unpublished)]

earlier work: [RH, Neumann ’16]
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Approximate solution of gradient flow integrals

m

t

result for ?m ≠ 0

example:

⟨Gμν(t)Gμν(t)⟩
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Strategy of regions [Beneke, Smirnov ’97]

example:
[RH ’21]



 R. Harlander, Aspects of the perturbative gradient flow, ECT* 2023

Strategy of regions [Beneke, Smirnov ’97]

example:
[RH ’21]



 R. Harlander, Aspects of the perturbative gradient flow, ECT* 2023

Strategy of regions [Beneke, Smirnov ’97]

example:
[RH ’21]



 R. Harlander, Aspects of the perturbative gradient flow, ECT* 2023

Strategy of regions [Beneke, Smirnov ’97]

m2t ≪ 1 ⇔ 1/t ≫ m2

= 1 + m2t (γE + log m2t) + ⋯

example:
[RH ’21]
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“naive” expansion:
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Application: QCD static force at finite :t [Brambilla, Chung, Vairo, Wang ’21]

+…
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+…

Application: QCD static force at finite :t [Brambilla, Chung, Vairo, Wang ’21]



 R. Harlander, Aspects of the perturbative gradient flow, ECT* 2023



 R. Harlander, Aspects of the perturbative gradient flow, ECT* 2023

tq2 ≪ 1



 R. Harlander, Aspects of the perturbative gradient flow, ECT* 2023

tq2 ≪ 1

tk2 ≪ 1 esq2 = 1 + sq2 + ⋯

e−s(k2 + (q − k)2) = 1 − s (k2 + (q − k)2) + ⋯

region 1:
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∫
t

0
ds sn ∫

ddk
(2π)d

kl {1, k2
0, k ⋅ q, …}

k2(k − q)2

tq2 ≪ 1

tk2 ≪ 1 esq2 = 1 + sq2 + ⋯

e−s(k2 + (q − k)2) = 1 − s (k2 + (q − k)2) + ⋯

region 1:



 R. Harlander, Aspects of the perturbative gradient flow, ECT* 2023

∫
t

0
ds sn ∫

ddk
(2π)d

kl {1, k2
0, k ⋅ q, …}

k2(k − q)2 power series in t

tq2 ≪ 1

tk2 ≪ 1 esq2 = 1 + sq2 + ⋯

e−s(k2 + (q − k)2) = 1 − s (k2 + (q − k)2) + ⋯

region 1:
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k2 ≳ 1/t esq2 = 1 + sq2 + ⋯

tq2 ≪ 1

region 2:
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k2 ≳ 1/t esq2 = 1 + sq2 + ⋯

tq2 ≪ 1

region 2:

e−s(k2 + (q − k)2) = e−2sk2 e−2k⋅q+q2 = e−2sk2 (1 − 2sk ⋅ q + sq2 + ⋯)
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k2 ≳ 1/t esq2 = 1 + sq2 + ⋯

tq2 ≪ 1

region 2:

e−s(k2 + (q − k)2) = e−2sk2 e−2k⋅q+q2 = e−2sk2 (1 − 2sk ⋅ q + sq2 + ⋯)

∫
t

0
ds sa ∫

ddk
(2π)d

e−2sk2 {1, k2
0, (k ⋅ q)2, …}

k2b
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∫
t

0
ds sa ∫

ddk
(2π)d

e−2sk2 {1, k2
0, (k ⋅ q)2, …}

k2b
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0
ds sx+yϵ
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k2 ≳ 1/t esq2 = 1 + sq2 + ⋯

tq2 ≪ 1

region 2:

e−s(k2 + (q − k)2) = e−2sk2 e−2k⋅q+q2 = e−2sk2 (1 − 2sk ⋅ q + sq2 + ⋯)

∫
t

0
ds sa ∫

ddk
(2π)d

e−2sk2 {1, k2
0, (k ⋅ q)2, …}

k2b
∼ ∫

t

0
ds sx+yϵ

logarithmic in t

[RH, Koller ’22 (unpublished)]
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k2 ≳ 1/t esq2 = 1 + sq2 + ⋯

tq2 ≪ 1

region 2:

e−s(k2 + (q − k)2) = e−2sk2 e−2k⋅q+q2 = e−2sk2 (1 − 2sk ⋅ q + sq2 + ⋯)

∫
t

0
ds sa ∫

ddk
(2π)d

e−2sk2 {1, k2
0, (k ⋅ q)2, …}

k2b
∼ ∫

t

0
ds sx+yϵ

logarithmic in t

[RH, Koller ’22 (unpublished)]

→ two-loop accessible?
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Gradient Flow anomalous dimension

𝒪̃n(t) = ∑
m

ζB
nm(t, μ, ϵ) 𝒪m

𝒪̃(t) = ζB(t, μ, ϵ) 𝒪

t → 0 :

matrix notation:

define 𝒪̂(t) ≡ ζB(t, μ, ϵ) 𝒪

+⋯

+⋯
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Gradient Flow anomalous dimension

𝒪̃n(t) = ∑
m

ζB
nm(t, μ, ϵ) 𝒪m

𝒪̃(t) = ζB(t, μ, ϵ) 𝒪

t → 0 :

matrix notation:

define 𝒪̂(t) ≡ ζB(t, μ, ϵ) 𝒪

t
∂
∂t

𝒪̂(t) = (t
∂
∂t

ζB(t, μ, ϵ)) 𝒪 = (t
∂
∂t

ζB(t, μ, ϵ)) ζB,−1(t, μ, ϵ) 𝒪̂(t)

+⋯

+⋯
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Gradient Flow anomalous dimension

𝒪̃n(t) = ∑
m

ζB
nm(t, μ, ϵ) 𝒪m

𝒪̃(t) = ζB(t, μ, ϵ) 𝒪

t → 0 :

matrix notation:

define 𝒪̂(t) ≡ ζB(t, μ, ϵ) 𝒪

t
∂
∂t

𝒪̂(t) = (t
∂
∂t

ζB(t, μ, ϵ)) 𝒪 = (t
∂
∂t

ζB(t, μ, ϵ)) ζB,−1(t, μ, ϵ) 𝒪̂(t)

t
∂
∂t

𝒪̂(t) = ̂γ(μ, t) 𝒪̂(t) ̂γ(μ, t) = t
∂
∂t

ln ζB(t, μ, ϵ)

RH, Lange, Neumann ‘20

+⋯

+⋯
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Short flow-time expansion

originally:
𝒪̃(t) ≡ ζB(t, μ, ϵ) 𝒪 + tξ(t, μ, ϵ) 𝒪+2 + ⋯

Heff = C(ϵ) ⋅ 𝒪 = C(ϵ) ⋅ ζB,−1(t, μ, ϵ) ⋅ 𝒪̂(t) + ⋯ = Ĉ(t) ⋅ 𝒪̂(t) + ⋯
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𝒪̂(t) ≡ ζB(t, μ, ϵ) 𝒪 exact by definition 

here:



 R. Harlander, Aspects of the perturbative gradient flow, ECT* 2023

Short flow-time expansion

Heff = C(ϵ) ⋅ 𝒪 ≡ C(ϵ) ⋅ ζB,−1(t, μ, ϵ) ⋅ 𝒪̂(t) ≡ Ĉ(t) ⋅ 𝒪̂(t) exact! 
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Short flow-time expansion

Heff = C(ϵ) ⋅ 𝒪 ≡ C(ϵ) ⋅ ζB,−1(t, μ, ϵ) ⋅ 𝒪̂(t) ≡ Ĉ(t) ⋅ 𝒪̂(t) exact! 

originally:
𝒪̃(t) ≡ ζB(t, μ, ϵ) 𝒪 + tξ(t, μ, ϵ) 𝒪+2 + ⋯

Heff = C(ϵ) ⋅ 𝒪 = C(ϵ) ⋅ ζB,−1(t, μ, ϵ) ⋅ 𝒪̂(t) + ⋯ = Ĉ(t) ⋅ 𝒪̂(t) + ⋯

𝒪̂(t) ≡ ζB(t, μ, ϵ) 𝒪 exact by definition 

here:

Require a definition of 𝒪̂(t)



 R. Harlander, Aspects of the perturbative gradient flow, ECT* 2023

= ζB
𝒪𝒪̃(t, ϵ)

= t∂t ln G𝒪 − t∂t ln GV

[Hasenfratz, Monahan, Rizik, Shindler, Witzel ’22]

∼ PÕ[𝒪]

̂γ𝒪
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Conclusions and Outlook

• perturbative approach provides important input for 

• many methods available: learn from decades of experience


• open questions: gradient flow  function vs. MSbar? 

• many other applications: gradient flow as UV regulator?


t → 0

β


