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Fig. from Rezzolla and 
Zanotti’s book 

Fluid Anomaly



• Chiral hydro derived from:

• How does the anomaly/vorticity 
affect the hydrodynamic evolution?
Observable consequences?

• How does one include such novel effects in 
nonlinear hydrodynamic simulations?

• Are there new constraints that must be imposed
to ensure proper evolution?

QGP



• Most general ideal chiral hydro at 1st order (no E&M)
Energy-momentum tensor:

Vector (“baryon”) current:

Axial current:

• Presence of vorticity tensor

• New coefficients
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T, µV , µAdepend on

general hydrodynamic frame

Ideal chiral hydrodynamics

Entropy current:
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Sµ = suµ + ⇠S!
µ
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rµS
µ = 0
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�µ⌫ = gµ⌫ + uµu⌫
<latexit sha1_base64="BNYH0Rs+syc5bffmy4TeedSBKOg=">AAAB+XicbVDLSgMxFM3UV62vUZdugkVwY5kRXxuh4MZlBfuAdhwyaaYNTTJDHoUy9E/cuFDErX/izr8x085CWw/cy+Gce8nNiVJGlfa8b6e0srq2vlHerGxt7+zuufsHLZUYiUkTJyyRnQgpwqggTU01I51UEsQjRtrR6C7322MiFU3Eo56kJOBoIGhMMdJWCl3XhD1uoHnK+y0880O36tW8GeAy8QtSBQUaofvV6yfYcCI0Zkipru+lOsiQ1BQzMq30jCIpwiM0IF1LBeJEBdns8ik8sUofxom0JTScqb83MsSVmvDITnKkh2rRy8X/vK7R8U2QUZEaTQSePxQbBnUC8xhgn0qCNZtYgrCk9laIh0girG1YFRuCv/jlZdI6r/lXtcuHi2q9XsRRBkfgGJwCH1yDOrgHDdAEGIzBM3gFb07mvDjvzsd8tOQUO4fgD5zPH8M3knE=</latexit>

uµu
µ = �1

for simplicity



Energy-momentum tensor:

Vector (“baryon”) current:

Axial current:

general hydrodynamic frame

Ideal chiral hydrodynamics

Entropy current:
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Sµ = suµ + ⇠S!
µ

Equations of motion (EOM):

Conservation of currents

Energy-momentum conservation

• Most general ideal chiral hydro at 1st order (no E&M)



• Differently than ideal hydro, most properties of 
ideal chiral hydro are not known. 

• New nonlinear PDEs, existence/uniqueness of
solutions is not known. 

• Considering heavy-ion simulations 
we need to know if EOM can be solved 
under general conditions.  

• Is ideal chiral hydro ready to be simulated?

• Do solutions exist? Is the evolution causal?

energy density
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See, e.g., Choquet-Bruhat, Wald

Consider a system of (linear or nonlinear) PDE's
N unknowns

System is causal if for any point x in the future of initial Cauchy surface

depends only on
causal past of x

Causality (in the sense of PDEs)
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P I
K 

K = 0
<latexit sha1_base64="YyMhClJPRC2X3w3ohkMp/WTcUAw=">AAAB7XicbVDLSgMxFL3xWeur6tJNsAiuyoz4WhbcCG4q2Ae0Y8mkmTY2kwxJRihD/8GNC0Xc+j/u/BvTdhbaeuDC4Zx7ufeeMBHcWM/7RkvLK6tr64WN4ubW9s5uaW+/YVSqKatTJZRuhcQwwSWrW24FayWakTgUrBkOryd+84lpw5W8t6OEBTHpSx5xSqyTGp2a4Q+33VLZq3hT4EXi56QMOWrd0lenp2gaM2mpIMa0fS+xQUa05VSwcbGTGpYQOiR91nZUkpiZIJteO8bHTunhSGlX0uKp+nsiI7Exozh0nTGxAzPvTcT/vHZqo6sg4zJJLZN0tihKBbYKT17HPa4ZtWLkCKGau1sxHRBNqHUBFV0I/vzLi6RxWvEvKud3Z+VqNY+jAIdwBCfgwyVU4QZqUAcKj/AMr/CGFHpB7+hj1rqE8pkD+AP0+QNDnI7v</latexit>

 K
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 K(x)
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 (x)



Quasilinear PDEs:

Characteristic surface                     , 
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�(xµ) = 0 with normal                        (real) 

• Causality holds if solution of                                      gives   

• Example: “sound wave” equation 
principal part

characteristic determinant

Imposing

gives

• This is why for sound, causality gives                         . 
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0  c2s  1
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det(A↵'↵) = 0



General quasilinear system of PDEs

unknowns
principal part

• Find a solution with initial values of        and its lower-order 
derivatives along the initial hypersurface      . 

• IVP is locally well-posed if, for arbitrary initial data on ,
there exists a unique solution in the neighborhood of .

• For relativistic systems, causality must also hold. 
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⌃

Initial value problem (IVP):

<latexit sha1_base64="ssNQ52p9pwhFX/Gaaa9xVU0a3qg=">AAAB7XicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx48RjRLJAMoafTk7TpZejuEcKQf/DiQRGv/o83/8ZOMgdNfFDweK+KqnpRwpmxvv/tFVZW19Y3ipulre2d3b3y/kHTqFQT2iCKK92OsKGcSdqwzHLaTjTFIuK0FY1upn7riWrDlHyw44SGAg8kixnB1knN7j0bCNwrV/yqPwNaJkFOKpCj3it/dfuKpIJKSzg2phP4iQ0zrC0jnE5K3dTQBJMRHtCOoxILasJsdu0EnTilj2KlXUmLZurviQwLY8Yicp0C26FZ9Kbif14ntfF1mDGZpJZKMl8UpxxZhaavoz7TlFg+dgQTzdytiAyxxsS6gEouhGDx5WXSPKsGl9WLu/NKrZbHUYQjOIZTCOAKanALdWgAgUd4hld485T34r17H/PWgpfPHMIfeJ8/bgWPCw==</latexit>

⌃
<latexit sha1_base64="ssNQ52p9pwhFX/Gaaa9xVU0a3qg=">AAAB7XicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx48RjRLJAMoafTk7TpZejuEcKQf/DiQRGv/o83/8ZOMgdNfFDweK+KqnpRwpmxvv/tFVZW19Y3ipulre2d3b3y/kHTqFQT2iCKK92OsKGcSdqwzHLaTjTFIuK0FY1upn7riWrDlHyw44SGAg8kixnB1knN7j0bCNwrV/yqPwNaJkFOKpCj3it/dfuKpIJKSzg2phP4iQ0zrC0jnE5K3dTQBJMRHtCOoxILasJsdu0EnTilj2KlXUmLZurviQwLY8Yicp0C26FZ9Kbif14ntfF1mDGZpJZKMl8UpxxZhaavoz7TlFg+dgQTzdytiAyxxsS6gEouhGDx5WXSPKsGl9WLu/NKrZbHUYQjOIZTCOAKanALdWgAgUd4hld485T34r17H/PWgpfPHMIfeJ8/bgWPCw==</latexit>

⌃

See, e.g., Hawking, Ellis; Choquet-Bruhat; Witten, RMP (2020).



Imagine that Einstein’s eqs were not LWP. Then, at least one of the three 
happens: (i) solutions don’t exist, (ii) are not unique, or (iii) don’t depend
continuously on initial data.

• If (i), then what you are generating in the computer has nothing to do 
with “GR” because you are producing solutions to “something” but 
this theory has no solution.

• If (ii), how do you know which solution you get with the simulation?

• If (iii), a numerical solution probably has nothing do to with the 
actual solution because small numerical errors should give you 
something close to the actual solution, but if there is no continuous 
dependence, then the two things are completely different.

Why should one care about LWP?



What happens in ideal chiral hydro?



Speranza, Bemfica, Disconzi, JN, PRD (2023)

EOM:
variables

• Higher-order derivatives should be expressible in terms of
lower-order derivatives.

• This cannot happen if for any covector

Arbitrary initial data

Ill-posed initial value problem

Challenges in solving ideal chiral hydro



For the most general ideal chiral hydro (fully nonlinear EOM)

• One finds a vanishing characteristic determinant for 
any initial hypersurface: Ill-posed initial-value problem.                             

• This occurs for any hydro frame where . 

• True for no drag, entropy, and thermodynamic frames.

Speranza, Bemfica, Disconzi, JN, PRD (2023)

<latexit sha1_base64="te9euEdxkb8tkWw1/CBWa3lcPt0=">AAAB83icbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx48RghL8guYXbSmwyZnV1nZsUQ8htePCji1Z/x5t84SfagiQUNRVU33V1hKrg2rvvtrKyurW9sFraK2zu7e/ulg8OmTjLFsMESkah2SDUKLrFhuBHYThXSOBTYCoe3U7/1iErzRNbNKMUgpn3JI86osZLvP/FunfgSH4jbLZXdijsDWSZeTsqQo9Ytffm9hGUxSsME1brjuakJxlQZzgROin6mMaVsSPvYsVTSGHUwnt08IadW6ZEoUbakITP198SYxlqP4tB2xtQM9KI3Ff/zOpmJboIxl2lmULL5oigTxCRkGgDpcYXMiJEllClubyVsQBVlxsZUtCF4iy8vk+Z5xbuqXN5flKvVPI4CHMMJnIEH11CFO6hBAxik8Ayv8OZkzovz7nzMW1ecfOYI/sD5/AHxsJD6</latexit>

⇠T 6= 0

Challenges in solving ideal chiral hydro



• A natural modification: Landau frame 

• Leads to a causal and well-posed theory if

<latexit sha1_base64="bggdmYphmP9VWd8w8hhBIJpXDFw=">AAACDHicbVDLSgMxFM34rPVVdekmWAQ3lhkp6kYounFZoS/oTEsmzbShmWTIo1CGfoAbf8WNC0Xc+gHu/BvTdhbaeiDkcM65JPeECaNKu+63s7K6tr6xmdvKb+/s7u0XDg4bShiJSR0LJmQrRIowykldU81IK5EExSEjzXB4N/WbIyIVFbymxwkJYtTnNKIYaSt1C0XT9WMDa53UXj43k5tzf4QkSRRlgkPTsZpNuSV3BrhMvIwUQYZqt/Dl9wQ2MeEaM6RU23MTHaRIaooZmeR9o0iC8BD1SdtSjmKignS2zASeWqUHIyHt4RrO1N8TKYqVGsehTcZID9SiNxX/89pGR9dBSnliNOF4/lBkGNQCTpuBPSoJ1mxsCcKS2r9CPEASYW37y9sSvMWVl0njouRdlsoP5WLlNqsjB47BCTgDHrgCFXAPqqAOMHgEz+AVvDlPzovz7nzMoytONnME/sD5/AES5pum</latexit>

uµT
µ⌫ = �"u⌫

• Here, the chiral anomaly constraints the magnitude of the
vorticity (at 1st order in gradients). 

<latexit sha1_base64="KNe0kirTKSetExgpFuY/UlvnXPM="></latexit>
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Speranza, Bemfica, Disconzi, JN, PRD (2023)

within the regime of
validity of derivative expansion

<latexit sha1_base64="F9yVKG5xp4ucJ2Ekjv8TN3LoCXE=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4sQ8OIxQl6SLGF2MpsMmZldZmbFsOQrvHhQxKuf482/cbLZgyYWNBRV3XR3BTFn2rjut1NYWV1b3yhulra2d3b3yvsHLR0litAmiXikOgHWlDNJm4YZTjuxolgEnLaD8e3Mbz9SpVkkG2YSU1/goWQhI9hY6aH3xPoNdIPcfrniVt0MaJl4OalAjnq//NUbRCQRVBrCsdZdz42Nn2JlGOF0WuolmsaYjPGQdi2VWFDtp9nBU3RilQEKI2VLGpSpvydSLLSeiMB2CmxGetGbif953cSE137KZJwYKsl8UZhwZCI0+x4NmKLE8IklmChmb0VkhBUmxmZUsiF4iy8vk9ZZ1busXtyfV2q1PI4iHMExnIIHV1CDO6hDEwgIeIZXeHOU8+K8Ox/z1oKTzxzCHzifP11Zj3k=</latexit>

⇠T = 0



Towards a causal and stable 1st order
theory of viscous chiral hydrodynamics

Abboud, Speranza, JN, to appear soon



Most general tensor decomposition (e.g., without anomaly) 

Systematic expansion in Knudsen number/derivatives 

Causal and stable 1st order hydro
Bemfica, Disconzi, JN, PRD (2018), PRD (2019), PRX (2022)
Kovtun, JHEP (2019)

NO ANOMALY



• Write the most general expansion at 1st order in derivatives 
compatible with symmetries.

• Most general hydrodynamic frame. 

<latexit sha1_base64="C7CdWsJyTYtCmfMuOOAUQaqg+a0=">AAACDHicbVDLSgMxFL3js9ZX1aWbYBHcWGaKohuh4MZlBfuAzlAyaaYNTTJDkhHK0A9w46+4caGIWz/AnX9j2g6irQcCh3PO5eaeMOFMG9f9cpaWV1bX1gsbxc2t7Z3d0t5+U8epIrRBYh6rdog15UzShmGG03aiKBYhp61weD3xW/dUaRbLOzNKaCBwX7KIEWys1C2V/YR1M1+kvkzHV6dVnxqMfM36Av/INuVW3CnQIvFyUoYc9W7p0+/FJBVUGsKx1h3PTUyQYWUY4XRc9FNNE0yGuE87lkosqA6y6TFjdGyVHopiZZ80aKr+nsiw0HokQpsU2Az0vDcR//M6qYkug4zJJDVUktmiKOXIxGjSDOoxRYnhI0swUcz+FZEBVpgY21/RluDNn7xImtWKd15xb8/KtVpeRwEO4QhOwIMLqMEN1KEBBB7gCV7g1Xl0np03530WXXLymQP4A+fjGxuvm6c=</latexit>

⇡µ⌫ = �2⌘�µ⌫

• Causality 
• Stability
• Strong hyperbolicity
• LWP IVP
• 2nd law of thermo
• Fully coupled to GR
• Solution is globally
hyperbolic spacetime.

Bemfica, Disconzi, JN, PRX (2022)

NO ANOMALY

Causal and stable 1st order hydro



Viscous chiral hydro at 1st order
Abboud, Speranza, JN, to appear soon

• Write the most general expansion at 1st order in derivatives 
compatible with symmetries.

• Most general hydrodynamic frame, with anomaly. 
Weyl derivative

<latexit sha1_base64="mrfzXAkAX+LMRhzpOUYAGiaWIrI=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjPia1nQhQsXFewDpkPJpJk2NJMMyR2hDP0MNy4UcevXuPNvzLSz0NYDgcM595JzT5gIbsB1v53Syura+kZ5s7K1vbO7V90/aBuVaspaVAmluyExTHDJWsBBsG6iGYlDwTrh+Cb3O09MG67kI0wSFsRkKHnEKQEr+b2YwIgSkd1O+9WaW3dnwMvEK0gNFWj2q1+9gaJpzCRQQYzxPTeBICMaOBVsWumlhiWEjsmQ+ZZKEjMTZLPIU3xilQGOlLZPAp6pvzcyEhsziUM7mUc0i14u/uf5KUTXQcZlkgKTdP5RlAoMCuf34wHXjIKYWEKo5jYrpiOiCQXbUsWW4C2evEzaZ3Xvsn7xcF5r3Bd1lNEROkanyENXqIHuUBO1EEUKPaNX9OaA8+K8Ox/z0ZJT7ByiP3A+fwB7H5Fu</latexit>

D
conformal invariant



Viscous chiral hydro at 1st order
Abboud, Speranza, JN, to appear soon

• For simplicity, we choose the class of hydrodynamic frames where: 

<latexit sha1_base64="3JTdLMZ6xKFplnFd8DZrkdN4KP0=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAiwcPUcwDkiXMTmaTIbOzy0yvEJb8gRcPinj1j7z5N06SPWhiQUNR1U13V5BIYdB1v53Cyura+kZxs7S1vbO7V94/aJo41Yw3WCxj3Q6o4VIo3kCBkrcTzWkUSN4KRjdTv/XEtRGxesRxwv2IDpQIBaNopYfupFeuuFV3BrJMvJxUIEe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0rd1PCEshEd8I6likbc+Nns0gk5sUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophtd+JlSSIldsvihMJcGYTN8mfaE5Qzm2hDIt7K2EDammDG04JRuCt/jyMmmeVb3L6sX9eaV2l8dRhCM4hlPw4ApqcAt1aACDEJ7hFd6ckfPivDsf89aCk88cwh84nz+kzo17</latexit>

} Well-understood conformal limit
Bemfica, Disconzi, JN, PRD (2018)

• We consider the most general form for the conserved currents.

<latexit sha1_base64="4X5+sF7fckFmduAkyJ10B7KTOaw=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdRECXjxGyAuSJcxOZpMhs7PLTK8YlnyEFw+KePV7vPk3TpI9aGJBQ1HVTXdXkEhh0HW/nZXVtfWNzcJWcXtnd2+/dHDYNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWM7qZ+65FrI2JVx3HC/YgOlAgFo2ilVvdJ9Oq3bq9UdivuDGSZeDkpQ45ar/TV7ccsjbhCJqkxHc9N0M+oRsEknxS7qeEJZSM64B1LFY248bPZuRNyapU+CWNtSyGZqb8nMhoZM44C2xlRHJpFbyr+53VSDG/8TKgkRa7YfFGYSoIxmf5O+kJzhnJsCWVa2FsJG1JNGdqEijYEb/HlZdI8r3hXlcuHi3K1msdRgGM4gTPw4BqqcA81aACDETzDK7w5ifPivDsf89YVJ585gj9wPn8ArcuPJQ==</latexit>

⇠T = 0and



Viscous chiral hydro at 1st order
Abboud, Speranza, JN, to appear soon

• Causality

• Stability of homogeneous equilibrium.

• This theory can be used in simulations.

• Stability of rotating equilibrium state?

• Strong hyperbolicity/LWP? 



• Chiral anomaly/vorticity has a drastic impact on hydro
even in the ideal regime.

• Energy diffusion in chiral hydro
leads to ill-posedness, acausality.

• No drag frame, entropy, thermodynamic frame display
this issue.

• A causal and stable 1st order theory with entropy
production can be formulated with chiral anomaly.

• Generalize analysis to consider spin hydrodynamics.

Conclusions

<latexit sha1_base64="EDSAaMNv9486UUwsV1qEDGKqC6Q=">AAACFHicbVDLSgMxFM34rPU16tJNsAiVQpkRX8uCG5cV+oJOWzJppg1NMkMeYin9CDf+ihsXirh14c6/MZ0W1NYDl3s4516Se8KEUaU978tZWl5ZXVvPbGQ3t7Z3dt29/ZqKjcSkimMWy0aIFGFUkKqmmpFGIgniISP1cHA98et3RCoai4oeJqTFUU/QiGKkrdRxC8E97VRg3rQDbmAQc9JD7UAYWIAm7T/SScfNeUUvBVwk/ozkwAzljvsZdGNsOBEaM6RU0/cS3RohqSlmZJwNjCIJwgPUI01LBeJEtUbpUWN4bJUujGJpS2iYqr83RogrNeShneRI99W8NxH/85pGR1etERWJ0UTg6UORYVDHcJIQ7FJJsGZDSxCW1P4V4j6SCGubY9aG4M+fvEhqp0X/onh+e5YrlWZxZMAhOAJ54INLUAI3oAyqAIMH8ARewKvz6Dw7b877dHTJme0cgD9wPr4BCsadlA==</latexit>

⇠T (u
µ!⌫ + u⌫!⌫)



ADDITIONAL SLIDES



• If                in                                    the theory 
has an ill-posed initial-value problem
(and, hence, acausal).

• No solution to arbitrary initial data, or the
solution is not unique. 

• When               , theory cannot be used to 
systematically determine how the anomaly
or vorticity affect the hydrodynamic evolution.

Speranza, Bemfica, Disconzi, JN, PRD (2023)
<latexit sha1_base64="2kicY7Uoj5fM/sxNUbOxOOjEvUA=">AAAB83icbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx68RghG2SG0NOpSZr09IzdPWII+Q0vHhTx6s9482/sLAdNfFDweK+KqnphKrg2rvvt5FZW19Y38puFre2d3b3i/kFDJ5liWGeJSFQrpBoFl1g33AhspQppHApshoPbid98RKV5ImtmmGIQ057kEWfUWMn3n3inRnyJD8TtFEtu2Z2CLBNvTkowR7VT/PK7CctilIYJqnXbc1MTjKgynAkcF/xMY0rZgPawbamkMepgNL15TE6s0iVRomxJQ6bq74kRjbUexqHtjKnp60VvIv7ntTMTXQcjLtPMoGSzRVEmiEnIJADS5QqZEUNLKFPc3kpYnyrKjI2pYEPwFl9eJo2zsndZvrg/L1Vu5nHk4QiO4RQ8uIIK3EEV6sAghWd4hTcnc16cd+dj1ppz5jOH8AfO5w/ySpD8</latexit>

⇠T 6= 0
<latexit sha1_base64="IibIKiaWlc1BA9tENUw4N5AD/Bk=">AAACFHicbVDLSgMxFM3UV62vqks3wSJUCmVGfC2LblxW6As605JJ0zY0yQx5iKX0I9z4K25cKOLWhTv/xnRaQVsPXO7hnHtJ7gljRpV23S8ntbS8srqWXs9sbG5t72R392oqMhKTKo5YJBshUoRRQaqaakYasSSIh4zUw8H1xK/fEaloJCp6GJOAo56gXYqRtlI7W/DvabsC86blcwP9iJMeavnCwAI0Sf+RuDluZ3Nu0U0AF4k3IzkwQ7md/fQ7ETacCI0ZUqrpubEORkhqihkZZ3yjSIzwAPVI01KBOFHBKDlqDI+s0oHdSNoSGibq740R4koNeWgnOdJ9Ne9NxP+8ptHdy2BERWw0EXj6UNcwqCM4SQh2qCRYs6ElCEtq/wpxH0mEtc0xY0Pw5k9eJLWTondePLs9zZWuZnGkwQE4BHnggQtQAjegDKoAgwfwBF7Aq/PoPDtvzvt0NOXMdvbBHzgf3wnanZU=</latexit>

⇠T (u
µ!⌫ + u⌫!µ)

<latexit sha1_base64="2kicY7Uoj5fM/sxNUbOxOOjEvUA=">AAAB83icbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx68RghG2SG0NOpSZr09IzdPWII+Q0vHhTx6s9482/sLAdNfFDweK+KqnphKrg2rvvt5FZW19Y38puFre2d3b3i/kFDJ5liWGeJSFQrpBoFl1g33AhspQppHApshoPbid98RKV5ImtmmGIQ057kEWfUWMn3n3inRnyJD8TtFEtu2Z2CLBNvTkowR7VT/PK7CctilIYJqnXbc1MTjKgynAkcF/xMY0rZgPawbamkMepgNL15TE6s0iVRomxJQ6bq74kRjbUexqHtjKnp60VvIv7ntTMTXQcjLtPMoGSzRVEmiEnIJADS5QqZEUNLKFPc3kpYnyrKjI2pYEPwFl9eJo2zsndZvrg/L1Vu5nHk4QiO4RQ8uIIK3EEV6sAghWd4hTcnc16cd+dj1ppz5jOH8AfO5w/ySpD8</latexit>

⇠T 6= 0



Hydro frame transformations

where



Hydro frame transformations

coefficients get shifted

So no drag, thermodynamic, and entropy frame have
<latexit sha1_base64="te9euEdxkb8tkWw1/CBWa3lcPt0=">AAAB83icbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx48RghL8guYXbSmwyZnV1nZsUQ8htePCji1Z/x5t84SfagiQUNRVU33V1hKrg2rvvtrKyurW9sFraK2zu7e/ulg8OmTjLFsMESkah2SDUKLrFhuBHYThXSOBTYCoe3U7/1iErzRNbNKMUgpn3JI86osZLvP/FunfgSH4jbLZXdijsDWSZeTsqQo9Ytffm9hGUxSsME1brjuakJxlQZzgROin6mMaVsSPvYsVTSGHUwnt08IadW6ZEoUbakITP198SYxlqP4tB2xtQM9KI3Ff/zOpmJboIxl2lmULL5oigTxCRkGgDpcYXMiJEllClubyVsQBVlxsZUtCF4iy8vk+Z5xbuqXN5flKvVPI4CHMMJnIEH11CFO6hBAxik8Ayv8OZkzovz7nzMW1ecfOYI/sD5/AHxsJD6</latexit>

⇠T 6= 0



Define equilibrium with 5 variables:                         

<latexit sha1_base64="RrAT456/LC2qCrNKFrZPHisVnXk=">AAAB+XicbZDLSsNAFIZP6q3WW9Slm8EiuCqJKLoRim7EVQV7gTaEyXTaDp1MwlwKJfRN3LhQxK1v4s63cZpmodUfBj7+cw7nzB+lnCnteV9OaWV1bX2jvFnZ2t7Z3XP3D1oqMZLQJkl4IjsRVpQzQZuaaU47qaQ4jjhtR+Pbeb09oVKxRDzqaUqDGA8FGzCCtbVC170Pe7FB10ggk1PoVr2alwv9Bb+AKhRqhO5nr58QE1OhCcdKdX0v1UGGpWaE01mlZxRNMRnjIe1aFDimKsjyy2foxDp9NEikfUKj3P05keFYqWkc2c4Y65Fars3N/2pdowdXQcZEajQVZLFoYDjSCZrHgPpMUqL51AImktlbERlhiYm2YVVsCP7yl/9C66zmX9S8h/Nq/aaIowxHcAyn4MMl1OEOGtAEAhN4ghd4dTLn2Xlz3hetJaeYOYRfcj6+AcV5knM=</latexit>

Jµ = nuµ

<latexit sha1_base64="JIJxXcbadSid6pjKFZiZZKxU+SI=">AAACIHicbVDLSgMxFM34rPVVdekmWARBKDOi1I1Q1IXLCn1BpwyZ9LYNzWSGPApl6Ke48VfcuFBEd/o1pg9EWw8kHM45l+SeMOFMadf9dJaWV1bX1jMb2c2t7Z3d3N5+TcVGUqjSmMeyERIFnAmoaqY5NBIJJAo51MP+zdivD0AqFouKHibQikhXsA6jRFspyBUrQepHxhdmhK+wPyASEsV4LLAJrD6+hcGnuOzfAtfkJxzk8m7BnQAvEm9G8miGcpD78NsxNREITTlRqum5iW6lRGpGOYyyvlGQENonXWhaKkgEqpVOFhzhY6u0cSeW9giNJ+rviZRESg2j0CYjontq3huL/3lNozuXrZSJxGgQdPpQx3CsYzxuC7eZBKr50BJCJbN/xbRHJKHadpq1JXjzKy+S2lnBuyi49+f50vWsjgw6REfoBHmoiEroDpVRFVH0gJ7QC3p1Hp1n5815n0aXnNnMAfoD5+sbuTejUw==</latexit>

Tµ⌫ = "uµu⌫ + P�µ⌫

5 EOM: Nonlinear PDEs

• Compatible with relativity (causal) if 
<latexit sha1_base64="fo63HTtw4cgVb8w1Sg7xyJr/Mr8="></latexit>
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• Given initial 

• Locally well-posed initial-value problem.

• Well tested numerical algorithms.

<latexit sha1_base64="XvxRQ5vGwmujNAU/q9hjp6uJtb8=">AAAB+3icbVBNS8NAEJ34WetXrEcvi0WoICURRS9C0YvHCPYD2lA22027dLMJu5tiCf0rXjwo4tU/4s1/47bNQVsfDDzem2FmXpBwprTjfFsrq2vrG5uFreL2zu7evn1Qaqg4lYTWScxj2QqwopwJWtdMc9pKJMVRwGkzGN5N/eaISsVi8ajHCfUj3BcsZARrI3XtknfjVTojLGmiGI/FmTjt2mWn6syAlombkzLk8Lr2V6cXkzSiQhOOlWq7TqL9DEvNCKeTYidVNMFkiPu0bajAEVV+Nrt9gk6M0kNhLE0JjWbq74kMR0qNo8B0RlgP1KI3Ff/z2qkOr/2MiSTVVJD5ojDlSMdoGgTqMUmJ5mNDMJHM3IrIAEtMtImraEJwF19eJo3zqntZdR4uyrXbPI4CHMExVMCFK6jBPXhQBwJP8Ayv8GZNrBfr3fqYt65Y+cwh/IH1+QMIM5PK</latexit>

P = P (", n)
Equation of State

<latexit sha1_base64="sCsq3NdqPv/DuPK4XyIPGkmEfPI=">AAACB3icbZDLSgMxFIYz9VbrbdSlIMEiVJAyI4puhIIblxV6g85QMmmmDc1lSDKFUrpz46u4caGIW1/BnW9j2s6iVn8IfPznHE7OHyWMauN5305uZXVtfSO/Wdja3tndc/cPGlqmCpM6lkyqVoQ0YVSQuqGGkVaiCOIRI81ocDetN4dEaSpFzYwSEnLUEzSmGBlrddzjYIgUSTRlUtwucKl2HvD0rOMWvbI3E/wLfgZFkKnacb+CrsQpJ8JghrRu+15iwjFShmJGJoUg1SRBeIB6pG1RIE50OJ7dMYGn1unCWCr7hIEzd3FijLjWIx7ZTo5MXy/XpuZ/tXZq4ptwTEWSGiLwfFGcMmgknIYCu1QRbNjIAsKK2r9C3EcKYWOjK9gQ/OWT/0Ljouxflb2Hy2KlksWRB0fgBJSAD65BBdyDKqgDDB7BM3gFb86T8+K8Ox/z1pyTzRyCX3I+fwAJr5lj</latexit>

" = "(T, µ)
<latexit sha1_base64="07xIL/xF1cVy2MdLbmkf5ZhJTFU=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRahgpTdouhFKHjxWKFf2C4lm2bb0CS7JFmhLP0XXjwo4tV/481/Y9ruQVsfDDzem2FmXhBzpo3rfju5tfWNza38dmFnd2//oHh41NJRoghtkohHqhNgTTmTtGmY4bQTK4pFwGk7GN/N/PYTVZpFsmEmMfUFHkoWMoKNlR7lrSw3LnoiOe8XS27FnQOtEi8jJchQ7xe/eoOIJIJKQzjWuuu5sfFTrAwjnE4LvUTTGJMxHtKupRILqv10fvEUnVllgMJI2ZIGzdXfEykWWk9EYDsFNiO97M3E/7xuYsIbP2UyTgyVZLEoTDgyEZq9jwZMUWL4xBJMFLO3IjLCChNjQyrYELzll1dJq1rxriruw2WpVsviyMMJnEIZPLiGGtxDHZpAQMIzvMKbo50X5935WLTmnGzmGP7A+fwBVMaQCA==</latexit>

n = n(T, µ)

<latexit sha1_base64="rlNfAI1Y2zHoa+t52kiANnGNq7Y=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KGVGFF0W3Lis0Be0Q8mkmTY0yQzJjVCGfoYbF4q49Wvc+Tem7Sy09UDC4Zx7ufeeKBXcgO9/e4WNza3tneJuaW//4PCofHzSNonVlLVoIhLdjYhhgivWAg6CdVPNiIwE60ST+7nfeWLa8EQ1YZqyUJKR4jGnBJzUa1b70lbtwP2DcsWv+QvgdRLkpIJyNAblr/4woVYyBVQQY3qBn0KYEQ2cCjYr9a1hKaETMmI9RxWRzITZYuUZvnDKEMeJdk8BXqi/OzIijZnKyFVKAmOz6s3F/7yehfguzLhKLTBFl4NiKzAkeH4/HnLNKIipI4Rq7nbFdEw0oeBSKrkQgtWT10n7qhbc1PzH60q9nsdRRGfoHF2iAN2iOnpADdRCFCXoGb2iNw+8F+/d+1iWFry85xT9gff5A78LkOY=</latexit>

T, µ, uµ

<latexit sha1_base64="rlNfAI1Y2zHoa+t52kiANnGNq7Y=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KGVGFF0W3Lis0Be0Q8mkmTY0yQzJjVCGfoYbF4q49Wvc+Tem7Sy09UDC4Zx7ufeeKBXcgO9/e4WNza3tneJuaW//4PCofHzSNonVlLVoIhLdjYhhgivWAg6CdVPNiIwE60ST+7nfeWLa8EQ1YZqyUJKR4jGnBJzUa1b70lbtwP2DcsWv+QvgdRLkpIJyNAblr/4woVYyBVQQY3qBn0KYEQ2cCjYr9a1hKaETMmI9RxWRzITZYuUZvnDKEMeJdk8BXqi/OzIijZnKyFVKAmOz6s3F/7yehfguzLhKLTBFl4NiKzAkeH4/HnLNKIipI4Rq7nbFdEw0oeBSKrkQgtWT10n7qhbc1PzH60q9nsdRRGfoHF2iAN2iOnpADdRCFCXoGb2iNw+8F+/d+1iWFry85xT9gff5A78LkOY=</latexit>

T, µ, uµ

Conservation laws

<latexit sha1_base64="LiXiQH4LrTlJb6Qgu8m0P7/NMsE=">AAAB+XicbVDLSgMxFM3UV62vUZdugkVwY5kRRTdC0Y3LCvYB7Thk0kwbmmSGPApl6J+4caGIW//EnX9jpp2Fth64l8M595KbE6WMKu15305pZXVtfaO8Wdna3tndc/cPWioxEpMmTlgiOxFShFFBmppqRjqpJIhHjLSj0V3ut8dEKpqIRz1JScDRQNCYYqStFLquCXvcQPOU9xt45odu1at5M8Bl4hekCgo0Qver10+w4URozJBSXd9LdZAhqSlmZFrpGUVShEdoQLqWCsSJCrLZ5VN4YpU+jBNpS2g4U39vZIgrNeGRneRID9Wil4v/eV2j4+sgoyI1mgg8fyg2DOoE5jHAPpUEazaxBGFJ7a0QD5FEWNuwKjYEf/HLy6R1XvMva97DRbV+W8RRBkfgGJwCH1yBOrgHDdAEGIzBM3gFb07mvDjvzsd8tOQUO4fgD5zPH8Hjkm0=</latexit>

uµu
µ = �1

constraint

nonnegative

<latexit sha1_base64="CClG6llPvtqclSShhM+SXhNNZVQ=">AAAB9HicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr5MEvXiMYB6QLGF20kmGzM6sM7OBsOQ7vHhQxKsf482/cZLsQRMLGoqqbrq7wpgzbTzv28mtrK6tb+Q3C1vbO7t7xf2DupaJolijkkvVDIlGzgTWDDMcm7FCEoUcG+Hwbuo3Rqg0k+LRjGMMItIXrMcoMVYK2iOiMNaMS3HjdYolr+zN4C4TPyMlyFDtFL/aXUmTCIWhnGjd8r3YBClRhlGOk0I70RgTOiR9bFkqSIQ6SGdHT9wTq3TdnlS2hHFn6u+JlERaj6PQdkbEDPSiNxX/81qJ6V0HKRNxYlDQ+aJewl0j3WkCbpcppIaPLSFUMXurSwdEEWpsTgUbgr/48jKpn5X9y/LFw3mpcpvFkYcjOIZT8OEKKnAPVagBhSd4hld4c0bOi/PufMxbc042cwh/4Hz+ALdEkhM=</latexit>

" > 0
<latexit sha1_base64="JHmyO1Bo1nGvSSmqczpF8p1pKiM=">AAAB+HicbVDLSgNBEOyNrxgfWfXoZTAIghB2xddJgl48RjAPSJYwO5kkQ2ZnlpnZQFzyJV48KOLVT/Hm3zhJ9qCJBQ1FVTfdXWHMmTae9+3kVlbX1jfym4Wt7Z3doru3X9cyUYTWiORSNUOsKWeC1gwznDZjRXEUctoIh3dTvzGiSjMpHs04pkGE+4L1GMHGSh232B5hRWPNuBSn1Ruv45a8sjcDWiZ+RkqQodpxv9pdSZKICkM41rrle7EJUqwMI5xOCu1E0xiTIe7TlqUCR1QH6ezwCTq2Shf1pLIlDJqpvydSHGk9jkLbGWEz0IveVPzPayWmdx2kTMSJoYLMF/USjoxE0xRQlylKDB9bgoli9lZEBlhhYmxWBRuCv/jyMqmflf3L8sXDealym8WRh0M4ghPw4QoqcA9VqAGBBJ7hFd6cJ+fFeXc+5q05J5s5gD9wPn8APdyS0w==</latexit>

"+ P > 0



Quasilinear PDEs:

Characteristic surface                     , 
<latexit sha1_base64="O7aPF0P+gwo/IRvFKzghrDS9NH0=">AAAB9HicbVDLSsNAFL2pr1pfVZduBotQNyURXxuh6MZlBfuAJpbJdNIOnUzizKRYQr/DjQtF3Pox7vwbp20W2nrgwuGce7n3Hj/mTGnb/rZyS8srq2v59cLG5tb2TnF3r6GiRBJaJxGPZMvHinImaF0zzWkrlhSHPqdNf3Az8ZtDKhWLxL0exdQLcU+wgBGsjeS5cZ+Vnx7cMDm+sjvFkl2xp0CLxMlICTLUOsUvtxuRJKRCE46Vajt2rL0US80Ip+OCmygaYzLAPdo2VOCQKi+dHj1GR0bpoiCSpoRGU/X3RIpDpUahbzpDrPtq3puI/3ntRAeXXspEnGgqyGxRkHCkIzRJAHWZpETzkSGYSGZuRaSPJSba5FQwITjzLy+SxknFOa+c3Z2WqtdZHHk4gEMogwMXUIVbqEEdCDzCM7zCmzW0Xqx362PWmrOymX34A+vzB8SMkXU=</latexit>

�(xµ) = 0
<latexit sha1_base64="lQEQKodXbmqyf1DzPcrbv0YqAZo=">AAACC3icbVDLSgMxFM3UV62vqks3oUVwVWbE10YounFZwT6gU8qdNNMJzWRCkhFK6d6Nv+LGhSJu/QF3/o2ZtoK2HrhwOOfe5N4TSM60cd0vJ7e0vLK6ll8vbGxube8Ud/caOkkVoXWS8ES1AtCUM0HrhhlOW1JRiANOm8HgOvOb91Rplog7M5S0E0NfsJARMFbqFku+jFjXBy4jwJfYl6AMA/6jTNxi2a24E+BF4s1IGc1Q6xY//V5C0pgKQzho3fZcaTqj7GXC6bjgp5pKIAPo07alAmKqO6PJLWN8aJUeDhNlSxg8UX9PjCDWehgHtjMGE+l5LxP/89qpCS86IyZkaqgg04/ClGOT4CwY3GOKEsOHlgBRzO6KSQQKiLHxFWwI3vzJi6RxXPHOKqe3J+Xq1SyOPDpAJXSEPHSOqugG1VAdEfSAntALenUenWfnzXmftuac2cw++gPn4xtqEZqr</latexit>

�↵ = @↵�normal 

• Causality holds if solution of                                      gives   
<latexit sha1_base64="WPOGjFIhLj9qQX0uW4BI0CzQ41g=">AAACDXicbZC7TsMwFIYdrqXcAowsFgWpLFWCuC1IBRbGItGL1ITIcZzWqpNYtoNURX0BFl6FhQGEWNnZeBucNgO0/JKlT/85Rz7n9zmjUlnWtzE3v7C4tFxaKa+urW9smlvbLZmkApMmTlgiOj6ShNGYNBVVjHS4ICjyGWn7g+u83n4gQtIkvlNDTtwI9WIaUoyUtjxz34mQ6osoC4gaVS/vHcR4H0GH96k34cMLyzMrVs0aC86CXUAFFGp45pcTJDiNSKwwQ1J2bYsrN0NCUczIqOykknCEB6hHuhpjFBHpZuNrRvBAOwEME6FfrODY/T2RoUjKYeTrznx3OV3Lzf9q3VSF525GY54qEuPJR2HKoEpgHg0MqCBYsaEGhAXVu0LcRwJhpQMs6xDs6ZNnoXVUs09rJ7fHlfpVEUcJ7II9UAU2OAN1cAMaoAkweATP4BW8GU/Gi/FufExa54xiZgf8kfH5A+xbm3Q=</latexit>

det(A↵�↵) = 0
<latexit sha1_base64="UV2m4tR03puQwp8bUnVVBJqvUuU=">AAACB3icbZDLSsNAFIYnXmu9RV0KMlgEVyURb8uiG5cV7AWaGCbTSTN0MhlnJkIp3bnxVdy4UMStr+DOt3HSRtDWHwY+/nMOZ84fCkaVdpwva25+YXFpubRSXl1b39i0t7abKs0kJg2cslS2Q6QIo5w0NNWMtIUkKAkZaYX9y7zeuidS0ZTf6IEgfoJ6nEYUI22swN7zREwDDzERI5jz7Q/3yB10ArviVJ2x4Cy4BVRAoXpgf3rdFGcJ4RozpFTHdYT2h0hqihkZlb1MEYFwH/VIxyBHCVH+cHzHCB4YpwujVJrHNRy7vyeGKFFqkISmM0E6VtO13Pyv1sl0dO4PKReZJhxPFkUZgzqFeSiwSyXBmg0MICyp+SvEMZIIaxNd2YTgTp88C82jqntaPbk+rtQuijhKYBfsg0PggjNQA1egDhoAgwfwBF7Aq/VoPVtv1vukdc4qZnbAH1kf3waLmMU=</latexit>

�↵�
↵ � 0

<latexit sha1_base64="uF7xyKS1sEvDxSW+iZle+XdHle4=">AAACA3icbVDLSsNAFJ34rPUVdaebwSK4Kon4WhbduKxiH9CEMJlOmqGTyTAzEUoouPFX3LhQxK0/4c6/cdJmoa0HLhzOuZd77wkFo0o7zre1sLi0vLJaWauub2xubds7u22VZhKTFk5ZKrshUoRRTlqaaka6QhKUhIx0wuF14XceiFQ05fd6JIifoAGnEcVIGymw9z0R08BDTMQIepRDL0E6DsP8bhzYNafuTADniVuSGijRDOwvr5/iLCFcY4aU6rmO0H6OpKaYkXHVyxQRCA/RgPQM5Sghys8nP4zhkVH6MEqlKa7hRP09kaNEqVESms7iQjXrFeJ/Xi/T0aWfUy4yTTieLooyBnUKi0Bgn0qCNRsZgrCk5laIYyQR1ia2qgnBnX15nrRP6u55/ez2tNa4KuOogANwCI6BCy5AA9yAJmgBDB7BM3gFb9aT9WK9Wx/T1gWrnNkDf2B9/gDEApee</latexit>

�↵ 2 R

• Strong hyperbolicity: Let                 be any timelike vector. Then if

(i) 

(ii) The eigenvalue problem                                              has only real eigen-
values      and a complete set of right-eigenvectors      , for any spacelike
vector      .

<latexit sha1_base64="MymExoijszJRq4oTVnMJ6RnkqRQ=">AAACA3icbVDLSsNAFJ3UV62vqjvdDBbBVUnE17LoxmUV+4AmhJvppB06mYSZiVhCwY2/4saFIm79CXf+jZO2C209cOFwzr3ce0+QcKa0bX9bhYXFpeWV4mppbX1jc6u8vdNUcSoJbZCYx7IdgKKcCdrQTHPaTiSFKOC0FQyucr91T6VisbjTw4R6EfQECxkBbSS/vOc+MN8FnvQBu0xgNwLdD4LsdoT9csWu2mPgeeJMSQVNUffLX243JmlEhSYclOo4dqK9DKRmhNNRyU0VTYAMoEc7hgqIqPKy8Q8jfGiULg5jaUpoPFZ/T2QQKTWMAtOZn6hmvVz8z+ukOrzwMiaSVFNBJovClGMd4zwQ3GWSEs2HhgCRzNyKSR8kEG1iK5kQnNmX50nzuOqcVU9vTiq1y2kcRbSPDtARctA5qqFrVEcNRNAjekav6M16sl6sd+tj0lqwpjO76A+szx9jG5de</latexit>

⇠↵ 2 R
<latexit sha1_base64="KCKR4n1Q3IYPfNlnEgANBvxzvWc=">AAACEHicbZC7TsMwFIadcivlVmBksagQZakSxG0ssDAWiV6kJlSOe9padZxgO4gq6iOw8CosDCDEysjG2+C2GaDllyx9+s858jm/H3GmtG1/W5m5+YXFpexybmV1bX0jv7lVU2EsKVRpyEPZ8IkCzgRUNdMcGpEEEvgc6n7/clSv34NULBQ3ehCBF5CuYB1GiTZWK7/vBkT3ZJC0QQ+L57cu4VGPYPeBtSZ44Aq4w3YrX7BL9lh4FpwUCihVpZX/ctshjQMQmnKiVNOxI+0lRGpGOQxzbqwgIrRPutA0KEgAykvGBw3xnnHauBNK84TGY/f3REICpQaBbzpH66vp2sj8r9aMdefMS5iIYg2CTj7qxBzrEI/SwW0mgWo+MECoZGZXTHtEEqpNhjkTgjN98izUDkvOSen4+qhQvkjjyKIdtIuKyEGnqIyuUAVVEUWP6Bm9ojfryXqx3q2PSWvGSme20R9Znz8/xpy1</latexit>

det(A↵⇠↵) 6= 0

<latexit sha1_base64="EITudGLH82lmIDOGx8fi5KUFI24=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoPgKeyKr2PQi8cI5gHZJfROJsmQ2dllpleIS37DiwdFvPoz3vwbJ8keNLGgoajqprsrTKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuh2C4FIo3UKDk7URziELJW+Hoduq3Hrk2IlYPOE54EMFAib5ggFby/SeO0PVBJkPolitu1Z2BLhMvJxWSo94tf/m9mKURV8gkGNPx3ASDDDQKJvmk5KeGJ8BGMOAdSxVE3ATZ7OYJPbFKj/ZjbUshnam/JzKIjBlHoe2MAIdm0ZuK/3mdFPvXQSZUkiJXbL6on0qKMZ0GQHtCc4ZybAkwLeytlA1BA0MbU8mG4C2+vEyaZ1Xvsnpxf16p3eRxFMkROSanxCNXpEbuSJ00CCMJeSav5M1JnRfn3fmYtxacfOaQ/IHz+QMxwJHN</latexit>

⇣↵

<latexit sha1_base64="F0SOPK3VYBB8Ec3wPdNBcwnMec4=">AAACGHicbVC7SgNBFJ2Nrxhfq5Y2g0GICHFXfDVC1MbCIop5QHYNdyeTZMjsg5lZMYZ8ho2/YmOhiG06/8ZJsoUmHhg4nHMPd+7xIs6ksqxvIzUzOze/kF7MLC2vrK6Z6xtlGcaC0BIJeSiqHkjKWUBLiilOq5Gg4HucVrzO5dCvPFAhWRjcqW5EXR9aAWsyAkpLdXM/5zxRBXUHeNSGPedaRxuAnUeWSLvn92OCb/EZtupm1spbI+BpYickixIU6+bAaYQk9mmgCAcpa7YVKbcHQjHCaT/jxJJGQDrQojVNA/CpdHujw/p4RysN3AyFfoHCI/V3oge+lF3f05M+qLac9Ibif14tVs1Tt8eCKFY0IONFzZhjFeJhS7jBBCWKdzUBIpj+KyZtEECU7jKjS7AnT54m5YO8fZw/ujnMFi6SOtJoC22jHLLRCSqgK1REJUTQM3pF7+jDeDHejE/jazyaMpLMJvoDY/ADX2Oesw==</latexit>

(⇣↵ + ⇤⇠↵)A
↵R = 0

<latexit sha1_base64="8u0pJL26LbMjalTggmQOp2efk9w=">AAAB7nicbVC7SgNBFL0bXzG+opY2g0GwCrviqwzaWFhEMA9IljA7e5MMmZ1dZmaFsOQjbCwUsfV77PwbJ8kWmnhg4HDOucy9J0gE18Z1v53Cyura+kZxs7S1vbO7V94/aOo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDv1W0+oNI/loxkn6Ed0IHmfM2qs1Ore22hIe+WKW3VnIMvEy0kFctR75a9uGLM0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9m6E3JilZD0Y2WfNGSm/p7IaKT1OApsMqJmqBe9qfif10lN/9rPuExSg5LNP+qngpiYTG8nIVfIjBhbQpnidlfChlRRZmxDJVuCt3jyMmmeVb3L6sXDeaV2k9dRhCM4hlPw4ApqcAd1aACDETzDK7w5ifPivDsf82jByWcO4Q+czx8O5Y9n</latexit>

⇤
<latexit sha1_base64="vfR8Ei+JKCvm0xvUnoQ8DXdY8+4=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0cw8khgQ2aHBkZmZzczsyZkwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/WbT6g0j+SDGcfoh3QgeZ8zaqxUu+8WS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OY/Oi/PufMxbc042cwh/4Hz+AK/hjOA=</latexit>

R

Bemfica, Disconzi, Graber, Jameson, Commun. Pure Appl. Anal. (2021)

LWP can be established



• Derivable from chiral kinetic theory

• Local equilibrium distrib. for charged massless fermions

Chen, Son, Stephanov, PRL (2015)

where

thermal vorticity spin-dipole moment tensor
frame 
vector

Ideal chiral hydrodynamics



Causality is necessary for stability

Dissipation is only a Lorentz invariant concept in causal theories

Bemfica, Disconzi, JN, PRX (2022)

“acausal” cone

Fig. from 
L. Gavassino

See superb paper by 
L. Gavassino, PRX (2022)

Perturbation from some 
external source

observer B connected
by a Lorentz transformation
sees disturbance before p occurred.

B sees disturbance 
growing, out of nothing, 
as time evolves

INSTABILITY!

CONSIDER ACAUSAL PROPAGATION



Consider the following nonlinear PDE

@2
t '+ ↵@t'�r2'+ '2 = S

<latexit sha1_base64="a+FHHVKuuH2JLQglMUVrS1k7Axk="></latexit>

Causality is not sufficient for stability



For any       , this nonlinear equation is:

• Hyperbolic

• Causal 

Consider the following nonlinear PDE

@2
t '+ ↵@t'�r2'+ '2 = S

<latexit sha1_base64="a+FHHVKuuH2JLQglMUVrS1k7Axk="></latexit>

Causality is not sufficient for stability



For any       , this nonlinear equation is:

• Hyperbolic

• Causal 

Consider the following nonlinear PDE

@2
t '+ ↵@t'�r2'+ '2 = S

<latexit sha1_base64="a+FHHVKuuH2JLQglMUVrS1k7Axk="></latexit>

Stable if

Unstable if 

Linearization around 
equilibrium state: 

<latexit sha1_base64="jzDXJHJpOF66cHBjRELSP3XuFpQ=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4sQ9OIxgnlIsoTZyWwyZGZ2mZkNhCVf4cWDIl79HG/+jbPJHjSxoKGo6qa7K4g508Z1v53Cyura+kZxs7S1vbO7V94/aOooUYQ2SMQj1Q6wppxJ2jDMcNqOFcUi4LQVjO4yvzWmSrNIPppJTH2BB5KFjGBjpafuGKt4yG7cXrniVt0Z0DLxclKBHPVe+avbj0giqDSEY607nhsbP8XKMMLptNRNNI0xGeEB7VgqsaDaT2cHT9GJVfoojJQtadBM/T2RYqH1RAS2U2Az1IteJv7ndRITXvspk3FiqCTzRWHCkYlQ9j3qM0WJ4RNLMFHM3orIECtMjM2oZEPwFl9eJs2zqndZvXg4r9Ru8ziKcATHcAoeXEEN7qEODSAg4Ble4c1Rzovz7nzMWwtOPnMIf+B8/gBzuJAx</latexit>

' = 0

Causality is not sufficient for stability



Thermodynamic stability implies causality (linear)
L. Gavassino, M. Antonelli, B. Haskell, PRL (2022) 

Linearization around the equilibrium state: assume thermodynamic stability 

Thermodynamic equilibrium in relativity

There is a proof that
disturbances remain
inside the light cone
(causality) 

<latexit sha1_base64="91PPAvJ2iIPFD1Ut42DivYAK2pQ=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4sQFMGbEfKC7BJmJ7PJkJnZZWZWCEt+w4sHRbz6M978GyfJHjRa0FBUddPdFSacaeO6X05haXllda24XtrY3NreKe/utXScKkKbJOax6oRYU84kbRpmOO0kimIRctoORzdTv/1IlWaxbJhxQgOBB5JFjGBjJf8WXaEG8u8FHeBeueJW3RnQX+LlpAI56r3yp9+PSSqoNIRjrbuem5ggw8owwumk5KeaJpiM8IB2LZVYUB1ks5sn6MgqfRTFypY0aKb+nMiw0HosQtspsBnqRW8q/ud1UxNdBhmTSWqoJPNFUcqRidE0ANRnihLDx5Zgopi9FZEhVpgYG1PJhuAtvvyXtE6q3nn17OG0UrvO4yjCARzCMXhwATW4gzo0gUACT/ACr07qPDtvzvu8teDkM/vwC87HNyCQkHc=</latexit>

E = T⌦

Minimized in equilibrium



• W. Israel: “If the source of an effect can be delayed, it should 
be possible for a system to borrow energy from its ground 
state, and this implies instability”

• Hawking-Ellis vacuum conservation theorem: if energy can 
enter an empty region faster than the speed of light, then the 
dominant energy condition is violated, and the energy 
density may become negative in some reference frame.

• Thermal version, L. Gavassino PRX (2022): “If the source of 
an effect can be delayed, it should be possible for a system to 
borrow entropy from its equilibrium state, and this implies 
instability”.

Causality violation and instabilities



Example: Einstein-Israel-Stewart theory

Bulk viscosity:

Bemfica, Disconzi, JN, PRL (2019)

<latexit sha1_base64="WuTtV8u89K3uvZAUryG65QosL+Q=">AAACJnicbVDLSgMxFM3Ud31VXboJFqFSKDPia1Mo6sJlBatCp5ZMetuGZjJDHoUy9Gvc+CtuXCgi7vwUM3UQrR5IOJxzD8k9QcyZ0q777uRmZufmFxaX8ssrq2vrhY3NaxUZSaFBIx7J24Ao4ExAQzPN4TaWQMKAw00wOEv9myFIxSJxpUcxtELSE6zLKNFWaheqV3eJHxpfmDGuYn9IJMSK8Uhgc2f19BYGl3GpXvbrbM8/B67Jd6RdKLoVdwL8l3gZKaIM9Xbh2e9E1IQgNOVEqabnxrqVEKkZ5TDO+0ZBTOiA9KBpqSAhqFYyWXOMd63Swd1I2iM0nqg/EwkJlRqFgZ0Mie6raS8V//OaRndPWgkTsdEg6NdDXcOxjnDaGe4wCVTzkSWESmb/immfSEK1bTZvS/CmV/5Lrvcr3lHl8PKgWDvN6lhE22gHlZCHjlENXaA6aiCK7tEjekYvzoPz5Lw6b1+jOSfLbKFfcD4+AWaMpSI=</latexit>

Tµ⌫ = "uµu⌫ + (P +⇧)�µ⌫ <latexit sha1_base64="YSmkYoaXCWf4TGMdJiTLRGMWcis=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQ7cueuWKW3VnIMvEy0kFctR75a9uP2ZpxBUySY3peG6CfkY1Cib5pNRNDU8oG9EB71iqaMSNn81OnZATq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieO1nQiUpcsXmi8JUEozJ9G/SF5ozlGNLKNPC3krYkGrK0KZTsiF4iy8vk+ZZ1busXtyfV2o3eRxFOIJjOAUPrqAGd1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AEiXY23</latexit>

⇧

<latexit sha1_base64="7i10wjvo3d9hAs+qSBPXYt7ZTL8=">AAACAHicbVC7TsMwFHXKq5RXgIGBxaJCYqoSxGtBqmBhLFJfUhMix3Vaq7YT2Q5SFWXhV1gYQIiVz2Djb3DbDNBypKt7dM69su8JE0aVdpxvq7S0vLK6Vl6vbGxube/Yu3ttFacSkxaOWSy7IVKEUUFammpGuokkiIeMdMLR7cTvPBKpaCyaepwQn6OBoBHFSBspsA88gUKGAo+nsPmQmeaJNL92Arvq1Jwp4CJxC1IFBRqB/eX1Y5xyIjRmSKme6yTaz5DUFDOSV7xUkQThERqQnqECcaL8bHpADo+N0odRLE0JDafq740McaXGPDSTHOmhmvcm4n9eL9XRlZ9RkaSaCDx7KEoZ1DGcpAH7VBKs2dgQhCU1f4V4iCTC2mRWMSG48ycvkvZpzb2ond+fVes3RRxlcAiOwAlwwSWogzvQAC2AQQ6ewSt4s56sF+vd+piNlqxiZx/8gfX5A16xlkY=</latexit>

rµT
µ⌫ = 0

Conservation laws
<latexit sha1_base64="dKRNbws0ASMml8LSvMJ0N/ZY9Ik=">AAACJnicbVDLSgMxFM34tr6qLt0EiyAIZUZ8bQqiG5cVbC106nAnTTWYyQzJjVBLv8aNv+LGRUXEnZ9iOu1CqwcSDuecS3JPnElh0Pc/vanpmdm5+YXFwtLyyupacX2jblKrGa+xVKa6EYPhUiheQ4GSNzLNIYklv47vz4f+9QPXRqTqCrsZbyVwq0RHMEAnRcVKiGCjsCqovQkTS0MFsYQop07cG93hI0f46eXhih8VS37Zz0H/kmBMSmSMalQchO2U2YQrZBKMaQZ+hq0eaBRM8n4htIZnwO7hljcdVZBw0+rla/bpjlPatJNqdxTSXP050YPEmG4Su2QCeGcmvaH4n9e02Dlp9YTKLHLFRg91rKSY0mFntC00Zyi7jgDTwv2VsjvQwNA1W3AlBJMr/yX1/XJwVD68PCidno3rWCBbZJvskoAck1NyQaqkRhh5Ii9kQN68Z+/Ve/c+RtEpbzyzSX7B+/oG9+ukPg==</latexit>

⌧⇧u
µrµ⇧+⇧+ ⇣rµu

µ = 0

Israel-Stewart-like equation

Israel, Stewart, Ann. Phys. (1979)

+ coupling to Einstein’s equations

• Causality, strong hyperbolicity, stability constraint:

Energy-momentum tensor

<latexit sha1_base64="xOHCjXVS+uDaNt3ZL7fQ7MPwxrw=">AAAB/nicbVDLSgMxFM34rPU1Kq7cBItQN2VGfG2EohuXFewDOuOQSdM2NMkMeQhlKPgrblwo4tbvcOffmLaz0NYDl3s4515yc+KUUaU979tZWFxaXlktrBXXNza3tt2d3YZKjMSkjhOWyFaMFGFUkLqmmpFWKgniMSPNeHAz9puPRCqaiHs9TEnIUU/QLsVIWyly9wOBYoaigJuygObB9uMrL3JLXsWbAM4TPyclkKMWuV9BJ8GGE6ExQ0q1fS/VYYakppiRUTEwiqQID1CPtC0ViBMVZpPzR/DIKh3YTaQtoeFE/b2RIa7UkMd2kiPdV7PeWPzPaxvdvQwzKlKjicDTh7qGQZ3AcRawQyXBmg0tQVhSeyvEfSQR1jaxog3Bn/3yPGmcVPzzytndaal6ncdRAAfgEJSBDy5AFdyCGqgDDDLwDF7Bm/PkvDjvzsd0dMHJd/bAHzifP/nXlNs=</latexit>

rµ(nu
µ) = 0

Connects EOS, transport, and dissipative fields

ONLY



Nonlinear constraints for DNMR/Israel-Stewart eqs

Bemfica, Disconzi, Hoang, JN, Radosz, PRL (2021)

• Computation of characteristic velocities (nonlinear problem)
• Causality in the nonlinear regime: shear + bulk effects  

Novel nonlinear constraints for dissipative quantities

(First general result of the kind)

https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.126.222301


Red: Acausal    Purple: Unknown     Blue: CausalDiagnostics: 

Very large deviations from equilibrium in the initial state

QGP

QGP

Plumberg, Almaalol, Dore, JN, Noronha-Hostler, PRC Letters (2022) 
Bemfica, Disconzi, Hoang, JN, Radosz, PRL (2021)

Causality violation in state-of-the-art simulations

Minkowski spacetime



In GR, you need to be able to prescribe data on 
any spacelike surface. If you have a system that 
is superluminal, it will have characteristics that 
are spacelike. From the GR point of view you 
should be able to prescribe data on that 
spacelike surface, but for the acausal system 
you cannot because you can’t prescribe 
arbitrary data on a characteristics surface.
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Sobolev



41



42



43



44


