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The renormalization group (RG) f-function

K/
L X4

The RG beta function describes the dependence
of renormalized coupling ¢2(x) on some energy

scale p? _ _
d Requires connection to

[3(92) - M2d—uzg2<u) low-energy hadronic scale

Non-perturbative determination
of 3-function is essential

K/
L X4

Solution yields the famous A-parameter from
dimensional fransmutation
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v
RG [-function on the lattice

[LUscher, M., JHEP 08 (2010) 71]

% Gradient flow (GF) is a continuous smearing operation d
> Describes areal-space RG fransformation in —Vi(z, 1) = —93(5:1:,“31?)‘/2(93, n)
infinite volume when combined with dt
appropriately-defined coarse graining step VO(QU, ,u) = U(ﬂU, M)

<+ Define a renormalized running coupling (/ﬂ ox 1/8t)*
[Carosso, A., Hasenfratz, A., Neil, E. PRL
121, 201601 (2018)]%y

Gar(t: 62) = N2 E(D) P
Renormalized trajectory

> Describes flow along renormalized trajectory with \
corresponding g-function

Infinite Volume
RG Flow
Diagram

d
Bar(t; g5) = _tEQéF(t;g(%)

*N = 12872 /3(N? — 1) chosen such that the
GF coupling matches MS at tree level
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https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.121.201601
https://link.springer.com/article/10.1007/JHEP08(2010)071
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Continuous g-function from UV to IR
in confinuum
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[Hasenfratz, A., Peterson, C.T., Witzel, O., van
Sickle, J., arXiv:2303.00704, sub. to PRD] &

Direct determination of the Yang-Mills

A-parameter
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&y
The continuous -function method (CBFM)

1. Calculate GF coupling & -function eweten | D G)elessvElls

. A 2
a. Tree-level normalization (tln) factor C(t, L) = 2nt Gauge action
corrects for gauge zero-modes and L4
tree-level cutoff effects 9 L/a-1
s o~ t(Sp+0) ~1,-U5r+9) 5,

| Z Tr[ (SG + g)
QQGF (t7 L7 98) : N O, 10) <t2E(t)> Lt n,=0,n2#0

b. d/dtdiscretized with 5-point stencil

9 d 5 5 [Fodor, Z., Holland, K., Kuti, J., Mondal, S.,
Bar (t; L,go) - _tEQGF (t; L790> Nogradi, D., JHEP (2014) 018]
[Hasenfratz, A., Witzel, O., PRD 101,
2. Infinite volume extrapolation (a/L)* — 0 at 034514 (2019)]
; - 2 2
fixed g, = 6/90 and t/a [Kuti, J., Fodor, Z., Holland, K., Wong, K. H.
PoS, LATTICE2021 (2021) 321] &
NG 2 . o2 : 2
3. lnTerpOlOTe BGF (t’ gO) N gGr (t’ gO) at fixed t/a [Hasenfratz, A., Peterson, C.T., Witzel, O., van

Sickle, J., arXiv:2303.00704, sub. to PRD] %
4. Continuum extrapolation a?/t — 0 at fixed g2
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https://link.springer.com/article/10.1007/JHEP09(2014)018#citeas
https://link.springer.com/article/10.1007/JHEP09(2014)018#citeas
https://pos.sissa.it/396/321/
https://arxiv.org/abs/2303.00704
https://arxiv.org/abs/2303.00704
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.101.034514
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.101.034514

Simulation details

+  Simulations are performed with a pure Flowed Polyakov loop

gauge Symanzik action using GRID
>  43< 6, <75 (15 overall) 0.6
> Symmetric volumes with periodic 25 ?5
boundary conditions in all four = s &
directions & 04; ., s B Lak
s L/a=20,24,28,32,48 Taal i Lial24
%  Gradient flow performed with Wilson flow = SR 4 Lja=28
and Zeuthen flow using QLUA 0.2 Eab Ljak32
> Flow (F) and operator (O) 0.1 W&;, . Bt
combinations abbreviated 2 o
m FOfornofin (e.g. Z3) 00735 50 55 60 65 70 75
m  NFO with fIn (e.g. NZS) By = 6/g(2)
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https://arxiv.org/abs/1512.03487
https://usqcd-software.github.io/QLUA.html

Infinite volume extrapolation (weak coupling)

2.8071 nzs, B, = 6.00
2.75 =K = —
I t/a*=4.0
2 70 i i . ¥ — %
%265_ ''''''''''''''' t/a2=352
~
%2'60- O ——— ~%1/a? =30
‘\'c(z? 2.551
2 501% % ST — =X¢ /a2 =252
2.451
2.40 PE=—f=—— e —— et o 20
48432484 244 20~
(a/L)*

—0.4004 nZS,Bp=6.00 gt/ =20
: x

_0425 1 X I t/a2 =252

G2 —0.450- p s _ ¥/ =30
SooasETET] L mmens

~N P i =40
S —0.500 {55~ i

—0.5251 o

_ e &

—0.550 I

—0.575 F==¥%
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(a/L)*

Extrapolate both g4y (t; L, g2)and Bgr(t; L, g2)

inearly in (a/L)* — 0at fixed Byand t/a*
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24 < L/a < 48 for B, > 5.5

(ERFP

0000




Infinite volume extrapolation (strong coupling)

~101 nZS, B, =4.35 10
L2 1 & st/a® =20
. ? 15
P S iy xt/a? =2.52 ao
£ S0
3 20 pemmemme . %1/a? =30 R
< 5
5 B — e e—— T -z[/az =3.52 = 2
_30_ ...... e — B 11/a2=40 30-
34784 e 204
(a/L)*

Confinement introduces infrared scale piconf
— Finite-volume effects suppressed
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1 nZS, By = 4.35

% % wt/a’ =2.0

— i wt/a? =252
...... —oc—-—a—~—-—-—--*—-—-—-—-—'—-—-—-—-—-—xt/a2=3.0
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______  — ————

T B e -xl/a2=4~0
3274874 247 207
(a/L)*

20 < L/a < 32 for B, <4.9
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Tree-level normalization (weak coupling)

Infinite volume extrapolated*

2.8 2.8
5 7] 2 By=6.00 7% 5 7 12, By =6.00 T
2.6 "4// 261 Reduced —

G N Cutoff effects /// // & | cutoff effects ,/

1= 2.5 / = / 1= 2.5 /

£ 24 = £ 24 -

NDCZS 73] // I ,/ B Wilson Nccii 23 / B Wilson
/ / I Symanzik 5] / I Symanzik

2.2 .
1 clover = 1 clover
2.1 / // 2.1
2.0 . - - - - 2.0 - : . ; !
1.0 1.5 2.0 2.5 3.0 3.5 4.0 1.0 1.5 2.0 2.5 3.0 3.5 4.0
t/a* . t/a* .
2 ) 2\ __ 2 2 ! 2\ _ 2
JGF (ta L, 90) — Nl Yot L) (t“E(t)) JGF (t7 L, 90) =N C@, L) (t“E(t))
H_J -/
Gauge zero-mode Tree-level normalization
correction

[Fodor, Z., Holland, K., Kuti, J., Mondal,
S., Nogradi, D., JHEP (2014) 018]
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https://link.springer.com/article/10.1007/JHEP09(2014)018#citeas
https://link.springer.com/article/10.1007/JHEP09(2014)018#citeas

Tree-level normalization (strong coupling)

Infinite volume extrapolated*

20 20
Z, By =435

nZ, B = 4.35

Reduction even at

& e S strong coupling!//
\%..12_ ,/// ) %12_ / )
a0 // Bl Wilson &) / I Wilson
RN 1 [ Symanzik = - [ Symanzik
10 =1 ¥ 10 = ¥
8-/ / EE clover g / o clover
/

/
18 Cutoff effects = g 181
16 /%/ 161
14 = 141

t/a?

See also:
[Schneider, C., Hasenfratz, A.,
Witzel, O., arXiv:2211.12406]
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We use nZS for our central
analysis

(ERFP
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t/a®

[Fodor, Z., Holland, K., Kuti, J., Mondal,
S., Nogradi, D., JHEP (2014) 018]
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https://arxiv.org/abs/2211.12406
https://arxiv.org/abs/2211.12406
https://link.springer.com/article/10.1007/JHEP09(2014)018#citeas
https://link.springer.com/article/10.1007/JHEP09(2014)018#citeas

Interpolation

% Must m’rerpolo’re Bar(t; g2)in gér(t; o) at
fixed t/a* before performing continuum

extrapolation.

b

Bar(9&r) ~ boggr + brgée + O(gér)

> Interpolation should accommodate
weak/strong coupling asymptotics.
4 2 2N
I (o) = ket sty o sl
1+ Q1g(2;F + ... T gN+19GF
4 2

X 9GF X 9GF

> Interpolation stable for N > 4
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Interpolation
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% t/aZ =252 - \\\ *\ \E/ >
: \ %,
=25 o t/a*>=3.0 KX " QLZ —80.0 === I-loop univ. " | X
—301 t/a*>=3.52 N, %o, X —82.54 e 2-loop univ. | = %
354 t/a®>=40 \\\ . MS 8501 3-loop GF I
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2 (42 2 (2
8cr(t:80) gcr(t; 80)

Continuum limit can now be taken at
fixed géF
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Continuum limit (extrapolation)

—0.11 '
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a’/t
R/

% Linear extrapolation in ¢? /¢ at fixed (s
> tmin/6® = 2.0, tmay/a® = 4.0
> Not sensitive t0 tyin/a?, tmax/a?

% 1In flattens continuum extrapolation

> Also little operator dependence
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Confinuum limit (result)

% Systematic error estimated from
largest systematic effect at each gip

K/
%

Total error estimated by adding
systematic and statistical errors in
quadrature

K/
%

Linear behavior at strong coupling

Bar(9ér) ~ co + C\lgéF

Bcr(g %}F)
|

1= I-loop univ. 7~y

_-“\"q
e
Ty

| 2-loop univ.
—-—:- | 3-loop GF* S
B for(ggr) (stat + syst)

Bor(gZg) (stat only)

nZS

—12' \\\
co = 5.91(30) ¢1 = —1.326(12)  _14. | \\\
. . . 0 2 4 6 8 10 12 14
% Implies scaling relation between (t*E(t)) 2
and GF flow time 8GF
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FE({t)) ~ ag+ a1 (t/t) "

>|‘[Ar’rz, Harlander, Lange, Neumann,
Prausa JHEP 06 (2019) 121]
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https://link.springer.com/article/10.1007/JHEP06(2019)121
https://link.springer.com/article/10.1007/JHEP06(2019)121

Effective S-function

< Need Bcr(9&r) down to ¢&p = 0 for
A-parameter

% Extend our g-function below weakest
coupling by parameterization

ﬁﬁ(QéF)EE'—géF(bo4‘blgéF‘?b2géF‘*bpggF>

> bpdetermined by matching Bar
to g between g7 =1.8,¢97 =2.1
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Effective S-function
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Systematic uncertainties from giz,gjze are
under control
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Final result for v8toAsyg from pure Yang-Mills

<  We obtain for our final result This work {Filed/open circles corespond I—*—I

Wi 23 li | to conversions with different :

V/8toAzg = 0.632(12) ong 23 (prelim) *

Dalla Brida 19- ro/Vto -

> Giventy, predicts Agg Ishikawa 17 | - — :

(and vice-versa) Kitazawa 16 - =
< Agrees with recent GF Brambilla 10 S * H
determinations QCDSF/UKQCD 05 1 = :
ALPHA 981 ——— —

< COMBEEIElels falice] Cenes) 052 054 056 058 060 062 0.64

different determinations \/S_A
> Warrants further scrufiny 10AMS
= Is the CUIp”T TO/\/t_Og [Wong, C.H., Borsanyi, S., Fodor, Z., Holland, K.,

Kuti, J., arXiv:2301.06611 (2023)] &

*[Dalla Brida, M., Ramos, A. EPJC 79, 720 (2019)] &
[FLAG 2021, arXiv:2111.09849 (2021)]

*[LUscher, M., JHEP 08 (2010) 71] &
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https://arxiv.org/abs/2301.06611
https://arxiv.org/abs/2301.06611
https://link.springer.com/article/10.1140/epjc/s10052-019-7228-z
https://arxiv.org/abs/2111.09849
https://link.springer.com/article/10.1007/JHEP08(2010)071

C O n C | U S I O n S [Hasenfratz, A., Peterson, C.T., Witzel, O., van

Sickle, J., arXiv:2303.00704, sub. to PRD] &

A parameter of the SU(3) Yang-Mills theory from the continuous f function

Anna Hasenfratz,!* Curtis T. Peterson,!* © Jake van Sickle,! and Oliver Witzel?: ¥

< The confinuous B -function method (CBFM) is | Department of Physics, University of Colorado, Boulder, Colorado 80309, USA
well-suited fo study RG properties in confining PO .. Lo o il ke g 5. AP
regime
> Infinite volume extrapolation is
controlled

> Should choose interpolating function
that reproduces g-function asympftotics
> Small cutoff effects with tin

Please refer to our recent arXiv

) L submission for more details
% CBFM dllows for a direct determination of

the A-parameter from the toscale
> |n agreement with recent GF
determinations
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A-parameter calculation

2_2 = (b092(ﬂ))_z_% &P ( B bog](tu)Q)

) 1 1 by
_ d _
i [ / ¥ <5(w) " boa? ng)}

g2 (1) = g% (1) + crg% (1) + O (9% ()
. A3 /A% = exp [e1/bo)
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A proposal for non-perturbative matching

p-functions in different schemes “X" and “Y" are related by...

Q Parameterize...

N
9% = dlg%) = 9% + 9% ) _ kg%
2=1

By (¢(9%))/¢' (9%) = Bx (9%)




