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Non-Abelian Anomalous Hydrodynamics: a Dimensional Reduction Approach Motivation

Hydrodynamics is an effective field theory describing systems near equilibrium. Its equations express
conservation laws of whatever is conserved.

Symmetries are given by Ward identities:

V. TH = ... AT P
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[ Fydrodynamics ]

Hydrodynamics is an effective field theory describing systems near equilibrium. Its equations express
conservation laws of whatever is conserved.

Symmetries are given by Ward identities:

V. TH = ... AT P

The hydrodynamic expansion consists in expressing these currents
in terms of local quantities: the hydrodynamics variables.

The expansion counts in derivative order.

(TH) = 0(8°) + O(") + ...

(JFy) = 0(0°) + 00" + ...
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Transport Phenomena

Hydrodynamics have been used to explain a wide
variety of phenomena, for example, plasma physics or
chiral transport effects.
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Non-Abelian Anomalous Hydrodynamics: a Dimensional Reduction Approach Motivation

Transport Phenomena

Hydrodynamics have been used to explain a wide
variety of phenomena, for example, plasma physics or
chiral transport effects.

In chiral fermion theories, anomalies induce chiral
transport phenomena, such as the Chiral Vortical
Effect and the Chiral Magnetic Effect. Those are
supposed to play important roles on physical systems
like Weyl Semimetals in condensed matter and the
Quark-Gluon Plasma in high energy physics.

New approaches to (non-)Abelian hydrodynamics has been studied.
Schwinger-Keldysh Formalism

Kaluza-Klein dimensional reduction

Pablo Saura Bastida Holographic Perspectives on Chiral Transport March 2023



* Motivation

e Kaluza-Klein Dimensional
Table of Reduction

contents * Compactifying a Fluid Theory
* Anomalous Hydrodynamics

e Conclusions

Holographic Perspectives on Chiral Transport March 2023 4



* Motivation

e Kaluza-Klein Dimensional
Table of Reduction

contents * Compactifying a Fluid Theory
* Anomalous Hydrodynamics

 Conclusions

Holographic Perspectives on Chiral Transport March 2023 5



Non-Abelian Anomalous Hydrodynamics: a Dimensional Reduction Approach KK Dimensional Reduction

Kaluza-Klein Dimensional Reduction

The Kaluza-Klein (KK) dimensional reduction is a procedure to obtain a d-dimensional field theory coupled to
gravity and charged under an n-dimensional gauge group starting from a (D = d + n)-dimensional field theory just

coupled to gravity.

Just gravity in D dimensions Gravity + gauge fields in d dimensions
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Non-Abelian Anomalous Hydrodynamics: a Dimensional Reduction Approach KK Dimensional Reduction

Kaluza-Klein Dimensional Reduction

The Kaluza-Klein (KK) dimensional reduction is a procedure to obtain a d-dimensional field theory coupled to
gravity and charged under an n-dimensional gauge group starting from a (D = d + n)-dimensional field theory just

coupled to gravity.
[m,n,...]
[M,N,...]

{y™}
>
(e, v, ..
(&M TMN ) {a, T, ...}
Just gravity in D dimensions Gravity + gauge fields in d dimensions
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Non-Abelian Anomalous Hydrodynamics: a Dimensional Reduction Approach KK Dimensional Reduction

For convenience we work with the tangent space:

A, B, ..]

Using the vielbein formalism we can choose a parametrization directly on the vielbein. We choose the so-called
triangular parametrization:

. X ags a(s Bé Ap (2)é,% (&)
E. A3y = (€ 6w (Z) e T p
m(2) ( 0 eP?e,, (2
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Non-Abelian Anomalous Hydrodynamics: a Dimensional Reduction Approach KK Dimensional Reduction

We want to preserve general coordinate invariance:

[0¢,,0¢,] = Oes &EM(2) = &N (@)onaM(2) — &V (8)OnEM (2)
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We want to preserve general coordinate invariance:
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Non-Abelian Anomalous Hydrodynamics: a Dimensional Reduction Approach KK Dimensional Reduction

We want to preserve general coordinate invariance:
[0¢, 5 0¢,] = O¢, &M(2) = &N @)ona™(2) — &N (2)onEM (2)
The separation ansatz:
§H(z) = £ (x) EM(E) = (W) "a(y)€" (2)
Preserves the algebra in d-dimensions. The commutator between two internal transformations:

£3p($) — fpmnglm(x)£2n($) fpmn — (u_l)m/m(u_l)n/n<an’um’p - &m’un’p)
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We want to preserve general coordinate invariance:
[0¢, 5 0¢,] = O¢, &M(2) = &N @)ona™(2) — &N (2)onEM (2)
The separation ansatz:
§H(z) = £ (x) EM(E) = (W) "a(y)€" (2)
Preserves the algebra in d-dimensions. The commutator between two internal transformations:

£3p($) — fpmnglm(x)£2n($) fpmn — (u_l)m/m(u_l)n/n<an’um’p - &m’un’p)

fPmn cannot depend on internal coordinates. As these objects characterize the algebra of the internal
manifold, we are identifying them with the structure constants of the Lie algebra.
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KK Dimensional Reduction

The Final Ansatz

To preserve general coordinate invariance, then:
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The Final Ansatz

To preserve general coordinate invariance, then:

X™(@) = (W) (y) X" (2)
Xm () = um " (y) Xn(2)

So the ansatz for the vielbein:

EyvA(2) =
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The Final Ansatz

To preserve general coordinate invariance, then:

X™(&) = (u ) n(y)X"(2)
Xm () = um " (y) Xn(2)

So the ansatz for the vielbein:

EyvA(2) =

e, *(z) : d — dimensional vielbein
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The Final Ansatz

To preserve general coordinate invariance, then:

X™(@) = (W) (y) X" (2)
Xm () = um " (y) Xn(2)

So the ansatz for the vielbein:

- . e 2 (F BoAP ,(2)€,%(%) e*®e,%(x) ePPA™, (2)V,%(T)
.4 _[€7¢ (T) e v p _ 0 n
M (8) ( 0 eBPE,, (2 0 eB0u,," (), (2)
e, *(z) : d — dimensional vielbein Vin®(x) : Scalar vielbein
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Non-Abelian Anomalous Hydrodynamics: a Dimensional Reduction Approach KK Dimensional Reduction

The Final Ansatz

To preserve general coordinate invariance, then:

X™(@) = (W) (y) X" (2)
Xm () = um " (y) Xn(2)

So the ansatz for the vielbein:

EMA(@) _ e*%¢,%(2) eﬁ(bﬁpu(@)épa(@ _ e*Pe,(x) e’PA™,(2)Vn(2)
0 eP?é,,%(2 0 PP, (Y) V0 ()
e, *(z) : d — dimensional vielbein A™ (x) : Gauge fields Vi@ (x) : Scalar vielbein
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The Hydrodynamic Variables

Following the rules to preserve isometries, we find that the hydrodynamic variables do not R R

depend on internal coordinates ——# we are compactifying an specific flow pattern. p(Z) = p(x)
€(2) = é(x)
T(&) =T(x)
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The Hydrodynamic Variables

Following the rules to preserve isometries, we find that the hydrodynamic variables do not R R

depend on internal coordinates ——® we are compactifying an specific flow pattern. p(z) = p(z)
é(2) = &(x)

The velocity must follow the constraint: jv( ?) = T(az)

aM (@)a™ (2)gmn (2) = 0 (2)a" (2)nap = —1

Pablo Saura Bastida Holographic Perspectives on Chiral Transport March 2023



Non-Abelian Anomalous Hydrodynamics: a Dimensional Reduction Approach Compactifying a Fluid Theory

The Hydrodynamic Variables

Following the rules to preserve isometries, we find that the hydrodynamic variables do not R R
depend on internal coordinates ——® we are compactifying an specific flow pattern. p(z) = p(z)
€(2) = é(x)
The velocity must follow the constraint: jv( ?) = T(az)
aM(@)aN (2)gun (2) = o (@)a" (2)nap = —1

a(2) = a4 (z)

One can choose the following parametrization:

<

Q

&P
I

b,
u®(z)coshp(z), u*u’ng = —1 The d-dimensional velocity field

a%(z) = n%(z) sinh o(x), n*nPd,s = +1 ut = e Pyl
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ldeal Fluid

The stress-energy tensor of the ideal fluid:

TAP (&) = (e +p)ata” + pntP
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ldeal Fluid

The stress-energy tensor of the ideal fluid:

) T (z) = / dVT™ (%)
T45(2) = (e+ p)ata” + pnP >

J™(x) = / AV VT (%)

With those definitions we obtain:

p=Vp ce=V (cosh2 ©é + sinh? ©P) P = (e +p)Vy"'n tanh ¢
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ldeal Fluid

The stress-energy tensor of the ideal fluid:

T () = / AV T ()

T48(2) = (¢ + p)ata® + pn?P > )
J% ™ (z) = / dVV, ™1 (%)

With those definitions we obtain:
p=Vp e = V (cosh® pé + sinh® pp) P = (e +p)Vy"'n tanh ¢

We can obtain the other hydrodynamical variables using thermodynamics:

4 = 6T 7
crp=s - Ly = tanh oV, *n, T =

e+p=sT+p"pm
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ldeal Fluid

The stress-energy tensor of the ideal fluid:

T () = / AV T ()

T48(2) = (¢ + p)ata® + pn?P > )
J% ™ (z) = / dVV, ™1 (%)

With those definitions we obtain:
p=Vp e = V (cosh® pé + sinh® pp) P = (e +p)Vy"'n tanh ¢

We can obtain the other hydrodynamical variables using thermodynamics:

4 = 6T 7
crp=s - Ly = tanh oV, *n, T =

e+p=sT+p"pm

This procedure can also be used for a fluid with dissipative terms.
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Anomalous Hydrodynamics

We want to compactify an anomalous stress-energy tensor. The simplest case is to consider a non-dissipative fluid:

FAB _ AB | AB | FAB
T - Tid + /Zl’ZS*S\_F Tanom
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Anomalous Hydrodynamics

We want to compactify an anomalous stress-energy tensor. The simplest case is to consider a non-dissipative fluid:

FAB _ AB | AB | FAB
T - Tid + /Zl’ZS*S\_F Tanom

In the KK approach, we have to start with a neutral fluid. Thus, our starting point will be a dimension in which pure
gravitational anomalies can be considered:

D =4k + 2
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Non-Abelian Anomalous Hydrodynamics: a Dimensional Reduction Approach Anomalous Hydrodynamics

Anomalous Hydrodynamics

We want to compactify an anomalous stress-energy tensor. The simplest case is to consider a non-dissipative fluid:

TAB - T + dzss + TAB

anom

In the KK approach, we have to start with a neutral fluid. Thus, our starting point will be a dimension in which pure
gravitational anomalies can be considered:

D =4k + 2

-y
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Non-Abelian Anomalous Hydrodynamics: a Dimensional Reduction Approach Anomalous Hydrodynamics

Anomalous Hydrodynamics

We want to compactify an anomalous stress-energy tensor. The simplest case is to consider a non-dissipative fluid:

TAB - T + dzss + TAB

anom

In the KK approach, we have to start with a neutral fluid. Thus, our starting point will be a dimension in which pure
gravitational anomalies can be considered:

D =4k +2
d =

‘ < o
w{ml L4}
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We can know some results from the beginning » Anomaly Inflow Mechanism
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From the anomaly polynomial for pure gravitational anomalies in 6 dimensions:

P =ci(TrR?*)? + ¢ TrR?
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Non-Abelian Anomalous Hydrodynamics: a Dimensional Reduction Approach Anomalous Hydrodynamics

We can know some results from the beginning » Anomaly Inflow Mechanism

From the anomaly polynomial for pure gravitational anomalies in 6 dimensions:

P =ci(TrR?*)? + ¢ TrR?

We obtain the most relevant term in derivative order:

~AB sP4 N a(A_BYCDEFG s ~ o« y
TAB —— 96T (2)aAeP) UoWpEWFG WA
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We can also compute the currents for 2 dimensions:

T — —2u(%edey, (capmpim + 872y T?)
Jgn, anom —QEGbUbCAILLm
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Non-Abelian Anomalous Hydrodynamics: a Dimensional Reduction Approach Anomalous Hydrodynamics

We can also compute the currents for 2 dimensions:

T — —2u(%edey, (capmpim + 872y T?)
Jgn anom —QEGbUbCAILLm

In 4D the results for chiral transport are well-known:

2 Hom Hn T a o o, [ T° a
TCLTIZOTFL = 2 (dmnp ST 2 + bp 24> ( Bb) -+ 2 <dmnp6T2p + bp,up?) u( Qb)
Pn Hn lp T?
Jg’t anom dmnp4 5 Bap + (dmnpm + b, E) 0°
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We can also compute the currents for 2 dimensions:

T — —2u(%edey, (capmpim + 872y T?)
Jgn anom —QEGbUbCAILLm

In 4D the results for chiral transport are well-known:

el T a mMn T? a
ngom = 2 (dmnp Iu8 IL; + bp 24> ( Bb) + 2 (dmnl?%;up + bp:“p?) u< Qb)
CME
a 229 a Mn b T2 "
Jm anom dmnp4 5 B P + (dmnpﬁ + b, E) Q)

1
Bam _ abcduchd i

Magnetic Field
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We can also compute the currents for 2 dimensions:

T — —2u(%edey, (capmpim + 872y T?)
Jgn anom —QEGbUbCAILLm

In 4D the results for chiral transport are well-known:

a d HmHn T a Hom Hon 4 7> a
TCLTIZOTFL = 2 (dmnp 37 5 + bp 24> ( Bb) H- 2 <dmnp6T2p + bp,up?) u( Qb)
CME CVE
a Hn nq Mo T2 a
Jm anom dmnp4 5 B P + <dmon2p + b, E) Q)
a 1 abcd a 1 abed
B%y = uchd m 0% = 56 UpWed
Magnetic Field Angular velocity

Pablo Saura Bastida Holographic Perspectives on Chiral Transport March 2023



Non-Abelian Anomalous Hydrodynamics: a Dimensional Reduction Approach Anomalous Hydrodynamics

From 6D to 2D

The stress-energy tensor:

anom

1 .
Tob  — §V cosh? pe 28074 (@b ey, (€™ frn” fog®) (Vr‘sn(; sinh ¢) (Vs"n sinh ¢)

The currents:

1 .
Jud = 2V (V4,n%sinh @) cosh pe™ 2P T4 €%y, (™™ f,0" Foa®) (Vrdn(s sinh @) (Vs"n. sinh ¢)

anom 4
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From 6D to 2D

The stress-energy tensor:

anom

1 .
Tob  — §V cosh? pe 280742 ey, (€™ frn” fog®) (Vr‘sn(; sinh ¢) (Vs"n sinh ¢)

The currents:

1 )
J&4 =~V (V!4n®sinh ) cosh pe™ 2P eT e u. (€™ £, fg®) (VrOns sinh ) (Vs 7., sinh )

anom 4
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Non-Abelian Anomalous Hydrodynamics: a Dimensional Reduction Approach Anomalous Hydrodynamics

From 6D to 2D

The stress-energy tensor:

CT‘S

anom

1 .
T = §V cosh? pe28%¢T

u(aeb)cuc

The currents:

C?“S

1 .
Jondn = ZV (V94n® sinh ¢) cosh @6_2B¢6T4GGCUCQ@(VT5TL§ sinh @) (Vs"n. sinh ¢)
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Non-Abelian Anomalous Hydrodynamics: a Dimensional Reduction Approach Anomalous Hydrodynamics

From 6D to 2D

The stress-energy tensor:

rs

C fhr fLs

1 .
ngom — §V cosh? 906—25¢6T4u(a6b)0uc @(Vﬁfrm T 90)] [stnv sl (10)]

The currents:
S8 ~ ~
C Hor s

a 1 o s - ~4| ac mn re s . :
Jondn = ZV (V2,n*sinh @) cosh pe 2P T4 UCQ@(VTCSTL(S sinh go)][(vs”nw sinh gp)]
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Non-Abelian Anomalous Hydrodynamics: a Dimensional Reduction Approach Anomalous Hydrodynamics

From 6D to 2D

The stress-energy tensor:

rs

C fhr fLs

1 .
ngom — §V cosh? 906—25¢6T4u(a6b)0uc @(Vﬁfrm T 90)] [stnv sl (10)]

The currents:
~—1\94 rs - -
(5) ¢ [y [

Jondm = iV[(anno‘ sinh gp)} cosh pe =289 T4y, 4@(1&‘%5 sinh @)][(stnw sinh gp)]
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Non-Abelian Anomalous Hydrodynamics: a Dimensional Reduction Approach Anomalous Hydrodynamics

From 6D to 2D

The stress-energy tensor:

rs

1 c )&’T‘ I&‘S
iy §V cosh? pe™2P%eT4u @€V, @{(Vﬁfn@ sinh gp)] [Vﬂnv sinh gp)]
—28¢ )
I [e V cosh® 6T4c7’8/1rﬁS] u(®eP ey,

The currents:

~—1\4 rs ~ ~
1 (M ) ¢ ILLT ILLS
Jondm = ZV[(anno‘ sinh gp)} cosh @6_2B¢6T4GGCUCQ@(VT5TL§ sinh go)][(vs”nw sinh gp)]
e ¢ 1 4 o
Jhd — [ 1 V(= )% cosh™ ¢ ¢T c”/]r/]S] €““u,
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Non-Abelian Anomalous Hydrodynamics: a Dimensional Reduction Approach Anomalous Hydrodynamics

From 6D to 4D

The stress-energy tensor:

Tab

anom

— 2V cosh® e ¢TI (€™ fP pn) (Vp 1y sinh @) [—26_B¢ cosh pu(*QY 4 ¢=¢ (Vm5n5 sinh ) u*BY) ’m]

The currents:

J% 4 — V coshp (VI,n®sinh @) e T (™™ fP 1) (V,"n. sinh ) [—26_’3¢ cosh pQ® 4 e~ ¢ (Vm5n5 sinh ) B**™]

anom
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Non-Abelian Anomalous Hydrodynamics: a Dimensional Reduction Approach

Anomalous Hydrodynamics

From 6D to 4D

The stress-energy tensor:

Tab

anom

The currents:

Ja7 q

anom

= 2V cosh® we = 2®eT™ (€™ fPun) (Vpny sinh ) [—26_5¢ cosh ¢

u(eQb)

— V cosh p (VI,n®sinh @) e =T (™™ fP10n) (V,"n. sinh ) [—26_’8¢ cosh Q¢

4 em? (Vm5n5 sinh )

+e7 2 (V,,°ng sinh ) wl* B ™

Ba ,m}
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Non-Abelian Anomalous Hydrodynamics: a Dimensional Reduction Approach

Anomalous Hydrodynamics

From 6D to 4D

The stress-energy tensor:

Tab

anom

The currents:

Ja7 q

anom

bp

bP

= V cosh ¢ (V9,n% sinh @) «9_‘)‘¢61A14(prn7 sinh ¢) [—26_B¢ cosh pQ°|+ e~ 2% (Vm5n5 sinh )

= 2V cosh’ ¢€_a¢5T4(Vp7n,y sinh ¢) [—26_5¢ cosh qu®Q®)|+ e=*¢ (V,,°ns sinh ) [u* BY ™

Ba ,m}
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Anomalous Hydrodynamics

From 6D to 4D

The stress-energy tensor:

Tab

anom

The currents:

Ja7 q

anom

= V cosh ¢ (V9,n% sinh @) «9_‘)‘¢61A14(prn7 sinh @)][—26_’6¢ cosh Q¢

= 2V cosh? gpe_a¢éf4[(Vp7n,y sinh gp)] [—26_5¢ cosh ¢

b iy

fom

u(eQb)

b i

+e [(Vm5n5 sinh gp)]u(“Bb) o

fom

4 em? [(Vm5n5 sinh @j
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From 6D to 4D

The stress-energy tensor:

b fip fim

Tc?*gom = 2V cosh” SOG_O‘%TZL[(VPV?% sinh gp)] [—26_B¢ cosh gou(aQb) + =9 [(Vm5n5 sinh go)] uleBb) M

The currents:

(a)" b fip fim
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From 6D to 4D

The stress-energy tensor:

D ~ ~
b Fop Hm
Tc?*gom = 2V cosh” SOG_O‘%TZL[(VPV?% sinh gp)] [—26_B¢ cosh gou(aQb) + =9 [(Vm5n5 sinh go)] uleBb) M

T% =2V cosh® pe™@®eT™ [—26_5¢bpﬁpu(“§2b) + e_a¢bpﬁpﬂmu(a3b) ’m]

anom

The currents:

(a)" b fip fim

Janom =V cosh quana sinh 90)](9_0@51%(Vp'Yn7 sinh @)][—26_’8¢ cosh Q4|+ e~ ¢ [(Vm5n5 sinh gpj B* ™M

Joa VCOSh4 (p(/]_l)qe_a¢éf4 [_26—&13[)2?'&])9& 4 e—acbbplaplamBa ,m]

anom
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Anomalous Hydrodynamics

Work in Progress: Analyzing the Coefficients

In hydrodynamics we can impose a local version of the second principle of thermodynamics:
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Work in Progress: Analyzing the Coefficients

In hydrodynamics we can impose a local version of the second principle of thermodynamics:

A A

Vas4=0
§4 = 3g4 — ZBTAB
The Kaluza-Klein method give us: S x) = /dVga(:i’)
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Non-Abelian Anomalous Hydrodynamics: a Dimensional Reduction Approach Anomalous Hydrodynamics

Work in Progress: Analyzing the Coefficients

In hydrodynamics we can impose a local version of the second principle of thermodynamics:

A A

Vas4=0
§4 = 3g4 — ZBTAB
The Kaluza-Klein method give us: S x) = /dVga(:i’)

This condition could allow us to identify the hydrodynamic variables

T = #(T,o,...
V.59 = 0 . (T, ¢, ...)
Hm = f(Vmaa 2 )
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Conclusions

® The Kaluza-Klein dimensional reduction allows to find constitutive relations for dissipative fluids
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Non-Abelian Anomalous Hydrodynamics: a Dimensional Reduction Approach Conclusions

Conclusions

® The Kaluza-Klein dimensional reduction allows to find constitutive relations for dissipative fluids both in
the Abelian and non-Abelian case.

® \When applied to a fluid with anomalies we obtain chiral transport effects with some coefficients.

® To analyze the coefficients and give a proper definition of the rest of hydrodynamic variables we we
still have to impose the second law of thermodynamics.

® \With our ansatz we can consider the Abelian case by taking the structure constants to zero. In that
case the anomalous current vanish.

* There are other ansatze that can be considered and may be able to give us a correct Abelian
description: The Freund-Rubin ansatz.
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