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Introduction 2

ä B-meson mixing and lifetimes are measured experimentally to high precision
å Key observables for probing New Physics á high precision in theory needed!

ä For lifetimes and decay rates, we use the Heavy Quark Expansion
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Figure 1. Predictions for ∆Ms and ∆Md. See Section 2 for details.

the extrapolation for the precision of the CKM elements presented in [27] we expect

∆MFuture 2025
s = (18.4± 0.5) ps−1 = (1.04± 0.03) ∆M exp

s . (1.9)

for a future (∼ 2025) scenario when the current b→ s`` anomalies should be established
at the level of about 10 standard deviations if the central values remain the same [28].
In Section 3 we investigate the implications of Bs mixing on the b → s`` anomalies in
the FLAG ’19, Average ’19 and Future ’25 scenarios. First, we assume minimal Z ′ and
lepto-quark (LQ) scenarios with only the couplings required to address the anomalies. Then,
we discuss the viability of model-building ideas beyond the minimal Z ′ scenario that might
reduce the theory value for ∆Ms and thus improve the agreement with experiment. Finally,
we conclude in Section 4.

2 ∆Ms in the Standard Model

In the SM, Bs mixing is generated by the diagrams shown in Fig. 2. The observable of
interest in this work is the mass difference of the two mass eigenstates:

∆Ms ≡M s
H −M s

L = 2 |M s
12| . (2.1)

The SM calculation (see e.g. [1] for a review) gives the following result for M s
12

M s, SM
12 = G2

F

12π2λ
2
tM

2
WS0(xt)η̂Bf2

BsMBsB1 , (2.2)

– 3 –

[Di Luzio et al. ‘19]

Figure 1: History of the lifetime ratio τ(Λb)/τ(Bd): experiment (lilac) vs. selected theory
predictions: Shifman, Voloshin (1986) [1], Colangelo, De Fazio (1996) [5], Di Pierro, Sachra-
jda, Michael (1999) [6], Huang, Liu, Zhu (1999) [7], Guberina, Melic, Stefancic (1999, 2000)
[8, 9], Franco et al (2002) [10], Gabbiani, Onishchenko, Petrov (2004) [11], Tarantino (2007)
[12], Lenz (2015) [2], Cheng (2018) [13], and this work.

In e.g. 1996, the world average for the Λb lifetime read [5]

τ(Λb) = (1.18± 0.07) ps , (1.2)

which corresponded to a lifetime ratio of

τ(Λb)

τ(Bd)
= (0.75± 0.05) , (1.3)

when using the 1996 world average for the Bd lifetime [5]. As these experimental results were
more than four standard deviations below the naive expectation in eq. (1.1), a considerable
amount of interest was triggered in the theory community, with various efforts made to ac-
commodate the result (1.3) within the HQE. In [7], the possibility of anomalously large matrix
elements of dimension-six four-quark operators in the HQE was suggested, which was, how-
ever, in conflict with the results of [5, 6, 14]; while large contributions from dimension-seven
four-quark operators were considered in [11].

Separately, the validity of the HQE itself was questioned e.g. in [15–17], with [15, 16]
suggesting a violation of local quark-hadron duality (QHD), see e.g. [18] for a brief introduction
to the concept of QHD. However, the proposal in [15, 16] was heavily criticised since it would
have required huge 1/mb corrections, which cannot be reconciled with the operator product
expansion approach, see e.g. [19]. The notion of QHD was introduced in 1975 by Poggio,

ALEPH collaboration in 1992 [4], based on LEP e+e− data taken in 1990/91, and resulting in τ(Λ0
b) =(

1.12+0.32
−0.29(stat.)± 0.16(syst.)

)
ps.
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Figure 1: HFAG/HFLAV results for the lifetime ratio τ(Bs)/τ(Bd) from 2003 till 2022. Note,
that the recent measurements of Γs by ATLAS (red) seem to deviate from the most recent
determinations by LHCb (green) and CMS (orange); the corresponding bands are in fact
obtained by fixing the current HFLAV value for τ(Bd).

20 years can be read off Fig. 1. Interestingly, the recent measurement of Γs by ATLAS [56]
deviates from the most recent ones by LHCb [62–64] and CMS [58] by 2−4σ - an experimental
clarification of the origin of these discrepancies is of course highly desirable.
On the theoretical side, inclusive decay widths of heavy hadrons can by systematically com-
puted in the framework of the heavy quark expansion (HQE), see e.g. the review [65]. Pre-
dictions for lifetime ratios of B mesons based on this method trace back to the 80s and a
selection of results is given in Table 2. According to the HQE the total decay rate of the Bq

τ(B+)/τ(Bd) τ(Bs)/τ(Bd)

Shifman, Voloshin, 1986 [66] ≈ 1.1 ≈ 1

Neubert, Sachrajda, 1996 [67] fixed to 1.02 1±O(1%)

Gabbiani et al., 2004 [68] 1.06± 0.02 1.00± 0.01

Kirk et al., 2017 [69] 1.082+0.022
−0.026 1.0007± 0.0025

Table 2: Selected theoretical determinations of the B-meson lifetimes.
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Introduction 3

ä Four-quark ∆B = 0 and ∆B = 2 matrix elements can be determined from lattice QCD simulations

ä ∆B = 2 well-studied by several groups á precision increasing, but some tension
å ∆K = 2 for Kaon mixing already studied with gradient flow [Suzuki et al. ’20]

ä ∆B = 0 á exploratory studies from ∼20 years ago + new developments for lifetime ratios

å contributions from disconnected diagrams

å mixing with lower dimension operators in renormalisation

1. Verify procedure with ∆B = 2 matrix elements against other calculations

2. Pioneer connected ∆B = 0 matrix element calculation with gradient flow renormalisation scheme

3. Resolve disconnected contributions

[Lin, Detmold, Meinel ’22]

https://arxiv.org/abs/2006.06999
https://arxiv.org/abs/2212.09275


Using GF to Renormalise
Matrix Elements for B Mixing and Lifetimes Matthew Black

Introduction 3

ä Four-quark ∆B = 0 and ∆B = 2 matrix elements can be determined from lattice QCD simulations

ä ∆B = 2 well-studied by several groups á precision increasing, but some tension
å ∆K = 2 for Kaon mixing already studied with gradient flow [Suzuki et al. ’20]

ä ∆B = 0 á exploratory studies from ∼20 years ago + new developments for lifetime ratios

å contributions from disconnected diagrams

å mixing with lower dimension operators in renormalisation

1. Verify procedure with ∆B = 2 matrix elements against other calculations

2. Pioneer connected ∆B = 0 matrix element calculation with gradient flow renormalisation scheme

3. Resolve disconnected contributions

[Lin, Detmold, Meinel ’22]

https://arxiv.org/abs/2006.06999
https://arxiv.org/abs/2212.09275


Using GF to Renormalise
Matrix Elements for B Mixing and Lifetimes Matthew Black

∆B = 2 Operators 4

ä Mass difference of neutral mesons ∆Mq (q = d, s) governed by ∆B = 2 four-quark operators
ä Standard ‘SUSY’ operator basis

Oq
1 = b̄αγµ(1− γ5)qα b̄βγµ(1− γ5)qβ, ⟨Oq

1⟩ = ⟨B̄q|Oq
1|Bq⟩ =

8

3
f 2BqM

2
BqB

q
1,

Oq
2 = b̄α(1− γ5)qα b̄β(1− γ5)qβ, ⟨Oq

2⟩ = ⟨B̄q|Oq
2|Bq⟩ =

−5M 2
Bq

3(mb + mq)2
f 2BqM

2
BqB

q
2,

Oq
3 = b̄α(1− γ5)qβ b̄β(1− γ5)qα, ⟨Oq

3⟩ = ⟨B̄q|Oq
3|Bq⟩ =

M 2
Bq

3(mb + mq)2
f 2BqM

2
BqB

q
3,

Oq
4 = b̄α(1− γ5)qα b̄β(1 + γ5)qβ, ⟨Oq

4⟩ = ⟨B̄q|Oq
4|Bq⟩ =

[
2M 2

Bq

(mb + mq)2
+

1

3

]
f 2BqM

2
BqB

q
4,

Oq
5 = b̄α(1− γ5)qβ b̄β(1 + γ5)qα, ⟨Oq

5⟩ = ⟨B̄q|Oq
5|Bq⟩ =

[
2M 2

Bq

3(mb + mq)2
+ 1

]
f 2BqM

2
BqB

q
5.

ä Matrix elements parameterised in terms of decay constant fBq and bag parameters Bq
i
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∆B = 2 Operators 5

ä HPQCD and FNAL/MILC choose perturbative renormalisation + matching schemes

ä RBC/UKQCD set up a non-perturbative renormalisation (NPR) á transform operator basis

Qq
1 = b̄αγµ(1− γ5)qα b̄βγµ(1− γ5)qβ,

Qq
2 = b̄αγµ(1− γ5)qα b̄βγµ(1 + γ5)qβ,

Qq
3 = b̄α(1− γ5)qα b̄β(1 + γ5)qβ,

Qq
4 = b̄α(1− γ5)qα b̄β(1− γ5)qβ,

Qq
5 =

1

4
b̄ασµν(1− γ5)qα b̄βσµν(1− γ5)qβ


O+

1

O+
2

O+
3

O+
4

O+
5

 =


1 0 0 0 0

0 0 0 1 0

0 0 0 −1
2

1
2

0 0 1 0 0

0 −1
2

0 0 0




Q+

1

Q+
2

Q+
3

Q+
4

Q+
5


ä Advantages for both lattice calculation and the NPR procedure

ä Only colour-singlet operators now appear

ä We are only concerned with parity-even components which then can be transformed back to SUSY basis
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Current Status: ∆B = 2 Matrix Elements (Lattice) 6

ä Matrix elements are calculated directly from lattice simulations

⟨Oq
i ⟩ á f 2

BqB
q
i á Bq

i

ä [FLAG ’21] reports on ⟨Oq
1⟩ á tension between most recent 2 + 1 and 2 + 1 + 1 calculations:

Nf = 2 + 1 : fBs

√
B̂s

1 = 274(8)MeV,

Nf = 2 + 1 + 1 : fBs

√
B̂s

1 = 256.1(5.7)MeV

ä ⟨Od,s
2−5⟩ determined for Nf = 2 [ETM ’13] and Nf = 2 + 1 [FNAL/MILC ’16]

å Work in progress by RBC/UKQCD + JLQCD at Nf = 2 + 1 [Boyle et al. ’18], [Boyle et al. ’21]
á we use same setup as RBC/UKQCD for comparisons later

ä First lattice calculations for dim-7 ⟨Rq
2,3⟩ and ⟨

∼
R2,3⟩ from [HPQCD ’19B]

å Suffers from large uncertainties e.g. from matching to continuum regularisation scheme

Decay constants
well-known independently

[FNAL/MILC ’16]

[HPQCD ’19A]

https://arxiv.org/abs/2111.09849
https://arxiv.org/abs/1308.1851
https://arxiv.org/abs/1602.03560
https://arxiv.org/abs/1812.08791
https://arxiv.org/abs/2111.11287
https://arxiv.org/abs/1910.00970
https://arxiv.org/abs/1602.03560
https://arxiv.org/abs/1907.01025
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Gradient Flow 7

ä Formulated by [Lüscher ’10], [Lüscher ’13] á scale setting, RG β-function, renormalisation...

ä Introduce auxiliary dimension, flow time t as a way to regularise the UV

ä Extend gauge and fermion fields in flow time and express dependence with first-order differential
equations:

∂tBµ(t, x) = Dν(t)Gνµ(t, x), Bµ(0, x) = Aµ(x),
∂tχ(t, x) = D2(t)χ(t, x), χ(0, x) = q(x).

ä Re-express effective Hamiltonian in terms of ‘flowed’ operators:

Heff =
∑

n
CnOn =

∑
n

∼
Cn(t)

∼
On(t).

ä Relate to regular operators in ‘small-flow-time expansion’:
∼
On(t) =

∑
m

ζnm(t)Om + O(t)

‘flowed’ MEs calculated on lattice
replacing Aµ, q → Bµ, χ

matching matrix
calculated perturbatively

 R. Harlander, The perturbative Gradient Flow and its applications, Siegen 2022

Vertices

regular 3-gluon vertex

new Feynman
diagrams

[R. Harlander]

https://arxiv.org/abs/1006.4518
https://arxiv.org/abs/1302.5246
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Matrix Elements without Gradient Flow (Schematic) 8

For a set of lattice ensembles with varying bare parameters

Calculate 2-point and 3-point correlation functions

Extract bare
Matrix Elements Lattice á MS

Continuum limit

Final Result
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Matrix Elements with Gradient Flow (Schematic) 9

For a set of lattice ensembles with varying bare parameters

Evolve gluon and propagator fields in flow time t

Calculate 2-point and 3-point correlation functions
for each discrete t

Extract GF Matrix
Elements for each t

Continuum limit
for each t

ζmn matrix
calculation

Final Result
at t = 0 in MS
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Lattice Simulation 10

ä We will consider RBC/UKQCD’s 2+1 flavour DWF + Iwasaki gauge action ensembles

ä Fully-relativistic DWF for all valence quarks

ä For strange quarks tuned to physical value, amq ≪ 1 4

ä For heavy b quarks, amq > 1 á large discretisation effects 7

ä To simulate b quarks on current lattices:

å Extrapolate from multiple charm-like masses

á amh ∼ 0.3− 0.7 with stout smearing of gauge fields [Morningstar, Peardon ’03]

ä Z2 wall sources for all quark propagators

å Sources for strange propagators are also Gaussian smeared

ä Calculate non-eye weak 3-point functions

L T a−1/GeV amsea
l amsea

s Mπ/MeV srcs × Nconf

C1 24 64 1.785 0.005 0.040 340 32× 101

C2 24 64 1.785 0.010 0.040 433

M1 32 64 2.383 0.004 0.030 302

M2 32 64 2.383 0.006 0.030 362

M3 32 64 2.383 0.008 0.030 411

F1S 48 96 2.785 0.002144 0.02144 267

ä Exploratory simulations only on C1 with single set of valence parameters so far

[Allton et al. ’08]
[Aoki et al. ’10]
[Blum et al. ’14]
[Boyle et al. ’17]

[Shamir ’93] [Iwasaki, Yoshie ’84] [Iwasaki ’85]

[Boyle et al. ’08]
[Allton et al. ’93]

gIn gOut

q4

q1

q3

q2Γ

Γ

t0 t1∆t

gIn gOut

q4

q1

q3

q2

Γ Γ

t0 t1∆t

https://arxiv.org/abs/hep-lat/0311018
https://arxiv.org/abs/0804.0473
https://arxiv.org/abs/1011.0892
https://arxiv.org/abs/1411.7017
https://arxiv.org/abs/1701.02644
https://arxiv.org/abs/hep-lat/9303005
https://inspirehep.net/literature/199288
https://inspirehep.net/literature/225018
https://arxiv.org/abs/0804.1501
https://inspirehep.net/literature/34698
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Lattice Simulation – Gradient Flow 11

ä Valence simulations carried out using Hadrons [Portelli et al. ’22]

ä Gauge Flow
å Runge-Kutta scheme for small step size ϵ

å Pre-existing implementation of Wilson action gauge flow in Grid [Boyle et al. ’15]
å Re-implemented into Hadrons also with Symanzik and Zeuthen actions

ä Fermion Flow
å Uses gauge flow implementation with Wilson action
å Evolve propagators with 4D Laplacian in Runge-Kutta scheme

ä Gauge and fermion fields evolved with ϵ = 0.01

ä Measurements taken every 10 steps for t/a2 < 5

https://github.com/aportelli/Hadrons
https://zenodo.org/record/6382460
https://github.com/paboyle/Grid
https://inspirehep.net/literature/1476875
https://github.com/aportelli/Hadrons
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First Look At Data 12

ä We want to find suitable window in flow time

å May be different for different quantities

ä Look at different quantities and their behaviour with the flow

å 2-point functions á effective mass, decay amplitude

Meff(t) = cosh−1

(
CPP(t) + CPP(t + 2)

2CPP(t + 1)

)
Φeff(t) =

√
2

|CAP(t)|√
CPP(t)e−Mt

å 3-point functions

å 3-point/2-point ratios á approximate to Bag parameters

R1 =
C 3pt

O1
(t,∆t)

C 2pt
AP (t)C

2pt
PA (∆T − t)

Ri =
C 3pt

Oi
(t,∆t)

C 2pt
PP (t)C 2pt

PP (∆T − t)
, i = 2 → 5
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First Look – 2-point function (effective mass) 13
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Mcorr = 1.15090(39), χ2

ν [11] = 1.41, p = 0.159

Meff = 1.15096(38), χ2
ν [12] = 1.25, p = 0.244

ä Flow acts on effective mass as sink smearing

ä Excited states suppressed at earlier time slices

ä Ground state effective mass should not change

ä Large flow time will destroy the ground state
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First Look – 2-point function (effective mass) 13
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First Look – 2-point function (decay amplitude) 14

0 5 10 15 20 25 30

time slice

0.0150

0.0152

0.0154

0.0156

0.0158

0.0160

Φ
eff

(t
)

Gradient Flow Time = 0.00
Φeff = 0.01553(5), χ2

ν [10] = 0.40, p = 0.965

ä Expect similar behaviour to effective mass

ä Value of ground state decay amplitude will change
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First Look – 3-point functions 15
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ä Ground state should change but how?

ä At large flow time, smearing of sources overlaps
with 3pt ground state

ä Different ∆T will have different windows
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First Look – 3-point/2-point ratios 16
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Summary 17

ä ∆B = 0 four-quark matrix elements are strongly-desired quantities needed in predictions of B meson
lifetimes
å Standard renormalisation introduces mixing with operators of lower mass dimension
å We aim to use the fermionic gradient flow as a non-perturbative renormalisation procedure

ä Testing method first with well-studied ∆B = 2 matrix elements for B meson mixing and decay constants

ä Implemented the fermionic flow in Hadrons, plus gauge flow for Symanzik and Zeuthen actions

ä Shown first simulations for ∆B = 2

Next Steps:
ä Simulate at multiple heavy quark masses on all ensembles

ä Extrapolate to physical heavy mesons + continuum limits at each t in ‘small-flow-time’ region

ä Combine with perturbative matching matrix á final results at t = 0 in MS

ä Repeat analysis for quark-line connected ∆B = 0 matrix elements

ä Consider disconnected contributions

https://github.com/aportelli/Hadrons
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∆B = 0 Operators A.1

ä For lifetimes, the dimension-6 ∆B = 0 operators are:

Qq
1 = b̄αγµ(1− γ5)qα q̄βγµ(1− γ5)bβ, ⟨Qq

1⟩ = ⟨Bq|Qq
1|Bq⟩ = f 2BqM

2
BqB

q
1,

Qq
2 = b̄α(1− γ5)qα q̄β(1− γ5)bβ, ⟨Qq

2⟩ = ⟨Bq|Qq
2|Bq⟩ =

M 2
Bq

(mb + mq)2
f 2BqM

2
BqB

q
2,

T q
1 = b̄αγµ(1− γ5)(T a)αβqβ q̄γγµ(1− γ5)(T a)γδbδ, ⟨T q

1 ⟩ = ⟨Bq|T q
1 |Bq⟩ = f 2BqM

2
Bqϵ

q
1,

T q
2 = b̄α(1− γ5)(T a)αβqβ q̄γ(1− γ5)(T a)γδbδ, ⟨T q

2 ⟩ = ⟨Bq|T q
2 |Bq⟩ =

M 2
Bq

(mb + mq)2
f 2BqM

2
Bqϵ

q
2.

ä For simplicity of computation, we again want these all to be colour-singlet operators:

Q1 = b̄αγµ(1− γ5)qα q̄βγµ(1− γ5)bβ

Q2 = b̄α(1− γ5)qα q̄β(1 + γ5)bβ)
τ1 = b̄αγµ(1− γ5)bα q̄βγµ(1− γ5)qβ

τ2 = b̄αγµ(1 + γ5)bα q̄βγµ(1− γ5)qβ


Q+

1

Q+
2

T+
1

T+
2

 =


1 0 0 0

0 1 0 0

− 1
2Nc

0 −1
2

0

0 − 1
2Nc

0 1
4



Q+

1

Q+
2

τ+1
τ+2




