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Symmetries of QED
In this talk, I’ll discuss some new ways to think about a very 
familiar system: massless QED. (Applications to QCD as well). 

Consists of massless fermions interacting via electric fields. 

+
-

+

-

What are the symmetries, exactly?



Symmetries of QED
First, let us consider freezing EM; view A as an external gauge 
field.

Global symmetries are very well-understood: 
<latexit sha1_base64="zpSl2zL/mTVC240H2hpW92pEHbg=">AAACEXicbVBNS8NAEN3Ur1q/oh69LBahp5KIqBeh6MVjBfsBTSyT7bZdu5uE3Y1QQv6CF/+KFw+KePXmzX/jpu1BWx8MPN6bYWZeEHOmtON8W4Wl5ZXVteJ6aWNza3vH3t1rqiiRhDZIxCPZDkBRzkLa0Exz2o4lBRFw2gpGV7nfeqBSsSi81eOY+gIGIeszAtpIXbtyf5d6Ism6TXyBvQBk6sWKZdgbgBAw9XAude2yU3UmwIvEnZEymqHetb+8XkQSQUNNOCjVcZ1Y+ylIzQinWclLFI2BjGBAO4aGIKjy08lHGT4ySg/3I2kq1Hii/p5IQSg1FoHpFKCHat7Lxf+8TqL7537KwjjRNCTTRf2EYx3hPB7cY5ISzceGAJHM3IrJECQQbUIsmRDc+ZcXSfO46p5W3ZuTcu1yFkcRHaBDVEEuOkM1dI3qqIEIekTP6BW9WU/Wi/VufUxbC9ZsZh/9gfX5A4+VnX0=</latexit>

jµV =  ̄�µ 
<latexit sha1_base64="AhIm2UPeKAEvffWYEaPpU5iW2rI="></latexit>

@µj
µ
A =

1

4⇡2
F ^ F

<latexit sha1_base64="tsou7cVvbGO1natsD3TXgyeR0u8=">AAACBnicbVDLSgMxFM3UV62vUZciBIvgqsyIqBuh6MZlBfuAdhwyaaaNTTJDkhHK0JUbf8WNC0Xc+g3u/Bsz01lo64GQwzn3cu89Qcyo0o7zbZUWFpeWV8qrlbX1jc0te3unpaJEYtLEEYtkJ0CKMCpIU1PNSCeWBPGAkXYwusr89gORikbiVo9j4nE0EDSkGGkj+fZ+L0ZSU8T8tMeTCby/y3+/BS+gA3276tScHHCeuAWpggIN3/7q9SOccCI0ZkipruvE2kuzEZiRSaWXKBIjPEID0jVUIE6Ul+ZnTOChUfowjKR5QsNc/d2RIq7UmAemkiM9VLNeJv7ndRMdnnspFXGiicDTQWHCoI5glgnsU0mwZmNDEJbU7ArxEEmEtUmuYkJwZ0+eJ63jmntac29OqvXLIo4y2AMH4Ai44AzUwTVogCbA4BE8g1fwZj1ZL9a79TEtLVlFzy74A+vzB0HzmFE=</latexit>

@µj
µ
V = 0

<latexit sha1_base64="KbvInh7Cu79367xFrmDBIo6JOhE=">AAACHHicbZDLSgMxFIYz9VbrbdSlm2ARXJUZ7xuh6sZlBXuBTi1n0rSNTWaGJCOUYR7Eja/ixoUiblwIvo1pO4hWDwS+/P85JOf3I86UdpxPKzczOze/kF8sLC2vrK7Z6xs1FcaS0CoJeSgbPijKWUCrmmlOG5GkIHxO6/7gYuTX76hULAyu9TCiLQG9gHUZAW2ktr1/e5N4Ik7bZ/gUez7IxIsUS7HXAyFg4n1fDg0at20XnZIzLvwX3AyKKKtK2373OiGJBQ004aBU03Ui3UpAakY4TQterGgEZAA92jQYgKCqlYyXS/GOUTq4G0pzAo3H6s+JBIRSQ+GbTgG6r6a9kfif14x196SVsCCKNQ3I5KFuzLEO8Sgp3GGSEs2HBoBIZv6KSR8kEG3yLJgQ3OmV/0Jtr+Qeldyrg2L5PIsjj7bQNtpFLjpGZXSJKqiKCLpHj+gZvVgP1pP1ar1NWnNWNrOJfpX18QXh2aHg</latexit>

jµA =  ̄�µ�5 

‘t Hooft anomaly: operator on RHS is a fixed 
external source. What about dynamical EM? 



Generalizations of symmetry
To understand this, let’s review ordinary 1-index currents first. 

An ordinary current counts particles; “catch them all” by 
integrating on a co-dimension 1 subspace. In Euclidean: 

Defines a U(1)-valued topological 
codimension-1 surface operator. 

<latexit sha1_base64="oiN7Ijm7WEdmxxpWbwD8XmYZpOU=">AAACInicbVDJSgNBFOyJW4zbqEcvjUFIDoYZEZeDEPTiRUjALJAZhjedTtKkZ6G7RwxDvsWLv+LFg6KeBD/GznLQJAUNRVU9+r3yY86ksqxvI7O0vLK6ll3PbWxube+Yu3t1GSWC0BqJeCSaPkjKWUhriilOm7GgEPicNvz+zchvPFAhWRTeq0FM3QC6IeswAkpLnnlZKzgBqB4Bnt4NvbR9bA+L+Ao79DEuMAd43ANcXZApembeKllj4HliT0keTVHxzE+nHZEkoKEiHKRs2Vas3BSEYoTTYc5JJI2B9KFLW5qGEFDppuMTh/hIK23ciYR+ocJj9e9ECoGUg8DXydGqctYbiYu8VqI6F27KwjhRNCSTjzoJxyrCo75wmwlKFB9oAkQwvSsmPRBAlG41p0uwZ0+eJ/WTkn1Wsqun+fL1tI4sOkCHqIBsdI7K6BZVUA0R9IRe0Bt6N56NV+PD+JpEM8Z0Zh/9g/HzCwpior0=</latexit>

U(Md�1) = exp(i↵Q(Md�1))

(Fancy way to talk about “conserved charge”; call this a 0-form symmetry). 



Higher form symmetries
Now a 2-index current (Gaiotto, Kapustin, Seiberg, Willet): 

A 2-index current counts strings; as they don’t end in space or time, 
“catch them all” by integrating on a co-dimension 2 subspace:  

Local current defines a U(1)-valued topological 
codimension-2 surface operator. 

This is called a 1-form symmetry.   

<latexit sha1_base64="R+2yA8/swy70sCl52Bxu1SpcGT8=">AAACInicbVDJSgNBFOyJW4zbqEcvjUGIB8NMEJeDEPTiRUjALJAZhjedTtKkZ6G7RwxDvsWLv+LFg6KeBD/GznLQJAUNRVU9+r3yY86ksqxvI7O0vLK6ll3PbWxube+Yu3t1GSWC0BqJeCSaPkjKWUhriilOm7GgEPicNvz+zchvPFAhWRTeq0FM3QC6IeswAkpLnnlZKzgBqB4Bnt4NvbR9Uhoe4yvs0Me4wLADPO4Bri4IeWbeKlpj4HliT0keTVHxzE+nHZEkoKEiHKRs2Vas3BSEYoTTYc5JJI2B9KFLW5qGEFDppuMTh/hIK23ciYR+ocJj9e9ECoGUg8DXydGmctYbiYu8VqI6F27KwjhRNCSTjzoJxyrCo75wmwlKFB9oAkQwvSsmPRBAlG41p0uwZ0+eJ/VS0T4r2tXTfPl6WkcWHaBDVEA2OkdldIsqqIYIekIv6A29G8/Gq/FhfE2iGWM6s4/+wfj5BfmIorY=</latexit>

U(Md�2) = exp(i↵Q(Md�2)



Symmetries of QED I
Now consider the situation where A is dynamical. 

Vector current is gauged; no longer a global symmetry.  
<latexit sha1_base64="zpSl2zL/mTVC240H2hpW92pEHbg=">AAACEXicbVBNS8NAEN3Ur1q/oh69LBahp5KIqBeh6MVjBfsBTSyT7bZdu5uE3Y1QQv6CF/+KFw+KePXmzX/jpu1BWx8MPN6bYWZeEHOmtON8W4Wl5ZXVteJ6aWNza3vH3t1rqiiRhDZIxCPZDkBRzkLa0Exz2o4lBRFw2gpGV7nfeqBSsSi81eOY+gIGIeszAtpIXbtyf5d6Ism6TXyBvQBk6sWKZdgbgBAw9XAude2yU3UmwIvEnZEymqHetb+8XkQSQUNNOCjVcZ1Y+ylIzQinWclLFI2BjGBAO4aGIKjy08lHGT4ySg/3I2kq1Hii/p5IQSg1FoHpFKCHat7Lxf+8TqL7537KwjjRNCTTRf2EYx3hPB7cY5ISzceGAJHM3IrJECQQbUIsmRDc+ZcXSfO46p5W3ZuTcu1yFkcRHaBDVEEuOkM1dI3qqIEIekTP6BW9WU/Wi/VufUxbC9ZsZh/9gfX5A4+VnX0=</latexit>

jµV =  ̄�µ 
<latexit sha1_base64="tsou7cVvbGO1natsD3TXgyeR0u8=">AAACBnicbVDLSgMxFM3UV62vUZciBIvgqsyIqBuh6MZlBfuAdhwyaaaNTTJDkhHK0JUbf8WNC0Xc+g3u/Bsz01lo64GQwzn3cu89Qcyo0o7zbZUWFpeWV8qrlbX1jc0te3unpaJEYtLEEYtkJ0CKMCpIU1PNSCeWBPGAkXYwusr89gORikbiVo9j4nE0EDSkGGkj+fZ+L0ZSU8T8tMeTCby/y3+/BS+gA3276tScHHCeuAWpggIN3/7q9SOccCI0ZkipruvE2kuzEZiRSaWXKBIjPEID0jVUIE6Ul+ZnTOChUfowjKR5QsNc/d2RIq7UmAemkiM9VLNeJv7ndRMdnnspFXGiicDTQWHCoI5glgnsU0mwZmNDEJbU7ArxEEmEtUmuYkJwZ0+eJ63jmntac29OqvXLIo4y2AMH4Ai44AzUwTVogCbA4BE8g1fwZj1ZL9a79TEtLVlFzy74A+vzB0HzmFE=</latexit>

@µj
µ
V = 0

New 1-form global symmetry associated with conservation of magnetic 
flux. 

No magnetic monopoles means that magnetic field lines don’t end. Jμν

counts magnetic flux density. (e.g. 4d photon is a Goldstone mode!)



Symmetries of QED II

How about the axial current? 

Now the right hand side of the anomaly equation is an operator, not a 
fixed source; it appears that the current is simply not conserved?

<latexit sha1_base64="KbvInh7Cu79367xFrmDBIo6JOhE=">AAACHHicbZDLSgMxFIYz9VbrbdSlm2ARXJUZ7xuh6sZlBXuBTi1n0rSNTWaGJCOUYR7Eja/ixoUiblwIvo1pO4hWDwS+/P85JOf3I86UdpxPKzczOze/kF8sLC2vrK7Z6xs1FcaS0CoJeSgbPijKWUCrmmlOG5GkIHxO6/7gYuTX76hULAyu9TCiLQG9gHUZAW2ktr1/e5N4Ik7bZ/gUez7IxIsUS7HXAyFg4n1fDg0at20XnZIzLvwX3AyKKKtK2373OiGJBQ004aBU03Ui3UpAakY4TQterGgEZAA92jQYgKCqlYyXS/GOUTq4G0pzAo3H6s+JBIRSQ+GbTgG6r6a9kfif14x196SVsCCKNQ3I5KFuzLEO8Sgp3GGSEs2HBoBIZv6KSR8kEG3yLJgQ3OmV/0Jtr+Qeldyrg2L5PIsjj7bQNtpFLjpGZXSJKqiKCLpHj+gZvVgP1pP1ar1NWnNWNrOJfpX18QXh2aHg</latexit>

jµA =  ̄�µ�5 
<latexit sha1_base64="WoScrShJws51gJgBa6XofepIB5o="></latexit>

@µj
µ
A =

1

4⇡2
F ^ F = � 1

4⇡2
J ^ J

True situation is somewhat more subtle… 



Symmetries of QED II
Summary of symmetries in massless QED: 

<latexit sha1_base64="iUVQI0wCHPCBofN/fZv09+PlCmM=">AAACBnicbVDLSgMxFM3UV62vUZciBIvgqsyIqBuh6EZcVbAP6IxDJs20oUlmSDJCGbpy46+4caGIW7/BnX9jpp2Fth4IOZxzL/feEyaMKu0431ZpYXFpeaW8Wllb39jcsrd3WipOJSZNHLNYdkKkCKOCNDXVjHQSSRAPGWmHw6vcbz8QqWgs7vQoIT5HfUEjipE2UmDvewmSmiIWZB5Px/DmPv89YegFdAK76tScCeA8cQtSBQUagf3l9WKcciI0Zkiprusk2s/yEZiRccVLFUkQHqI+6RoqECfKzyZnjOGhUXowiqV5QsOJ+rsjQ1ypEQ9NJUd6oGa9XPzP66Y6OvczKpJUE4Gng6KUQR3DPBPYo5JgzUaGICyp2RXiAZIIa5NcxYTgzp48T1rHNfe05t6eVOuXRRxlsAcOwBFwwRmog2vQAE2AwSN4Bq/gzXqyXqx362NaWrKKnl3wB9bnD7HQmJs=</latexit>

@µJ
µ⌫ = 0

<latexit sha1_base64="sVk5LnBvNSMY4hjXDGcWhxu00mM="></latexit>

@µj
µ
A = � 1

4⇡2
J ^ J

1-form symmetry for magnetic 
flux conservation. 

Non-conservation of axial charge 
given in terms of 2-form current. 

Right way to think about this was explained recently in terms of non-
invertible symmetry (Choi, Lam, Shao; Cordova, Ohmori). 



Non-invertible symmetry in QED

No conserved gauge-invariant current. Conserved charge?  
<latexit sha1_base64="TM7+6RBvYFtwudONqsd5+tjl78E="></latexit>

Q(M3) =

Z

M3

✓
?jA � 1

4⇡2
A ^ dA

◆

<latexit sha1_base64="eqeyiAzBywuXavZXEDbT5IevdGQ=">AAACKnicbVDLSgNBEJz1bXxFPXoZDEJyCbsq6kXwcfEiRDAqZEPonfQmg7MPZnrFsOR7vPgrXjwowasf4iTmoNGCgaKqmumuIFXSkOsOnKnpmdm5+YXFwtLyyupacX3jxiSZFlgXiUr0XQAGlYyxTpIU3qUaIQoU3gb350P/9gG1kUl8Tb0UmxF0YhlKAWSlVvG0XvYjoK4AlV/2W/lev8KPuY+Pqa8wpLLkPqi0C/xqMudr2elSpdIqltyqOwL/S7wxKbExaq3iq99ORBZhTEKBMQ3PTamZgyYpFPYLfmYwBXEPHWxYGkOEppmPTu3zHau0eZho+2LiI/XnRA6RMb0osMnhumbSG4r/eY2MwqNmLuM0I4zF90dhpjglfNgbb0uNglTPEhBa2l256IIGQbbdgi3Bmzz5L7nZrXoHVe9qv3RyNq5jgW2xbVZmHjtkJ+yC1VidCfbEXtgbe3eenVdn4Hx8R6ec8cwm+wXn8ws+VKaQ</latexit>

U(M3) = exp (i↵Q(M3))

Try and make a topological surface operator like 
before: 

This is gauge-invariant under small gauge transformations, but not 
large ones, unless ⍺ is 2𝜋 integer – but then the operator is always 
1. 
Feels like there is no useful conserved charge...  



To fix this:

<latexit sha1_base64="DnA/IRONIXjQMgBGEQvpfDjxK4c="></latexit>

U↵(M3) =

Z
[d✓] exp

✓
i↵

Z

M3

✓
?jA � 1

4⇡2
(A� d✓) ^ dA

◆◆

We can fix this by introducing a new degree of freedom. Original profound 

idea by Choi, Lam, Shao; Cordova, Ohmori. This reformulation by I. García-Etxebarria, NI; A. Karasik. 

Introduce a compact scalar field θ on the defect: 

Transforms like a Higgs phase; this now defines a topological operator 
(i.e. a new conserved charge). 
• There is now a gauge-invariant local current operator defined on the 

defect.
• Operator is topological! (can be interpreted as a conserved charge)

<latexit sha1_base64="/MAE5jg0/34GhvV31yVzUwis6kg=">AAAB+HicbVDLSgNBEJz1GeMjqx69DAbBU9gVUY9BLx4jmAckS5id7U3GzD6Y6RXiki/x4kERr36KN//GSbIHTSxoKKq66e7yUyk0Os63tbK6tr6xWdoqb+/s7lXs/YOWTjLFockTmaiOzzRIEUMTBUropApY5Eto+6Obqd9+BKVFEt/jOAUvYoNYhIIzNFLfrvQ0MkV7KGQA+cOkb1edmjMDXSZuQaqkQKNvf/WChGcRxMgl07rrOil6OVMouIRJuZdpSBkfsQF0DY1ZBNrLZ4dP6IlRAhomylSMdKb+nshZpPU48k1nxHCoF72p+J/XzTC88nIRpxlCzOeLwkxSTOg0BRoIBRzl2BDGlTC3Uj5kinE0WZVNCO7iy8ukdVZzL2ru3Xm1fl3EUSJH5JicEpdckjq5JQ3SJJxk5Jm8kjfryXqx3q2PeeuKVcwckj+wPn8A+byTTQ==</latexit>

?j̃<latexit sha1_base64="fkPgrJk66spgvMCpuDespBDaxkE=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoMQL2FXRD0GvXiMYB6ShDA7mU2GzM4uM71iWPIVXjwo4tXP8ebfOEn2oIkFDUVVN91dfiyFQdf9dnIrq2vrG/nNwtb2zu5ecf+gYaJEM15nkYx0y6eGS6F4HQVK3oo1p6EvedMf3Uz95iPXRkTqHscx74Z0oEQgGEUrPXRwyJGWn057xZJbcWcgy8TLSAky1HrFr04/YknIFTJJjWl7bozdlGoUTPJJoZMYHlM2ogPetlTRkJtuOjt4Qk6s0idBpG0pJDP190RKQ2PGoW87Q4pDs+hNxf+8doLBVTcVKk6QKzZfFCSSYESm35O+0JyhHFtCmRb2VsKGVFOGNqOCDcFbfHmZNM4q3kXFuzsvVa+zOPJwBMdQBg8uoQq3UIM6MAjhGV7hzdHOi/PufMxbc042cwh/4Hz+AE2fkBU=</latexit>

✓(x)



Some remarks

• Claim: this is the correct way to think about axial symmetry in QED. 
• Called non-invertible symmetry (much recent work!), as it has no inverse; Due to 

new degree of freedom, acting with the opposite charge doesn’t give a trivial 
operator.

• Opens up many doors: what is the phase structure of these symmetries? Is 
there a Goldstone theorem? (Yes.) Can we do hydrodynamics? (Wait ~5 mins). Etc. 
etc. 

=

<latexit sha1_base64="DnA/IRONIXjQMgBGEQvpfDjxK4c="></latexit>

U↵(M3) =

Z
[d✓] exp

✓
i↵

Z

M3

✓
?jA � 1

4⇡2
(A� d✓) ^ dA

◆◆

<latexit sha1_base64="9LRZKzlaERYTt5fTTgnDrChvfiM=">AAACDHicbVDLSgMxFM34rPVVdekmWARXZUZ8LYtuXFawD+hMy500bUOTmZBkhDL0A9z4K25cKOLWD3Dn35hpZ6GtBwKHc+7l5pxQcqaN6347S8srq2vrhY3i5tb2zm5pb7+h40QRWicxj1UrBE05i2jdMMNpSyoKIuS0GY5uMr/5QJVmcXRvxpIGAgYR6zMCxkrdUtmXmmHfxJh2UkuAyyFgfwBCQOd8gjPbTrkVdwq8SLyclFGOWrf05fdikggaGcJB67bnShOkoAwjnE6KfqKpBDKCAW1bGoGgOkinYSb42Co93I+VfZHBU/X3RgpC67EI7aQAM9TzXib+57UT078KUhbJxNCIzA71E45t9qwZ3GOKEsPHlgBRzP4VkyEoIMb2V7QlePORF0njtOJdVLy7s3L1Oq+jgA7RETpBHrpEVXSLaqiOCHpEz+gVvTlPzovz7nzMRpecfOcA/YHz+QOb65q2</latexit>

 ! ei↵�
5

 

<latexit sha1_base64="IPAvm5+PBhiFfTubiYfB2MG1hpc=">AAAB9HicbVBNS8NAEN34WetX1aOXxSJ4KomIeix68VjBfkAby2Q7aZduNnF3Uyihv8OLB0W8+mO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dJwqhnUWi1i1AtAouMS64UZgK1EIUSCwGQxvp35zhErzWD6YcYJ+BH3JQ87AWMnHx4zTDohkABPaLZXdijsDXSZeTsokR61b+ur0YpZGKA0ToHXbcxPjZ6AMZwInxU6qMQE2hD62LZUQofaz2dETemqVHg1jZUsaOlN/T2QQaT2OAtsZgRnoRW8q/ue1UxNe+xmXSWpQsvmiMBXUxHSaAO1xhcyIsSXAFLe3UjYABczYnIo2BG/x5WXSOK94lxXv/qJcvcnjKJBjckLOiEeuSJXckRqpE0aeyDN5JW/OyHlx3p2PeeuKk88ckT9wPn8AR4aRyA==</latexit>

ei↵

<latexit sha1_base64="gWxgleDH4Za4tTUXpGRMPLgv+kY=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoPgxbAroh6DXjxGMA/Ii9lJbzJkdnaZmVXCkv/w4kERr/6LN//GSbIHTSxoKKq66e7yY8G1cd1vJ7eyura+kd8sbG3v7O4V9w/qOkoUwxqLRKSaPtUouMSa4UZgM1ZIQ19gwx/dTv3GIyrNI/lgxjF2QjqQPOCMGit1sZuecdKmIh7SCekVS27ZnYEsEy8jJchQ7RW/2v2IJSFKwwTVuuW5semkVBnOBE4K7URjTNmIDrBlqaQh6k46u3pCTqzSJ0GkbElDZurviZSGWo9D33aG1Az1ojcV//NaiQmuOymXcWJQsvmiIBHERGQaAelzhcyIsSWUKW5vJWxIFWXGBlWwIXiLLy+T+nnZuyx79xelyk0WRx6O4BhOwYMrqMAdVKEGDBQ8wyu8OU/Oi/PufMxbc042cwh/4Hz+ALO2kf8=</latexit>

e�i↵



Goldstone’s theorem I 
Let’s first formulate Goldstone’s theorem for ordinary symmetries in 
Euclidean path-integral language (Hofman, NI).  

1

<latexit sha1_base64="MLZCS0rIXS5ylESNSzX3OkyUFHo=">AAACJ3icbVDLSgNBEJz1bXxFPXoZDMLmEnYlqBdF9OJNBaOB7Bp6Zyc6ZvbhTK8YlvyNF3/Fi6AievRPnMQcNLFgoKiqZrorSKXQ6Dif1tj4xOTU9MxsYW5+YXGpuLxyrpNMMV5jiUxUPQDNpYh5DQVKXk8VhyiQ/CJoH/b8izuutEjiM+yk3I/gKhYtwQCN1CzuhZ5GUPTGvi9TLwK8ZiDz467tlOkuFbfUC7lEuMztark7mmkWS07F6YOOEndASmSAk2bxxQsTlkU8RiZB64brpOjnoFAwybsFL9M8BdaGK94wNIaIaz/v39mlG0YJaStR5sVI++rviRwirTtRYJK9LfWw1xP/8xoZtnb8XMRphjxmPx+1Mkkxob3SaCgUZyg7hgBTwuxK2TUoYGiqLZgS3OGTR8n5ZsXdqrin1dL+waCOGbJG1olNXLJN9skROSE1wsgDeSKv5M16tJ6td+vjJzpmDWZWyR9YX98n2aOn</latexit>

d ? j(x)O(0) = iq�(4)(x)O(0)

Ward identity for U(1) current:  

<latexit sha1_base64="7Q5xyuSmjE+gQ/wlVCHOli9rCfI=">AAAB9XicbVDLSgMxFL3xWeur6tJNsAh1U2ZE1GXRjTsr2Ae0Y8mkmTY0kxmSjFKG/ocbF4q49V/c+Tdm2llo64HA4Zx7uSfHjwXXxnG+0dLyyuraemGjuLm1vbNb2ttv6ihRlDVoJCLV9olmgkvWMNwI1o4VI6EvWMsfXWd+65EpzSN5b8Yx80IykDzglBgrPXRDYoaUiPR2UnFOeqWyU3WmwIvEzUkZctR7pa9uP6JJyKShgmjdcZ3YeClRhlPBJsVuollM6IgMWMdSSUKmvXSaeoKPrdLHQaTskwZP1d8bKQm1Hoe+ncxS6nkvE//zOokJLr2UyzgxTNLZoSAR2EQ4qwD3uWLUiLElhCpus2I6JIpQY4sq2hLc+S8vkuZp1T2vundn5dpVXkcBDuEIKuDCBdTgBurQAAoKnuEV3tATekHv6GM2uoTynQP4A/T5A8gEkgo=</latexit>

O(0)

<latexit sha1_base64="M7BFCu73M1wxrQk8WlBUNSFNYrw=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquiHosevFYxX5Au5Rsmm1jk+ySZIWy9C948aCIV/+QN/+N2XYP2vpg4PHeDDPzgpgzbVz32ymsrK6tbxQ3S1vbO7t75f2Dlo4SRWiTRDxSnQBrypmkTcMMp51YUSwCTtvB+Cbz209UaRbJBzOJqS/wULKQEWwy6bF6f9ovV9yaOwNaJl5OKpCj0S9/9QYRSQSVhnCsdddzY+OnWBlGOJ2WeommMSZjPKRdSyUWVPvp7NYpOrHKAIWRsiUNmqm/J1IstJ6IwHYKbEZ60cvE/7xuYsIrP2UyTgyVZL4oTDgyEcoeRwOmKDF8YgkmitlbERlhhYmx8ZRsCN7iy8ukdVbzLmre3Xmlfp3HUYQjOIYqeHAJdbiFBjSBwAie4RXeHOG8OO/Ox7y14OQzh/AHzucPOrWNtQ==</latexit>

j(R)

Integrate both sides over interior of S3.
<latexit sha1_base64="s2213BiEP9e6nC1yg+JuRqniRfE=">AAACIXicbVDJTgJBEO3BDXFDPXrpSEzgQmbUKBcTohdv4sKSMEh6mgZaenrG7hoTMuFXvPgrXjxoDDfjz9gsBwVfUsnLe1WpqueFgmuw7S8rsbC4tLySXE2trW9sbqW3dyo6iBRlZRqIQNU8opngkpWBg2C1UDHie4JVvd7FyK8+MaV5IO+gH7KGTzqStzklYKRmuuByCc349v5ogF0NROGH7E0Ouz6BLiUivhpk7Rw+w/xxRmumM3beHgPPE2dKMmiKUjM9dFsBjXwmgQqidd2xQ2jERAGngg1SbqRZSGiPdFjdUEl8phvx+MMBPjBKC7cDZUoCHqu/J2Lia933PdM5ulLPeiPxP68eQbvQiLkMI2CSTha1I4EhwKO4cIsrRkH0DSFUcXMrpl2iCAUTasqE4My+PE8qh3nnJO9cH2eK59M4kmgP7aMsctApKqJLVEJlRNEzekXv6MN6sd6sT2s4aU1Y05ld9AfW9w9OR6G5</latexit>Z

S3

?j(R)O(0) = iqO(0)

<latexit sha1_base64="BQfVkZNF4/EvG/cXBhqocloHyGY="></latexit>

hj(R)O(0)i ⇠
iqhOi

R3

If vev of charged operator is 
nonzero, must be a power-law 
correlation in theory; this is 
Goldstone mode. 



Goldstone’s theorem II: non-invertible
Let’s now formulate Goldstone’s theorem for these non-invertible 
symmetries. 

1

Wrap the operator with the charge defect:

<latexit sha1_base64="7Q5xyuSmjE+gQ/wlVCHOli9rCfI=">AAAB9XicbVDLSgMxFL3xWeur6tJNsAh1U2ZE1GXRjTsr2Ae0Y8mkmTY0kxmSjFKG/ocbF4q49V/c+Tdm2llo64HA4Zx7uSfHjwXXxnG+0dLyyuraemGjuLm1vbNb2ttv6ihRlDVoJCLV9olmgkvWMNwI1o4VI6EvWMsfXWd+65EpzSN5b8Yx80IykDzglBgrPXRDYoaUiPR2UnFOeqWyU3WmwIvEzUkZctR7pa9uP6JJyKShgmjdcZ3YeClRhlPBJsVuollM6IgMWMdSSUKmvXSaeoKPrdLHQaTskwZP1d8bKQm1Hoe+ncxS6nkvE//zOokJLr2UyzgxTNLZoSAR2EQ4qwD3uWLUiLElhCpus2I6JIpQY4sq2hLc+S8vkuZp1T2vundn5dpVXkcBDuEIKuDCBdTgBurQAAoKnuEV3tATekHv6GM2uoTynQP4A/T5A8gEkgo=</latexit>

O(0)

<latexit sha1_base64="BUk/+JWRNTJ1hxqDSzO02I+scLQ=">AAACE3icbVDLSsNAFJ34rPUVdelmsAiti5KoqBuh6MadFU1baNMwmU7aoZOHMxOhhPyDG3/FjQtF3Lpx5984TbPQ1gMXDufcy733uBGjQhrGtzY3v7C4tFxYKa6urW9s6lvbDRHGHBMLhyzkLRcJwmhALEklI62IE+S7jDTd4eXYbz4QLmgY3MlRRGwf9QPqUYykkhz9wHKSDmLRAKXl225ylFbgddmowHNIugm9z61Mc/SSUTUywFli5qQEctQd/avTC3Hsk0BihoRom0Yk7QRxSTEjabETCxIhPER90lY0QD4RdpL9lMJ9pfSgF3JVgYSZ+nsiQb4QI99VnT6SAzHtjcX/vHYsvTM7oUEUSxLgySIvZlCGcBwQ7FFOsGQjRRDmVN0K8QBxhKWKsahCMKdfniWNw6p5UjVvjku1izyOAtgFe6AMTHAKauAK1IEFMHgEz+AVvGlP2ov2rn1MWue0fGYH/IH2+QNN0Zvk</latexit>

U↵(S
3)O(0) = e

iq↵
O(0)

Take a derivative with respect to 
symmetry parameter:

<latexit sha1_base64="M7BFCu73M1wxrQk8WlBUNSFNYrw=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquiHosevFYxX5Au5Rsmm1jk+ySZIWy9C948aCIV/+QN/+N2XYP2vpg4PHeDDPzgpgzbVz32ymsrK6tbxQ3S1vbO7t75f2Dlo4SRWiTRDxSnQBrypmkTcMMp51YUSwCTtvB+Cbz209UaRbJBzOJqS/wULKQEWwy6bF6f9ovV9yaOwNaJl5OKpCj0S9/9QYRSQSVhnCsdddzY+OnWBlGOJ2WeommMSZjPKRdSyUWVPvp7NYpOrHKAIWRsiUNmqm/J1IstJ6IwHYKbEZ60cvE/7xuYsIrP2UyTgyVZL4oTDgyEcoeRwOmKDF8YgkmitlbERlhhYmx8ZRsCN7iy8ukdVbzLmre3Xmlfp3HUYQjOIYqeHAJdbiFBjSBwAie4RXeHOG8OO/Ox7y14OQzh/AHzucPOrWNtQ==</latexit>

j(R)

Proof is essentially the same 
(except current operator is 
localized on defect). We have 
Goldstone mode. 

<latexit sha1_base64="U7IhzRqaNnH/IinDW8R9zbAeuFg="></latexit>Z

S3

?j̃(R)O(0) = iqO(0)

<latexit sha1_base64="w2SR6y/LOtxXNqN49g9qyqYgEtY="></latexit>

hj̃(R)O(0)ic ⇠
iqhOi

R3



Axion effective theory 

What is the low-energy theory of the Goldstone mode? Axion theory: 
<latexit sha1_base64="cRH52FwBAF/ApUFlmwMQfrrO1L8="></latexit>

S[�, A] =

Z ✓
1

2�2
d�2 +

1

4g2
F 2 + i�F ^ F + · · ·

◆

“Why” is this theory massless? 

Often some words about ”no U(1) instantons”; from our point of view, 
it is massless because it is the Goldstone mode of a spontaneously 
broken non-invertible symmetry.  

(Same words apply in application to chiral limit QCD: explanation of 
why π0 is massless despite anomaly. Also protects masslessness of 
many fields in string theory.)



Future directions:
Physical applications of higher-form and non-invertible symmetries 
are still in their infancy (See Saso’s talk yesterday). Basic questions are open: 

Which systems have these symmetries? When is there a Goldstone 
theorem?  

What is the phase structure? 
Phase transitions and critical 
phenomena? 

For QED: can we reformulate chiral 
magnetohydrodynamics with these 
non-invertible symmetries as a 
guiding principle? Arpit’s talk next!

What is the new Landau paradigm built around these new symmetries? 



Summary

• Non-invertible symmetry is a new way to think about systems 
with an ABJ anomaly.

• There is a Goldstone theorem for (some of) these non-invertible 
symmetries.

• A new non-invertible Landau paradigm? 

The End


