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1 Hydrodynamics with spin 1.1 Is QGP the most vortical fluid?

First positive measurements of Λ spin polarization

Non-central heavy-ion collisions create fireballs with large global angular momenta which may generate a spin polarization
of the hot and dense matter in a way similar to the Einstein-de Haas and Barnett effects
Much effort has recently been invested in studies of polarization and spin dynamics of particles produced in
high-energy nuclear collisions, both from the experimental and theoretical point of view
L. Adamczyk et al. (STAR), (2017), Nature 548 (2017) 62-65, arXiv:1701.06657 (nucl-ex)

STAR: global Λ hyperon polarization : evidence for the most vortical fluid
www.sciencenews.org/article/smashing-gold-ions-creates-most-swirly-fluid-ever
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Large angular momentum does not necessarily mean large rotation!
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1 Hydrodynamics with spin 1.2 Weyssenhoff’s spinning fluid

The Weyssenhoff circle, years 1930–1940s

Jan Weyssenhoff
1889-1972

Weyssenhoff
RaabePauli

Belinfante
Rosenfeld
Lubański

Dirac 
Mathisson
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1 Hydrodynamics with spin 1.2 Weyssenhoff’s spinning fluid

J. Weyssenhoff and A. Raabe, Acta Phys. Pol. 9 (1947) 7
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1 Hydrodynamics with spin 1.2 Weyssenhoff’s spinning fluid

Nµ = nuµ current = density × flow vector
analogies for energy, momentum and spin

1) conservation of energy and momentum with an asymmetric energy-momentum
tensor

Tµν(x) = gµ(x)uν(x) , ∂νTµν(x) = 0 (1)

uµ is the four-velocity of the fluid element, while gµ is the density of four-momentum
with the notation ∂ν(fuν) ≡ Df we may write Dgµ = 0

2) conservation of total angular momentum Jλ,µν = Lλ,µν + Sλ,µν (orbital and spin parts)

Lλ,µν(x) = xµT νλ(x) − xνTµλ(x), Sλ,µν(x) = sµν(x)uλ(x) (2)

sµν = −sνµ describes the spin density

∂λJλ,µν = 0→ Dsµν = gµuν − gνuµ (3)

3) 10 equations for 13 unknown functions: gµ, sµν and ui (i = 1,2,3)
additional constraint has been adopted, the Frenkel (or Weyssenhoff) condition
sµνuµ = 0

ideas still frequently cited in the context of the Einstein-Cartan theory
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1.3 Equilibrated spin

revival of interest in hydrodynamics of spin polarized systems
seminal works of F. Becattini and collaborators
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1 Hydrodynamics with spin 1.3 Equilibrated spin

Connection betweeen theory and experiment by the “spin Cooper-Frye formula”
Pauli-Lubański vector defined by the spin chemical potential ωµν

πµ(p) = −
1

8m
εµρστpτ

∫
dΣλpλn(1 − n)ωρσ∫

dΣλpλn
(4)

spin degrees of freedom are equilibrated
spin chemical potential is equal to thermal vorticity

ωµν = $µν = −1/2
(
∂µβν − ∂νβµ

)
the spin chemical potential is not independent

standard (dissipative) hydro is used, ωµν(x) determined by the standard
hydrodynamic variables such as T(x) and uµ(x)

extension to include the effects of the shear stress tensor

forms of global and local distribution functions obtained from QFT (Dirac field
under rotation and acceleration)

great success in describing global polarization, ongoing works aiming at
understanding the longitudinal polarization
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1.4 Spin conserved

idea of a perfect-fluid hydrodynamics with spin
WF, B. Friman, A. Jaiswal, E. Speranza, Phys. Rev. C97 (2018) 041901
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1 Hydrodynamics with spin 1.4 Spin conserved

general concept of hydrodynamics with spin: conservation of energy, linear
momentum, total angular momentum, and charge:

∂µTµν[βα, ωαβ, ξ] = 0 (5)

∂λJλ,µν[βα, ωαβ, ξ] = 0 (6)

∂µjµ[βα, ωαβ, ξ] = 0 (7)

Here βα = uα/T , ξ = µ/T , where µ is the chemical potential

ωαβ - new chemical potential connected with the angular momentum conservation
Jλ,µν = Lλ,µν + Sλ,µν - sum of the orbital and spin parts

∂λJλ,µν = 0 ⇐⇒ ∂λSλ,µν = T νµ
− Tµν (8)

spin-orbit interaction, quantum energy-momentum tensors have asymmetric parts
conservation of angular momentum for particle with spin is non-trivial!
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1 Hydrodynamics with spin 1.4 Spin conserved

S. Bhadury, WF, B. Friman, A. Jaiswal, A. Kumar, R. Ryblewski, R. Singh
(GSI-Kraków-NISER framework)

spin tensor is separately conserved, makes sense for s-wave dominated
scattering processes, one can use the equation
∂λSλ,µν = T νµ

− Tµν = 0
ωµν plays a role of the traditional Lagrange multiplier

the forms of the energy-momentum and spin tensor are those derived by
de Groot, van Leuveen, van Weert (GLW) (canonical book on the relativistic

kinetic theory), semiclassical expansion of the Wigner function

for small spin-polarization, energy-momentum evolution has no correction from
spin, the spin dynamics can be considered in a given hydrodynamic background

inclusion of dissipation by using an RTA (relaxation time approximation)
collisional integral: Phys. Lett. B814 (2021) 136096

inclusion of magnetic fields (spin MHD): Phys. Rev. Lett. 129 (2022) 192301

numerical solutions found for simple expansion geometries (one
dimensional expansion)
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1 Hydrodynamics with spin 1.4 Spin conserved

Pseudo-gauge transformation (QCD language in the context of the proton spin
puzzle: adding boundary terms)

T ′µν=Tµν + 1
2∂λ

(
Φλ,µν + Φν,µλ + Φµ,νλ

)
(9)

S ′λ,µν=Sλ,µν
−Φλ,µν + ∂ρZµν,λρ (10)

One most often considers free Dirac field, should describe a gas of fermions,
good starting point for themodynamics and/or hydrodynamics

Canonical forms (directly obtained from Noether’s Theorem): asymmetric
energy-momentum tensor; spin tensor directly expressed by axial current (couples to
weak interactions)

Belinfante-Rosenberg version, Φλ,µν = Sλ,µν,Zµν,λρ = 0, symmetric
energy-momentum tensor (couples to classical gravity); spin tensor appears in
modified theories of gravity, couples to torsion:
works/talks by U. Gursoy, M. Kaminski, M. Stephanov, A. Yarom

de Groot, van Leuveen, van Weert (GLW) forms: symmetric energy-momentum
tensor and conserved spin tensor

Hilgevoord and Wouthuysen (HW) choice: symmetric energy-momentum tensor
and conserved spin tensor
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1.5 Local vs. non-local effects

dissipative hydrodynamics with spin
N. Weickgenannt, E. Speranza, X.-l. Sheng, Q. Wang, and D. H. Rischke
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1 Hydrodynamics with spin 1.5 Local vs. non-local effects

Classical spins

Internal angular momentum (Mathisson), classical spin vector, extended phase-space
Review: WF, A. Kumar, R. Ryblewski, Prog. Part. Nucl. Phys. 108 (2019) 103709

sαβ =
1
m
εαβγδpγsδ, pαsα = 0, sα =

1
2m

εαβγδpβsγδ, sαsα =
1
2

(1 +
1
2

) =
3
4
. (11)

f±eq(x ,p, s) = exp
(
−p · β(x) ± ξ(x) +

1
2
ωαβ(x)sαβ

)
(12)

local scattering = s-wave scattering
classical treatment of spin, local collisions ⇐⇒ semiclassical approach based on the Wigner function, GLW tensors
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1 Hydrodynamics with spin 1.5 Local vs. non-local effects

N. Weickgenannt, E. Speranza, X.-l. Sheng, Q. Wang, and D. H. Rischke

classical treatment of spin with non-local effects

use of the HW pseudogauge

spin chemical potential agrees with thermal vorticity in global equilibrium

can one define local equilibrium in a sensible way? connection to QFT works on
local equilibrium?

reproduces non-relativistic mechanics of polar fluids
(G. Łukasiewicz, “Micropolar fluids”, Theory and Applications)

the method of moments used to derive hydrodynamic equations
spin DNMR

extensions to spin-1 particles

at the moment a very promising approach to develop spin hydrodynamics
non-local effects may potentially lead to problems with causality (?)
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1 Hydrodynamics with spin 1.6 Entropy production arguments

1.6 Entropy production arguments

idea of a perfect-fluid hydrodynamics with spin
K. Hattori, M. Hongo, X.-G. Huang, M. Matsuo, H. Taya
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1 Hydrodynamics with spin 1.6 Entropy production arguments

Weyssenhoff + Navier/Stokes + Israel/Stewart (phenomenological formulation)

Tµνph = Tµν
(0) + Tµνph(1) Sµαβph = uµSαβ + Sµαβph(1) (13)

+ thermodynamic identities

ε+ p = Ts + ωαβSαβ , dε = Tds + ωαβdSαβ , dp = sdT + Sαβdωαβ ,

+ entropy current analysis (Navier/Stokes + Israel/Stewart )

S
µ
ph = Tµνph βν + p βµ − ωαβSαββµ + O(∂2) = S

µ
(0) + Tµνph(1) βν + O(∂

2). (14)

dissipative corrections to symmetric and asymmetric parts of the energy-momentum tensor appear

Tαβph(1s) = hαuβ + hβuα + ταβ Tαβph(1a) = qαuβ − qβuα + φαβ (15)

attractive feature: in equilibrium the spin chemical potential becomes equal to thermal vorticity
ωαβ ∼ O(∂

1), to sustain the first-order treatment Sαβ ∼ O(∂0)

first-order theory suffers from INSTABILITIES both for perturbations around equilibrium and Bjorken flow
A. Daher, A. Das, R. Ryblewski, 2209.10460; A. Daher, A. Das, WF, R. Ryblewski, 2211.02934
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1 Hydrodynamics with spin 1.6 Entropy production arguments

perhaps more general structures of the energy-momentum and spin tensor should be considered (á la BDNK first-order
theory but with spin, J. Noronha’s talk) all terms allowed by symmetries should be kept

discussion of the pseudo-gauge invariance - our freedom to choose different form of the energy-momentum and spin
tensors

relation to the Belinfante pseudogauge clarified by Fukushima and Pu, PLB 817 (2021) 136346

no pseudogauge equivalence to the canonical version where Sµαβcan is totally antisymmetric

Tµνcan = Tµν
(0) + Tµνcan(1) , Sµαβcan = uµSαβ + uβSµα + uαSβµ + Sµαβcan(1) (16)

allowed modifications of the energy-momentum tensor of the form
Tµν → Tµν+ ∂λAλµν with Aλµν = −Aµλν (modification of the spin evolution with the total angular momentum conserved)
analyzed by A. Daher, A. Das, WF, R. Ryblewski: 2202.12609
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2. Pseudo-gauge (in)dependence 2.1 Basic definitions

2 Pseudo-gauge (in)dependence

many quantum mechanical calculations exhibit dependence on the

pseudo-gauge used, at the same time “classical calculations” done in many

pseudogauges can be found to be equivalent
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2. Pseudo-gauge (in)dependence 1.1 Basic definitions

1.1 Basic definitions
Canonical definitions for a free Dirac field

LD(x) = i
2 ψ̄(x)γµ

←→
∂ µψ(x) −mψ̄(x)ψ(x) (17)

Tµν =
i
2
ψ̄γµ
←→
∂ νψ − gµνLD (18)

Jλ,µν = Lλ,µν + Sλ,µν (19)

Lλ,µν = xµTλν
− xνTλµ is the orbital angular momentum

Sλ,µν is the spin tensor

Sλ,µν =
1
4
ψ̄

{
γλ, σµν

}
ψ = −

1
2
ελµναψ̄γαγ5ψ (20)

Here σµν ≡ i
2 [γµ, γν] and

←→
∂ µ ≡

−→
∂ µ −

←−
∂ µ

Total spin operator

1
2 Sk (t) = 1

2ε
kij

∫
d3x S0,ij (t ,x) = 1

2ε
kijS ij(t) (21)
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2. Pseudo-gauge (in)dependence 1.1 Basic definitions

Changing to the de Groot, van Leeuwen, and van Weert (GLW) pseudo-gauge

Φ
λ,µν
GLW =

i
4m

ψ̄
(
σλµ
←→
∂ ν
− σλν

←→
∂ µ

)
ψ, (22)

Zµν,λρ
GLW = 0. (23)

or to the Hilgevoord and Wouthuysen choice

Φ
λ,µν
HW =

i
4m

ψ̄
(
σλµ
←→
∂ ν
− σλν

←→
∂ µ

)
ψ

−
i

4m
ψ̄

(
gλµσνρ − gλνσµρ

)←→
∂ ρψ, (24)

Zµνλρ
HW = −

1
8m

ψ̄
(
σµνσλρ + σλρσµν

)
ψ, (25)
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2. Pseudo-gauge (in)dependence 2.2 Spin operators and the SO(3) algebra

2.2 Spin operators and the SO(3) algebra

very recent short paper
S. Dey, WF, A. Jaiswal, R. Ryblewski, arXiv:2303.05271

W. Florkowski (IFT UJ) Spin hydrodynamics March 16, 2023 24 / 32



2. Pseudo-gauge (in)dependence 2.2 Spin operators and the SO(3) algebra

[
J i(t), J j(t)

]
= iεijk Jk (t) (26)[

L i(t),L j(t)
]

= iεijk L k (t) (27)[
S i(t),S j(t)

]
= iεijk Sk (t) (28)

the total spin operator in the GLW pseudogauge

1
2

Sk
GLW(t) =

1
2
εkij

∫
d3x

(
S0,ij(t ,x) −Φ0,ij

GLW(t ,x)
)

(29)

and in the HW pseudogauge

1
2

Sk
HW(t) =

1
2
εkij

∫
d3x

(
S0,ij(t ,x) −Φ0,ij

HW(t ,x)
)

+
1
2
εkij

∫
d3x∂ρZ

ij,0ρ
HW (t ,x). (30)
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2. Pseudo-gauge (in)dependence 2.2 Spin operators and the SO(3) algebra

Sk (t) =

∫
d3xψ†a(t ,x) Σk

abψb (t ,x) (31)

{ψa(t ,x), ψ†b (t ,y)} = δabδ
(3)(x − y), (32)

{ψa(t ,x), ψb (t ,y)} = {ψ†a(t ,x), ψ†b (t ,y)} = 0.[
S i(t),S j(t)

]
=

∫
d3xψ†(t ,x)

[
Σi ,Σj

]
ψ(t ,x). (33)

where
[
Σi ,Σj

]
= 2iεijk Σk , hence, the canonical version is OK.
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2. Pseudo-gauge (in)dependence 2.2 Spin operators and the SO(3) algebra

[
Sm

GLW(t),Sn
GLW(t)

]
=

2i
m2 ε

mnj
∫

d3x
(
∂j

xψ
†(t ,x)

)
Σl∂l

xψ(t ,x) ≡
2i
m2 ε

mnjC j (34)

C j can be most easily calculated using the helicity basis

C j =

∫
d3p p j

|p|
(
b†p(+s)bp(+s) − b†p(−s)bp(−s)

+c†p(+s)cp(+s) − c†p(−s)cp(−s)
)
. (35)

For a spin-polarized system this operator usually has a non-zero value (unless a very
special arrangement of spins is prepared).
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3. Conclusions

3 Conclusions

Spin hydrodynamics is a new territory (New World) with many groups that have
made progress going in different directions (conquering different continents). It is
time now to make some efforts to synthetize those various efforts.

Separation of the spin dynamics from total angular momentum evolution remains
a challenge (an important counterpart is discussed in the context of the proton
spin puzzle, true gauge-invariance starts to play a role)

An old concept of a fluid is rapidly changing...
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4 Back-up slides

Wigner function

Pseudo-gauge invariance and form invariance

Canonical vs. GLW
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4. Back-up slides

Wigner function for spin 1/2 particles
Wigner functionW(x , k ) satisfies the kinetic equation that can be schematically
written as (

γµKµ
−m

)
W(x , k ) = C[W(x , k )] (36)

where

Kµ = kµ +
i~
2
∂µ (37)

Clifford decomposition

W
±

eq(x , k ) =
1
4

[
F
±

eq(x , k ) + iγ5P
±

eq(x , k ) + γµV±eq,µ(x , k )

+γ5γ
µ
A
±

eq,µ(x , k ) + Σµν
S
±

eq,µν(x , k )
]

(38)

Kinetic equations

kµ∂µFeq(x , k ) = 0 (39)

kµ∂µAν
eq(x , k ) = 0 kνAν

eq(x , k ) = 0 (40)
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4. Back-up slides

Pseudo-gauge invariance and form invariance

T ′µν=Tµν +
1
2
∂λ

(
Φλ,µν + Φν,µλ + Φµ,νλ

)
(41)

S ′λ,µν=Sλ,µν
−Φλ,µν + ∂ρZµν,λρ (42)

Form invariance: X ,Y two pseudo-gauges, F always the same function

F(Tµν
X ,S

λ,µν
X ) = F(Tµν

Y ,S
λ,µν
Y ) (43)

in general not expected, for example, Belinfante has fewer “degrees of freedom”

F(Tµν
can,S

λ,µν
can ) , F(Tµν

Bel,S
λ,µν
Bel = 0) (44)

Invariance

F
[
T ′µν,S ′λ,µν

]
= F

[
Tµν +

1
2
∂λ

(
Φλ,µν + Φν,µλ + Φµ,νλ

)
,

Sλ,µν
−Φλ,µν + ∂ρZµν,λρ

]
(45)
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4. Back-up slides

Connecting canonical with GLW

Pseudo-potential

Φ
λ,µν
can ≡ Sµ,λν

GLW − Sν,λµ
GLW (46)

changing to canonical spin tensor

Sλ,µν
can = Sλ,µν

GLW −Φ
λ,µν
can (47)

and the canonical energy-momentum tensor

Tµν
can = Tµν

GLW +
1
2
∂λ

(
Φ
λ,µν
can + Φ

µ,νλ
can + Φ

ν,µλ
can

)
. (48)
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