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The effective electroweak Hamiltonian

@ Observables in flavor physics often computed with effective Hamiltonian of electroweak interactions

4Ge\ "
Hep = — <> Vekm Z CiO;
V2 ,-
with four-fermion operators like
OR5172 = (57,(1 = 75)d) (87,4(1 — 75)d)

for K — K° mixing:
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® Wilson coefficients C;( 1) obtained from perturbative matching to Standard Model at = pw ~ My
® Vegm: relevant entries of the CKM matrix, e.g. Vi Vig V]; Vigwith i,j = ¢, t

Institute for Theoretical Particle Physics and
1/33 March 20, 2023 Fabian Lange: The gradient flow formulation of the electroweak Hamiltonian Institute for Astroparticle Physics



KIT

Computing observables

® Flavor observables mostly at low energies
= Use renormalization group equations to evolve down to appropriate scale to avoid large logarithms
@ Schematically for Kaon mixing:

(ROIHIZ51Z2 1K) & Cluw) U, 1) (KO|O1ASI=2 (110) | K©)

® Running with U(y, 11x) determined by anomalous dimension ~ of O/451=2
® Matrix element (K°|O!A51=2(14,)|K°) nonperturbative
= Compute on lattice
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Complications

V2

@ While H.g is scheme independent, C; and O; are not:

4 X
Her = — (GF) Vexm Z CiO;

Perturbative C;: Lattice (O;):
® Dimensional regularization with D = 4 — 2¢ ® | attice spacing a as UV regulator
& QOperators mix through renormalization, also with ® Have to take continuum limit a — 0 in the end
evanescent operators (vanish in D = 4): ® QOperators mix through renormalization:
R _
0" = 2000 + ZocE Of = 2104 + Z12 02

@ (C; scheme dependent: ® (0,) scheme dependent

@ Explicit dependence on p
©@ Scheme for s
© Choice of evanescent operators
= Scheme matching between lattice and perturbative results additional source of uncertainty
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Gradient flow

@ [ntroduce parameter flow time t > 0 [Narayanan, Neuberger 2006; Liischer 2009; Liischer 2010]
® flowed fields in D 4 1 dimensions obey differential flow equations:

Gluon flow equation [Narayanan, Neuberger 2006; Liischer 2010]

0B = DPGy, with  B3(t,x)|,_, = A%(x)
b __ b b _ bc pb
D% = 5%, — 1B,  GI, = 0,B% — 0,B% + *°B)B

Quark flow equation [Lischer 2013)

dox = Ax with  x(t,x)] o = ¥(x),
= o = ol
ox =xXA with  X(t,X)]|,—o = ¥(x)
(_

<~ <
_ a Ta b b
A = (0, BT (0, - B5T)
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Flowed operator product expansion

® Flowed composite operators O;(t, x) finite [Lischer, Weisz 2011]
@ Small flow-time expansion [Lischer, Weisz 2011]:

Ot x) = ZC//(t)O/(X) +0(t)

® |nvert to express operators through flowed operators [suzuki 2013; Makino, Suzuki 2014; Monahan, Orginos 2015]:

T=> COi=> c¢ (00 =Y_ G(t)o(t)
i i J

@ T defined in regular QCD expressed through finite flowed operators (5,-(1‘)
@ Gradient-flow definition of T valid both on the lattice and perturbatively
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Flowed OPE for the electroweak Hamiltonian

a Write electroweak Hamiltonian as
4Gy X 4Gp X B 4Gp X
Hesr = — () Verm CO;=— <> Verm Cit, Oj=—=|—] Vexm
v2) Yo 2 00= g ) Ym0 0= (Tg) Yo 2

@ Gradient-flow scheme valid both on the lattice and perturbatively:

Perturbative C;: Lattice (O)):
® Dimensional regularization with D = 4 — 2¢ ® | attice spacing a as UV regulator
® Finite and scheme independent: ® Finitefora — 0
@ No explicit dependence on 1 = No operator mixing

© No dependence on scheme for v5
@ Independent of evanescent operators
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Flowed OPE for the electroweak Hamiltonian

a Write electroweak Hamiltonian as

4Gr\” 4Gr\” ~ 4G:\" =
H ff — — () VCKM CO; = — < VCKM C O=—-|— VCKM C:O;
€l \/§ Z | \/5 ; i J \/E Z i~
@ Gradient-flow scheme valid both on the lattice and perturbatively:
Perturbative C;: Lattice (O)):
® Dimensional regularization with D = 4 — 2¢ ® | attice spacing a as UV regulator
® Finite and scheme independent: ® Finitefora — 0
@ No explicit dependence on 1 = No operator mixing
© No dependence on scheme for v5
@ Independent of evanescent operators
@ Three ingredients:
® C; known perturbatively through (N)NLO (depending on process)
a has to be computed, some first results in [Suzuki, Taniguchi, Suzuki, Kanaya 2020; Harlander, FL 2022] = this talk

a () to be computed on the lattice = Matthew Black’s talk
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Lagrangian

@ Write Lagrangian for the gradient flow as [Lischer, Weisz 2011; Lischer 2013]

L= L:QCD+£B+£X,

1 LI
Lacp = rgzl‘_/‘jyl‘_jy + ZUN([Z) + me)s + ...

f=1

= Construct flowed Lagrangian using Lagrange multiplier fields L7, (¢, x) and As(f, x):

oo
Lg=-2 /0 dtTr [L2T2 (0B TP — D*GS,T)] 0B, = DFGy,
Ny e8]
= Z/ at (30— a)xe+ v (8 - B) o). dx = DX, 9T =D
=170

= Flow equations automatically fulfilled
= QCD Feynman rules + gradient-flow Feynman rules (complete list in [Artz, Harlander, FL, Neumann, Prausa 2019])
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Solving the flow equations

& Split flow equation into linear part and remainder [Luscher 2010]
OB; = 9,0,B; + R with B (t,x)| _, = A% (x)
@ Solved by
t
Br(tx) = [ Kultx - AW)+ [ [ dskult - sx pRssy)
y yJo

with integration kernel

Kunltn) = [ e%,,e7 = [ 6P, (1)
p

p
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Propagators

t
BZ(t,x):/K,W(t.xfy)Ai(y)+// ds K, (t —s,x — y)Ri(s,y)
y 0

y
. o .
Ko (t, x) :/e‘pxéw,e P E/e'p"Kw(t,p)
P P

@ Flowed gluon propagator contains fundamental gluon propagator:

(Bi(t.P)BY(5.9)) | = Kt )R (5. 9) (A2(P)AS(a) )
= Can express both by same Feynman rule

s, v, b -t o = 5abl25W o (t+s)p’
p
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.
Flow lines

@ Flowed gluon Lagrangian:
- b b b b
Ls= —2/0 dtTr [L2 T2 (9,B5T? — DG, T?)]

= No squared L}, in Lg = no propagator

® Instead mixed propagator <§z(t, p)LA(s, q)> called flow line:

p
S, v, b 9990090000 ~ t, 4, @ — §ab 0(t — $)0, o (1=9)p’
 —

@ Directed towards increasing flow time
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Flow vertices
Lg=—2 /0 dtTr [LAT? (0B T® — DG, T°)]

& Example:

H,a — —igf"’bc/ ds (6,,(r — @) + 20,,Gp — 26,p1)
JO

® Integral restricted by 6(t — s) from outgoing flow line
® Incoming lines can be both flow lines and flowed propagators
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Renormalization

@ QCD renormalization of QCD parameters like as and quark masses
® Flowed gluon fields do not require renormalization [Liischer 2010; Liischer, Weisz 2011]

® Flowed quark fields have to be renormalized: x? = Z&/2\® (Luscher 2013)
= x acquire anomalous dimension and not scheme independent
® “Physical” scheme: Ringed fermions x = ZL/ZXB [Makino, Suzuki 2014]:
., 2N,
H= 8.8
(4702 (Y8 B xB)|_,

= x formally independent of renormalization scale 1

a ZX available through NNLO [Artz, Harlander, FL, Neumann, Prausa 2019]
® Composite operators do not require renormalization [Lischer, Weisz 2011]
= Gradient-flow scheme without operator mixing
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Gluon action density
& Simple first observable: vacuum expectation value of gluon action density
1
E(ta X) = ZG;aw(tv X)GZV(tv X)a
G3,(t,x) = 0,B3(t, x) — 9, Ba(t, x) + B (t, x)BS(t, x)

® Feynman rules like

P L q 2 cab
s @ 999999980K000980908 - v, b = —g?§ (6,00 q— Puay)
SN -
o o 3as NA
(E() o = = e

t
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Sample Feynman diagrams for (E(t)) at higher orders

Institute for Theoretical Particle Physics and
14/33  March 20, 2023 Fabian Lange: The gradient flow formulation of the electroweak Hamiltonian Institute for Astroparticle Physics



KIT

Integration-by-parts relations

@ After tensor reduction, we end up with many scalar integrals of the form

F [P 2 2
f exp[—(Tiq5 + - - + Tnay)]
(L%}, (T, {a)) = (H / dn) / D L
f—1 70 Kiseooske q1 qN

with g; linear combinations of k; and T; linear combinations of f;, e.9. g1 = ki —keand Ty =t 4+ 2t — 5
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Integration-by-parts relations

@ After tensor reduction, we end up with many scalar integrals of the form

KIT

Karlsruhe Institute of Technology

2&/\/

F e eX—112,,, Nﬁ
I({Tfup},{ﬂ},{a,}): (H/O dtf)/k k p[ (TZCL1+ + Tug )]

a

...qN

with g; linear combinations of k; and T; linear combinations of f;, e.9. g1 = ki —keand Ty =t 4+ 2t — 5

& Chetyrkin and Tkachov observed [Tkachov 1981; Chetyrkin, Tkachov 1981]

/ a(all 1 >_O
ko k, OKI\ 7 P PR

= Linear relations between Feynman integrals
@ Can easily be adopted to gradient-flow integrals
& Additional new relations for gradient-flow integrals:

P
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0
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Laporta algorithm

@ Schematically integration-by-parts read
0=(d—ai)l(ai,a, a3)+ (a1 —a)l(ar + 1,20 — 1,a83) + (2az + a1 — a2) /(a1 + 1,a2,a3 — 1)
® Rarely possible to find general solution like
(a1, a,a3) = a1l(ay — 1,az,a3) + (d+ a1 — a)l(ar, a2 — 1,a3) +2azl(ai, a2, a3 — 1)

® |nstead set up system of equations and solve it [Laporta 2000]
® Insertseeds {a1 =1, & =1,as =1}, {a1 =2,a2 =1,a3 =1}, ...:
0=(d—1)I(1,1,1)+1(2,1,0),
0=(d—2)/(2,1,1) 4+ 1(3,0,1) — I(3,1,0),

® Solve with Gaussian elimination
= Express integrals through significantly smaller number of master integrals
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Automatized calculation

® qgraf [Nogueira 1991]: Generate Feynman diagrams
® g2e and exp [Harlander, Seidensticker, Steinhauser 1998; Seidensticker 1999]: Assign diagrams to topologies and prepare
FORM code
® FORM [Vermaseren 2000; Kuipers, Ueda, Vermaseren, Vollinga 2013]: Insert Feynman rules, perform tensor reduction, Dirac
traces, color algebra, and expansions
@ Generate system of equations employing integration-by-parts-like relations [Tkachov 1981; Chetyrkin, Tkachov 1981]
with in-house Mathematica code
® Kira [Maierhofer, Usovitsch, Uwer 2017; Klappert, FL, Maierhéfer, Usovitsch 2020] @ FireFly [Klappert, FL 2019; Klappert, Klein, FL 2020]:
Solve system to express all integrals through master integrals with Laporta algorithm [Laporta 2000]
@ Calculation of master integrals:
& Direct integration with Mathematica
& Expansion employing HyperInt [Panzer 2014]
® Numerical integration with following sector decomposition strategy [Binoth, Heinrich 2000 + 2003] with FIESTA [Smirnov,
Tentyukov 2008; Smirnov, Smirnov, Tentyukov 2009; Smirnov 2013] and in-house integration routines [Harlander, Neumann 2016] Or
pySecDec [Borowka, Heinrich, Jahn, Jones, Kerner, Schlenk, Zirke 2017; Borowka, Heinrich, Jahn, Jones, Kerner, Schlenk 2018; Heinrich,
Jahn, Jones, Kerner, Langer, Magerya, Poldaru, Schlenk, Villa 2021]
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(E(t)) through NNLO (1)

3as N 2
= 20 A [1 - :—;a + (%) e + O(ai)] +0(m?)

E(t) =
(E(1)) 47t 8 4

er = e + fo L(1Pt)

& = €0 + (260 €1,0 + B1) L(1Pt) + B L2(1Pt)

L(z) = In(22) +
® (E(t)) finite after QCD renormalization of a5 only!
® NLO |[Lischer 2010] :
52 22 8
1,0 = <9 + ? In2 3|n3) Ca — §nfTR

a NNLO [Harlander, Neumann 2016; Artz, Harlander, FL, Neumann, Prausa 2019] :

5 43 8r2
€20 =27.9786 C; — (31.5652...) s TrCa + | 16¢(3) — 3 mTrRCF +

27
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80
) P72

81
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(E(t)) through NNLO (ll)

19/33

o = 130 GeV
— 0.12
00324  TTT==-ll
TounE S=~a
= - 0.10 -
0.0304 ™ S =
5 0.028 & 0.08 1
= 1If....... LO R
0.026 - ]
---+ NLO 00
0.024 4|—— NNLO T
T T — T T T N 0.04 1 T T T LA L | T
0.5 1.0 2.0 0.5 1.0 2.0
1/ ko 1/ ko

® Uncertainty through scale variation reduces from 3.3 % to 0.29 % at 130 GeV and from 19 % to 3.4 % at
3GeV
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Operator basis

20/33

1

4Gr\” 4Ge\" . 4Ge\" =
Het = — (\/GEF) Vexkm Z CiO; = - (\/§F> Vexkm Z]: GGy Oj=— (\/EF> Vern Y GO

@ Operator basis depends on process

® We focus on the current-current operators relevant for |AF| = 2 processes

@ Operator basis not unique even for the same process, but different bases related by basis transformations
® CMM basis [Chetyrkin, Misiak, Miinz 1997]:

O = — (V107 T21) (Y317, T%ar)
Oz = (Y117, 02,1) (Ya17utar)

with
YryL = Pty = F(1 £ 95)0)

Institute for Theoretical Particle Physics and
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Evanescent operators Karsue nsituteof Techology

Oz = (V117u¥2,1) (Ya17utar)

@ |n dimensional regularization, loop corrections produce additional non-reducible -~y structures:

= (%u Vo '7#3) ® ('Ym B 'V/As)

These contributions have to be attributed to evanescent operators like [Buras, Weisz 1990]

1 - - .
E2( )= (D1, pomss V2) (3,0 Vpuspiznsar) — 1602 Wit Yy = Y+ Y,

Algebraically they are of O(e) and vanish for D — 4

Nonetheless required to renormalize the physical operators

Renormalization has to take care of finite pieces from ! (poles) x e (operators)
Every loop order introduces more evanescent operators
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Complete operator basis

® Physical operators:
O = — (V107 T21) (Ya17. T%%ar)
Oz = (V117u¥2,1) (Va17utar)

@ Evanescent operators through NNLO:

E1(1) = — (V1 LY piops T%21) (V3.0 V101 To%aL) — 1601,

52(1) = (V1 1% peps¥2.r) (Va1 Vupopstbar) — 1605,

E1(2) == (J’LL'Muzuamus Taz/’?-,L) (1/_’3»L'Vmuzusums Ta¢47L) - 20E1(1) — 2560,
E2(2) = (1/;1=L7N1#2H3H4#5¢2,L) (ﬁS,LV#w#zuamusme) - 20E2(1) — 2560,
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Flowed operator basis

@ Flowed physical operators:

O1 = — (V107 T%2,1) (Y317 T¥%a1) = 0= *25 (X107 Tx2,0) (X3,L7: TXa,L)
Oz = (V117u2,1) (Va17utar) = Op= 2; (X1.07uX2,L) (X3.LVuXaL)

® Flowed evanescent operators:

~ (1 o _ _ ~
E1( ) = 7Z)§ (X1,L7/L1,M2/L3 TaX2,L) (X37L71L1;L2;L3 TaX4,L) - 16017

Py e ~ .
B = Z2 (X1 LYo X2.L) (X8.L Y piopa XaL) — 1605,

(o oy _ (1 .
E1( ) = —Z2 (X1 LY pus papiapanss ToX2L) (X3L Vs propsapapss TOX4,L) — 2051( ) — 2560,

~ (2 on _ ~ (1 ~

Ez( = Z>2( (X1,L'7M1 M2M3H4#5X2,L) (XS,LPY#wuzuamusX‘hL) - 20E2( ) 2560,

@ Since flowed operators do not have to be renormalized, the flowed evanescent operators actually vanish
and could be dropped

& Keeping them allows us to check our results

Institute for Theoretical Particle Physics and
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Renormalization ()
@ Small-flow-time expansion for operators of electroweak Hamiltonian:
O(t) _ s5p (©
(eth) =0 (2
with 0 =(0y,0.)", E=(EMN E" E® EPHT

® Since regular operators divergent, (B(t) divergent as well
® Regular operators renormalized through

(2) === %))

® Renormalized ((t):
Ot)\ _ 8/nyt (O R O\ _ (Ge(t) (D)) (O
(et0) =0z (2) =0 (2) = (&0 &) (2)
Institute for Theoretical Particle Physics and
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Renormalization (ll)

® Renormalization matrix Z includes finite renormalization:

Z:/—5U+Z(as) ,-/k with Z(k) Z ,Z(k/)

@ Related to anomalous dimension of operators and Wilson coefficients:

MdOi(u) dGi(p)
du du
@ Block form [Buras, Weisz 1990; Dugan, Grinstein 1991; Herrlich, Nierste 1995]:

(k) (k) 0 0
7(k) Tep An(:kE) and Z(k0) _ < %.0) )
0 7 Zep 0

® Ensures that matrix elements of renormalized evanescent operators vanish:

0z,
= 7iCi() = Vi = zasﬁeZikT

Os

=7;0)(p)  and

(ERY = Zep(O) + Zee (E) = Oe)
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Method of projectors

a Define projectors [Gorishny, Larin, Tkachov 1983; Gorishny, Larin 1987]
!
P[Oi] = Dk(0|Ojlk) = i + O(cxs)
& Apply to small flow-time expansion:

PlOi(t)] = > ¢i(t)PO)]

)

® (j(t) only depend on t
= Set all other scales to zero
= No perturbative corrections to Px[0}], because all loop integrals scaleless

“Master formula”

6(1) = RO

p=m=0

Institute for Theoretical Particle Physics and
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Projectors and example diagrams

® Schematic projector for O> = (1 17,%2.1) (Va1 vutba1):

1 _ _
P[O] = 16N Triine 1 Triine2 (O] (Va7 %3,L) (¢2,L’Yu¢1,L)O\0>’p:mIO
C

= more detailed construction of projectors in Janosch Borgulat's talk
@ Sample diagrams:

pot ey B e
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® Physical matching matrix (¢ ~")pp:
1 17 1
() =1+ as (4.212 + 2th,> +a {22.72 —0.7218 1 + L, (16.45 — 0.7576 1) + L2, (16 % n,) ] ,

5 1 5 13 1
(¢ Mia(t) = as (— - L,“) +a { — 45314 0.1576 n + Lyt (—3.133 + 5 m) + L2, ( + nf) }

6 3 24 ' 36
(C_1)21(f)=as(—15 3

— L) +a°| —23.20+0.7091 ny + L —1522+3n + 12 —§+1n
4 2 ot S . . f fut . 12f ut i )

1
(CNaa(t) =1+ a,3.712 + & [19.47 ~0.4334 1 + Ly (11.75 - 0.6187m) + 4 Lit}

® g, = as(p)/m renormalized in MS scheme and L, = In 242t + ¢
@ SetN, =3, TR = % and transcendental coefficients replaced by floating-point numbers
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1 iyt _ (e (CTM)ee
C - Z(C ) - ((C1)EP (41)EE)

® Finite after o + field renormalization and with Z from [Chetyrkin, Misiak, Miinz 1997; Gambino, Gorbahn, Haisch 2003; Gorbahn,
Haisch 2004]

® (¢er = O(¢)

@ [ndependent of QCD gauge parameter
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a Different operator bases related by
O =R(O+WE) and E' = M(eUO +[1+eV]E)

® Not sufficient to simply rotate the physical submatrix with R: (pp # R(ppR™"
a 1. possibility:

® Transform whole ¢®

@ Perform renormalization in the same way as before with a different Z
a 2. possibility:

® Rotate renormalized (pp

® But: basis transformation also changes the scheme of Z!

= Restore the scheme by an additional finite renormalization [Chetyrkin, Misiak, Miinz 1997; Gambino, Gorbahn, Haisch 2003;
Gorbahn, Haisch 2004]:

Chp = RGeR™'(1 + 2Z,")
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® Physical operators:

[(¢1 W,Hﬁz ) (1/’3 ’Y;ﬂh ) ( ?Wt% ) (1/}3 7uw4 )]

® Evanescent operators and transformation matrices through NNLO defined in [Buras, Gorbahn, Haisch, Nierste 2006]
® Anomalous dimension diagonal, i.e. operators do not mix under RGE running
a We did the transformation in both ways and find agreement as well as diagonal form:

1 9 A
Gl =1+as (2.796 - 2LH,) + {14.15 —0.1739 1 + Ly, (6.509 — 0.4798 ny) + L2, ( ] f) ]

15 1
¢! =1+a,(5.546 4 L) + & {32.01 —0.9524 1y + L,,(21.23 — 0.8965 ny) + L2, ( T f) }
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Summary

® Discussed automatized setup for perturbative calculations in gradient-flow formalism = further discussions and

applications in talks of Janosch Borgulat and Robert Harlander

@ Constructed gradient-flow version of electroweak Hamiltonian:

4G\ " 4Gr\” " 4Gr\” %
off = —  —— U= — — V C/ i - — V C/‘j
o= (1) von oo () u To 02 () v 200

@ Valid both on the lattice and perturbatively

— C;and ((5,-) can be computed in different regularization schemes, e.g. perturbatively and on the lattice

@ Perturbative ingredients C; and required in exactly same scheme (operator basis, evanescent
operators, scheme for ~ys), but no major problem
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Status and outlook

4Gr\" ~
Heff = — <\§;F) VCKM IZJ C, Oj .

® Kaon mixing (|AS| = 2):
® C;: NLO [Buchalla, Buras, Lautenbacher 1995 and references therein] with two of three contributions known through NNLO
[Brod, Gorbahn 2010 + 2012]
a : NNLO [Harlander, FL 2022] (NLO in different basis and scheme in [Suzuki, Taniguchi, Suzuki, Kanaya 2020] )
a <@/> ?
® Non-leptonic |AF| = 1 decays:
® C;: NNLO [Bobeth, Misiak, Urban 2000; Gorbahn, Haisch 2004]
a : NNLO, but without penguin operators [Harlander, FL 2022], extension to QCD penguin operators planned
a <@/> ?
® Neutral B-meson mixing (|AB| = 2):
® C;: NLO [Buchalla, Buras, Lautenbacher 1995 and references therein; Kirk, Lenz, Rauh 2017]
a : NNLO for mass difference [Harlander, FL 2022], calculation of remaining matching matrix planned

® (O;) = Matthew Black's talk
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Treat m e nt Of 75 ( I ) Karlsruhe Institute of Technology

® |n dimensional regularization,
{5} =0

is incompatible with the trace requirement
Tr(’Y}L’YV’Yﬂ’YU’Ys) 7£ 0 Q 4i€/wpa

a Different prescriptions for 75 (NDR, 't Hooft-Veltmann, DREG) lead to different results for
scheme-dependent quantities like Wilson coefficients!
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Treat m e nt Of 75 ( I I ) Karlsruhe Institute of Technology

1 _ _
Py[O] = 16NE Triine 1 Ttine 2 (O] (Va7 ¥3.L) (Y2,.70%1,.) O10) ’p:m:O EX@<
C

Oz = (Y117,%2,1) (Va17utar)

@ The quarks in our operators cannot annihilate due to different flavors
= No =5 in traces produced by loop corrections
@ Define external quarks in projectors to be left-handed, anticommute +s from operator, and use
PP = PL=3(1—1s)
= No traces with 75, simply use naively anticommuting s
® Note: CMM basis avoids s in traces also for penguin operators (|AF| = 1) [Chetyrkin, Misiak, Minz 1997]
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