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Static Potential

¢ Potential between a static quark and a static anti-quark.
¢ Definition in Euclidean QCD:

.1
V(r) =~ lim - log{Wrxr), (1)
* Wilson loop:
WTXT = tI‘colorpexp [ngf dZ“AM(Z):| . (2)
c
—T/2 10 +T/2
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Static Potential

Encodes important information about QCD interactions for a
wide range of distances.

Useful in the extraction of o, from Lattice QCD calculations.

Applied in Quarkonium Physics, the static potential determines
the quarkonium wavefunctions.

pQCD calculations in dimensional regularization contain an
O(Aqcp) renormalon ambiguity, which is associated with an
arbitrary overall constant shift of V'(r).

In lattice regularization, there is a linear divergence that is
proportional to the inverse of the lattice spacing ~ a .
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Static Force

Define the QCD static force by the spatial derivative of V(r) as:

9 1T dao (Wert - g.E(wo, 1))

or T—oo T <Wr><T> (3)

Free of the constant shift (cancel between numerator and
denominator), which makes it convenient for comparing with
lattice studies.

Can be computed from the finite differences of the lattice data of
the static potential.

However, data at short distances are still sparse, and the
computation of the force from the finite differences leads to large
uncertainties.
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Static Force from Lattice

It has been suggested to compute the force directly from the
definition of F'(r), and a direct Lattice QCD calculation was
carried out. Brambila, Leino, Philipsen, Reisinger, Vairo and Wagner, PRD 105 (2022) 5, 054514

Sizable discretization errors and the convergence to the
continuum limit is rather slow.

This may be understood from the convergence of the Fourier
transform of the perturbative QCD calculation in momentum
space.
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Convergence of Fourier Transform

For the potential, we have

dS iqr 400 :
/7qe7 :/ dqsm(Qr). )
(2m)3 ¢ 0 2m2qr

Convergence is not great, but we can still complete it through fo'*"’o dq = limp_, 4 o fd*"x’ dq

It doesn’t work for the force

P / d3q er _/+°°d qr cos(qr) — sin(qr)
r)enr e T 212

(5)

In this case, the Fourier transform cannot be defined as a limit of
a cutoff.

Therefore, it is likely that a cutoff regularization (e.g. lattice) will
run into problems.
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Gradient Flow

It has been expected that gradient flow may improve the
situation.

Gradient flow: In operator definition, replace gluon fields A with
flowed field B, which depends on both space time x and flow
time t. Narayanan and Neuberger, JHEP 03 (2006) 064; Lischer, Commun. Math. Phys. 293 (2010)
899, JHEP 08 (2010) 071; Luscher and Weisz, JHEP 02 (2011) 051.

B is a solution of the flow equation (usually set A = 1)

%Bu(x;t) =D,G,, + \D,0,B,,
Guv =0,B, —0,B, + [B,,B)], D,=0,+[By,"], (6)
with the initial condition: B, (z;t = 0) = g.A,(z).

Advantages: No need for additional renormalization besides
fields and QCD parameters renormalization in gradient flow
formalism. No operator renormalization mixing, great advantage
for comparing pQCD and lattice QCD results.
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Gradient Flow Feynman Rules

®  Flow propagator:

k
o o 2,0 b
SEIEG gt — s)e =g, 500 x @9 (p, g1, q2)ZV11lZ,22
byb
if*°172((q2 — q1) uduqvg + 29105 8puy
®  Flow vertices:

—2q204 Sy,

k
tz/,b — wa _ e’!kiﬁu,ﬁ“b
(3,0) abybgbg
X (p a1, 92, 93) 0t g
b .
fa = FoPepP2P3 (5,060 vy — SpugSuyvg)
03 FPP20 (80 S b — puy Sugug)
na
o abge cbgbyc _
Fuurke = g/ ds XCO k4, ko, k) FFEN Bpny dvavg = Suwg Sugrs)
b vabs o
Lischer and Weisz, JHEP 02 (2011) 051;
Hwa Harlander and Neumann, JHEP06 (2016) 161;
é. i /Ndsx(s,u)ab,bgba
Vi by 3, by o g Artz, Harlander, Lange, Neumann, Prausa, JHEP06 (2019) 121
va, by
u = WOEooos - B
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Static Force in Gradient Flow

In lattice calculation, usually start with the definition
FOr) — i i L9702 40 (Woxr® - guEro, 1)
- T=oo T <Wr><T> ’

(7)

but replace A — B in Wilson line, and F° — G°.

In perturbative calculation, it is not necessary to start with above
definition for F(r,t). Instead, we just compute V(r,¢) with
gradient flow and apply 0, later.

We perform the calculation with Feynman gauge, in which we
can neglect fields at large times.
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Leading Order Results

At leading order, B(p;t) = e 7"*gA%(p) + higher orders, then

d3 iq-r B
Vi) = =iCr | s e Ol ®

Basically, smoothed over a Gaussian distribution.

e 2’tisa strong convergence factor for nonzero t, so that the
static force is well defined. Explicit calculation gives

F(rt) = % [erf (\/%) - \/;“Hexp (—Z) —&-O(as)}
20 O | o), ©

r2

B is a smoothed version of A over a length scale of (8t)'/2 —
flow radius.
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One-loop Diagrams

ko @&k
ko of ki
\Z k 0 0
E kL Lo—k
\q—k g
d
—ko
W1 Wz W3 W4 VVS
Ws Wz Ws W

W1 — Wy are divergent, W; — Wy are finite.
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Results in Momentum Space
e After renormalization of g, in MS scheme, we have (f = ¢?t)

. Aras —24¢%t .
Vigt) = ——2 (“)(;Fe {1+ as(p) [ﬁo log(1*/q*) + a1
q 4
+Ca Wiio(®)] } +0(ad) (10)
where
9
31 10 11 2
ap = ?CA - gnﬁ /30 = §CA - gnfa Wl\ITDLO(E) = Z Wf(f) (11)
n=2
® In the small ¢ region, we have
_ 22 277  3llog2 _

WiliLo(f) = ¢ (— T T logt> +0(), (12)

where ¢y, = —22/3, which will be crucial in obtaining the
asymptotic behaviour of the static force in position space.
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Results in Position Space
* In position space, we have

9 d3q iqer
F(r;t) = 5/ )3 Vig;t)e'?

L foo 4 lglrcos(lalr) — sin(glr) |
= 5 [T da? R 7(a:0). (13)
r 272 |q|

* At o? order, we decompose F(r;t) as

asCy

as(p)Cg «@ «@ L P
PO = SR T4 220 Ry 4 S g ot + A R o], 19
where
2
S rcos(|q|r) — sin(|g|r) 4me =297t
Teelevel: 7o(rit) = - [ dlq)q? 1417 cos(lalr) — sin(lalr) , (15)
0 272 1q| q?
; —242¢t
L oo 2 lglrcos(lg|r) — sin(lg|r) 4me™ =4 2,2
One-loop logs: Fyr,o(75t;n) = 7/0 dlqlq 2m2(q] log(p”/q%),
(16)
; —242¢
T o 2 lg|r cos(|g|r) — sin(|q|r) 4me™ =4 F
One-loop extra finite: Fyp,o(r;t) = 7/0 dlqlq 2n2]q] 2 WyLo (5.

(17)
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Fo(r;t) & Flpo(rit; )

Folrit) = erf(

L
FnrLo(ritip) =

2
r T T t—0
— e R =" 1, 18
\/St) 27t Xp< 8t> (18)
2 2 8t .,
log(pu“r“)Fo(r;t) + log —e E ) Fo(r;t)
T
2 2 2
T e Em oo (o L) 00 (L30T
27t 2 8t 2 2 8t
2 2 t
~ log(pr®) +2(vg — 1) — 12— (19)
T
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Folrit)
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— =S
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n=1/Vst

0.0
0

10

na

o With p = (r? 4 8t)7Y/2, Fro(r;t; 1)/ Fo(r; t; 1) is of order 1 for all

values of r/+/1.
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‘FI\I?LO(T; t)

¢ Inthe limit ¢ — 400 (t — 0, fixed r), we have

6cr, t 22
F§LO(T;t)z_§T:_66Lﬁ7 CL:_g- (20)

4
C 3
3
w2 2
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Asymptotic Results in Position Space

Multi-scale nature of the static force in gradient flow complicates
the calculation due to complicated functions of r/+/t which may
not be analytical at ¢ = 0 for individual diagram.

The extracting of the asymptotic behavior is nontrivial because of
the non-analyticity at ¢ = 0. Explicitly, we have (in the limit ¢ — 0)

QCF

rzF(r;t) ~ 7‘2F(T;t =0)+ [—128p — GCACL] (21)

where [—128p — 6C4cr] = 8ny and F(r;t = 0) is the usual QCD result
for the static force

F(r;t=0)= 0@(;1# {1 + %? [a1 4+ 280 log(;u"e“’Eil)]} +0(ad). (22)

Surprisingly, the coefficient of the ¢/r2 term vanishes at NLO in
the pure SU(3) gauge theory (n; = 0, quenched case).
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Numerical Results in Position Space n; = 4

A 0.45F
0- r=012fm e .

0.40F 7 =010fm____-="

---- V8t =0fm
— VBt =0.018fm

rF(r;t)

--=- VBt =0.025fm 0.355 >
== V8 =0.03fm 7 = 0.06 fm

----- V8 =0.04fm N

0.
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For left panel, black dashed line represents the QCD results.

For right panel, the black dashed lines represent the asymptotic
expansion results.

We choose p = (r? + 8t)~1/2.
The gradient flow results approach to the QCD results as ¢ — 0.
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Numerical Results in Position Space ny = 0

034
035L = ny=
032f
0.30 r=0.12fm
= 025 # = 0.30F
= --- VBt=0fm Li/ __’j_(}EET,:: ——————— -~
~ ~ 0.28F N
— VB[ =0018m = .
r = 0.08 fm N,
-== V8t =0.025fm L \\
e /BT =0.03fm
0.24f 7= 0.06 fm , N
----- V8= 0.04fm * \
kY
22 .
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* More plat than ny = 4 case because the coefficient of the ¢/r?
term vanish at NLO in the limit ¢ — 0.
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Summary

We have computed the QCD static force using gradient flow at
NLO in as.

The gradient flow makes the Fourier transform of the static force
in momentum space better converging because of the factor
e~2t4" for positive t.

We have derived the asymptotic expression of static force in
gradient flow near ¢t = 0 at NLO in «.

Our results in position space may be useful for extrapolating to
zero flow time in lattice QCD computations of static force.

Similar analysis could be extended to similar quantities involving
Wilson lines and gluon field strengths, such as higher order
potentials in potential NRQCD, hybrid potentials, and gluonic
correlators that appear in quarkonium decay rates.
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