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The Chiral Magnetic Effect (CME)
[Kharzeev, McLerran, Warringa ’07]

Strong Magnetic field induces a P-odd charge separation =⇒
=⇒ Electric current: J⃗ = σBB⃗ .
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Hydrodynamics of relativistic fluids
Hydrodynamics approach: ω << 1/τmft, k << 1/ℓmfp

[Son,Surowka], [Eling,Neiman,Oz], [Erdmenger et al.], [Banerjee et al.], [Loganayagam],

[Kharzeev, Yee], [Sadovyev et al.], [Landsteiner, EM, Pena-Benitez], . . .

⟨Tµν⟩ = (ε+ P)uµuν + Pgµν︸ ︷︷ ︸
Ideal Hydro

+ ⟨Tµν⟩diss & anom︸ ︷︷ ︸
Dissipative & Anomalous

,

⟨Jµ⟩ = nuµ︸︷︷︸
Ideal Hydro

+ ⟨Jµ⟩diss & anom︸ ︷︷ ︸
Dissipative & Anomalous

.

Landau frame: ⟨T 0i⟩ ∼ ui

⟨Tµν⟩diss & anom = −ζPµνDαuα + σε
B (Bµuν + uνBµ)︸ ︷︷ ︸
CME of energy current

+σε
V (ωµuν + uνωµ)︸ ︷︷ ︸
CVE of energy current

+ · · ·

⟨Jµ⟩diss & anom = −σTPµνDν

( µ
T

)
+ σEµ + σBBµ︸ ︷︷ ︸

CME

+σVω
µ︸ ︷︷ ︸

CVE

+ · · ·

where Pµν = gµν + uµuν , and
vorticity: ωµ = 1

2ϵ
µνρλuνDρuλ Chiral Vortical Effect (CVE).
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Kubo Formulae: weak coupling
Constitutive relation for the current:

⟨Jµ⟩ = nuµ︸︷︷︸
Ideal Hydro

+σBBµ + σVω
µ︸ ︷︷ ︸

Anomalous

+ · · · .

Chiral Magnetic and Vortical Conductivities [Kharzeev’09, Amado’11]

σB= lim
kc→0

i
2kc

∑
a,b

ϵabc⟨JaJb⟩|ω=0 , σV= lim
kc→0

i
2kc

∑
a,b

ϵabc⟨JaT 0b⟩|ω=0 .

1-loop calculation [Kharzeev, Warringa ’09], [EM, Landsteiner, PB ’11]

(σB)AB =
1

4π2 dABC︸ ︷︷ ︸
Chiral Anom Coef

µC

dABC =
1
2

tr(TA{TB,TC})

Chiral Magnetic Conductivity induced by the Chiral Anomaly.
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Chiral Vortical Effect
Theory of N Free Chiral fermions =⇒ 1 loop calculation
[Landsteiner, Megı́as, Pena-Benitez, PRL107 ’11]:

(σV )A = lim
kn→0

∑
i,j

ϵijn
i

2kn
⟨J i

AT 0j⟩|ω=0

=
1

8π2

∑
B,C

dABC µB µC

︸ ︷︷ ︸
Chiral Anomaly

+
T 2

24
tr (TA)︸ ︷︷ ︸

Mixed Gauge-Gravitational Anomaly

J
A
i T0 j

k k

q

q + k

_____ _____> >

Chiral Vortical Conductivity induced by the Chiral and Gauge-Gravitational Anomalies.
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Anomalies
Anomaly:

DµJµ
a = ϵµνρλ

(
dabc

32π2 F b
µνF c

ρλ +
ba

768π2 Rα
βµνRβ

αρλ

)
,

Chiral anomaly coefficient:

dabc =
1
2
[tr(Ta{Tb,Tc})R − tr(Ta{Tb,Tc})L] ,

Mixed gauge-gravitational anomaly coefficient:

ba = tr(Ta)R − tr(Ta)L .

Axial vortical conductivity:

σV axial =
µ2 + µ2

A
4π2 +

T 2

12
(Chiral Anomaly) + (Mixed Anomaly)

See also [Vilenkin ’80].
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Stückelberg mechanism with a U(1) gauge field
When including dynamical gauge fields anomalous
conductivities do get renormalized [Golkar,Son’12], [Hou,Liu,Ren’12].
Anomaly of the singlet UA(1) current in QCD:

∂µJµ
A = ϵαβγδ

(
Nc
∑

f q2
f

32π2 FαβFγδ︸ ︷︷ ︸
electromagnetic field strengths

+

OA︷ ︸︸ ︷
Nf

16π2 tr
(
GαβGγδ︸ ︷︷ ︸

gluon field strengths

)
+

NcNf

96π2 F 5
αβF 5

γδ

)
.

Axial vortical conductivity receives two loop corrections:

σV axial ∼
T 2

12

(
1 +

N2
c − 1
2Nc

g2

4π2

)
In quantum field theory

Z =

∫
DΨDΨ̄DA︸︷︷︸

dynamical

exp

i
∫

d4x
(
− 1

2
tr(G.G) + Ψ̄ D/︸︷︷︸

dynamical

Ψ+ΘOA + J.A︸︷︷︸
external

)
] ,

is gauge invariant under δAµ = ∂µλ and δΘ = −λ.
Holographic dual Theory with a massive gauge field via the
Stückelberg mechanism.
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Stückelberg mechanism with a U(1) gauge field
[A.Jimenez-Alba, K.Landsteiner, L.Melgar, PRD90, 126004 (2014)].

Holographic model with a massive U(1) gauge boson including
Chern-Simons terms:

S =
1

16πG

∫
d5x

√
−g

[
R+2Λ− 1

4g2
5

FMNF MN− m2

2g2
5
(AM − ∂MΘ)(AM − ∂MΘ)

+ϵMNPQR(AM − ∂Mθ)
( κ

3
FNPFQR︸ ︷︷ ︸
Chiral CS

+λRA
BNPRB

AQR︸ ︷︷ ︸
Mixed Gauge-grav. CS

)]
+ SGH + SCSK .

Θ field needed to respect gauge invariance.
Gibbons-Hawking boundary term

SGH =
1

8πG

∫
∂

d4x
√
−hK .

Extra boundary contribution ∼ λ:

SCSK = − λ

2πG

∫
∂

d4x
√
−hnMϵMNPQR(AN − ∂NΘ)KPLDQK L

R .
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Stückelberg mechanism with a U(1) gauge field

Equations of motion

GMN − ΛgMN =
1

2g2
5

FMLFN
L − 1

8g2
5

F 2gMN +
m2

2g2
5
(AM − ∂MΘ)(AN − ∂NΘ)

− m2

4g2
5
(AP − ∂PΘ)2gMN + 2λϵLPQR(M∇B

(
F PLRB

N)
QR
)
,

∇NF NM = −ϵMNPQR
(
κFNPFQR + λRA

BNPRB
AQR

)
+ m2(AM − ∂MΘ) .

∇M(AM − ∂MΘ) = 0 .

We can define BM := AM − ∂MΘ.
Metric in Fefferman-Graham coordinates

ds2 = −ℓ2

ρ
gττ (ρ)dτ2 +

ℓ2

ρ
gxx(ρ)dx⃗2 +

ℓ2

4ρ2 dρ2 .
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Thermodynamics of the Stückelberg model
[E.M., J. Phys. Conf. Ser. 1416 (2019) 012022].

In conformal coordinates: ds2 = ℓ2

z2

[
gµνdxµdxν + dz2

]
; the

behavior of the time component of the gauge field is

Aτ (z) = A(0)τ

(z
ℓ

)−∆

+Oτ
A

(z
ℓ

)∆+2
+ · · · .

with A(0)τ the deformation of the CFT∫
d4x A(0)τJ =

∫
d4x A(0)τ (∆

3−∆̃Oτ
A) ,

and m2ℓ2 = ∆(∆+ 2) (0 ≤ ∆ < 1). −∆ is the conformal
dimension of the U(1) current dual to the gauge field.
Black hole solution (RN-AdS5 background):

ds2 =
r2f (r)
ℓ2 dt2 +

ℓ2

r2g(r)
dr2 +

r2

ℓ2 dx⃗2 , Θ(r) = cte , r =
ℓ2

z
.

Seek for solutions in an expansion in ∆.
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Thermodynamics of the Stückelberg model
Leading order solution: (∆ = 0) =⇒ (m = 0)

f0(r) = g0(r) =
(

1 −
r2
h

r2

)(
1 +

r2
h

r2 − q2

r2
h r4

)
,

Aτ,0(r) = A(0)τ

(
1 −

r2
h

r2

)
, T0 =

rh

πℓ2

(
1 − q2

2r6
h

)
.

Corrections of O(∆): (∆ ̸= 0) =⇒ (m ̸= 0)

f (r) = f0(r) (1 + F (r)) , g(r) = f0(r) (1 + F (r) + G(r)) ,
Aτ (r) = Aτ,0(r) + J(r) ,

T = T0

(
1 +

δT
T0

)
,

δT
T0

= F (rh) +
1
2

G(rh) .

Renormalization:

r =
ℓ2

z
+ a1z + a3z3 + a5z5 + b5z5 log z + · · · , z → 0 .

Eugenio Megı́as Thermodynamics and hydrodynamics in the Stückelberg model



Introduction: anomalous transport
Holographic Stückelberg mechanism

Transport properties in the holographic Stückelberg model

Holographic Stückelberg mechanism with a U(1) gauge field
Thermodynamics of the Stückelberg model

Thermodynamics of the Stückelberg model
Renormalized action Sren = Sreg + Sct ≡ V3

T Ω , where the
counterterms needed to cancel the divergences are

Sct =
1

16πG

∫
d4x

√
h

6
ℓ
+

ℓ

4
m2
∫

d4x
√

hhµν (Aµ − ∂µΘ) (Aν − ∂νΘ) .

Thermodynamical variables:

p = −Ω , ε = −T 2 ∂

∂T

(
Ω

T

) ∣∣∣∣∣
µ

, s = −∂Ω

∂T

∣∣∣∣∣
µ

, n = −∂Ω

∂µ

∣∣∣∣∣
T

.

At high temperature |A(0)τ | ≪ T :

ε−3p = ∆
2π2ℓ

g2
5

A2
(0)τT 2+· · · , c2

s =

(
∂p
∂ε

)
s/n
=

1
3
−∆

A2
(0)τ

3g2
5ξ

2T 2
+· · ·

Breaking of conformal invariance by the mass ∝ ∆.
Bekenstein-Hawking entropy formula is still valid, at least up to O(∆):

S =
A

4G
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RN-AdS5 background
[E.M., N.Rai, 2301.00361].

To account for chiral vortical effects Computation beyond the
probe limit Full backreaction of the gauge field on the metric.
Metric in Fefferman-Graham coordinates

ds2 = −ℓ2

ρ
gττ (ρ)dτ2 +

ℓ2

ρ
gxx(ρ)dx⃗2 +

ℓ2

4ρ2 dρ2 .

Temperature of the black hole: T = 1
2π

√
2ρhg′′

ττ (ρh).
Schwarzschild black hole (BM = 0) in Fefferman-Graham
coordinates:

gττ (ρ) =
1
ρ2

h

(ρ2
h − ρ2)2

ρ2
h + ρ2

, gxx(ρ) = 1 +
ρ2

ρ2
h
, T =

1
π

√
2
ρh

.

The inclusion of the chemical potential demands a numerical
solution of the EoM:

Bτ (ρh) = 0 , lim
ρ→0

(
ρ∆/2Bτ (ρ)

)
= µ5 .
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RN-AdS5 background and perturbations

Background (ρh = 1)

0.0 0.2 0.4 0.6 0.8 1.0
0.0

0.5

1.0

1.5

2.0

ρ

gxx

gττ

ρΔ/2·Bt

Consider fluctuations of the fields around this background:

gMN = g(0)
MN + ϵhMN , BM = B(0)

M + ϵbM .
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Perturbations
Let us consider the perturbations

gMN = g(0)
MN + ϵhMN , BM = B(0)

M + ϵbM .

Momentum in z-direction (k⃗ = kẑ), and use Fourier expansion:

hMN(ρ, xµ) =

∫
ddk
(2π)d ei (⃗kx⃗−ωt)hMN(ρ) , BM(ρ, xµ) =

∫
ddk
(2π)d ei (⃗kx⃗−ωt)BM(ρ) .

The perturbations can be of the following three types under O(2)
transformations:

vector type: hx
t , hy

t , hx
z , hy

z and bx , by .
scalar type: htt , hz

t , hxx = hyy , hzz and bt , bz .
tensor type: hxy , hxx = −hyy .

κϵMNPQRAMFNPFQR contributes only to vector type.
λϵMNPQRAMRA

BNPRB
AQR contributes to vector and tensor type.

We will concentrate on the vector type perturbations:

{hi
t(ρ) , bi(ρ)} , i = x , y .
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One-point and two-point functions

Procedure to compute the transport coefficients:
Consider fluctuations of the fields: bM ,hMN .
Renormalized on-shell action up to quadratic order in fluctuations

S(2)
ren (bM ,hMN) = S(2)

on-shell + S(2)
ct .

Variations of the on-shell action one-point functions

⟨Jµ⟩ = ∂S(2)
ren

∂bµ
, ⟨Tµν⟩ = ∂S(2)

ren

∂hµν
.

Two-point functions (Kubo formulae)

⟨JµJν⟩ = ∂2S(2)
ren

∂bµ∂bν
, ⟨JµT νσ⟩ = ∂2S(2)

ren

∂bµ∂hνσ
, · · ·
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Perturbations

Asymptotic analysis near the boundary (ρ → 0) shows

bi(ρ) = b(0)
i︸︷︷︸

Sources

·ρ−∆/2 + b(1)
i · ρ(∆+2)/2 + · · · ,

hi
t(ρ) =

︷︸︸︷
hi (0)

t + hi (1)
t · ρ2 + · · · , with m2 = ∆(∆+ 2)/ℓ2 .

Remember: ∆ = 0 m2 = 0.
Renormalization of the theory (ds2 = Gµνdxµdxν + ℓ2

4ρ2 dρ2):

δSct = − 1
2κ2

∫
ρ=ε

d4x
√
−γ(Kµν−Kγµν)δGµν−

∆

ℓ

∫
d4x

√
−γγµνBµδBν

The Chern-Simons terms do not introduce new divergences.
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One-point and two-point functions

One-point functions:

⟨Ja⟩ =
δSren

δb(0)
a

= − 2
16πG

(∆ + 1)b(1)
a , (a = x , y)

⟨T0a⟩ =
δSren

δha(0)
t

=
1

16πG
(2ha(0)

t + ha(1)
t ) , (a = x , y)

Two-point functions:

⟨JaJb⟩ =
δ⟨Ja⟩
δb(0)

b

, ⟨JaT0b⟩ =
δ⟨Ja⟩
δhb

t
(0)

,

⟨T0aJb⟩ =
δ⟨T0a⟩
δb(0)

b

, ⟨T0aT0b⟩ =
δ⟨T0a⟩
δhb

t
(0)

, (a,b = x , y)
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Massless case
[Policastro, Son, Starinets ’02], [Kovtun ’05], [Matsuo et al. ’08, ’10], [Gynther et al. ’11],

[Landsteiner ’11].

⟨JxJy ⟩ = −ik
(3µ5 − α)

12π2 , ⟨JxJx⟩ = 0 , [Aτ (ρ = 0) = α] ,

⟨JxT0x⟩ =

√
3Q

4πGℓ3 , ⟨T0xJx⟩ = 0 ,

⟨JxT0y ⟩ = −ik
(

µ2
5

8π2 +
T 2

24

)
,

⟨T0xT0x⟩ =
M

16πGℓ3 , ⟨T0xT0y ⟩ = −ik
(

µ3
5

12π2 +
µ5T 2

12

)
.
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Massive case
[Jimenez-Alba et al. ’14], [Rai, E.M. ’23].

Numerical solution of the EoM.

⟨JxJy ⟩ , ⟨JxT0x⟩ , ⟨JxT0y ⟩ , ⟨T0xT0x⟩ , ⟨T0xT0y ⟩ ,
receive contributions from ∆. In addition ⟨JxJx⟩ ≠ 0 , ⟨T0xJx⟩ ≠ 0.
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µ5 = 0, 0.15, 0.3 (blue, orange, green).
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Massive case: anomalous correlators ∝ ϵµνλσ

Dependence with ∆:
[
⟨Jx T0y ⟩ = ⟨T0x Jy ⟩

]
µ5 = 0, 0.15, 0.3 (blue,orange,green).
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Dependence with κ and λ: (µ5 = 0.1,∆ = 0.1)
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Massive case: anomalous conductivities ∝ ϵµνλσ

σB = − lim
k→0

1
k

Im⟨JxJy ⟩ , σε
B = − lim

k→0

1
k

Im⟨T0xJy ⟩ .

σV = − lim
k→0

1
k

Im⟨JxT0y ⟩ , σε
V = − lim

k→0

1
k

Im⟨T0xT0y ⟩ ,

0.0 0.1 0.2 0.3 0.4 0.5 0.6
0.0

0.5

1.0

1.5

2.0

2.5

3.0

3.5

Δ

σ
B


κ


0.0 0.1 0.2 0.3 0.4 0.5 0.6

2.8

3.0

3.2

3.4

3.6

3.8

4.0

Δ

σ
ε
B


κ


0.0 0.1 0.2 0.3 0.4 0.5 0.6

2.8

3.0

3.2

3.4

3.6

3.8

4.0

Δ

σ
V


κ


0.0 0.1 0.2 0.3 0.4 0.5 0.6

0.55

0.60

0.65

0.70

0.75

0.80

Δ

σ
ε
V


κ


Eugenio Megı́as Thermodynamics and hydrodynamics in the Stückelberg model



Introduction: anomalous transport
Holographic Stückelberg mechanism

Transport properties in the holographic Stückelberg model

RN-AdS5 background
Perturbations: One-point and two-point functions
Results: correlators and conductivities

Massive case: non-anomalous correlators /∝ ϵµνλσ

The non-anomalous correlators

⟨JxJx⟩ , ⟨JxT0x⟩ , ⟨T0xJx⟩ , ⟨T0xT0x⟩ ,

are independent of κ and λ.
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(µ5 = 0.1,∆ = 0.1)
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Conclusions
We have studied the effects of external magnetic fields and
vortices in relativistic hydrodynamics =⇒ Anomalous Transport.
Transport properties in holography including pure gauge and
mixed gauge-gravitational Chern Simons terms =⇒ Kubo
Formulae.
Holographic Stückelberg model with a U(1) gauge field
thermodynamics and anomalous transport properties:

Breaking of conformal invariance by the mass.
Thermodynamics: analytically as an expansion in ∆.
Conductivities: numerically by solving the EoM of the fluctuations.
Good agreement with previous results on the CME in the ’probe
limit’ [A.Jimenez-Alba et al ’14].
Computation including full backreaction =⇒ account for CVE and
energy transport effects.

Future directions:
Extension to the U(1)V × U(1)A gauge group.
Application to condensed matter systems Superfluids, Weyl
semi-metals [Basar, Kharzeev, Yee ’14], [Landsteiner ’14].
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Thank You!
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