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Higher orders
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Higher orders

[
~ d
Jp[kp4k2(P—k)2 J()

® generalized loop integrals
® integration over flow-time parameters
® renormalization: same as fundamental QCD!
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Three-loop calculation
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Three-loop calculation

The usual problems:
e many diagrams (NLO: 20; NNLO: 3651)
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Three-loop calculation

The usual problems:
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® many integrals
® complicated integrals
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Three-loop calculation

The usual problems:

e many diagrams (NLO: 20; NNLO: 3651)
® many integrals
® complicated integrals
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[(t,n,a, D) = H / " dt ¢ / eXP(D i j WijtkPiDj]
The usual solutions:
® automatic diagram generation
® reduce to master integrals

® cvaluate master integrals
Artz, RH, Lange, Neumann, Prausa 19
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Derive as(mz)
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t*(E(t)) - 10*

qs 2 GeV 10 GeV my

as(mz) || np=3|np=4|np=3|nfp=4 | np=5|nrp=3|ns=4|ny=
0.113 744 759 424 446 456 267 285 299
0.1135 793 764 426 449 459 263 286 301
0.114 762 773 429 452 462 269 287 302
0.1145 771 782 432 455 466 270 289 303
0.115 730 792 435 458 469 272 290 305
0.1155 739 802 438 461 472 273 291 306
0.116 798 811 440 465 476 274 292 308
0.1165 808 821 443 468 479 275 294 309
0.117 813 832 446 471 433 276 295 311
0.1175 827 842 449 474 436 277 296 312
0.118 837 852 452 478 490 278 298 314
0.1185 847 863 455 431 493 279 299 315
0.119 808 874 457 434 497 280 300 316
0.1195 863 889 460 438 500 281 301 318
0.12 879 896 463 491 504 282 303 319

e | IRNNTH




Gradient-flow coupling
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Gradient-flow coupling
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Small-flow-time expansion iusce: weis: i3
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Hadronic vacuum polarization
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Hadronic vacuum polarization
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Hadronic vacuum polarization
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171},
O, = myy
@3 — m4

all scales except f can be set to zero  [Gorishnii, Larin, Tkachov '83]
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QCD energy-momentum tensor Suzuki, Makino 13, 14
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NNLO result

c1(t) = %{1 | (49;)2 :—gCA + gTF — Bo L(p, t):
| (4‘2;1)4 : — B1 L(p,t) + C5 < 13:)1?2 1?2;16 In2 A 1137 In 3)
+ CATF (599Liz (%) | 1(;13;3 | gi i 2173753 In 2 A 34052 In 3)
) CFTF( QSGLiQ ( i ) : 2150887 gﬂg 186 - 11681 - 3)
+ (’)(96)} , L(p,t) =1In (2u2t) + YE
elc. RH, Kluth, Lange ‘18
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Application

Entropy density:
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Application

||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||

0.4F | : _ : : -
. 0.3 ; f T/T,=0.93 : 24 : | TIT,=1.02 -
Entropy density: o ; 5 2t 5 5 :
1 1 IS 0-1Ei Wmmmm T 22 P : : :
_ = _ - 5 prasaEe L B, 111111 IINE
ET+DP 3 Too() 4Tuu(fl/‘) 2 ool ' : -; “1 : : {H
: l ! 2.0F I | ]

-0.1+ | | : | |
0ol ; : : 191 | | :
e N T ] T P R S S
4 0.000 0.005 0.010 0015 0.020 0.025 0.03 0.000 0.005 0.010 0.015 0.020 0.025 0.030
— T A B » 30 S NS AR ;
1,0 = Y (00,0 I S ;
) : TIT,=1.12 : 5.1F | | TIT.=1.40 -
n= : : ; | | z
3.95 ] 50F | | -
™ 3.8F ™ | |
~ ] ~ 4.9 W%ﬁw :
NNLO S . L1 TV 5 F : Tty z
: $55;. 4.8F . | %5y :
360 73 | | | by,
: 4.7 : : .'. ;
35¢ 465— "s:
R T T B I
0.000 0.005 0010 0.015 0020 0025 0.030 0.000 0.005 0.010 0.015 0.020 0.025 0.030

{7 tT

Suzuki, Takaura ‘21

Institute for

R. Harlander, Aspects of the perturbative gradient flow, ECT* 2023 TI‘ Particle Physics

and Cosmology




Application

Entropy density: e+p=—={Ty(x) — ZTW(:E)

6 - ---- Boyd et al. A FlowQCD 2016
6.5 11 — Borsanyi et al. ® NLO (this work)
5 - ¢ Giusti-Pepe [  NZ2LO (this work)
Caselle et al. -
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6.0 | .
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Three-loop calculation
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Three-loop calculation

The usual problems:
e many diagrams (NLO: 20; NNLO: 3651)

® many
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Three-loop calculation

The usual problems:

e many diagrams (NLO: 20; NNLO: 3651)
® many integrals
® complicated integrals
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Three-loop calculation

The usual problems:

e many diagrams (NLO: 20; NNLO: 3651)
® many integrals
® complicated integrals

2n1 _2n9o 2n3 2n4 2ns5 2ng

N u
[(t,n,a, D) = H / " dt ¢ / eXP(D i j WijtkPiDj]
The usual solutions:
® automatic diagram generation
® reduce to master integrals

® cvaluate master integrals
Artz, RH, Lange, Neumann, Prausa 19
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® After tensor reduction, we end up with many scalar integrals of the form

(87}, {Ti (@) = (H [ dtf) / expl—(gg SRR )

k19°'°7kL N

with g; linear combinations of k; and 7; linear combinations of ;, e.9. g1 = k1 —kpand Ty =t + 24 — 13
® Chetyrkin and Tkachov observed [Tkachov 1981; Chetyrkin, Tkachov 1981]

o (.. 1
— | & -0
o (miar)

= Linear relations between Feynman integrals
® Can easily be adopted to gradient-flow integrals
® Additional new relations for gradient-flow integrals: [Artz, RH, Lange, Neumann, Prausa '19]

tP

/ " dto,F(t,..) = F(£®,...) — F(0,...)
0

Institute for Theoretical Particle Physics and
15/33 March 20, 2023 Fabian Lange: The gradient flow formulation of the electroweak Hamiltonian Institute for Astroparticle Physics



4]}

Laporta algorithm

® Schematically integration-by-parts read
0=(d—a)l(as,a,az)+ (a1 —a)l(a; +1,a —1,a3) +(2as + a; — ax)l(a; + 1,a,a3 — 1)
® Rarely possible to find general solution like

/(31,32, 33) = a1 /(31 — 1, ao, 83) + (d + a4 — 62)1(31,32 — 1,33) —+ 283/(31, ao, dz — 1)

® |nstead set up system of equations and solve it [Laporta 2000] :
® |nsertseeds{a; =1, ac=1,a3 =1}, {as =2,ao=1,a3 =1}, ...:
0=(d—1)/(1,1,1)+ 1/(2,1,0),
0= (d—-2)I(2,1,1)+ /(3,0,1) — (3,1, 0),

® Solve with Gaussian elimination
—> EXxpress integrals through significantly smaller number of master integrals

Institute for Theoretical Particle Physics and
16/33 March 20, 2023 Fabian Lange: The gradient flow formulation of the electroweak Hamiltonian Institute for Astroparticle Physics
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Laporta algorithm

® Schematically integration-by-parts read
0=(d—a)l(ay,a,as)+ (as —a)l(a; +1,a —1,a3) + (2as + ay — a»x)l(a; + 1,a,,a3 — 1)
® Rarely possible to find general solution like

/(31,82, 83) — aj 1(81 — 1,82, 33) + (d + a4 — 32)1(31,32 — 1,33) -+ 233/(31, do, d3 — 1)

® |nstead set up system of equations and solve it [Laporta 2000] :
® Insert seeds {31 =1, a=1a = 1}, {31 =2, & =1,a3 = 1},
0=(d—1)/(1,1,1)+ /(2,1,0),
0= (d—-2)I(2,1,1) + /(3,0,1) — /(3,1,0),

e.g. NNLO chromo-magnetic dipole operator:
O(4000) integrals reduced to 13 master integrals

® Solve with Gaussian elimination
—> EXxpress integrals through significantly smaller number of master integrals

Institute for Theoretical Particle Physics and
16/33 March 20, 2023 Fabian Lange: The gradient flow formulation of the electroweak Hamiltonian Institute for Astroparticle Physics




Numerical evaluation of the master integals

1 | eXp (—pTA(ul, ...,uf)p)
du;ut - J du, .’ [J
,[ 0 1 0 7y D1 P23 pt p5 3 (p1 — P2)* (P — P3)* (P2 — P3)?
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Schwinger parameters: 1 > )
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Numerical evaluation of the master integals

1 | eXp (—pTA(ul, ...,uf)p)
dbtl Ul e J du qu [J
,[ 0 1 0 7y D1 DD Pt P3 3 (p1 — p2)* (p1 — p3)* (P2 — p3)?
Schwinger parameters: 1 > )
= J' dxe P
p* 0
|
J' dl/ll l/tlcl oo J dl/lf |' °° J dx6 JI GXp (—pTB(l/ll, coos l/lf, xl, °°-,X6)p)
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Numerical evaluation of the master integals

1 | eXp (—pTA(ul, ...,uf)p)
dbtl Ul e J du qu [J
,[ 0 1 0 7y D1 DD Pt P3 3 (p1 — p2)* (p1 — p3)* (P2 — p3)?
Schwinger parameters: 1 > )
= J' dxe P
p* 0
|
J' dl/ll l/tlcl oo J dl/lf |' °° J dx6 JI GXp (—pTB(l/ll, coos l/lf, xl, °°-,X6)p)

0 P1:P2:P3

1 I . ~
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pySecDeC |[Borowka, Heinrich, Jahn, Jones, Kerner, Schlenk, Zirke 18]

1 1 9 9 9 9 1
expl(—ns — u — UTU — 2 — N _
/ dulul/ duQ/ P(=Pi — u1py — wrtgps — 2(p1 —p2)°) [ + ep” (1) *((~-1.20205690407937649) +
0 0 P1,P2,P3

p%p%pg (Pl —p2)2 (Pl —p3)2 (p2 —p3)2 (471-)361/2 (6.74709950249940753e-9) *numerr )

+ ep™(0)*((-11.4409624237256917) +
(4.99888756503079786e-8) *numerr ) ]

[RH, Nellopoulos 22 (unpublished)]
earlier work: [RH, Neumann '16]
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Approximate solution of gradient flow integrals

example:

(G,,(0G,(D))

result for m % 07
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Strategy Of regiOnS [Beneke, Smirnov '97]

example:
5
S(1) = ROX(W)) = =25/ (m?.1)
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Strategy Of regions [Beneke, Smirnov '97]

example:
3 ,
S(1) = ROX(W) = 5 f(m?,1)  [FH21

_tk?

f(m?,t) = t/ i = 1 — m2te™ 'T(0, m2t)
k

k% + m?
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Strategy Of regions [Beneke, Smirnov '97]

example:
C(f) = (v i 2 [RH "21]
() = X (D) x(2)) = il (m~, 1) ()X (t)
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f(mzaf) = t/ e =1 - mztemth(O, mzt) =1+ m?t (yE + log mzt) 4+ ...
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T

it 2 2
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X
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‘naive’ expansion:
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Application: QCD static force at finite f:  [Brambilla, Chung, Vairo, Wang '21]

V (T) — — lhhl iIllen<‘/‘;rXT> WTXT o tr(:olorPeXp (Zg/dZMAM (2)>
C
~ €—2q2t : 6—2q2t - 'LLQ . -
V (q7t) e o 47Ta8 ('U) CF q2 aS (,u) CF qQ ,6() 111 q2 I CL1 + CAWNLO (f) + ...
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region 1:
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region 1:
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>0 power series In
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tg* < 1
region 2:
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W, :2940ACF€ : / ds %0 / (d : e~ 5(K*+(a—k) )2(d 2) ky +q° + 2k
0

q° 27)“ k2 (g — k)
tg* < 1
region 2:
k2> 1/t e =14 sq* + -

e—s(k2 + (g — k)z)
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—2tqg? t d : = ) > 5
W, :2940ACF€ : / ds %0 / (d : e~ 5(K*+(a—k) )2(d 2) ky +q° + 2k
0

q° 27)“ k2 (g — k)
tg* < 1
region 2:
k2> 1/t e =14 sq* + -

e—s(k2 + (g — k)z)

e~k g=2kaqrq” = =25k (1 —2sk-q+sq°+ )

4 d 1 2 N2 !
J dSSaJ dk 6_2Sk2{ ) kOa (k Q) ’ } - J' dSSx+y€
0

(27)d Je2b )

logarithmic in ¢

[RH, Koller 22 (unpublished)]
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—2tqg? t d : o ) g 5
W, :2940ACF€ : / ds %0 / (d : e~ 5(K*+(a—k) )2(d 2) ky +q° + 2k
0

q’ 27)° k2 (g — k)’
tqg> < 1
region 2:
k22 1/t e’ =1+ 5g° + -

e—s(k2 + (g — k)z)

e~k g=2kaqrq” = =25k (1 —2sk-q+sq°+ )

JtdS SQJ ddk e_ZSk2 { 19 k(%’ (k ' Q)za } ~ J'tdS SX+y€
0 (271-)d k2D 0

logarithmic in ¢

[RH, Koller 22 (unpublished)]

— two-loop accessible?
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Gradient Flow anomalous dimension

t — 0: @n(t) — Z Em(t,ﬂ, €) @m 4 ...

matrix notation:  O®t) = {8(t, u, €) O +-

define O@) = Bt u, ¢) O
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Gradient Flow anomalous dimension

t—0: 0,(t)= ) (B (t,p.e) 0, +-

matrix notation:  O®t) = {8(t, u, €) O +-

define O@) = Bt u, ¢) O

9~ (.9 .8 _(,9 .8 B,—1 ~
1—-6(1) = (1 R, )0 =1 R, ) Bt 1, ) B0
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Gradient Flow anomalous dimension

t—0: 0,(t)= ) (B (t,p.e) 0, +-

matrix notation:  O®t) = {8(t, u, €) O +-

define O@) = Bt u, ¢) O
2 00) = (1L, 0)) 0 = (15280, 0) ) 21 0) B
ot or- or- o
ti@(t) = 9(u, ) O(F) (u, 1) = ti In &B(s, 1, €)
dt _}//’ta }///t, o dt 9/496

RH, Lange, Neumann ‘20
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Short flow-time expansion

originally:
O = CB(tu,e) 0 + té(t,u,e) O + --.

H=C(e)- 0 =C(e)- (B Nt p,e) - O@) + - =CQ@) - O@) + -+
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Short flow-time expansion

originally:
O = CB(tu,e) 0 + té(t,u,e) O + --.

H=C(e)- 0 =C(e)- (B Nt p,e) - O@) + - =CQ@) - O@) + -+

here:

O) = Bt 1, ) O exact by definition
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Short flow-time expansion
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H=C(e)- 0 =C(e)- (B Nt p,e) - O@) + - =CQ@) - O@) + -+

here:

O) = Bt 1, ) O exact by definition

Hi=C)-0 =C)- B W tue)-0() =Cr -6  exact
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Short flow-time expansion

originally:
O = CB(tu,e) 0 + té(t,u,e) O + --.

H=C(e)- 0 =C(e)- (B Nt p,e) - O@) + - =CQ@) - O@) + -+

here:

O) = Bt 1, ) O exact by definition

Hi=C)-0 =C)- B W tue)-0() =Cr -6  exact

Require a definition of @(t)
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[Hasenfratz, Monahan, Rizik, Shindler, Witzel '22]

Goxsit/a®.B) = a’ ) (O xii1/a)O0)) - ~ PolO] = Epyt,e)

X

g0 ST Gy (x4;t/a*, B) = 1232613 Z <Vk(X X4'l/612)vk(0)>
= Gv (xa:t/a?,3) = pEs = . p
dlogRo(xs;1/a*, B)

yo(t/a®,B) = -2t

= 10,In G5 — 10,1n Gy,

1
Yo

dzs
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Conclusions and Outlook

e perturbative approach provides important input for t — 0O
® many methods available: learn from decades of experience
e open questions: gradient flow f function vs. MSbar?

e many other applications: gradient flow as UV regulator?
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