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Thermodynamics

Thermodynamics
Generating functional and hydrodynamic equations

System with diffeomorphism and U(1) symmetry coupled to external
sources gµν ,Aµ. Partition function given by

Z [g ,A] = Tre−βH[g ,A] =

∫
Dφe iS[φ;g ,A] .

Generating functional W [g ,A] = −i lnZ [g ,A] for n-pt functions

δW [g ,A] =

∫
ddx
√
−g
[

1

2
Tµνδgµν + JµδAµ

]
.

where Tµν = 〈T̂µν〉 and Jµ = 〈Ĵµ〉.

Diffeomorphism and gauge invariance of W ensures these obey

Conservation equations

∇µTµν = F νµJµ , ∇µJµ = 0 .
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Thermodynamics

Thermodynamics
Equilibrium constraints and derivative expansion [1203.3544] & [1203.3556]

Equilibrium is given by a time-like killing vector V µ

LVAµ = 0 , LV gµν = 0 .

Can expand Ws order by order in derivatives

Ws =

∫
ddx
√
−g

p(T , µ) +
∑
i ,ni

M
(i)
ni (T , µ)s

(i)
ni

 ,
where

T =
T0√
−V 2

, µ =
V µAµ + ΛV√
−V 2

, uµ =
V µ

√
−V 2

,

and s
(i)
ni are O(∂i ) equilibrium scalars.
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Thermodynamics Strong magnetic field

Thermodynamics
Strong magnetic field and derivative expansion [1703.08757]

For Bµ = 1
2ε
µνρσuνFρσ ∼ O(1), the generating functional is

Ws =

∫
d4x
√
−g

p̃(T , µ,B2) +
∑
i ,ni

M̃
(i)
ni (T , µ,B2)s̃

(i)
ni

 ,

where, for example

p̃(T , µ,B2) = p(T , µ) + M
(2)
B2 (T , µ)B2 + M

(4)
B4 (T , µ)B4 + · · · ,

and
s̃

(i)
ni = s

(j)
nj ,

for some nj with j ≥ i .
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Thermodynamics Strong magnetic field

Thermodynamics
Constitutive relations, strong magnetic fields

For Bµ = 1
2ε
µνρσuνFρσ ∼ O(1), five O(∂) equilibrium scalars sn.

n 1 2 3 4 5

sn Bµ∂µ(B2

T 4 ) εµνρσuµBν∂ρBσ B·a B·E B·Ω
(C ,P,T )vector −/− /− +/− /+ −/− /− +/− /− −/+ /+

(C ,P,T )axial +/+ /− +/− /+ +/+ /− +/− /− +/− /+

W 3 5 n/a 4 3

where aµ = uν∇νuµ , Eµ = Fµνuν , Ωµ = εµνρσuν∂ρuσ .

Equilibrium constitutive relations

Tµν = Euµuν + P∆µν +Qµuν +Qνuµ + T µν ,

Jµ = Nuµ + J µ .
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Thermodynamics Strong magnetic field

Thermodynamics
Example, Nersnt effect and conformal anomaly

Consider the leading term in the generating functional

Ws ∼
∫

ddx
√
−gp(T , µ,B2) .

We can find the conformal anomaly coefficient and the Nernst coefficient

Tµ
µ ∼ cAFµνF

µν ≈ 2cAB
2 , J µ ∼ NNernstε

µνρσuνBρ∂σT ,

where

NNernst =
2cA
T

= −χB,T − µ
χB,µ

T
,

and χB = 2p,B2 is the magnetic susceptibility.
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Thermodynamics Strong magnetic field

Thermodynamics
Example, magneto-vortical susceptibility M5

Ws ∼
∫

d4x
√
−gM5B·Ω

Einstein-de Haas, Barnett effects

Qµ ∼ εµνρσuν∂ρBσ , mµ ∼ Ωµ

Momentum Nernst effect

Qµ ∼ εµνρσuνBρ∂σT

Response to Poynting vetor

Qµ ∼ εµνρσuνEρBσ
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Thermodynamics Strong magnetic field

Thermodynamics
Example, perpendicular magnetic vorticity susceptibility M2

Ws ∼
∫

d4x
√
−gM2ε

µνρσuµBν∂ρBσ

Magnetic Nernst effect

mµ ∼ εµνρσuνBρ∂σT

Response to magnetic vorticity

mµ ∼ εµνρσuν∂ρBσ

Response to Poynting vetor

T µν ∼ B<µεν>ρσαuρEσBα
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Thermodynamics Strong magnetic field

Thermodynamics
Thermodynamic Kubo formulas

Second order variations of Ws give thermodynamic two point functions
(ω = 0, k � T )

δWs =

∫
ddx
√
−g
[
GJJδAδA +

1

2
GTJδgδA +

1

4
GTT δgδg

]
.

This allows us to derive

Thermodynamic Kubo formulas (gµν = ηµν , B
µ = B0δ

µ
z )

lim
k→0

1

k
ImGT xzT yz (ω = 0, k ẑ) = −2B2

0 M2 ,

lim
k→0

1

k
ImGT txT yz (ω = 0, k ẑ) = −B0 M5 .
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Thermodynamics Strong magnetic field

Thermodynamics
Thermodynamic Kubo formulas

Second order variations of Ws give thermodynamic two point functions
(ω = 0, k � T )

δWs =

∫
ddx
√
−g
[
GJJδAδA + 1

2GTJδgδA + 1
4GTT δgδg

]
.

This allows us to derive

Thermodynamic Kubo formulas

lim
k→0

1

k
ImGJtT xx (ω = 0, k ẑ) = −2B3

0

T 4
0

∂M1

∂µ
,

lim
k→0

1

k
ImGJtJt (ω = 0, k ẑ) = B0

∂M4

∂µ
,

lim
k→0

1

k
ImGJtT tt (ω = 0, k ẑ) = −B0

(
∂M3

∂µ
+

4B2
0

T 4
0

∂M1

∂µ

)
.

Juan Hernandez Chiral Hydrodynamics Trento, March 15, 2023 14 / 40



Hydrodynamics

Outline

1 Thermodynamics
Strong magnetic field

2 Hydrodynamics

3 Chiral hydrodynamics
Broken U(1)A
U(1)V × U(1)A hydrodynamics

Juan Hernandez Chiral Hydrodynamics Trento, March 15, 2023 15 / 40



Hydrodynamics

Hydrodynamics
Non-equilibrium constitutive relations

Add the linearly independent terms that vanish in equilibrium LV = 0:

Constitutive relations

Tµν = εuµuν + (p − ζ∇·u) ∆µν − ησµν ,

Jµ = nuµ + σ
(
Eµ − T∆µν∂ν

µ

T

)
.

where σµν = ∆µα∆νβ
(
∇αuβ +∇βuα − 2

d−1 ∆αβ∇·u
)

.

Hydrodynamic transport coefficients

ζ , η , σ .

Entropy production constraints

Sµ|eq. = suµ s.t. ∇µSµ > 0 =⇒ ζ > 0 , η > 0 , σ > 0 .
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Hydrodynamics

Hydrodynamics
Non-equilibrium constitutive relations, Bµ ∼ O(1)

Add the linearly independent terms that vanish in equilibrium LV = 0:

Constitutive relations

Tµν = · · · ,

Jµ = · · · .

Hydrodynamic transport coefficients

η⊥ , η‖ , η1 , η2 , ζ1 , ζ2 , σ‖ , σ⊥ , η̃⊥ , η̃‖ , σ̃⊥ .

Entropy production constraints

Sµ|eq. = suµ s.t. ∇µSµ > 0 =⇒ linear + quadratic
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Hydrodynamics

Hydrodynamics
Non-equilibrium constitutive relations, Bµ ∼ O(1), parity violating

Add the linearly independent terms that vanish in equilibrium LV = 0:

Constitutive relations

Tµν = · · · , Jµ = · · · .

Hydrodynamic transport coefficients

η⊥ , η‖ , η1 , η2 , ζ1 , ζ2 , σ‖ , σ⊥ , η̃⊥ , η̃‖ , σ̃⊥ ,

σV1 , σV2 , σV3 , σV4 , ζV , ηV , ηV‖ , η̃
V
‖ .

Entropy production constraints

Sµ|eq. = suµ s.t. ∇µSµ > 0 =⇒ linear + quadratic + qubic
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Hydrodynamics

Hydrodynamics
Eigenmodes and Kubo formulas

Hydrodynamic equations

∇µTµν = F νµJµ , ∇µJµ = 0 .

Linearize hydrodynamic equations for δAµ , δgµν ∝ exp(−i (ωt − k·x))

Eigenmodes

ω = ω(k) .

Varying on-shell Tµν [g ,A] and Jµ[g ,A] (limit k → 0 first, ω → 0 second)

Hydrodynamic Kubo formulas

lim
ω→0

ImGOO(ω, k = 0) ∼ ζi , ηi , σi , ci .
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Chiral hydrodynamics Broken U(1)A
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Chiral hydrodynamics Broken U(1)A

Chiral hydrodynamics
Consistent generating functional [2012.09183]

Generating functional W not U(1) invariant

δαW =
C

24

∫
d4x
√
−gεµνρσαFµνFρσ .

Consistent generating functional

Wcons = Ws +
C

6

∫
d4x
√
−gµ(µΩ·A + 2B·A) ,

δWcons =

∫
d4x
√
−g(JµconsδAµ +

1

2
Tµνδgµν) .

Because δαWcons 6= 0
δαJ

µ
cons 6= 0 .

But since δαWcons is independent of the metric

δαT
µν = 0 .
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Chiral hydrodynamics Broken U(1)A
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Chiral hydrodynamics Broken U(1)A

Chiral hydrodynamics
Hydrodynamic equations, constitutive relations and Kubo formulas

From Wcons we find

Hydrodynamic equations

∇µTµν = FµνJconsν − Aν∇µJµcons , ∇µJµcons =
C

3
E ·B .

Equilibrium constitutive relations

Tµν = Tµν
s + ξTu

(µΩν) + ξTBu
(µBν)

Jµcons = Jµs + 1
3CB·Au

µ + ξΩµ +
(
ξB − 1

3Cµ
)
Bµ + 1

3Cε
µνρσAνuρEσ .

Chiral conductivities

ξ = 1
2Cµ

2 , ξB = Cµ ,

ξT = 1
3Cµ

3 , ξTB = 1
2Cµ

2 .
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Chiral hydrodynamics Broken U(1)A

Chiral hydrodynamics
Anomaly inflow and covariant generating functional

Consider an auxiliary manifold M whose boundary ∂M is where the chiral
fluid lives.

Covariant generating functional

Wcov = Wcons −
C

24

∫
M

d5x
√
−GεmnopqAmFnoFpq ,

δWcov =

∫
∂M

d4x
√
−g(JµcovδAµ + 1

2T
µνδgµν) +

∫
M

d5x
√
−GJmH δAm .

Where Jµcov = Jµcons − C
6 ε
µνρσAνFρσ, and JmH = −C

8 ε
mnopqFnoFpq

Since δαWcov = 0
δαJ

µ
cov = 0 .
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Chiral hydrodynamics Broken U(1)A

Chiral hydrodynamics
Constitutive relations and Kubo formulas

From Wcov we find

Hydrodynamic equations

∇µTµν = FµνJcovν , ∇µJµcov = JρH = CE ·B .

Equilibrium constitutive relations

Tµν = Tµν
s + ξTu

(µΩν) + ξTBu
(µBν) , Jµcov = Jµs + ξΩµ + ξBB

µ .

Thermodynamic Kubo formulas

〈Jxcov (k)T ty (−k)〉 = −iξ kz , 〈Jxcov (k)Jycons(−k))〉 = −iξB kz ,

〈T tx(k)T ty (−k)〉 = −iξT kz , 〈T tx(k)Jycons(−k)〉 = −iξTB kz .
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Chiral hydrodynamics Broken U(1)A

Chiral hydrodynamics
Eigenmodes, gapped

There are two gapped modes

ω = ±B2
0

w0
σ12 −

iB2
0

w0
σ11 + vgap±k cos θ − iDc(θ)k2 ,

where w0 = ε0 + p0 and σab = δabσ⊥ + εab

(
σ̃⊥ + n0

|B0|

)
. The gapped

modes have velocity

vgap± =
B2

0Cµ
3
0

3w2
0

(σ12 ± iσ11) ,

and damping coefficient Dc(θ) = Dc(θ)|C=0 ± i
Cµ3

0
3

vgap ±
w0

cos2 θ .
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Chiral hydrodynamics Broken U(1)A

Chiral hydrodynamics
Eigenmodes, gappless parallel

There are three gapless eigenmodes. For k ‖ B, they are

ω = kv± − i
Γ‖
2
k2 , ω = kv0 − iD‖k

2 ,

where

v0 =
B0C

det(χ)

(
s0T0

vs

)2

,

v± = ±vs −
v0

2
+

B0C

2
γ .

The speed of sound is given by

v2
s =

n2
0χ11 + w2

0χ33 − 2n0w0χ13

det(χ)
,

and χab = δ〈ϕa〉
δλb

is the susceptibility matrix. Here, ϕa = (T tt ,T ti , Jt), and

δλa = (δT/T , δui ,T δ µT ).
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Chiral hydrodynamics Broken U(1)A

Chiral hydrodynamics
Eigenmodes, gappless parallel

There are three gapless eigenmodes. For k ‖ B, they are

ω = kv± − i
Γ‖
2
k2 , ω = kv0 − iD‖k

2 ,

where

Γ‖ =
3ζ1 + 10η1 + 6η2

3w0
+

v2
s χ11 − w0

det(χ)

w0

v2
s

σ‖

+ CB0

(
Ση(3ζ1 + 10η1 + 6η2) + Σ‖σ‖ + Σ⊥σ⊥

)
+O

(
B2

0C
2
)
,

D‖ =
w2

0σ‖

v2
s det(χ)

+O
(
B2

0C
2
)
.

Ση, Σ‖ and Σ⊥ are functions of the susceptibilities, other thermodynamic
derivatives of the pressure, the chemical potential and the temperature.
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Chiral hydrodynamics Broken U(1)A

Chiral hydrodynamics
Eigenmmode, gapless non-orthogonal

For modes propagating at an angle θ 6= π/2 with respect to B0

ω = kv± cos θ − i

2
Γ(θ)k2 , ω = kv0 cos θ − iD(θ)k2 ,

where

D(θ) = D‖ cos2 θ +

(
n2

0 w
2
0 ρ⊥

B2
0v

2
s det(χ)2

+O(B0C )

)
sin2 θ ,

Γ(θ) = Γ‖ cos2 θ +

(
η‖

w0
+

(n0χ13 − w0χ33)2w3
0

B2
0 det(χ)2

ρ⊥ +O(B0C )

)
sin2 θ .
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Chiral hydrodynamics Broken U(1)A

Chiral hydrodynamics
Eigenmodes, gappless perpendicular

For k ⊥ B, two diffusive modes

ω = −i
(
w3

0χ33ρ⊥
det(χ)B2

0

+O
(
B2

0C
2
))

k2 ,

ω = i

(
η‖

w0
+O

(
B2

0C
2
))

k2 ,

and one subdiffusive mode

ω = −i η⊥k
4

B2
0 χ33

.
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Chiral hydrodynamics U(1)V × U(1)A hydrodynamics

Outline

1 Thermodynamics
Strong magnetic field

2 Hydrodynamics

3 Chiral hydrodynamics
Broken U(1)A
U(1)V × U(1)A hydrodynamics
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Chiral hydrodynamics U(1)V × U(1)A hydrodynamics

Thermodynamics
U(1)V × U(1)A symmetry (w.i.p.)

Thermodynamic variables
T , µ, µ5, uµ

Generating functional

Ws =

∫
d4x
√
−gp(T , µ, µ5) + · · ·

Constitutive relations

δWs =

∫
d4x
√
−g
[

1
2T

µνδgµν + JµδAµ + Jµ5 δA
5
µ

]
Thermodynamic correlation functions and Kubo formulas

δWs =

∫
ddx
√
−g
[
GJaJbδA

aδAb + 1
2GTJaδgδA

a + 1
4GTT δgδg

]
.
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Chiral hydrodynamics U(1)V × U(1)A hydrodynamics

Thermodynamics
U(1)V × U(1)A symmetry, strong magnetic field

Thermodynamic variables

T , µ, µ5,B2, uµ

Generating functional

Ws =

∫
d4x
√
−gp̃(T , µ, µ5,B2) +

7∑
1

M̃n(T , µ, µ5,B2)sn + · · ·

δWs =

∫
d4x
√
−g
[

1
2T

µνδgµν + JµδAµ + Jµ5 δA
5
µ

]
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Chiral hydrodynamics U(1)V × U(1)A hydrodynamics

Chiral hydrodynamics
Consistent generating functional

Generating functional W not U(1)A invariant

δα,α5W =
C

24

∫
d4x
√
−gεµνρσα5

(
F 5
µνF

5
ρσ + 3FµνFρσ

)
.

Consistent generating functional

Wcons = Ws +

∫
d4x
√
−g
[
C
3

(
µBµ + 1

2µ
2Ωµ

)
A5
µ

+C
(
µ5B

µ
5 + 1

2µ
2
5Ωµ

)
A5
µ

]
,

δWcons =

∫
d4x
√
−g(JµconsδAµ + Jµ5,consδA

5
µ + 1

2T
µνδgµν) .

Because δα5Wcons 6= 0, but metric independent

δα5J
µ
cons , δα5J

µ
5,cons 6= 0 , δα5T

µν = 0 .
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√
−gεµνρσα5

(
F 5
µνF

5
ρσ + 3FµνFρσ

)
.

Consistent generating functional

Wcons = Ws +
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√
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√
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Chiral hydrodynamics U(1)V × U(1)A hydrodynamics

Chiral hydrodynamics
Consistent generating functional

Generating functional W not U(1)A invariant

δα,α5W =
C

24

∫
d4x
√
−gεµνρσα5

(
F 5
µνF

5
ρσ + 3FµνFρσ

)
.

Consistent generating functional

Wcons = Ws +

∫
d4x
√
−g
[
C
3

(
µBµ + 1

2µ
2Ωµ

)
A5
µ

+C
(
µ5B

µ
5 + 1

2µ
2
5Ωµ

)
A5
µ

]
,

δWcons =

∫
d4x
√
−g(JµconsδAµ + Jµ5,consδA

5
µ + 1

2T
µνδgµν) .

Because δα5Wcons 6= 0, but metric independent

δα5J
µ
cons , δα5J

µ
5,cons 6= 0 , δα5T

µν = 0 .
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Chiral hydrodynamics U(1)V × U(1)A hydrodynamics

Chiral hydrodynamics
Anomaly inflow and covariant generating functional

Covariant generating functional

Wcov = Wcons −
C

24

∫
M

d5x
√
−GεmnopqA5

m

(
F 5
noF

5
pq + 3FnoFpq

)
,

δWcov =

∫
∂M

d4x
√
−g(JµcovδAµ + Jµ5,covδA

5
µ + 1

2T
µνδgµν)

+

∫
M

d5x
√
−G

(
JmH δAm + Jm5,HδA

5
m

)
.

Where

Jµcov = Jµcons − C
2 ε
µνρσA5

νFρσ , Jµ5,cov = Jµ5,cons −
C
6 ε
µνρσA5

νF
5
ρσ

JmH = −C
4 ε

mnopqFnoF
5
pq , Jm5,H = −C

8 ε
mnopq

(
FnoFpq + F 5

noF
5
pq

)
Since δα5Wcov = 0

δα5J
µ
cov = δα5J

µ
5,cov = 0 .
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Chiral hydrodynamics U(1)V × U(1)A hydrodynamics

Chiral hydrodynamics
Hydrodynamic equations

From Wcons we find

Hydrodynamic equations

∇µTµν = FµνJconsν + Fµν5 J5,cons
ν − Aν5∇µJµcons

∇µJµcons = 0 , ∇µJµ5,cons = − C
24ε

µνρσ
(
F 5
µνF

5
ρσ + 3FµνFρσ

)
.

From Wcov we find

Hydrodynamic equations

∇νTµν
A = FµνJcovν + Fµν5 J5,cov

ν ,

∇µJµcov = −C

4
εµνρσF 5

µνFρσ ,

∇µJµ5,cov = −C

8
εµνρσ

(
F 5
µνF

5
ρσ + FµνFρσ

)
.
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Chiral hydrodynamics U(1)V × U(1)A hydrodynamics

Chiral hydrodynamics
Constitutive relations and Kubo formulas

Equilibrium constitutive relations

Tµν = Tµν
s + ξTu(µΩν) + ξTB u(µBν) + ξTB5

u(µB
ν)
5

Jµcons = Jµs +CB·A5uµ + ξΩµ + (ξB − Cµ5)Bµ + ξB5B
µ
5 +CεµνρσAνuρEσ .

Jµ5,cons = Jµs +C
3 B5·A5uµ+ξ5 Ωµ+ξ5

BB
µ+
(
ξ5
B5
− C

3 µ
)
Bµ5 +C

3 ε
µνρσA5

νuρE
5
σ .

Jµcov = Jµs + ξΩµ + ξBB
µ + ξB5B

µ
5 .

Jµ5,cov = Jµs + ξ5 Ωµ + ξ5
BB

µ + ξ5
B5
Bµ5 .

Chiral conductivities

ξT = C
(
µ2µ5 + 1

3µ
3
5

)
, ξTB5

= ξ5 = C
2

(
µ2 + µ2

5

)
ξTB = ξ = Cµµ5 , ξB = ξ5

B5
= Cµ5 , ξB5 = ξ5

B = Cµ .
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Chiral hydrodynamics U(1)V × U(1)A hydrodynamics

Chiral hydrodynamics
Non-equilibrium constitutive relations

Add the linearly independent terms that vanish in equilibrium LV = 0:

Constitutive relations

Tµν = · · · , JµV = · · · , JµA = · · · .

Hydrodynamic transport coefficients

η⊥ , η‖ , η1 , η2 , ζ1 , ζ2 , σ
ab
‖ , σab⊥ , η̃⊥ , η̃‖ , σ̃

ab
⊥ ,

σa1 , σ
a
2 , σ

a
3 , σ

a
4 , ζ

a , ηa , ηa‖ , η̃
a
‖ .

Entropy production constraints

Sµ|eq. = suµ s.t. ∇µSµ > 0 =⇒ linear + quadratic + qubic+?
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Chiral hydrodynamics U(1)V × U(1)A hydrodynamics

Chiral hydrodynamics
To do

Thermodynamic Kubo formulas

〈O(k)O(−k)〉 ∼ Mn, ξ

Hydrodynamic Kubo formulas

lim
ω→0

ImGOO(ω, k = 0) ∼ ζ, η, σ

Eigenmodes

ω = ω(k)
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Chiral hydrodynamics U(1)V × U(1)A hydrodynamics

Recap

We overviewed

Equilibrium generating functional at strong magnetic field

Equilibrium and non-equilibrium constitutive relations

Kubo formulas, eigenmodes

Anomaly inflow and consistent vs covariant W and J

Work in progress and future work

Hydro with U(1)V × U(1)A symmetry

Weak gauging of U(1)V : Chiral MHD

Thanks!
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